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Lecture Outline

• What are gravitational waves?

• Principles of gravitational wave detection.

• Current and planned gravitational wave detectors.

• Principles of signal analysis.

• Understanding gravitational wave detector noise/
sensitivity curves.

• Estimating gravitational wave amplitudes/detectability for 
astrophysical sources.



The nature of gravity

• Newton

- Gravity is a universal force

- “Action at a distance”

- Newton’s law describes 
effect of gravity but does 
not explain its origin.



The nature of gravity

• Einstein

- Gravity is spacetime curvature

- Any mass/energy bends spacetime in its 
vicinity

- Freely falling objects follow the 
background curvature.

- “Matter tells space how to curve, space 
tells matter how to move.”

- Einstein’s equations are simple to write

- but hard to solve!

- Incorporates finite propagation speed for 
gravitational information



Gravitational Waves

• “Ripples in Spacetime” - rapidly 
moving mass creates fluctuations 
in spacetime curvature.

• These fluctuations propagate away 
at the speed of light - these are 
gravitational waves.

• GWs are very weakly interacting. 
Coupling constant G/c4 ~ 10-44.

• No absorption, but hard to detect!



• Conservation of mass and momentum mean that it is the 
quadrupole moment that radiates

• A gravitational wave is a fluctuation in the spacetime metric - 
changes distances between objects.

• Characterised by a strain: fractional change in distance.

• The gravitational wave strain and rate of energy loss are

• Quadrupole waves - distances at right angles oscillate half a 
cycle out of phase.

Iij =

Z
⇢xixjdV
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Ė ⇠
...
Iij

2

<latexit sha1_base64="R1ebiZIGqaPoC/pzOGhsSvnA26Y=">AAACBnicjVBNS8MwGE7n15xfVY8iBIfgabQi6HEggt4muA9Ya0nTdItL0pKkwig9efGvePGgiFd/gzf/jem2g4qCDwSePM/75n3zhCmjSjvOh1WZm19YXKou11ZW19Y37M2tjkoyiUkbJyyRvRApwqggbU01I71UEsRDRrrh6LT0u7dEKpqIKz1Oic/RQNCYYqSNFNi7XpTo/KyAnqIcelFUXi+CnN4UxfVhYNfdhjMB/JvUwQytwH437+GME6ExQ0r1XSfVfo6kppiRouZliqQIj9CA9A0ViBPl55NvFHDfKBGME2mO0HCifu3IEVdqzENTyZEeqp9eKf7m9TMdn/g5FWmmicDTQXHGoE5gmQmMqCRYs7EhCEtqdoV4iCTC2iRX+18IncOG6zTcy6N6szmLowp2wB44AC44Bk1wDlqgDTC4Aw/gCTxb99aj9WK9Tksr1qxnG3yD9fYJQxOY+Q==</latexit><latexit sha1_base64="R1ebiZIGqaPoC/pzOGhsSvnA26Y=">AAACBnicjVBNS8MwGE7n15xfVY8iBIfgabQi6HEggt4muA9Ya0nTdItL0pKkwig9efGvePGgiFd/gzf/jem2g4qCDwSePM/75n3zhCmjSjvOh1WZm19YXKou11ZW19Y37M2tjkoyiUkbJyyRvRApwqggbU01I71UEsRDRrrh6LT0u7dEKpqIKz1Oic/RQNCYYqSNFNi7XpTo/KyAnqIcelFUXi+CnN4UxfVhYNfdhjMB/JvUwQytwH437+GME6ExQ0r1XSfVfo6kppiRouZliqQIj9CA9A0ViBPl55NvFHDfKBGME2mO0HCifu3IEVdqzENTyZEeqp9eKf7m9TMdn/g5FWmmicDTQXHGoE5gmQmMqCRYs7EhCEtqdoV4iCTC2iRX+18IncOG6zTcy6N6szmLowp2wB44AC44Bk1wDlqgDTC4Aw/gCTxb99aj9WK9Tksr1qxnG3yD9fYJQxOY+Q==</latexit><latexit sha1_base64="R1ebiZIGqaPoC/pzOGhsSvnA26Y=">AAACBnicjVBNS8MwGE7n15xfVY8iBIfgabQi6HEggt4muA9Ya0nTdItL0pKkwig9efGvePGgiFd/gzf/jem2g4qCDwSePM/75n3zhCmjSjvOh1WZm19YXKou11ZW19Y37M2tjkoyiUkbJyyRvRApwqggbU01I71UEsRDRrrh6LT0u7dEKpqIKz1Oic/RQNCYYqSNFNi7XpTo/KyAnqIcelFUXi+CnN4UxfVhYNfdhjMB/JvUwQytwH437+GME6ExQ0r1XSfVfo6kppiRouZliqQIj9CA9A0ViBPl55NvFHDfKBGME2mO0HCifu3IEVdqzENTyZEeqp9eKf7m9TMdn/g5FWmmicDTQXHGoE5gmQmMqCRYs7EhCEtqdoV4iCTC2iRX+18IncOG6zTcy6N6szmLowp2wB44AC44Bk1wDlqgDTC4Aw/gCTxb99aj9WK9Tksr1qxnG3yD9fYJQxOY+Q==</latexit><latexit sha1_base64="R1ebiZIGqaPoC/pzOGhsSvnA26Y=">AAACBnicjVBNS8MwGE7n15xfVY8iBIfgabQi6HEggt4muA9Ya0nTdItL0pKkwig9efGvePGgiFd/gzf/jem2g4qCDwSePM/75n3zhCmjSjvOh1WZm19YXKou11ZW19Y37M2tjkoyiUkbJyyRvRApwqggbU01I71UEsRDRrrh6LT0u7dEKpqIKz1Oic/RQNCYYqSNFNi7XpTo/KyAnqIcelFUXi+CnN4UxfVhYNfdhjMB/JvUwQytwH437+GME6ExQ0r1XSfVfo6kppiRouZliqQIj9CA9A0ViBPl55NvFHDfKBGME2mO0HCifu3IEVdqzENTyZEeqp9eKf7m9TMdn/g5FWmmicDTQXHGoE5gmQmMqCRYs7EhCEtqdoV4iCTC2iRX+18IncOG6zTcy6N6szmLowp2wB44AC44Bk1wDlqgDTC4Aw/gCTxb99aj9WK9Tksr1qxnG3yD9fYJQxOY+Q==</latexit>

Gravitational Waves: key properties



Gravitational Wave Detection - Interferometry

• Interferometers use lasers to measure distances. 

• They exploit quadrupole nature of gravitational waves.



Ground Based Interferometers

• A network of ground-based 
interferometers has been 
constructed over the last 15 years

- LIGO: 2 4km detectors in the US. 
Hanford, Washington; Livingston, 
Louisiana.

- Virgo: 3km detector near Pisa, Italy.

- GEO: 600m detector near Hanover, 
Germany. 

- KAGRA: 4km underground detector 
in Japan.

• Plans for third generation 
detectors in 15+ years.



Ground Based Interferometers: Sources

• Compact binary coalescence 

- BH-BH, NS-BH, NS-NS. Components 
formed from stars, from one to a few 10s 
of solar masses.

• Bursts

- Supernovae; cosmic string cusps and kinks.

• Continuous waves

- Monochromatic emission from deformed 
rotating neutron stars; possible causes 
include crustal deformation, fluid modes, 
free-precession.

• Stochastic backgrounds

- Generated in early Universe or produced 
by astrophysical populations.



Ground Based Interferometers: Results

• First gravitational wave detection was made on 
September 14th 2015 at 09:50:45 UTC - GW150914. 
Source was a merger of a stellar origin black hole binary.

properties of space-time in the strong-field, high-velocity
regime and confirm predictions of general relativity for the
nonlinear dynamics of highly disturbed black holes.

II. OBSERVATION

On September 14, 2015 at 09:50:45 UTC, the LIGO
Hanford, WA, and Livingston, LA, observatories detected

the coincident signal GW150914 shown in Fig. 1. The initial
detection was made by low-latency searches for generic
gravitational-wave transients [41] and was reported within
three minutes of data acquisition [43]. Subsequently,
matched-filter analyses that use relativistic models of com-
pact binary waveforms [44] recovered GW150914 as the
most significant event from each detector for the observa-
tions reported here. Occurring within the 10-ms intersite

FIG. 1. The gravitational-wave event GW150914 observed by the LIGO Hanford (H1, left column panels) and Livingston (L1, right
column panels) detectors. Times are shown relative to September 14, 2015 at 09:50:45 UTC. For visualization, all time series are filtered
with a 35–350 Hz bandpass filter to suppress large fluctuations outside the detectors’ most sensitive frequency band, and band-reject
filters to remove the strong instrumental spectral lines seen in the Fig. 3 spectra. Top row, left: H1 strain. Top row, right: L1 strain.
GW150914 arrived first at L1 and 6.9þ0.5

−0.4 ms later at H1; for a visual comparison, the H1 data are also shown, shifted in time by this
amount and inverted (to account for the detectors’ relative orientations). Second row: Gravitational-wave strain projected onto each
detector in the 35–350 Hz band. Solid lines show a numerical relativity waveform for a system with parameters consistent with those
recovered from GW150914 [37,38] confirmed to 99.9% by an independent calculation based on [15]. Shaded areas show 90% credible
regions for two independent waveform reconstructions. One (dark gray) models the signal using binary black hole template waveforms
[39]. The other (light gray) does not use an astrophysical model, but instead calculates the strain signal as a linear combination of
sine-Gaussian wavelets [40,41]. These reconstructions have a 94% overlap, as shown in [39]. Third row: Residuals after subtracting the
filtered numerical relativity waveform from the filtered detector time series. Bottom row:A time-frequency representation [42] of the
strain data, showing the signal frequency increasing over time.
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For robustness and validation, we also use other generic
transient search algorithms [41]. A different search [73] and
a parameter estimation follow-up [74] detected GW150914
with consistent significance and signal parameters.

B. Binary coalescence search

This search targets gravitational-wave emission from
binary systems with individual masses from 1 to 99M⊙,
total mass less than 100M⊙, and dimensionless spins up to
0.99 [44]. To model systems with total mass larger than
4M⊙, we use the effective-one-body formalism [75], which
combines results from the post-Newtonian approach
[11,76] with results from black hole perturbation theory
and numerical relativity. The waveform model [77,78]
assumes that the spins of the merging objects are aligned
with the orbital angular momentum, but the resulting
templates can, nonetheless, effectively recover systems
with misaligned spins in the parameter region of
GW150914 [44]. Approximately 250 000 template wave-
forms are used to cover this parameter space.
The search calculates the matched-filter signal-to-noise

ratio ρðtÞ for each template in each detector and identifies
maxima of ρðtÞwith respect to the time of arrival of the signal
[79–81]. For each maximum we calculate a chi-squared
statistic χ2r to test whether the data in several different
frequency bands are consistent with the matching template
[82]. Values of χ2r near unity indicate that the signal is
consistent with a coalescence. If χ2r is greater than unity, ρðtÞ
is reweighted as ρ̂ ¼ ρ=f½1þ ðχ2rÞ3&=2g1=6 [83,84]. The final
step enforces coincidence between detectors by selecting
event pairs that occur within a 15-ms window and come from
the same template. The 15-ms window is determined by the
10-ms intersite propagation time plus 5 ms for uncertainty in
arrival time of weak signals. We rank coincident events based
on the quadrature sum ρ̂c of the ρ̂ from both detectors [45].
To produce background data for this search the SNR

maxima of one detector are time shifted and a new set of
coincident events is computed. Repeating this procedure
∼107 times produces a noise background analysis time
equivalent to 608 000 years.
To account for the search background noise varying across

the target signal space, candidate and background events are
divided into three search classes based on template length.
The right panel of Fig. 4 shows the background for the
search class of GW150914. The GW150914 detection-
statistic value of ρ̂c ¼ 23.6 is larger than any background
event, so only an upper bound can be placed on its false
alarm rate. Across the three search classes this bound is 1 in
203 000 years. This translates to a false alarm probability
< 2 × 10−7, corresponding to 5.1σ.
A second, independent matched-filter analysis that uses a

different method for estimating the significance of its
events [85,86], also detected GW150914 with identical
signal parameters and consistent significance.

When an event is confidently identified as a real
gravitational-wave signal, as for GW150914, the back-
ground used to determine the significance of other events is
reestimated without the contribution of this event. This is
the background distribution shown as a purple line in the
right panel of Fig. 4. Based on this, the second most
significant event has a false alarm rate of 1 per 2.3 years and
corresponding Poissonian false alarm probability of 0.02.
Waveform analysis of this event indicates that if it is
astrophysical in origin it is also a binary black hole
merger [44].

