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Levels of Bayesian inference

Parameter Model Multi-model
Estimation Selection Inference
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model probabilities.



Parameters from Bayes’ Theorem

Likelihood

Prior
oy O “j’ L

O = parameter value
Posterior D = data

We assume that we have a dataset D, plus a model with
parameter vector 8 which which we can extract predictions for
the data in the form of the I|keI|hood L Dt@
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Obstacles to parameter estimation

So, we just have to find the region(s) in parameter space where
the posterior probability is high. However

m  The parameter space may have a high dimensionality (cosmological
examples typically have 6 to 10 parameters simultaneously varying).

= Individual evaluations of the likelihood function may be
computationally time-consuming (a few seconds each in typical
cosmology examples, ie one CPU-month per million calculations).
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Grid evaluation

The simplest approach is evaluation of the posterior on a grid
within parameter space.

0,

This will be fine if the dimensionality
is small, but becomes inefficient if it
is not, since 10 or 20 evaluations per
direction is the almost certainly
necessary.

In 6 dimensions at 10 evaluations per dimension, and a few
seconds per evaluation, we need a CPU-month to get our result.



Instead ... Monte Carlo methods

Instead of grid-based methods, Monte Carlo is the
method of choice for parameter estimation,
particularly Markov Chain Monte Carlo.




Monte Carlo methods

Rather than attempting to map out the shape of the posterior
orobability distribution directly, we instead seek to obtain a
arge set of points sampled from the distribution.

2 dimensional gaussian samples

Monte Carlo methods are a
class of computational
algorithms that rely on
repeated random sampling

to compute their results.
Wikipedia




Markov Chain Monte Carlo (MCMC) methods

Markov Chain Monte Carlo methods are a subset of Monte
Carlo methods which rely on constructing a Markov chain.

Markov Chain:
A sequence of random variables in which the distribution of each

random variable depends only on the value of its predecessor.

Image credit: NASA




Image credit: Wikimedia Commons



The Metropolis-Hastings algorithm

The simplest, and often most effective,
algorithm for constructing a Markov Chain
is the Metropolis-Hastings algorithm.

1) Choose a starting point in parameter space 8,14, and
compute its posterior probability Polq.

‘2) Make a random Jump to a new pomt Onew, and compute
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The Metropolis-Hastings algorithm




Considerations:

1) How to jump?

T

nis is done by a proposal function, from which a jump is randomly

selected. Eg it might be a Gaussian centred at the current point. A
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- proposal function must satisfy detailed balance, meaning we are as
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The Metropolis-Hastings algorithm

Considerations:

3) When to start?

The initial phase of finding the high-likelihood region depends on
the start point. This phase, the burn-in, should be discarded as
- unrepresentative of the posterior.
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A bit of a chain (from WMAP
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Part of a chain containing tens
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0.0000000E+00
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0.7549133E+02
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0.7567444E+02
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0.8182678E+02
0.8174988E+02
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0.9438599E+02
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of thousands of elements.
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0.0000000E+00
0.7502713E+00
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What to do with a chain

With a chain of samples, many things can be done.

1) Find the best fit, by identifying the highest-likelihood point.

2) Find confidence ranges for parameters simply by discarding
information on all the other parameters and ordering the points in

parameter value.

3) Make two-dimensional parameter constraint plots by plotting
pomts in 2D (p0551bly with extra information conveyed by colour)

by plotting the point density onto a grid.
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What to do with a chain

With a chain of samples, many things can be done.

1) Find the best fit, by identifying the highest-likelihood point.

2) Find confidence ranges for parameters simply by discarding
information on all the other parameters and ordering the points in

parameter value.

3) Make two-dimensional parameter constraint plots by plotting
points in 2D (possibly with extra information conveyed by colour)
or by plotting the point density onto a grid.
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Marginalisation

Marginalization is the process of averaging over uninteresting
(nuisance) parameters. This is something traditionally difficult
in frequentist methods, and relatively easy in Bayesian ones.

As an integral:

P(O)) = / (91,62)d92
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A simple example: cosmological parameters
from supernova data
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From WMAPS5: Dunkley et al
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Fig. 4.— Constraints from the five-year WMAP data on ACDM parameters (blue), showing marginalized
one-dimensional distributions and two-dimensional 68% and 95% limits. Parameters are consistent with the
three-year limits (grey) from Spergel et al. (2007), and are now better constrained.




