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where the ‘ladder’ integrands are chosen from our basis (2.19), constructed in the

way described above, and each coe�cient fL is a a single on-shell function:
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Readers familiar with the earlier work in ref. [119] will notice that the repre-

sentation of two loop amplitudes described here is considerably more compact (and

arguably more straightforward). There are several reasons for this.

The primary distinction between the representation of two loop amplitudes in

(2.27) and that described in ref. [119] is that here we have made no use of com-

posite residues such as (2.16). Because these residues are entirely responsible for

the infrared divergences of scattering amplitudes which are known to exponentiate

according to the BDS ansatz described in ref. [152], it is well-motivated to make this

exponentiation manifest in an integrand-level representation. This was achieved in

the formulation described in ref. [119], but at the cost of distinguishing the terms

in (2.27) according to the possible masslessness of the external leg ranges of the

integrals, and using di↵erent cuts/coe�cients for the di↵erent cases—namely, using

composite residues for the massless cases, and those similar to what we described

above whenever composite residues would not exist.

Our choice here to not make such distinctions is primarily pedagogical: breaking

the basis of integrals into more cases requires a degree of unessential complication

and a longer discussion. At three loops, choosing not to exploit composite residues

leads to a considerably more compact formulation, but it is worth mentioning that

we have been unable to make the exponentiation of infrared divergences manifest

at three loops even if these distinctions had been made. As such, it is not merely

the interest of brevity that motivates our choice to ignore any possible composite

residues that may exist. Refining our representation of three loops to make the

exponentiation of infrared divergences manifest would be an interesting exercise, but

must be left for future research.
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3 Prescriptive Representation of All Three Loop Amplitudes

Let us now apply the prescriptive approach to construct a closed-form representation

of all n-point NkMHV amplitudes in planar SYM at three loops. Until now, the only

cases known (for arbitrary multiplicity) were the three loop MHV integrands found

in [9, 119]. In this section, we construct representations valid for all amplitudes,

AL=3

n =

X

W

fW +
X

L

fL , (3.1)

where the integrals span all contact-term topologies of those drawn above, and the

non-contact terms of each are fully determined to match specific field theory cuts fW
and fL. As indicated in (3.1), the possible integrands come in two principle topologies

which we will call ‘wheels’ and ‘ladders’, respectively. In the next subsection, we will

demonstrate that this corresponds to a complete basis for three loop integrands, and

we give a complete enumeration of the contact-term topologies (relative to what is

drawn in (3.1)) that appear in our basis. In the following subsection we illustrate

the cuts which define our basis (and the field theory coe�cients); complete details

are provided in Appendix A. General aspects of (3.1) are discussed in section 3.3.

3.1 Constructing a Diagonal Integrand Basis for Three Loop Integrals

As outlined in section 2.4, the first step in applying prescriptive unitarity is to con-

struct a complete basis of integrals (relevant to a particular quantum field theory).

At two loops, we saw that all integrals (with the correct power counting for SYM)

could be expanded into those involving at most four external propagators—generally,

double-pentagon integrals and contact terms thereof.

At three loops, the same rule applies: any integral involving more than four ex-

ternal propagators is expandable into those with fewer. For (single-loop-momentum)

factors of integrands involving a single internal propagator, the argument is the same

at two loops. New at three loops is the possibility that one loop involves two internal

propagators. The fact that a heptagon involving five external and two internal prop-

agators (with numerators spanning a 50-dimensional space according to (2.11)) can

be decomposed into those involving at most four external propagators is similarly

obvious (in terms of counting), and easy to verify by counting. See Table 2 for more

general counting. This fact demonstrates that general integrands with the wheel

topology (the first terms in (3.1)) can involve at most four external propagators per

loop, and that the ladder integrals drawn in (3.1) are actually reducible into:
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Spiritus Movens

A natural place to experiment with direct integration is planar maximally su-

persymmetric (N =4) Yang-Mills theory (SYM), where many of the complications

associated with generic quantum field theories disappear. In particular, only a rel-

atively small number of integrals contribute to amplitudes—many of which do not

require any regularization. Consider for example the well-known representation of

MHV amplitudes at two loops [33],

AL=2,MHV

n =
X

a<b<c<d<a

, (1.1)

wherein each term corresponds to a specific rational function in the external and

loop momenta that takes the form

⌘ (`1,N1)(`2,N2)

(`1,a)(`1,a+1)(`1,b)(`1,b+1)(`1,`2)(`2,c)(`2,c+1)(`2,d)(`2,d+1)
.