VI. SOURCE DISCUSSION

The matched-filter search is optimized for detecting
signals, but it provides only approximate estimates of
the source parameters. To refine them we use general
relativity-based models [77,78,87,88], some of which
include spin precession, and for each model perform a
coherent Bayesian analysis to derive posterior distributions
of the source parameters [89]. The initial and final masses,
final spin, distance, and redshift of the source are shown in
Table I. The spin of the primary black hole is constrained
to be < 0.7 (90% credible interval) indicating it is not
maximally spinning, while the spin of the secondary is only
weakly constrained. These source parameters are discussed
in detail in [39]. The parameter uncertainties include
statistical errors and systematic errors from averaging the
results of different waveform models.
Using the fits to numerical simulations of binary black

hole mergers in [92,93], we provide estimates of the mass
and spin of the final black hole, the total energy radiated
in gravitational waves, and the peak gravitational-wave
luminosity [39]. The estimated total energy radiated in
gravitational waves is 3.0þ0.5

−0.5M⊙c2. The system reached a
peak gravitational-wave luminosity of 3.6þ0.5

−0.4 × 1056 erg=s,
equivalent to 200þ30

−20M⊙c2=s.
Several analyses have been performed to determine

whether or not GW150914 is consistent with a binary
black hole system in general relativity [94]. A first

TABLE I. Source parameters for GW150914. We report
median values with 90% credible intervals that include statistical
errors, and systematic errors from averaging the results of
different waveform models. Masses are given in the source
frame; to convert to the detector frame multiply by (1þ z)
[90]. The source redshift assumes standard cosmology [91].

Primary black hole mass 36þ5
−4M⊙

Secondary black hole mass 29þ4
−4M⊙

Final black hole mass 62þ4
−4M⊙

Final black hole spin 0.67þ0.05
−0.07

Luminosity distance 410þ160
−180 Mpc

Source redshift z 0.09þ0.03
−0.04
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Ground Based Interferometers: Results

• More details in Samaya Nissanke’s lecture.

GW170817



Pulsar Timing Arrays

• Pulsars are very accurate clocks. 

- GW passing between source and 
observer changes pulse time of 
arrival.

- Use a network (array) of pulsars 
to reduce noise.

- Ongoing international effort using 
various radio telescopes.



Pulsar Timing Arrays: Results

• The primary source for pulsar timing arrays is a stochastic 
background generated by supermassive black hole binaries.

• No detection as yet, but upper limits are approaching levels 
where detection is likely.

10 THE NANOGRAV COLLABORATION

Table 3
Pulsars used in our GWB analysis (see NG11 for full details of pulsar
properties). The second column shows the weighted root-mean-square

epoch-averaged post-fit timing residuals (see NG9a for a definition of this
quantity).

PSR name RMS [µs] #epochs #TOAs baseline [yr]
J0023+0923 0.361 415 8,217 4.4
J0030+0451 0.691 268 5,699 10.9
J0340+4130 0.454 127 6,475 3.8
J0613-0200 0.422 324 11,566 10.8
J0645+5158 0.178 166 6,370 4.5
J1012+5307 1.07 493 16,782 11.4
J1024-0719 0.323 194 8,233 6.2
J1455-3330 0.672 277 7,526 11.4
J1600-3053 0.23 275 12,433 8.1
J1614-2230 0.199 241 11,173 7.2
J1640+2224 0.426 323 5,982 11.1
J1643-1224 3.31 298 11,528 11.2
J1713+0747 0.108 789 27,571 10.9
J1738+0333 0.52 208 4,881 6.1
J1741+1351 0.128 134 3,047 6.4
J1744-1134 0.842 322 11,550 11.4
J1747-4036 3.59 113 6,065 3.8
J1853+1303 0.239 107 2,514 4.5
B1855+09 0.809 296 5,634 11.0
J1903+0327 3.65 112 3,326 6.1
J1909-3744 0.148 451 17,373 11.2
J1910+1256 0.544 130 3,563 6.8
J1918-0642 0.322 364 12,505 11.2
J1923+2515 0.229 87 1,954 4.3
B1937+21 1.57 460 14,217 11.3
J1944+0907 0.352 104 2,850 4.4
B1953+29 0.377 88 2,331 4.4
J2010-1323 0.257 222 10,844 6.2
J2017+0603 0.11 102 2,359 3.8
J2043+1711 0.12 197 3,262 4.5
J2145-0750 0.968 258 10,938 11.3
J2214+3000 1.33 176 4,569 4.2
J2302+4442 1.07 138 6,549 3.8
J2317+1439 0.271 395 5,958 11.0

limit of 1.45(2) ⇥ 10-15. This value is the same, within sam-
pling error, no matter which ephemeris we take as a starting
point for BAYESEPHEM, demonstrating that we have success-
fully “bridged” the individual ephemerides.

Comparing the columns of Table 4 shows how the upper
limits vary under different assumptions on the presence of
spatially correlated common processes in the data. The limits
are slightly more stringent if we model the GWB as a spatially
uncorrelated common process (model 2A in the second col-
umn), indicating that Hellings–Downs correlations help the
likelihood isolate a GW-like signal (whether real, or due to
random noise fluctuations). Introducing additional spatially
correlated processes (with ephemeris-error–like dipolar corre-
lations, clock-error–like monopolar correlations, or both, cor-
responding to models 3B, 3D, and 3C) reduces upper lim-
its for the individual ephemerides but not for BAYESEPHEM,
suggesting that the same realization of inter-pulsar signal cor-
relations can be picked up by different ORFs, and that dipole
and monopole processes can absorb some, but not all, of the
systematic bias caused by ephemeris error.

In Figure 2 we show the 95% upper limit for the amplitude
of an uncorrelated common process (model 2A) as a function
of �. In the absence of red noise, and if the lowest sampling
frequency (1/T ) dominated our sensitivity, we would expect
these constraints to scale as / T -�/2, where T is the longest
timing baseline across the entire PTA. We find the actual scal-
ing to be closer to / T -0.4� , indicating that red noise is present
and that more than one frequency component contributes to
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Figure 2. GWB-amplitude 95% upper limit for an uncorrelated common
process (model 2A) as a function of spectral index � (see Eq. (5)), for the
JPL ephemerides and for BAYESEPHEM. The dotted curve shows a power-
law fit to the BAYESEPHEM curve, which is consistent with a similar fit in
NG9b.
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Figure 3. Top panel: GWB-amplitude 95% upper limits for an uncorrelated
common process with � = 13/3 power law (straight black line) or with in-
dependently determined free-spectrum components (jagged black line). The
thickness of the lines spans the spread of results over different ephemerides.
The dash-dotted line shows the expected sensitivity scaling behavior for
white-noise. The colored dashed lines and bands show median and one-
sigma ranges for the GWB amplitudes predicted in MOP14 (green), Simon
& Burke-Spolaor (2016) (orange), and S16 (blue). Bottom panel: As in the
top panel, except showing the results in terms of the stochastic GWB energy
density (per logarithmic frequency bin)in the Universe as a fraction of clo-
sure density, ⌦GWB( f )h2. The relationship between hc( f ) and ⌦GWB( f )h2 is
given in Equation 10.

the likelihood.
In the top panel of Figure 3 we show 95% upper lim-

its for free-spectrum amplitudes (jagged black line), which
are diagnostic of the sensitivity of our dataset to individual
monochromatic GW signals. In the same plot we show also

Arzoumanian et al. (2018)



Space Based Interferometers

• There are plans for a space-
based interferometer, LISA. 
Due to launch in 2034

- Operating in millihertz band.

- Three satellites, 2.5 million km 
apart, in heliocentric, Earth-
trailing orbit. 6 laser links.

- ESA-led project with NASA 
involvement. Just entered 
Phase A (first industrial study).

- New sources: supermassive 
black holes, extreme-mass-
ratio inspirals, galactic 
binaries.
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Principles of Signal Analysis

• Gravitational wave detectors are intrinsically noisy. The 
output        will consist of a (possible) signal        plus 
noise fluctuations       .

• The noise is a random process.

➡ Future values are not uniquely determined by initial data, but 
evolves according to some probabilistic model.

➡ We suppose the random process is drawn from an ensemble of 
random processes characterised by probability distributions

s(t) h(t)
n(t)

s(t) = h(t) + n(t)

pN (nN , tN ; . . . ;n2, t2;n1; t1)dnN . . . dn2dn1
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Principles of Signal Analysis

• We typically make various useful assumptions about the 
properties of a random process

➡ Stationarity: A stationary process is one for which the probability 
distributions depend only on time differences, not absolute time.

➡ Gaussianity: A process is Gaussian if and only if all of its (absolute) 
probability distributions are Gaussian.

➡ Ergodicity: An ensemble of stationary random processes is ergodic if 
for any process n(t) drawn from the ensemble, the new ensemble 
{n(t+KT): K an integer} has the same probability distributions.

pN (nN , tN + ⌧ ; . . . ;n2, t2 + ⌧ ;n1; t1 + ⌧) = pN (nN , tN ; . . . ;n2, t2;n1; t1) 8 ⌧
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pN (nN , tN ; . . . ;n2, t2;n1; t1) = A exp
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5
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Principles of Signal Analysis

• We are interested in how large the random fluctuations are 
about the mean value. We’ll assume this is zero here, which 
can be arranged by a subtracting a constant.

• The fluctuations can be characterised by the power in a 
certain time interval -T/2 < t < T/2

• For stationary random processes this increases linearly with 
time. So, we instead use the mean power (or mean square 
fluctuations)

Z T/2

�T/2
|n(t)|2dt
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Principles of Signal Analysis

• Defining                                        and using Parseval’s 
theorem we have

• This motivates defining the spectral density,          , via

• This is the one-sided spectral density which assumes the time 
series is real and we only consider positive frequencies. The 
two-sided spectral density is half this.

Z T/2

�T/2
[n(t)]2dt =

Z 1

�1
[nT (t)]

2 =

Z 1

�1
|ñT (f)|2df = 2

Z 1

0
|ñT (f)|2df
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nT (t) = n(t)I[|t| < T/2]
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Sn(f) = lim

T!1

2

T

�����

Z T/2

�T/2
n(t) exp(2⇡ift)dt

�����

2
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Principles of Signal Analysis

• The spectral density represents the average power in the 
process at a particular frequency

• The auto-correlation function of a (zero mean) time series is 
defined by

• For an ergodic (and hence stationary) random process this is 
equivalent to the expectation value over the ensemble

• The auto-correlation function is the Fourier transform of the 
spectral density (the Wiener-Khintchine theorem).

C(⌧) = lim
T!1

1

T

Z T/2

�T/2
n(t)n(t+ ⌧)dt
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C(⌧) =< n(t)n(t+ ⌧) >
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Pn =

Z 1

0
Sn(f)df
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Principles of Signal Analysis

• For stationary processes a consequence of the Wiener-
Khintchine theorem is that

• where ~ denotes the Fourier transform, and * denotes complex 
conjugation.

• Examples of spectral densities include -

hñ⇤(f)ñ(f 0)i = Sn(f)�(f � f 0)
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white noise spectrum
flicker noise spectrum
random walk spectrum

Sn(f) = const.
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Principles of Signal Analysis

• For a Gaussian, stationary random process the spectral 
density conveys all the information about the statistical 
properties of the process.

• For gravitational wave detectors, it is natural therefore to 
plot the spectral density to characterise the detector 
sensitivity. But - how then do we represent sources on the 
same diagram?

• There is no unique way to do this. Different types of source 
are best represented in different ways.



Signal Sensitivity: Bursts

• A transient burst of gravitational waves can be characterised 
by its frequency, f, its duration,      , its bandwidth,       and its 
mean square amplitude, a proxy for signal power

• The square root of this defines the characteristic amplitude of 
the burst,     .

• The power in the noise in the same bandwidth is                
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Signal Sensitivity: Bursts

• The square root of the ratio of the signal power to the noise 
power is the signal-to-noise ratio. 

• This is a measure of detectability. If we window and bandpass 
the time series, this is the ratio of the root-mean-square signal 
contribution to the root-mean-square noise contribution.

• For a broad-band burst with             , the signal-to-noise ratio 
is approximately

• This motivates plotting f Sn(f) instead of PSD. Height above 
this curve is a measure of burst detectability.
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• Consider now a monochromatic GW source

• The signal power is constant over time and given by

• However, this power is concentrated at f0. With finite time 
series of length T we can resolve frequency to a precision   

• Noise power in this bandwidth is               . 