Parameters of the standard
cosmological model

WMAPS5 alone WMAP5 + BAO + SN

Baryon density QO h? 0.0227 & 0.0006 0.0227 & 0.0006
Dark matter density Qedm b’ 0.110 £ 0.006 0.113 £ 0.003
Cosmological constant QA 0.74 £ 0.03 0.726 + 0.015
Spectral index n 0.96370-01% 0.960 + 0.013

Optical depth T 0.087 = 0.017 0.084 = 0.016

Perturbation amplitude A7, x 10 2.4140.11 2.44 4+ 0.10

The currently-favoured cosmology is a ACDM model,

in a spatially-flat Universe, with initial conditions of the
form expected from simple inflation models.
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Other sampling algorithms

Although Metropolis-Hastings is the most popular option at
present, other more sophisticated choices exist that may be
superior in the right circumstances.

m  Slice sampling

This method allow the proposal function to change during the
calculation, tuning to an appropriate scale, by making steps in one
parameter direction at a time.
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Machine learning/classification

A somewhat related topic to parameter estimation is machine
learning, which for instance seeks to classify objects in a large
dataset by training on a subset.

Bayesian classifiers

Define outcome probabilities using training set
data in a probabilistic framework.

Hidden

Artificial neural networks

These connect a set of nodes and train the
coefficients.

Support vector machines

Hyperplanes are defined within the parameter
space to segregate points with different
classifications.




Classification of genetic damage in fish

Contents lists available at ScienceDirect

Comparative Biochemistry and Physiology, Part C

journal homepage: www.elsevier.com/locate/cbpc

A novel population health approach: Using fish retinoblastoma gene profiles as a
surrogate for humans

Jeanette M. Rotchell **, Frances A. du Corbier ¢, Grant D. Stentiford °, Brett P. Lyons ®,
Andrew R. Liddle ¢, Gary K. Ostrander ¢

of cancer incidence in
marine organisms based on Rb tumour-suppressor
gene mutation status.
[Here with the goal of developing early-warning
indicators of pollution-induced tumour incidence.]



Classification of genetic damage in fish

Summary of Rb gene status (within exons 11-23) in histologically-normal, adenoma, and carcinoma liver tissues from L. limanda

Position within dab Rb 1065 bp 1088 bp 1101 bp 1119 bp 1514 bp 1592 bp
cDNA—

Putative change in encoded P*H
protein—

Polymorphism NPD ErK Polymorphism Polymorphism

Sample no./tissue type
[sample site

1 Histologically normal IOM
2 Histologically normal IOM
3 Histologically normal OH
4 Histologically normal OH
5 Histologically normal IOM
6 Histologically normal OH
7 Histologically normal OH
8 Histologically normal IOM
9 Histologically normal 10M
10 Histologically normal OH

AAAAARAAAAARAAA
oo nnnnn
55°5° 55885

Sample no./[tissue type
[sample site

1N Adenoma LB

1A Adenoma panc LB
2N Adenoma ICB

2A Adenoma ICB

3N Adenoma LB

3A Adenoma LB

4N Adenoma LB

4A Adenoma LB

5N Adenoma LB

5A Adenoma LB

OO oOnno
Bl R

Sample no./tissue type
[sample site

IN Carcinoma SCB
1C Carcinoma SCB
2N Carcinoma SCB
2C Carcinoma SCB
3N Carcinoma Rye
3C Carcinoma Rye
4N Carcinoma ICB
4C Carcinoma ICB
5N Carcinoma ICB
5C Carcinoma ICB
6N Carcinoma ICB
6C Carcinoma ICB

G/A
T/C G
C G/A
C G/A
T G/A
T/C G/A
T/C G/A
T G
T/C G/A G/T G/T
T/C G/A G/A G/T G/T
T/C G/A G/A G/T G/T
T G/A G G G

AN NN
ol e e

% Amble

% West Dogger
e _ #Flambrough Head
e T * Off Humber
"~ "Liverpool Bay i

3 '5*- Inner Cardigan Bay

——T '*ﬁye‘Bﬁy -

As described in Section 2.3, the table contains two categories of ‘normal’ tissue. The first category is from fish that exhibited no evidence of histopathological liver lesions and, in the
absence of laboratory-reared L. limanda, these serve as the control group. The second category, those labelled as ‘XN’, are histopathologically-determined, laser micro-dissected,
‘normal’ liver tissue taken from the vicinity of a tumor, in the same fish bearing that tumor. Sample site abbreviations: IOM—Isle of Man, OH—Off Humber, LB—Liverpool Bay, I[CB—
Inner Cardigan Bay, SCB—South Cardigan Bay.




Conclusions

m Markov chain Monte Carlo is the method of choice for
parameter estimation.

m |ts advantages include computational efficiency and easy
marginalization over uninteresting parameters.

= A variety of sampling methods can be brought into play.
Metropolis-Hastings is typically sufficient but some

SRS ; i laYalaYedi g o - N\ C avYe : %G ays : A T s iy D P YO 3
] - 5 | aﬁb 1 Q \ [S4D) ﬁ' 1 B a . ' [ y b n [a . Q N o S OITLE P . & W s
n 11 UWU ) al ! , 11C | A A S \ A () ] A= | _ LU — <™ L8 £ .
e a b o fS I e B d o ARy P w i A - g MUET et f By« 0 W St el | e e o s S L S e | LN Uk e v e o N S8 € h