Signal Sensitivity: Continuous Waves

h(t) = h0 exp(2⇡if0t)
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• This motivates representing sensitivity by plotting 

• where            is the estimated threshold S/N needed for 
detection. This is the strain spectral density.

• Advantage: for a monochromatic source, height above curve 
gives expected S/N or, with specified threshold, an easy 
assessment of whether source is detectable or not.

• Disadvantage: must specify length of observation. Not 
appropriate for ongoing experiments, e.g., LIGO. But - can 
produce this after each observing run.

Signal Sensitivity: Continuous Waves

p
Sn(f)/T or ⇢thresh

p
Sn(f)/T
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Figure 1.3 The signal levels and frequencies are given for a few known galactic
sources, along with the expected LISA threshold sensitivity and an estimate
of the binary confusion noise level. In addition, the range of levels for 90%
of the expected thousands of resolvable close white dwarf binary signals from
our galaxy is shown.

as 1/
√
T . In a 1-year observation, the frequency resolution is 3×10−8Hz, and there are

(1 Hz)/(3×10−8Hz) = 3×107 resolvable frequencies in the LISA band.

For expected signals due to binaries in our galaxy, the intrinsic wave amplitude h is
essentially constant during a 1-year observation. Such sources are placed in the diagram
to show this h on the vertical scale. But because of LISA’s motion, LISA almost never
responds to this maximum amplitude; rather, the full signal-to-noise ratio SNR over a
year is lower by a factor which depends on the exact position of the source relative to
LISA’s orbit. We can approximate this effect by assuming a reduction by the rms value of
the antenna sensitivity of an interferometer averaged over the entire sky, which is a factor
of 1/

√
5 [4]. This means that, if a source lies above the 1-σ noise level by a certain factor s,

the expected SNR will be typically s/
√

5. To be specific, the threshold sensitivity curve
in Figure 1.3 is drawn to correspond to a SNR of 5 in a 1-year observation. (Accordingly,
it is drawn at a factor of 5

√
5 ≈ 11 above the 1-year, 1-σ noise level.) This SNR of 5 is a

confidence level: for a 1-year observation, the probability that Gaussian noise will fluctuate
to mimic a source at 5 standard deviations in the LISA search for sources over the whole
sky is less than 10−5, so one can be confident that any source above this threshold curve
can be reliably detected. To estimate the expected SNR for any long-lived source in the
diagram, one multiplies the factor by which it exceeds the threshold curve by the threshold
level of 5. The threshold curve is drawn on the assumption that the dominant noise is
the 1-σ instrumental noise level. If any of the random gravitational-wave backgrounds

3-3-1999 9:33 Corrected version 2.08

LISA Pre-Phase A report (1998)



• For an inspiraling source, the total energy emitted in each 
frequency band is finite and so is the Fourier transform.

• Hence 

• and so the spectral density is zero (over all time).

• Band passing and windowing can recover some of the power, 
but can we do better than this?

• Yes - using filtering.

Signal Sensitivity: Inspiraling Sources

1p
T
h̃(f) ) 0 as T ! 1
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Filtering

• A filtered time series is defined using a kernel               .

• We now apply a slightly modified definition of S/N. We 
compare the amplitude output of the filter due to the signal 
to the rms output of the filter due to the noise.

• The rms output of the filter           is the signal amplitude 
to within an rms fractional error        , which is the 
reciprocal of the signal to noise ratio.

K(t� t�)

w(t) =
� ⇤

�⇤
K(t� t⇥)s(t⇥)dt⇥

S + N
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Optimal Filter

• We can ask what choice of filter maximises the value of    
S/N at zero-lag, i.e., t=0.

• From the convolution theorem for Fourier transforms we 
have

• The expression for S/N can thus be written

w̃(f) = K̃(f)h̃(f)
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Optimal Filter

• This motivates a natural inner product,            , on the 
space of signals of the form

• in terms of which we have

• which is maximised by the choice

• This is the Weiner optimal filter. In the frequency domain the 
optimal kernel is equal to the signal weighted by the 
spectral density of the noise.

(h1|h2)

S

N
=

(SnK|h)p
(SnK|SnK)
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• A search using the optimal filter then amounts to taking the 
inner product         of the data stream,   , with a template of 
the signal   . This is matched filtering.

• The signal to noise ratio of a matched filtering search is

• which follows from the fact that                                        

• For a monochromatic source, the matched filter is just a 
Fourier transform, so this agrees with the previous result. In 
that case, the signal to noise ratio increases like the square 
root of the observation time.

(s|h) s
h

S

N
[h] =

(h|h)�
�(h|n)(h|n)⇥

= (h|h)1/2

�(h1|n)(h2|n)⇥ = (h1|h2)

Optimal Filter



• The matched filtering S/N squared is

• which can also be written as 

• These expressions aid “integration by eye” in a logarithmic 
plot.

• For a source which has amplitude h0 at frequency f and 
corresponding frequency derivative   , we have

Optimal Filter

h̃(f) ⇠ h0q
ḟ
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Characteristic Strain

• The analogy with a broad-band burst therefore motivates 
the definition of a characteristic strain,    , for inspiraling 
sources (e.g., Finn and Thorne 2000).

• The characteristic strain is a measure of the SNR 
accumulated while the frequency sweeps through a 
bandwidth equal to frequency. If we also plot the rms noise 
in a bandwidth equal to frequency,    

• Plots of          and          allow us to see directly how the 
SNR of an evolving source builds up over the evolution.
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• In the definition of characteristic strain

• the term inside the square root is equal to the number of 
cycles the inspiral spends in the vicinity of the frequency f. 

• You will read papers in which people talk about S/N being 
enhanced by the number of cycles spent int he vicinity of a 
certain frequency. This is what they are referring to.

• Note: plotting characteristic strain only makes sense if you 
are also plotting f Sn(f). If you are plotting Sn(f) directly your 
strain should be a factor of       lower.

hc = ho

�
2f2

df/dt

p
f
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Characteristic Strain



Build up of SNR for EMRIs observed by LISA
(Finn & Thorne 2000)

Characteristic Strain



• SNRs also depend on the sky position and orientation of a 
source. This can be folded into the spectral density be using a 
sky and orientation averaged sensitivity, and using the strain of 
an optimally positioned and oriented source.

Signal Sensitivity: Sky Averaging

hSn(f)iLIGO
SA ⇡ 5Sn(f)
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Representing Stochastic Backgrounds

• Stochastic backgrounds are characterised by a spectral density, 
so it is natural to compute the power spectral density and 
plot it on the same axes as the detector PSD.

• There are two caveats. 

• Firstly, the “power” we have been talking about so far has 
not been a power in a physical sense since we have not 
specified any unites for the time series (and indeed for GW 
strain this is dimensionless). Better to use something that 
represents a physical energy density if possible.

• Plotting two PSDs does not convey any information about 
their distinguishability. Can we represent backgrounds in a 
way that allows the reader to assess detectability at a glance?



Representing Stochastic Backgrounds

• The energy density carried by a gravitational wave is 

• Therefore, we should consider the time derivative of the 
strain series to get a physical energy.

• The corresponding spectral density is f2 Sn(f) and fluctuations 
in a bandwidth equal to frequency are f3 Sn(f). 

• Energy densities in astrophysical and cosmological 
backgrounds are often expressed as a fraction of the closure 
density of the Universe

dE

dtdA
/ ḣ2

+ + ḣ2
⇥
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3H2
0

dEGW

d ln f
/ f2h2

c(f)
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Representing Stochastic Backgrounds

• Quick assessment of background detectability can be derived 
from power-law sensitivity curves (Thrane & Romano 2013). 
Requires assumptions about data analysis procedures.2
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FIG. 2: Plot showing strengths of predicted gravitational-
wave backgrounds in terms of Ωgw(f) and the corresponding
sensitivity curves for different detectors, taken from [2]. Up-
per limits from various measurements, e.g., S5 LIGO Hanford-
Livingston and pulsar timing, are shown as horizontal lines
in the analysis band of each detector. The upper limits take
into account integration over frequency, but only for a single
spectral index.

spectral index is assumed, making it difficult to compare
published limits with arbitrary models. In other cases,
limits are given as a function of spectral index, but the
constrained quantity depends on an arbitrary reference
frequency; see Eq. 7.
To illustrate the improvement in sensitivity that comes

from integrating over frequency, consider the simple case
of a white gravitational-wave background signal in white
uncorrelated detector noise. In this case, ρ increases by
precisely

√
Nbins compared to the single bin analysis. For

ground-based detectors like LIGO, typical values2 of ∆f
and δf are ∆f ≈ 100 Hz and δf ≈ 0.25 Hz, leading to
Nbins ≈ 400, and a corresponding improvement in ρ of
about 20; see, e.g., [2]. For colored spectra and non-
trivial detector geometry the improvement will be less,
but a factor of ∼5-10 increase in ρ is not unrealistic.
In this paper, we propose a relatively simple way to

graphically represent this improvement in sensitivity for
gravitational-wave backgrounds that have a power-law
frequency dependence in the sensitivity band of the de-
tectors. An example of such a “power-law integrated
sensitivity curve” is given in Fig. 3 for a correlation mea-
surement between the Advanced LIGO detectors in Han-
ford, WA and Livingston, LA. Details of the construction

though this is not always depicted in sensitivity curves.
2 The 0.25Hz bin width typical of LIGO stochastic analyses is
chosen to be sufficiently narrow that one can approximate the
signal and noise as constant across the width of the bin, yet
sufficiently wide that the noise can be approximated as stationary
over the duration of the data segment.

101 102 10310−10

10−8

10−6

10−4

10−2

f (Hz)

Ω
(f)

FIG. 3: Ωgw(f) sensitivity curves from different stages in a po-
tential future Advanced LIGO Hanford-LIGO Livingston cor-
relation search for power-law gravitational-wave backgrounds.
The top black curve is the single-detector sensitivity curve, as-
sumed to be the same for both H1 or L1. The red curve shows
the sensitivity of the H1L1 detector pair to a gravitational-
wave background, where the spikes are due to zeros in the
Hanford-Livingston overlap reduction function (see left panel,
Fig. 5). The green curve shows the improvement in sensitivity
that comes from integration over an observation time of 1 year
for a frequency bin size of 0.25 Hz. The set of black lines are
obtained by integrating over frequency for different power law
indices, assuming a signal-to-noise ratio ρ = 1. Finally, the
blue power-law integrated sensitivity curve is the envelope of
the black lines. See Sec. III, Fig. 7 for more details.

and interpretation of these curves will be given in Sec III,
Fig. 7. We show this figure now for readers who might
be anxious to get to the punchline.
In Sec. II, we briefly review the fundamentals of cross-

correlation searches for gravitational-wave backgrounds,
defining an effective strain noise power spectral density
Seff(f) for a network of detectors. For simplicity, we
consider cross-correlation searches for unpolarized and
isotropic stochastic backgrounds using two or more de-
tectors. In Sec. III we present a graphical method for con-
structing sensitivity curves for power-law backgrounds
based on the expected signal-to-noise ratio for the search,
and we apply our method to construct new power-law in-
tegrated sensitivity curves for correlation measurements
involving second-generation ground-based detectors such
as Advanced LIGO, space-based detectors such as the Big
Bang Observer (BBO), and a pulsar timing array. For
completeness, we also construct a power-law integrated
sensitivity curve for an autocorrelation measurement us-
ing LISA. We conclude with a brief discussion in Sec. IV.

II. FORMALISM

In this section, we summarize the fundamental prop-
erties of a stochastic background and the correlated re-



Sensitivity Curves Summary

• To summarise, there are four different types of sensitivity 
curve you might see in figures.

• Power Spectral Density - summarises statistical properties of 
noise

• Strain spectral density

- for monochromatic sources

- for inspirals and bursts

• Energy spectral density - for backgrounds
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Estimating Detectability 
of Sources



Typical strains of astrophysical sources

• Recall that the gravitational wave strain is given by

• and the rate of energy loss is given by

• Order of magnitude of quadrupole moment can be estimated 
from virial theorem
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<latexit sha1_base64="0NQH+8TrNv7Y6SMd/GfUbRvkEIs=">AAACB3icjZDLSsQwGIVTr+N4q7oUJDgIroZWBF0O6EJ3IzgXmJaSpulMnDQpSSoMoTs3voobF4q49RXc+TZmLgsVBQ8EDuf8P0m+OGdUac/7cObmFxaXlisr1dW19Y1Nd2u7rUQhMWlhwYTsxkgRRjlpaaoZ6eaSoCxmpBMPz8Z955ZIRQW/1qOchBnqc5pSjLSNIndvAANFMxikEmETJInQ5jIy9KYsS3NeRm7Nr3sTwb9NDczUjNz3IBG4yAjXmCGler6X69AgqSlmpKwGhSI5wkPUJz1rOcqICs3kHyU8sEkCUyHt4RpO0q8bBmVKjbLYTmZID9TPbhz+1vUKnZ6GhvK80ITj6UVpwaAWcAwFJlQSrNnIGoQltW+FeIAsEW3RVf8HoX1U9726f3VcazRmOCpgF+yDQ+CDE9AAF6AJWgCDO/AAnsCzc+88Oi/O63R0zpnt7IBvct4+AZOemcM=</latexit><latexit sha1_base64="0NQH+8TrNv7Y6SMd/GfUbRvkEIs=">AAACB3icjZDLSsQwGIVTr+N4q7oUJDgIroZWBF0O6EJ3IzgXmJaSpulMnDQpSSoMoTs3voobF4q49RXc+TZmLgsVBQ8EDuf8P0m+OGdUac/7cObmFxaXlisr1dW19Y1Nd2u7rUQhMWlhwYTsxkgRRjlpaaoZ6eaSoCxmpBMPz8Z955ZIRQW/1qOchBnqc5pSjLSNIndvAANFMxikEmETJInQ5jIy9KYsS3NeRm7Nr3sTwb9NDczUjNz3IBG4yAjXmCGler6X69AgqSlmpKwGhSI5wkPUJz1rOcqICs3kHyU8sEkCUyHt4RpO0q8bBmVKjbLYTmZID9TPbhz+1vUKnZ6GhvK80ITj6UVpwaAWcAwFJlQSrNnIGoQltW+FeIAsEW3RVf8HoX1U9726f3VcazRmOCpgF+yDQ+CDE9AAF6AJWgCDO/AAnsCzc+88Oi/O63R0zpnt7IBvct4+AZOemcM=</latexit><latexit sha1_base64="0NQH+8TrNv7Y6SMd/GfUbRvkEIs=">AAACB3icjZDLSsQwGIVTr+N4q7oUJDgIroZWBF0O6EJ3IzgXmJaSpulMnDQpSSoMoTs3voobF4q49RXc+TZmLgsVBQ8EDuf8P0m+OGdUac/7cObmFxaXlisr1dW19Y1Nd2u7rUQhMWlhwYTsxkgRRjlpaaoZ6eaSoCxmpBMPz8Z955ZIRQW/1qOchBnqc5pSjLSNIndvAANFMxikEmETJInQ5jIy9KYsS3NeRm7Nr3sTwb9NDczUjNz3IBG4yAjXmCGler6X69AgqSlmpKwGhSI5wkPUJz1rOcqICs3kHyU8sEkCUyHt4RpO0q8bBmVKjbLYTmZID9TPbhz+1vUKnZ6GhvK80ITj6UVpwaAWcAwFJlQSrNnIGoQltW+FeIAsEW3RVf8HoX1U9726f3VcazRmOCpgF+yDQ+CDE9AAF6AJWgCDO/AAnsCzc+88Oi/O63R0zpnt7IBvct4+AZOemcM=</latexit><latexit sha1_base64="0NQH+8TrNv7Y6SMd/GfUbRvkEIs=">AAACB3icjZDLSsQwGIVTr+N4q7oUJDgIroZWBF0O6EJ3IzgXmJaSpulMnDQpSSoMoTs3voobF4q49RXc+TZmLgsVBQ8EDuf8P0m+OGdUac/7cObmFxaXlisr1dW19Y1Nd2u7rUQhMWlhwYTsxkgRRjlpaaoZ6eaSoCxmpBMPz8Z955ZIRQW/1qOchBnqc5pSjLSNIndvAANFMxikEmETJInQ5jIy9KYsS3NeRm7Nr3sTwb9NDczUjNz3IBG4yAjXmCGler6X69AgqSlmpKwGhSI5wkPUJz1rOcqICs3kHyU8sEkCUyHt4RpO0q8bBmVKjbLYTmZID9TPbhz+1vUKnZ6GhvK80ITj6UVpwaAWcAwFJlQSrNnIGoQltW+FeIAsEW3RVf8HoX1U9726f3VcazRmOCpgF+yDQ+CDE9AAF6AJWgCDO/AAnsCzc+88Oi/O63R0zpnt7IBvct4+AZOemcM=</latexit>

Ė ⇠
...
Iij

2

<latexit sha1_base64="R1ebiZIGqaPoC/pzOGhsSvnA26Y=">AAACBnicjVBNS8MwGE7n15xfVY8iBIfgabQi6HEggt4muA9Ya0nTdItL0pKkwig9efGvePGgiFd/gzf/jem2g4qCDwSePM/75n3zhCmjSjvOh1WZm19YXKou11ZW19Y37M2tjkoyiUkbJyyRvRApwqggbU01I71UEsRDRrrh6LT0u7dEKpqIKz1Oic/RQNCYYqSNFNi7XpTo/KyAnqIcelFUXi+CnN4UxfVhYNfdhjMB/JvUwQytwH437+GME6ExQ0r1XSfVfo6kppiRouZliqQIj9CA9A0ViBPl55NvFHDfKBGME2mO0HCifu3IEVdqzENTyZEeqp9eKf7m9TMdn/g5FWmmicDTQXHGoE5gmQmMqCRYs7EhCEtqdoV4iCTC2iRX+18IncOG6zTcy6N6szmLowp2wB44AC44Bk1wDlqgDTC4Aw/gCTxb99aj9WK9Tksr1qxnG3yD9fYJQxOY+Q==</latexit><latexit sha1_base64="R1ebiZIGqaPoC/pzOGhsSvnA26Y=">AAACBnicjVBNS8MwGE7n15xfVY8iBIfgabQi6HEggt4muA9Ya0nTdItL0pKkwig9efGvePGgiFd/gzf/jem2g4qCDwSePM/75n3zhCmjSjvOh1WZm19YXKou11ZW19Y37M2tjkoyiUkbJyyRvRApwqggbU01I71UEsRDRrrh6LT0u7dEKpqIKz1Oic/RQNCYYqSNFNi7XpTo/KyAnqIcelFUXi+CnN4UxfVhYNfdhjMB/JvUwQytwH437+GME6ExQ0r1XSfVfo6kppiRouZliqQIj9CA9A0ViBPl55NvFHDfKBGME2mO0HCifu3IEVdqzENTyZEeqp9eKf7m9TMdn/g5FWmmicDTQXHGoE5gmQmMqCRYs7EhCEtqdoV4iCTC2iRX+18IncOG6zTcy6N6szmLowp2wB44AC44Bk1wDlqgDTC4Aw/gCTxb99aj9WK9Tksr1qxnG3yD9fYJQxOY+Q==</latexit><latexit sha1_base64="R1ebiZIGqaPoC/pzOGhsSvnA26Y=">AAACBnicjVBNS8MwGE7n15xfVY8iBIfgabQi6HEggt4muA9Ya0nTdItL0pKkwig9efGvePGgiFd/gzf/jem2g4qCDwSePM/75n3zhCmjSjvOh1WZm19YXKou11ZW19Y37M2tjkoyiUkbJyyRvRApwqggbU01I71UEsRDRrrh6LT0u7dEKpqIKz1Oic/RQNCYYqSNFNi7XpTo/KyAnqIcelFUXi+CnN4UxfVhYNfdhjMB/JvUwQytwH437+GME6ExQ0r1XSfVfo6kppiRouZliqQIj9CA9A0ViBPl55NvFHDfKBGME2mO0HCifu3IEVdqzENTyZEeqp9eKf7m9TMdn/g5FWmmicDTQXHGoE5gmQmMqCRYs7EhCEtqdoV4iCTC2iRX+18IncOG6zTcy6N6szmLowp2wB44AC44Bk1wDlqgDTC4Aw/gCTxb99aj9WK9Tksr1qxnG3yD9fYJQxOY+Q==</latexit><latexit sha1_base64="R1ebiZIGqaPoC/pzOGhsSvnA26Y=">AAACBnicjVBNS8MwGE7n15xfVY8iBIfgabQi6HEggt4muA9Ya0nTdItL0pKkwig9efGvePGgiFd/gzf/jem2g4qCDwSePM/75n3zhCmjSjvOh1WZm19YXKou11ZW19Y37M2tjkoyiUkbJyyRvRApwqggbU01I71UEsRDRrrh6LT0u7dEKpqIKz1Oic/RQNCYYqSNFNi7XpTo/KyAnqIcelFUXi+CnN4UxfVhYNfdhjMB/JvUwQytwH437+GME6ExQ0r1XSfVfo6kppiRouZliqQIj9CA9A0ViBPl55NvFHDfKBGME2mO0HCifu3IEVdqzENTyZEeqp9eKf7m9TMdn/g5FWmmicDTQXHGoE5gmQmMqCRYs7EhCEtqdoV4iCTC2iRX+18IncOG6zTcy6N6szmLowp2wB44AC44Bk1wDlqgDTC4Aw/gCTxb99aj9WK9Tksr1qxnG3yD9fYJQxOY+Q==</latexit>

Iij =

Z
⇢xixjdV

<latexit sha1_base64="OP/5I/FZ+szyS6sIWB5T5ggGJOk=">AAACCnicjVDLSsNAFJ34rPUVdelmtAiuSiKCboSCG91VsA9oSphMJu208wgzE7GErN34K25cKOLWL3Dn3zh9LFQUPHDhcM693HtPlDKqjed9OHPzC4tLy6WV8ura+samu7Xd1DJTmDSwZFK1I6QJo4I0DDWMtFNFEI8YaUXD87HfuiFKUymuzSglXY56giYUI2Ol0N27DHM6KM4CKgwMVF/C25DaGsA8UBzGRTN0K37VmwD+TSpghnrovgexxBknwmCGtO74Xmq6OVKGYkaKcpBpkiI8RD3SsVQgTnQ3n7xSwAOrxDCRypa9aKJ+ncgR13rEI9vJkenrn95Y/M3rZCY57eZUpJkhAk8XJRmDRsJxLjCmimDDRpYgrKi9FeI+Uggbm175fyE0j6q+V/Wvjiu12iyOEtgF++AQ+OAE1MAFqIMGwOAOPIAn8OzcO4/Oi/M6bZ1zZjM74Buct09SQpoA</latexit><latexit sha1_base64="OP/5I/FZ+szyS6sIWB5T5ggGJOk=">AAACCnicjVDLSsNAFJ34rPUVdelmtAiuSiKCboSCG91VsA9oSphMJu208wgzE7GErN34K25cKOLWL3Dn3zh9LFQUPHDhcM693HtPlDKqjed9OHPzC4tLy6WV8ura+samu7Xd1DJTmDSwZFK1I6QJo4I0DDWMtFNFEI8YaUXD87HfuiFKUymuzSglXY56giYUI2Ol0N27DHM6KM4CKgwMVF/C25DaGsA8UBzGRTN0K37VmwD+TSpghnrovgexxBknwmCGtO74Xmq6OVKGYkaKcpBpkiI8RD3SsVQgTnQ3n7xSwAOrxDCRypa9aKJ+ncgR13rEI9vJkenrn95Y/M3rZCY57eZUpJkhAk8XJRmDRsJxLjCmimDDRpYgrKi9FeI+Uggbm175fyE0j6q+V/Wvjiu12iyOEtgF++AQ+OAE1MAFqIMGwOAOPIAn8OzcO4/Oi/M6bZ1zZjM74Buct09SQpoA</latexit><latexit sha1_base64="OP/5I/FZ+szyS6sIWB5T5ggGJOk=">AAACCnicjVDLSsNAFJ34rPUVdelmtAiuSiKCboSCG91VsA9oSphMJu208wgzE7GErN34K25cKOLWL3Dn3zh9LFQUPHDhcM693HtPlDKqjed9OHPzC4tLy6WV8ura+samu7Xd1DJTmDSwZFK1I6QJo4I0DDWMtFNFEI8YaUXD87HfuiFKUymuzSglXY56giYUI2Ol0N27DHM6KM4CKgwMVF/C25DaGsA8UBzGRTN0K37VmwD+TSpghnrovgexxBknwmCGtO74Xmq6OVKGYkaKcpBpkiI8RD3SsVQgTnQ3n7xSwAOrxDCRypa9aKJ+ncgR13rEI9vJkenrn95Y/M3rZCY57eZUpJkhAk8XJRmDRsJxLjCmimDDRpYgrKi9FeI+Uggbm175fyE0j6q+V/Wvjiu12iyOEtgF++AQ+OAE1MAFqIMGwOAOPIAn8OzcO4/Oi/M6bZ1zZjM74Buct09SQpoA</latexit><latexit sha1_base64="OP/5I/FZ+szyS6sIWB5T5ggGJOk=">AAACCnicjVDLSsNAFJ34rPUVdelmtAiuSiKCboSCG91VsA9oSphMJu208wgzE7GErN34K25cKOLWL3Dn3zh9LFQUPHDhcM693HtPlDKqjed9OHPzC4tLy6WV8ura+samu7Xd1DJTmDSwZFK1I6QJo4I0DDWMtFNFEI8YaUXD87HfuiFKUymuzSglXY56giYUI2Ol0N27DHM6KM4CKgwMVF/C25DaGsA8UBzGRTN0K37VmwD+TSpghnrovgexxBknwmCGtO74Xmq6OVKGYkaKcpBpkiI8RD3SsVQgTnQ3n7xSwAOrxDCRypa9aKJ+ncgR13rEI9vJkenrn95Y/M3rZCY57eZUpJkhAk8XJRmDRsJxLjCmimDDRpYgrKi9FeI+Uggbm175fyE0j6q+V/Wvjiu12iyOEtgF++AQ+OAE1MAFqIMGwOAOPIAn8OzcO4/Oi/M6bZ1zZjM74Buct09SQpoA</latexit>



Typical strains of astrophysical sources

• Newtonian circular binary system with masses      ,      and 
separation r is equivalent to object of mass    orbiting in a fixed 
potential of mass M at distance r.

M1 M2

µ
<latexit sha1_base64="vscV3SvDqlCs2XavvE9zO8+zzQo=">AAAB6nicjVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF48RzQOSJcxOZpMhM7PLTK8QlnyCFw+KePWLvPk3ziY5qChY0FBUddPdFaVSWPT9D6+0srq2vlHerGxt7+zuVfcP2jbJDOMtlsjEdCNquRSat1Cg5N3UcKoiyTvR5KrwO/fcWJHoO5ymPFR0pEUsGEUn3fZVNqjWgro/B/mb1GCJ5qD63h8mLFNcI5PU2l7gpxjm1KBgks8q/czylLIJHfGeo5oqbsN8fuqMnDhlSOLEuNJI5urXiZwqa6cqcp2K4tj+9ArxN6+XYXwZ5kKnGXLNFoviTBJMSPE3GQrDGcqpI5QZ4W4lbEwNZejSqfwvhPZZPfDrwc15rdFYxlGGIziGUwjgAhpwDU1oAYMRPMATPHvSe/RevNdFa8lbzhzCN3hvn2Epjdc=</latexit><latexit sha1_base64="vscV3SvDqlCs2XavvE9zO8+zzQo=">AAAB6nicjVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF48RzQOSJcxOZpMhM7PLTK8QlnyCFw+KePWLvPk3ziY5qChY0FBUddPdFaVSWPT9D6+0srq2vlHerGxt7+zuVfcP2jbJDOMtlsjEdCNquRSat1Cg5N3UcKoiyTvR5KrwO/fcWJHoO5ymPFR0pEUsGEUn3fZVNqjWgro/B/mb1GCJ5qD63h8mLFNcI5PU2l7gpxjm1KBgks8q/czylLIJHfGeo5oqbsN8fuqMnDhlSOLEuNJI5urXiZwqa6cqcp2K4tj+9ArxN6+XYXwZ5kKnGXLNFoviTBJMSPE3GQrDGcqpI5QZ4W4lbEwNZejSqfwvhPZZPfDrwc15rdFYxlGGIziGUwjgAhpwDU1oAYMRPMATPHvSe/RevNdFa8lbzhzCN3hvn2Epjdc=</latexit><latexit sha1_base64="vscV3SvDqlCs2XavvE9zO8+zzQo=">AAAB6nicjVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF48RzQOSJcxOZpMhM7PLTK8QlnyCFw+KePWLvPk3ziY5qChY0FBUddPdFaVSWPT9D6+0srq2vlHerGxt7+zuVfcP2jbJDOMtlsjEdCNquRSat1Cg5N3UcKoiyTvR5KrwO/fcWJHoO5ymPFR0pEUsGEUn3fZVNqjWgro/B/mb1GCJ5qD63h8mLFNcI5PU2l7gpxjm1KBgks8q/czylLIJHfGeo5oqbsN8fuqMnDhlSOLEuNJI5urXiZwqa6cqcp2K4tj+9ArxN6+XYXwZ5kKnGXLNFoviTBJMSPE3GQrDGcqpI5QZ4W4lbEwNZejSqfwvhPZZPfDrwc15rdFYxlGGIziGUwjgAhpwDU1oAYMRPMATPHvSe/RevNdFa8lbzhzCN3hvn2Epjdc=</latexit><latexit sha1_base64="vscV3SvDqlCs2XavvE9zO8+zzQo=">AAAB6nicjVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF48RzQOSJcxOZpMhM7PLTK8QlnyCFw+KePWLvPk3ziY5qChY0FBUddPdFaVSWPT9D6+0srq2vlHerGxt7+zuVfcP2jbJDOMtlsjEdCNquRSat1Cg5N3UcKoiyTvR5KrwO/fcWJHoO5ymPFR0pEUsGEUn3fZVNqjWgro/B/mb1GCJ5qD63h8mLFNcI5PU2l7gpxjm1KBgks8q/czylLIJHfGeo5oqbsN8fuqMnDhlSOLEuNJI5urXiZwqa6cqcp2K4tj+9ArxN6+XYXwZ5kKnGXLNFoviTBJMSPE3GQrDGcqpI5QZ4W4lbEwNZejSqfwvhPZZPfDrwc15rdFYxlGGIziGUwjgAhpwDU1oAYMRPMATPHvSe/RevNdFa8lbzhzCN3hvn2Epjdc=</latexit>

µ =
M1M2

M1 +M2
<latexit sha1_base64="Z/99uIVBwYsQqhTvVVwCLwEWzfU=">AAACBXicjZDNS8MwGMbf+jnnV9WjHoJDEITRDkEvwsCLl8EE9wHrKGmWbmFJW5JUGKUXL/4rXjwo4tX/wZv/jem2g4qCDwQenud9SfILEs6UdpwPa2FxaXlltbRWXt/Y3Nq2d3bbKk4loS0S81h2A6woZxFtaaY57SaSYhFw2gnGl0XfuaVSsTi60ZOE9gUeRixkBGsT+faBJ1J0gbxQYpI1fBc1/FpemJNGLfftilt1pkJ/mwrM1fTtd28Qk1TQSBOOleq5TqL7GZaaEU7zspcqmmAyxkPaMzbCgqp+Nv1Fjo5MMkBhLM2JNJqmXzcyLJSaiMBMCqxH6mdXhL91vVSH5/2MRUmqaURmF4UpRzpGBRI0YJISzSfGYCKZeSsiI2yAaAOu/D8I7VrVdaru9WmlXp/jKME+HMIxuHAGdbiCJrSAwB08wBM8W/fWo/Vivc5GF6z5zh58k/X2CbzNlsk=</latexit><latexit sha1_base64="Z/99uIVBwYsQqhTvVVwCLwEWzfU=">AAACBXicjZDNS8MwGMbf+jnnV9WjHoJDEITRDkEvwsCLl8EE9wHrKGmWbmFJW5JUGKUXL/4rXjwo4tX/wZv/jem2g4qCDwQenud9SfILEs6UdpwPa2FxaXlltbRWXt/Y3Nq2d3bbKk4loS0S81h2A6woZxFtaaY57SaSYhFw2gnGl0XfuaVSsTi60ZOE9gUeRixkBGsT+faBJ1J0gbxQYpI1fBc1/FpemJNGLfftilt1pkJ/mwrM1fTtd28Qk1TQSBOOleq5TqL7GZaaEU7zspcqmmAyxkPaMzbCgqp+Nv1Fjo5MMkBhLM2JNJqmXzcyLJSaiMBMCqxH6mdXhL91vVSH5/2MRUmqaURmF4UpRzpGBRI0YJISzSfGYCKZeSsiI2yAaAOu/D8I7VrVdaru9WmlXp/jKME+HMIxuHAGdbiCJrSAwB08wBM8W/fWo/Vivc5GF6z5zh58k/X2CbzNlsk=</latexit><latexit sha1_base64="Z/99uIVBwYsQqhTvVVwCLwEWzfU=">AAACBXicjZDNS8MwGMbf+jnnV9WjHoJDEITRDkEvwsCLl8EE9wHrKGmWbmFJW5JUGKUXL/4rXjwo4tX/wZv/jem2g4qCDwQenud9SfILEs6UdpwPa2FxaXlltbRWXt/Y3Nq2d3bbKk4loS0S81h2A6woZxFtaaY57SaSYhFw2gnGl0XfuaVSsTi60ZOE9gUeRixkBGsT+faBJ1J0gbxQYpI1fBc1/FpemJNGLfftilt1pkJ/mwrM1fTtd28Qk1TQSBOOleq5TqL7GZaaEU7zspcqmmAyxkPaMzbCgqp+Nv1Fjo5MMkBhLM2JNJqmXzcyLJSaiMBMCqxH6mdXhL91vVSH5/2MRUmqaURmF4UpRzpGBRI0YJISzSfGYCKZeSsiI2yAaAOu/D8I7VrVdaru9WmlXp/jKME+HMIxuHAGdbiCJrSAwB08wBM8W/fWo/Vivc5GF6z5zh58k/X2CbzNlsk=</latexit><latexit sha1_base64="Z/99uIVBwYsQqhTvVVwCLwEWzfU=">AAACBXicjZDNS8MwGMbf+jnnV9WjHoJDEITRDkEvwsCLl8EE9wHrKGmWbmFJW5JUGKUXL/4rXjwo4tX/wZv/jem2g4qCDwQenud9SfILEs6UdpwPa2FxaXlltbRWXt/Y3Nq2d3bbKk4loS0S81h2A6woZxFtaaY57SaSYhFw2gnGl0XfuaVSsTi60ZOE9gUeRixkBGsT+faBJ1J0gbxQYpI1fBc1/FpemJNGLfftilt1pkJ/mwrM1fTtd28Qk1TQSBOOleq5TqL7GZaaEU7zspcqmmAyxkPaMzbCgqp+Nv1Fjo5MMkBhLM2JNJqmXzcyLJSaiMBMCqxH6mdXhL91vVSH5/2MRUmqaURmF4UpRzpGBRI0YJISzSfGYCKZeSsiI2yAaAOu/D8I7VrVdaru9WmlXp/jKME+HMIxuHAGdbiCJrSAwB08wBM8W/fWo/Vivc5GF6z5zh58k/X2CbzNlsk=</latexit>

M = M1 +M2
<latexit sha1_base64="bktApqm7xZ7VvTtkKGOVsuLOnIQ=">AAAB8XicjVBNS8NAEJ3Ur1q/qh69LBZBEEpSBL0IBS9eChVsLbYhbLabdulmE3YnQgn9F148KOLVf+PNf+P246Ci4IOBx3szzMwLUykMuu6HU1haXlldK66XNja3tnfKu3ttk2Sa8RZLZKI7ITVcCsVbKFDyTqo5jUPJb8PR5dS/vefaiETd4DjlfkwHSkSCUbTSXeOCNALvpBHUgnLFq7ozkL9JBRZoBuX3Xj9hWcwVMkmN6Xpuin5ONQom+aTUywxPKRvRAe9aqmjMjZ/PLp6QI6v0SZRoWwrJTP06kdPYmHEc2s6Y4tD89Kbib143w+jcz4VKM+SKzRdFmSSYkOn7pC80ZyjHllCmhb2VsCHVlKENqfS/ENq1qudWvevTSr2+iKMIB3AIx+DBGdThCprQAgYKHuAJnh3jPDovzuu8teAsZvbhG5y3T25fj28=</latexit><latexit sha1_base64="bktApqm7xZ7VvTtkKGOVsuLOnIQ=">AAAB8XicjVBNS8NAEJ3Ur1q/qh69LBZBEEpSBL0IBS9eChVsLbYhbLabdulmE3YnQgn9F148KOLVf+PNf+P246Ci4IOBx3szzMwLUykMuu6HU1haXlldK66XNja3tnfKu3ttk2Sa8RZLZKI7ITVcCsVbKFDyTqo5jUPJb8PR5dS/vefaiETd4DjlfkwHSkSCUbTSXeOCNALvpBHUgnLFq7ozkL9JBRZoBuX3Xj9hWcwVMkmN6Xpuin5ONQom+aTUywxPKRvRAe9aqmjMjZ/PLp6QI6v0SZRoWwrJTP06kdPYmHEc2s6Y4tD89Kbib143w+jcz4VKM+SKzRdFmSSYkOn7pC80ZyjHllCmhb2VsCHVlKENqfS/ENq1qudWvevTSr2+iKMIB3AIx+DBGdThCprQAgYKHuAJnh3jPDovzuu8teAsZvbhG5y3T25fj28=</latexit><latexit sha1_base64="bktApqm7xZ7VvTtkKGOVsuLOnIQ=">AAAB8XicjVBNS8NAEJ3Ur1q/qh69LBZBEEpSBL0IBS9eChVsLbYhbLabdulmE3YnQgn9F148KOLVf+PNf+P246Ci4IOBx3szzMwLUykMuu6HU1haXlldK66XNja3tnfKu3ttk2Sa8RZLZKI7ITVcCsVbKFDyTqo5jUPJb8PR5dS/vefaiETd4DjlfkwHSkSCUbTSXeOCNALvpBHUgnLFq7ozkL9JBRZoBuX3Xj9hWcwVMkmN6Xpuin5ONQom+aTUywxPKRvRAe9aqmjMjZ/PLp6QI6v0SZRoWwrJTP06kdPYmHEc2s6Y4tD89Kbib143w+jcz4VKM+SKzRdFmSSYkOn7pC80ZyjHllCmhb2VsCHVlKENqfS/ENq1qudWvevTSr2+iKMIB3AIx+DBGdThCprQAgYKHuAJnh3jPDovzuu8teAsZvbhG5y3T25fj28=</latexit><latexit sha1_base64="bktApqm7xZ7VvTtkKGOVsuLOnIQ=">AAAB8XicjVBNS8NAEJ3Ur1q/qh69LBZBEEpSBL0IBS9eChVsLbYhbLabdulmE3YnQgn9F148KOLVf+PNf+P246Ci4IOBx3szzMwLUykMuu6HU1haXlldK66XNja3tnfKu3ttk2Sa8RZLZKI7ITVcCsVbKFDyTqo5jUPJb8PR5dS/vefaiETd4DjlfkwHSkSCUbTSXeOCNALvpBHUgnLFq7ozkL9JBRZoBuX3Xj9hWcwVMkmN6Xpuin5ONQom+aTUywxPKRvRAe9aqmjMjZ/PLp6QI6v0SZRoWwrJTP06kdPYmHEc2s6Y4tD89Kbib143w+jcz4VKM+SKzRdFmSSYkOn7pC80ZyjHllCmhb2VsCHVlKENqfS/ENq1qudWvevTSr2+iKMIB3AIx+DBGdThCprQAgYKHuAJnh3jPDovzuu8teAsZvbhG5y3T25fj28=</latexit>

M1

M2

Centre of Massr1

r2r

r1M1 = r2M2 = µr
<latexit sha1_base64="o9/IMeyaq5orH2SlfpCpm/Le0Ks=">AAACAnicjVDLSgMxFL1TX7W+Rl2Jm2ARXJWZUtCNUHDjRqhgH9AOQybNtKFJZkgyQhmKG3/FjQtF3PoV7vwb08dCRcEDF07OuZfce6KUM20878MpLC2vrK4V10sbm1vbO+7uXksnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHQx9du3VGmWyBszTmkg8ECymBFsrBS6Byr00ZWtc6TCqmVVy3oisy+37Fe8GdDfpAwLNEL3vddPSCaoNIRjrbu+l5ogx8owwumk1Ms0TTEZ4QHtWiqxoDrIZydM0LFV+ihOlC1p0Ez9OpFjofVYRLZTYDPUP72p+JvXzUx8FuRMppmhksw/ijOOTIKmeaA+U5QYPrYEE8XsrogMscLE2NRK/wuhVa34XsW/rpXr9UUcRTiEIzgBH06hDpfQgCYQuIMHeIJn5955dF6c13lrwVnM7MM3OG+fv1KUcA==</latexit><latexit sha1_base64="o9/IMeyaq5orH2SlfpCpm/Le0Ks=">AAACAnicjVDLSgMxFL1TX7W+Rl2Jm2ARXJWZUtCNUHDjRqhgH9AOQybNtKFJZkgyQhmKG3/FjQtF3PoV7vwb08dCRcEDF07OuZfce6KUM20878MpLC2vrK4V10sbm1vbO+7uXksnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHQx9du3VGmWyBszTmkg8ECymBFsrBS6Byr00ZWtc6TCqmVVy3oisy+37Fe8GdDfpAwLNEL3vddPSCaoNIRjrbu+l5ogx8owwumk1Ms0TTEZ4QHtWiqxoDrIZydM0LFV+ihOlC1p0Ez9OpFjofVYRLZTYDPUP72p+JvXzUx8FuRMppmhksw/ijOOTIKmeaA+U5QYPrYEE8XsrogMscLE2NRK/wuhVa34XsW/rpXr9UUcRTiEIzgBH06hDpfQgCYQuIMHeIJn5955dF6c13lrwVnM7MM3OG+fv1KUcA==</latexit><latexit sha1_base64="o9/IMeyaq5orH2SlfpCpm/Le0Ks=">AAACAnicjVDLSgMxFL1TX7W+Rl2Jm2ARXJWZUtCNUHDjRqhgH9AOQybNtKFJZkgyQhmKG3/FjQtF3PoV7vwb08dCRcEDF07OuZfce6KUM20878MpLC2vrK4V10sbm1vbO+7uXksnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHQx9du3VGmWyBszTmkg8ECymBFsrBS6Byr00ZWtc6TCqmVVy3oisy+37Fe8GdDfpAwLNEL3vddPSCaoNIRjrbu+l5ogx8owwumk1Ms0TTEZ4QHtWiqxoDrIZydM0LFV+ihOlC1p0Ez9OpFjofVYRLZTYDPUP72p+JvXzUx8FuRMppmhksw/ijOOTIKmeaA+U5QYPrYEE8XsrogMscLE2NRK/wuhVa34XsW/rpXr9UUcRTiEIzgBH06hDpfQgCYQuIMHeIJn5955dF6c13lrwVnM7MM3OG+fv1KUcA==</latexit><latexit sha1_base64="o9/IMeyaq5orH2SlfpCpm/Le0Ks=">AAACAnicjVDLSgMxFL1TX7W+Rl2Jm2ARXJWZUtCNUHDjRqhgH9AOQybNtKFJZkgyQhmKG3/FjQtF3PoV7vwb08dCRcEDF07OuZfce6KUM20878MpLC2vrK4V10sbm1vbO+7uXksnmSK0SRKeqE6ENeVM0qZhhtNOqigWEaftaHQx9du3VGmWyBszTmkg8ECymBFsrBS6Byr00ZWtc6TCqmVVy3oisy+37Fe8GdDfpAwLNEL3vddPSCaoNIRjrbu+l5ogx8owwumk1Ms0TTEZ4QHtWiqxoDrIZydM0LFV+ihOlC1p0Ez9OpFjofVYRLZTYDPUP72p+JvXzUx8FuRMppmhksw/ijOOTIKmeaA+U5QYPrYEE8XsrogMscLE2NRK/wuhVa34XsW/rpXr9UUcRTiEIzgBH06hDpfQgCYQuIMHeIJn5955dF6c13lrwVnM7MM3OG+fv1KUcA==</latexit>

• Frequency and energy are given by

!2 =

✓
2⇡

T

◆2

= (2⇡f)2 =
M

r3
<latexit sha1_base64="k5vKIN7/bh712Ci9oXF6gRZR8Iw="></latexit><latexit sha1_base64="k5vKIN7/bh712Ci9oXF6gRZR8Iw="></latexit><latexit sha1_base64="k5vKIN7/bh712Ci9oXF6gRZR8Iw="></latexit><latexit sha1_base64="k5vKIN7/bh712Ci9oXF6gRZR8Iw="></latexit>

E = �Mµ

2r
<latexit sha1_base64="BumP1surbDYCOtS0MdH+pddAwZE=">AAAB/XicjZBLSwMxFIXv+Kz1NT52boJFcGOZKYJuhIIIboQK9gGdUjJppg1NMkOSEeow+FfcuFDErf/Dnf/G9LFQUfBA4HDOveTyhQln2njehzM3v7C4tFxYKa6urW9sulvbDR2nitA6iXmsWiHWlDNJ64YZTluJoliEnDbD4fm4b95SpVksb8wooR2B+5JFjGBjo667e4HO0FEQKUyyq0CkeVZRedct+WVvIvS3KcFMta77HvRikgoqDeFY67bvJaaTYWUY4TQvBqmmCSZD3KdtayUWVHeyyfU5OrBJD0Wxsk8aNEm/bmRYaD0SoZ0U2Az0z24c/ta1UxOddjImk9RQSaYfRSlHJkZjFKjHFCWGj6zBRDF7KyIDbEkYC6z4PwiNStn3yv71calaneEowB7swyH4cAJVuIQa1IHAHTzAEzw7986j8+K8TkfnnNnODnyT8/YJSpeUeg==</latexit><latexit sha1_base64="BumP1surbDYCOtS0MdH+pddAwZE=">AAAB/XicjZBLSwMxFIXv+Kz1NT52boJFcGOZKYJuhIIIboQK9gGdUjJppg1NMkOSEeow+FfcuFDErf/Dnf/G9LFQUfBA4HDOveTyhQln2njehzM3v7C4tFxYKa6urW9sulvbDR2nitA6iXmsWiHWlDNJ64YZTluJoliEnDbD4fm4b95SpVksb8wooR2B+5JFjGBjo667e4HO0FEQKUyyq0CkeVZRedct+WVvIvS3KcFMta77HvRikgoqDeFY67bvJaaTYWUY4TQvBqmmCSZD3KdtayUWVHeyyfU5OrBJD0Wxsk8aNEm/bmRYaD0SoZ0U2Az0z24c/ta1UxOddjImk9RQSaYfRSlHJkZjFKjHFCWGj6zBRDF7KyIDbEkYC6z4PwiNStn3yv71calaneEowB7swyH4cAJVuIQa1IHAHTzAEzw7986j8+K8TkfnnNnODnyT8/YJSpeUeg==</latexit><latexit sha1_base64="BumP1surbDYCOtS0MdH+pddAwZE=">AAAB/XicjZBLSwMxFIXv+Kz1NT52boJFcGOZKYJuhIIIboQK9gGdUjJppg1NMkOSEeow+FfcuFDErf/Dnf/G9LFQUfBA4HDOveTyhQln2njehzM3v7C4tFxYKa6urW9sulvbDR2nitA6iXmsWiHWlDNJ64YZTluJoliEnDbD4fm4b95SpVksb8wooR2B+5JFjGBjo667e4HO0FEQKUyyq0CkeVZRedct+WVvIvS3KcFMta77HvRikgoqDeFY67bvJaaTYWUY4TQvBqmmCSZD3KdtayUWVHeyyfU5OrBJD0Wxsk8aNEm/bmRYaD0SoZ0U2Az0z24c/ta1UxOddjImk9RQSaYfRSlHJkZjFKjHFCWGj6zBRDF7KyIDbEkYC6z4PwiNStn3yv71calaneEowB7swyH4cAJVuIQa1IHAHTzAEzw7986j8+K8TkfnnNnODnyT8/YJSpeUeg==</latexit><latexit sha1_base64="BumP1surbDYCOtS0MdH+pddAwZE=">AAAB/XicjZBLSwMxFIXv+Kz1NT52boJFcGOZKYJuhIIIboQK9gGdUjJppg1NMkOSEeow+FfcuFDErf/Dnf/G9LFQUfBA4HDOveTyhQln2njehzM3v7C4tFxYKa6urW9sulvbDR2nitA6iXmsWiHWlDNJ64YZTluJoliEnDbD4fm4b95SpVksb8wooR2B+5JFjGBjo667e4HO0FEQKUyyq0CkeVZRedct+WVvIvS3KcFMta77HvRikgoqDeFY67bvJaaTYWUY4TQvBqmmCSZD3KdtayUWVHeyyfU5OrBJD0Wxsk8aNEm/bmRYaD0SoZ0U2Az0z24c/ta1UxOddjImk9RQSaYfRSlHJkZjFKjHFCWGj6zBRDF7KyIDbEkYC6z4PwiNStn3yv71calaneEowB7swyH4cAJVuIQa1IHAHTzAEzw7986j8+K8TkfnnNnODnyT8/YJSpeUeg==</latexit>



Typical strains of astrophysical sources

• We deduce the quadrupole moment scales as

• So emissions is at                    , with strain amplitude

• From these we deduce

• where we have introduced the chirp mass

I ⇠ µr2 cos 2!t ⇠ M1M2

(M1 +M2)
1
3

!� 4
3

<latexit sha1_base64="sJ+X+jmmVy6xxnPWb81i6GYyf1E="></latexit><latexit sha1_base64="sJ+X+jmmVy6xxnPWb81i6GYyf1E="></latexit><latexit sha1_base64="sJ+X+jmmVy6xxnPWb81i6GYyf1E="></latexit><latexit sha1_base64="sJ+X+jmmVy6xxnPWb81i6GYyf1E="></latexit>

h ⇠ 1

D

M1M2

(M1 +M2)
1
3

!
2
3

<latexit sha1_base64="4ZdmUZy4Y3TENroZ/MxLeDff0Ac="></latexit><latexit sha1_base64="4ZdmUZy4Y3TENroZ/MxLeDff0Ac="></latexit><latexit sha1_base64="4ZdmUZy4Y3TENroZ/MxLeDff0Ac="></latexit><latexit sha1_base64="4ZdmUZy4Y3TENroZ/MxLeDff0Ac="></latexit>

fGW = !/⇡
<latexit sha1_base64="tpKxxSicKLHbpeEWrs66HN7Gi+E=">AAACAHicjVDLSsNAFL2pr1pfURcu3AwWwVVNRNCNUHChywr2AU0ok+mkHTozCTMToYRs/BU3LhRx62e482+cPhYqCh64cDjnXu69J0o508bzPpzSwuLS8kp5tbK2vrG55W7vtHSSKUKbJOGJ6kRYU84kbRpmOO2kimIRcdqORpcTv31HlWaJvDXjlIYCDySLGcHGSj13L+7lgRLoql2gCxQkgg7wcZCynlv1a94U6G9ShTkaPfc96CckE1QawrHWXd9LTZhjZRjhtKgEmaYpJiM8oF1LJRZUh/n0gQIdWqWP4kTZkgZN1a8TORZaj0VkOwU2Q/3Tm4i/ed3MxOdhzmSaGSrJbFGccWQSNEkD9ZmixPCxJZgoZm9FZIgVJsZmVvlfCK2Tmu/V/JvTar0+j6MM+3AAR+DDGdThGhrQBAIFPMATPDv3zqPz4rzOWkvOfGYXvsF5+wRNQ5WO</latexit><latexit sha1_base64="tpKxxSicKLHbpeEWrs66HN7Gi+E=">AAACAHicjVDLSsNAFL2pr1pfURcu3AwWwVVNRNCNUHChywr2AU0ok+mkHTozCTMToYRs/BU3LhRx62e482+cPhYqCh64cDjnXu69J0o508bzPpzSwuLS8kp5tbK2vrG55W7vtHSSKUKbJOGJ6kRYU84kbRpmOO2kimIRcdqORpcTv31HlWaJvDXjlIYCDySLGcHGSj13L+7lgRLoql2gCxQkgg7wcZCynlv1a94U6G9ShTkaPfc96CckE1QawrHWXd9LTZhjZRjhtKgEmaYpJiM8oF1LJRZUh/n0gQIdWqWP4kTZkgZN1a8TORZaj0VkOwU2Q/3Tm4i/ed3MxOdhzmSaGSrJbFGccWQSNEkD9ZmixPCxJZgoZm9FZIgVJsZmVvlfCK2Tmu/V/JvTar0+j6MM+3AAR+DDGdThGhrQBAIFPMATPDv3zqPz4rzOWkvOfGYXvsF5+wRNQ5WO</latexit><latexit sha1_base64="tpKxxSicKLHbpeEWrs66HN7Gi+E=">AAACAHicjVDLSsNAFL2pr1pfURcu3AwWwVVNRNCNUHChywr2AU0ok+mkHTozCTMToYRs/BU3LhRx62e482+cPhYqCh64cDjnXu69J0o508bzPpzSwuLS8kp5tbK2vrG55W7vtHSSKUKbJOGJ6kRYU84kbRpmOO2kimIRcdqORpcTv31HlWaJvDXjlIYCDySLGcHGSj13L+7lgRLoql2gCxQkgg7wcZCynlv1a94U6G9ShTkaPfc96CckE1QawrHWXd9LTZhjZRjhtKgEmaYpJiM8oF1LJRZUh/n0gQIdWqWP4kTZkgZN1a8TORZaj0VkOwU2Q/3Tm4i/ed3MxOdhzmSaGSrJbFGccWQSNEkD9ZmixPCxJZgoZm9FZIgVJsZmVvlfCK2Tmu/V/JvTar0+j6MM+3AAR+DDGdThGhrQBAIFPMATPDv3zqPz4rzOWkvOfGYXvsF5+wRNQ5WO</latexit><latexit sha1_base64="tpKxxSicKLHbpeEWrs66HN7Gi+E=">AAACAHicjVDLSsNAFL2pr1pfURcu3AwWwVVNRNCNUHChywr2AU0ok+mkHTozCTMToYRs/BU3LhRx62e482+cPhYqCh64cDjnXu69J0o508bzPpzSwuLS8kp5tbK2vrG55W7vtHSSKUKbJOGJ6kRYU84kbRpmOO2kimIRcdqORpcTv31HlWaJvDXjlIYCDySLGcHGSj13L+7lgRLoql2gCxQkgg7wcZCynlv1a94U6G9ShTkaPfc96CckE1QawrHWXd9LTZhjZRjhtKgEmaYpJiM8oF1LJRZUh/n0gQIdWqWP4kTZkgZN1a8TORZaj0VkOwU2Q/3Tm4i/ed3MxOdhzmSaGSrJbFGccWQSNEkD9ZmixPCxJZgoZm9FZIgVJsZmVvlfCK2Tmu/V/JvTar0+j6MM+3AAR+DDGdThGhrQBAIFPMATPDv3zqPz4rzOWkvOfGYXvsF5+wRNQ5WO</latexit>

Ė ⇠ µ2M
4
3!

10
3

<latexit sha1_base64="v+oS2umfTunk7O7Jy4szO2cZrno=">AAACInicjZDLSgMxFIYz9VbrbdSlm2ARXJWZWlB3BRHcCBXsBTptyaSZNjSXIckIZZhnceOruHGhqCvBhzG9CCoK/hA4fP85nJM/jBnVxvPenNzC4tLySn61sLa+sbnlbu80tEwUJnUsmVStEGnCqCB1Qw0jrVgRxENGmuHobOI3b4jSVIprM45Jh6OBoBHFyFjUc0+DvjTpeQYDTTkMeNItw8tuGkQK4bSSpUeZtSQnA/QJfW9Ge27RL3lTwb+LIpir1nNf7C6ccCIMZkjrtu/FppMiZShmJCsEiSYxwiM0IG1bCsSJ7qTTL2bwwJI+jKSyTxg4pV8nUsS1HvPQdnJkhvqnN4G/ee3ERCedlIo4MUTg2aIoYdBIOMkL9qki2LCxLRBW1N4K8RDZIIxNtfC/EBrlku+V/KtKsVqdx5EHe2AfHAIfHIMquAA1UAcY3IJ78AienDvnwXl2XmetOWc+swu+yXn/AB4ipAI=</latexit><latexit sha1_base64="v+oS2umfTunk7O7Jy4szO2cZrno=">AAACInicjZDLSgMxFIYz9VbrbdSlm2ARXJWZWlB3BRHcCBXsBTptyaSZNjSXIckIZZhnceOruHGhqCvBhzG9CCoK/hA4fP85nJM/jBnVxvPenNzC4tLySn61sLa+sbnlbu80tEwUJnUsmVStEGnCqCB1Qw0jrVgRxENGmuHobOI3b4jSVIprM45Jh6OBoBHFyFjUc0+DvjTpeQYDTTkMeNItw8tuGkQK4bSSpUeZtSQnA/QJfW9Ge27RL3lTwb+LIpir1nNf7C6ccCIMZkjrtu/FppMiZShmJCsEiSYxwiM0IG1bCsSJ7qTTL2bwwJI+jKSyTxg4pV8nUsS1HvPQdnJkhvqnN4G/ee3ERCedlIo4MUTg2aIoYdBIOMkL9qki2LCxLRBW1N4K8RDZIIxNtfC/EBrlku+V/KtKsVqdx5EHe2AfHAIfHIMquAA1UAcY3IJ78AienDvnwXl2XmetOWc+swu+yXn/AB4ipAI=</latexit><latexit sha1_base64="v+oS2umfTunk7O7Jy4szO2cZrno=">AAACInicjZDLSgMxFIYz9VbrbdSlm2ARXJWZWlB3BRHcCBXsBTptyaSZNjSXIckIZZhnceOruHGhqCvBhzG9CCoK/hA4fP85nJM/jBnVxvPenNzC4tLySn61sLa+sbnlbu80tEwUJnUsmVStEGnCqCB1Qw0jrVgRxENGmuHobOI3b4jSVIprM45Jh6OBoBHFyFjUc0+DvjTpeQYDTTkMeNItw8tuGkQK4bSSpUeZtSQnA/QJfW9Ge27RL3lTwb+LIpir1nNf7C6ccCIMZkjrtu/FppMiZShmJCsEiSYxwiM0IG1bCsSJ7qTTL2bwwJI+jKSyTxg4pV8nUsS1HvPQdnJkhvqnN4G/ee3ERCedlIo4MUTg2aIoYdBIOMkL9qki2LCxLRBW1N4K8RDZIIxNtfC/EBrlku+V/KtKsVqdx5EHe2AfHAIfHIMquAA1UAcY3IJ78AienDvnwXl2XmetOWc+swu+yXn/AB4ipAI=</latexit><latexit sha1_base64="v+oS2umfTunk7O7Jy4szO2cZrno=">AAACInicjZDLSgMxFIYz9VbrbdSlm2ARXJWZWlB3BRHcCBXsBTptyaSZNjSXIckIZZhnceOruHGhqCvBhzG9CCoK/hA4fP85nJM/jBnVxvPenNzC4tLySn61sLa+sbnlbu80tEwUJnUsmVStEGnCqCB1Qw0jrVgRxENGmuHobOI3b4jSVIprM45Jh6OBoBHFyFjUc0+DvjTpeQYDTTkMeNItw8tuGkQK4bSSpUeZtSQnA/QJfW9Ge27RL3lTwb+LIpir1nNf7C6ccCIMZkjrtu/FppMiZShmJCsEiSYxwiM0IG1bCsSJ7qTTL2bwwJI+jKSyTxg4pV8nUsS1HvPQdnJkhvqnN4G/ee3ERCedlIo4MUTg2aIoYdBIOMkL9qki2LCxLRBW1N4K8RDZIIxNtfC/EBrlku+V/KtKsVqdx5EHe2AfHAIfHIMquAA1UAcY3IJ78AienDvnwXl2XmetOWc+swu+yXn/AB4ipAI=</latexit>

!̇ ⇠ M1M2

(M1 +M2)
1
3

!
11
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5
3
c !
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3

<latexit sha1_base64="cEiYTOTE3ptj1+0hFANo8H+n67Y="></latexit><latexit sha1_base64="cEiYTOTE3ptj1+0hFANo8H+n67Y="></latexit><latexit sha1_base64="cEiYTOTE3ptj1+0hFANo8H+n67Y="></latexit><latexit sha1_base64="cEiYTOTE3ptj1+0hFANo8H+n67Y="></latexit>

Mc =
M

3
5
1 M

3
5
2

(M1 +M2)
1
5

<latexit sha1_base64="cAF2E9q2uywZ7Q9w1YRh8OJjEr4=">AAACM3icjZDLSgMxGIUz9VbrbdSlm2ARKkKZqYpuhIIbEQoV7AXaccikmTY0cyHJCCXMO7nxRVwI4kIRt76DaaeCFQV/CBy+c36SHC9mVEjLejJyc/MLi0v55cLK6tr6hrm51RRRwjFp4IhFvO0hQRgNSUNSyUg75gQFHiMtb3g+9lu3hAsahddyFBMnQP2Q+hQjqZFrXtZcDM9g1+cIq5pr36hMHqbqOE1hza3MklSVdOpA8/0vw86iqWsW7bI1Gfi3KILp1F3zoduLcBKQUGKGhOjYViwdhbikmJG00E0EiREeoj7paBmigAhHTf6cwj1NetCPuD6hhBP6fUOhQIhR4OlkgORA/PTG8Devk0j/1FE0jBNJQpxd5CcMygiOC4Q9ygmWbKQFwpzqt0I8QLoIqWsu/K+EZqVsW2X76qhYrU7ryIMdsAtKwAYnoAouQB00AAZ34BG8gFfj3ng23oz3LJozpjvbYGaMj09ZCKom</latexit><latexit sha1_base64="cAF2E9q2uywZ7Q9w1YRh8OJjEr4=">AAACM3icjZDLSgMxGIUz9VbrbdSlm2ARKkKZqYpuhIIbEQoV7AXaccikmTY0cyHJCCXMO7nxRVwI4kIRt76DaaeCFQV/CBy+c36SHC9mVEjLejJyc/MLi0v55cLK6tr6hrm51RRRwjFp4IhFvO0hQRgNSUNSyUg75gQFHiMtb3g+9lu3hAsahddyFBMnQP2Q+hQjqZFrXtZcDM9g1+cIq5pr36hMHqbqOE1hza3MklSVdOpA8/0vw86iqWsW7bI1Gfi3KILp1F3zoduLcBKQUGKGhOjYViwdhbikmJG00E0EiREeoj7paBmigAhHTf6cwj1NetCPuD6hhBP6fUOhQIhR4OlkgORA/PTG8Devk0j/1FE0jBNJQpxd5CcMygiOC4Q9ygmWbKQFwpzqt0I8QLoIqWsu/K+EZqVsW2X76qhYrU7ryIMdsAtKwAYnoAouQB00AAZ34BG8gFfj3ng23oz3LJozpjvbYGaMj09ZCKom</latexit><latexit sha1_base64="cAF2E9q2uywZ7Q9w1YRh8OJjEr4=">AAACM3icjZDLSgMxGIUz9VbrbdSlm2ARKkKZqYpuhIIbEQoV7AXaccikmTY0cyHJCCXMO7nxRVwI4kIRt76DaaeCFQV/CBy+c36SHC9mVEjLejJyc/MLi0v55cLK6tr6hrm51RRRwjFp4IhFvO0hQRgNSUNSyUg75gQFHiMtb3g+9lu3hAsahddyFBMnQP2Q+hQjqZFrXtZcDM9g1+cIq5pr36hMHqbqOE1hza3MklSVdOpA8/0vw86iqWsW7bI1Gfi3KILp1F3zoduLcBKQUGKGhOjYViwdhbikmJG00E0EiREeoj7paBmigAhHTf6cwj1NetCPuD6hhBP6fUOhQIhR4OlkgORA/PTG8Devk0j/1FE0jBNJQpxd5CcMygiOC4Q9ygmWbKQFwpzqt0I8QLoIqWsu/K+EZqVsW2X76qhYrU7ryIMdsAtKwAYnoAouQB00AAZ34BG8gFfj3ng23oz3LJozpjvbYGaMj09ZCKom</latexit><latexit sha1_base64="cAF2E9q2uywZ7Q9w1YRh8OJjEr4=">AAACM3icjZDLSgMxGIUz9VbrbdSlm2ARKkKZqYpuhIIbEQoV7AXaccikmTY0cyHJCCXMO7nxRVwI4kIRt76DaaeCFQV/CBy+c36SHC9mVEjLejJyc/MLi0v55cLK6tr6hrm51RRRwjFp4IhFvO0hQRgNSUNSyUg75gQFHiMtb3g+9lu3hAsahddyFBMnQP2Q+hQjqZFrXtZcDM9g1+cIq5pr36hMHqbqOE1hza3MklSVdOpA8/0vw86iqWsW7bI1Gfi3KILp1F3zoduLcBKQUGKGhOjYViwdhbikmJG00E0EiREeoj7paBmigAhHTf6cwj1NetCPuD6hhBP6fUOhQIhR4OlkgORA/PTG8Devk0j/1FE0jBNJQpxd5CcMygiOC4Q9ygmWbKQFwpzqt0I8QLoIqWsu/K+EZqVsW2X76qhYrU7ryIMdsAtKwAYnoAouQB00AAZ34BG8gFfj3ng23oz3LJozpjvbYGaMj09ZCKom</latexit>



Typical strains of astrophysical sources

• We may also deduce expressions for the Fourier domain 
amplitude of the signal and the characteristic strain

• Reintroducing dimensional and numerical factors the 
expressions for strain and luminosity are
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Typical strains of astrophysical sources

• Putting in physical units we have

• For the Earth/Sun system, viewed at 1 parsec

• For a                      binary at merger
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Typical strains of astrophysical sources

• At a distance of 1 Mpc, we find                  at merger.  This 
scales like      ,   so a                            SMBH binary at 10 
Gpc generates the same strain in the Solar System, with 
merger frequency of ~1mHz.

• A                      millihertz compact binary at 1 kpc has

• These are all sources we expect to be able to detect with 
current and future detectors. LIGO operates in the 10Hz to 
10kHz range, while LISA will operate in the 0.1 mHz to 0.1Hz 
range.

h � 10�21

M2/3 106M� + 106M�

1M� + 1M�

f ⇥ 3� 10�4Hz h ⇥ 5� 10�23 L � 1025J s�1



Eccentric binaries

• Eccentric orbits have emission at all frequencies, with relative 
contribution

• Can compute a characteristic strain for a particular mode

• This is the characteristic strain of the n’th harmonic at 
frequency f.  The argument (f/n) indicates the functions are to 
be evaluated when the orbital frequency is equal to f/n.
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FIG. 5. Same as in Fig. (4), but for inspiral of a 1M⊙ CO into a 106M⊙ MBH. The orbital eccentricity 10, 5, 2, and 1 years
before plunge is 0.46, 0.40, 0.35, and 0.32, respectively. The orbital frequency ν 10, 5, 2, and 1 years before plunge is 0.94,
1.16, 1.39, and 1.51 mHz, respectively. The frequency at the LSO is 1.65 mHz.
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FIG. 6. Same as in Fig. (4), but for inspiral of a 10M⊙ CO into a 107M⊙ MBH. The orbital eccentricity 10, 5, 2, and 1 years
before plunge is 0.324, 0.313, 0.305, and 0.303, respectively. The orbital frequency 10, 5, 2, and 1 years before plunge is 0.151,
0.158, 0.162, and 0.164 mHz, respectively. The frequency at the LSO is 0.165 mHz.
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Barack & Cutler (2004)

Eccentric binaries

• Represent these on a single “waterfall plot”.



Stochastic Backgrounds

• Recall definition

• Suppose background is generated by a astrophysical 
population of sources with coming volume density N(z). 
Then, total energy density in background today is

• We deduce (Phinney 2001, astro-ph/0108028)
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Stochastic Backgrounds

• For a population of inspiraling binaries we have

• From which we deduce the scaling of the energy density

• and of the characteristic strain and spectral density

• Note the difference to the inspiraling source case. The latter 
is enhanced by matched filtering.
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Figure 6. The very low frequency characteristic amplitude hc

of the GW signal predicted by the VHM model. The thin and
thick solid lines show hc computed using the semi-analytical and
Monte-Carlo approach, respectively. The thick long–dashed and
short–dashed lines shows the signal from the Monte-Carlo real-
izations obtained by artificially multiplying the number of the
contributing sources by a factor 10 and 100, respectively, and di-
viding the contribution of each sources to hc by the same factor.

leads to spurious predictions in the observational window
above ∼ 10−8 Hz.

4.2 Phenomenological model

It is useful to provide a parametrised expression of hc to
replace the incorrect (in parts of the frequency spectrum)
simple dependency hc ∝ f−2/3. We start by providing a
simple way to quantify the spurious additional contribution
to hc given by semi-analytical approaches.

Let us consider a frequency f̃ , and integrate the total
number of sources emitting at f > f̃ in a given mass range
[M̃,+∞[. For any given f̃ , we can always find a M̃ such
that
∫ ∞

M̃

dM
∫ fLSO

f̃

df
d2N
dMdf

= 1 . (12)

This means that all the signal due to sources with M >
M̃ at f > f̃ is generated by less than one source, and it
is therefore not present in the radiation produced by an
actual population of MBHBs. An example is illustrated in
Fig. 7. If we consider for example f̃ = 10−7 Hz, the implicit
solution of equation (12) is M̃ ≃ 1.5× 108 M⊙; GWs due to
MBHBs with heavier chirp mass are generated by less than
one source, and so they do not contribute to the signal.

What we have computed so far is the total contribu-
tion to the characteristic amplitude hc(f) as a function of
frequency from the whole population of MBHBs in the Uni-
verse (for different models). However, here we are interested
in estimating the stochastic background from the population.

MODEL h0 f0 γ
(×10−15) (×10−8 Hz)

VHM 2.15 1.42 -1.09
VHMhopk 0.69 4.27 -1.08

KBD 0.67 5.24 -1.04
BVRhf 0.89 3.95 -1.11

Table 1. Value of the parameters for the analytical expression
of the characteristic amplitude of a GW stochastic background
given by equation (14).

Whether the superposition of many deterministic signals
should be effectively considered a stochastic signal depends
on the frequency range and the observation time. Here we
will consider the usual (simplified) criterion that the signal
is stochastic if the number of sources whose radiation con-
tributes to the frequency bin of width 1/T centered at f is
≫ 1; the stochastic level of the signal is then the amplitude
of the sum of the individual contributions. Note therefore
that Fig. 2 and Fig. 3 do not show the GW background
contribution, but the total signal from the whole popula-
tion of MBHBs. To evaluate the GW stochastic contribu-
tion, we can follow the same approach that has led us to
equation (12), by simply replacing the range of integration
over frequency with [f̃ , f̃ + 1/T ]; we can therefore find a
value M̃ such that
∫ ∞

M̃

dM
∫ f̃+1/T

f̃

df
d2N
dMdf

= 1 . (13)

The integral above identifies the sources in the population
that do not contribute to the stochastic background. The
result depends on the observational time, since the longer
the observation, the narrower the frequency bin and, ac-
cordingly, the lower the level of signal contribution that
can be considered stochastic. We note however that the M-
distribution of sources is typically a steep power law (cf. Fig.
5). If we halve the frequency bin by doubling T , M̃ in equa-
tion (13) would be only slightly reduced, and the level of
stochasticity would change by less than 30%. We find that
the stochastic background does change by a factor <∼ 2 for
observational times 1 yr <∼ T <∼ 10 yrs, as shown in Fig.
8. Moreover, for typical observation times of several years,
the number of sources radiating in the frequency interval
[f̃ ,f̃ + 1/T ] is of the same order of those radiating in the
interval [f̃ ,fLSO] (this is a consequence of equation (8), that
implies that the number of sources radiating at a given fre-
quency f is proportional to f−11/3); as a consequence the
amplitude of the stochastic signal is only slightly lower than
the one estimated following the condition given in equation
(12). Fig. 7 shows this effect; this result is consistent with
the outcome of the study of the total number of sources that
contribute to the total radiation from a population of MB-
HBs (at selected frequencies and in a range of either redshift
or chirp mass) that is shown in the bottom panel of Fig. 4
and Fig. 5.

Using the M-distributions predicted by the merger
trees (as those shown in the lower panel of Fig. 5), we have
calculated M̃ as a function of f̃ according to both equations
(12) and (13). Then we have subtracted at every frequency
the portion of the signal due to the sources with M > M̃.
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Typical strains of astrophysical sources

• Supernovae

➡ Collapse of the core of a massive star. If collapse is asymmetric, 
expect gravitational waves to be produced.

➡ Internal potential of system is potential of pre-collapse core, which 
can be modelled as a Neutron star, for which                        .

➡ At a distance of 10 Mpc, the Newtonian potential is

➡ And we estimate a strain of                                .

➡ 10 Mpc is the distance to the Virgo Cluster, in which volume the 
supernovae rate is ~one event per month.

�int/c2 � 0.2

|hSN| � 10�21d�1
10

|�N/c2| =
GM⇥/c2

d10 � 10Mpc
⇥ 5� 10�21d�1

10



Typical strains of astrophysical sources

• Rotating Neutron Stars

➡ Pulsars are rapidly rotating Neutron Stars.

➡ If the Neutron Star is deformed, i.e., it has a “mountain” on the 
surface, then this rotation leads to a time varying quadrupole 
moment and hence gravitational radiation.

➡ The quadrupole moment of a “mountain” of mass        on the 
surface of the star can be approximated as 

➡ Hence, for a          neutron star with                        , rotating at a 
rate of           , the luminosity and strain are

Iij � �MR2
NS = ⇥MNSR2

NS

�M

1M� RNS = 10km
1kHz

h � 10�20�(d/1kpc)�1 L � 1041�2J s�1