(1.2)

The factors Ni are certain tensor numerators (indicated by the wavy lines in (1.1))

that are most easily defined in momentum-twistor space. But their precise form will

not matter for the present discussion.

One important aspect of (1.1) is that it cleanly separates the two-loop MHV

amplitude integrand into (manifestly) infrared finite and divergent pieces [33]. This

allows us to discuss the ‘finite part’ of the MHV two-loop amplitude, namely

AL=2,MHV

n,fin =
X

a+1<b<c
c+1<d<a

. (1.3)

The relationship between (1.3) and other characterizations of (the finite part of) the

amplitude (e.g. the remainder function) is an interesting question, but not one we’ll

address here. Whatever the relation, it is clear that these integrals form an important

part of finite ‘observables’ related to MHV amplitudes at two loops. Moreover, as is

obvious from the structure of (1.2), an expression for the general case should capture

all other cases via degenerations.

A Feynman-parametric integral representation of (1.2) that smoothly degener-

ates in these limits turns out to be reasonably straightforward to construct. More-

over, this representation can be made to depend explicitly on dual-conformal cross-

ratios, via novel methods described in ref. [34]. An integrand in this form is a natural

– 2 –
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We derive an analytic representation of the ten-particle, two-loop double-box integral as an elliptic
integral over weight-three polylogarithms. To obtain this form, we first derive a four-fold, rational
(Feynman-)parametric representation for the integral, expressed directly in terms of dual-conformally
invariant cross-ratios; from this, the desired form is easily obtained. The essential features of this
integral are illustrated by means of a simplified toy model, and we attach the relevant expressions
for both integrals in ancillary files. We propose a normalization for such integrals that renders all of
their polylogarithmic degenerations pure, and we discuss the need for a new ‘symbology’ of iterated
elliptic/polylogarithmic integrals in order to bring them to a more canonical form.

INTRODUCTION

In recent years, our ability to compute scattering am-
plitudes has advanced enormously. Loop integrands for
scattering amplitudes are now known for a broad class of
theories, loop orders, and multiplicities (see e.g. [1–6]),
and substantial inroads have been made towards the de-
velopment of general loop integration technology [7–10].
Our understanding of the kinds of functions that result
from these integrations has also experienced remarkable
progress, especially in the case of (‘Goncharov’) hyperlog-
arithms [11], which capture most of perturbation theory
at low orders and multiplicity [12–17]. However, as exem-
plified by the two-dimensional sunrise integral with mas-
sive propagators [18–23], even the simplest quantum field
theories are known to encounter elliptic and other non-
polylogarithmic functions—for which the powerful tools
of symbology, Hopf algebras, coproducts, etc. remain to
be fully developed (but see e.g. [24, 25]).

In this work, we study what is perhaps the sim-
plest non-polylogarithmic contribution to scattering am-
plitudes of massless particles in four dimensions: the el-
liptic double-box integral. This may be represented as
either a Feynman diagram or its dual graph, depicted by

I
ell
db ⌘ = . (1)

It may be viewed as a contribution to the ten-point am-
plitude in massless '4 theory—but it also plays a signifi-
cant role in (pure or supersymmetric) Yang-Mills and in-
tegrable fishnet theories [26–28]. Considerations of maxi-
mal cuts and di↵erential equations have led some authors
to conjecture [29–31] that (1) could be written schemat-
ically in the form

I
ell
db ⇠

Z
d↵p
Q(↵)

�
Li3(· · · )+ . . .

�
, (2)

where Q(↵) is an irreducible quartic in ↵, and thus en-
codes an elliptic curve. This form is attractive because it
relates (1) to well-known functions while manifesting its
ellipticity.

In this Letter, we realize such a representation ex-
plicitly by direct integration of Feynman parameters,
without resorting to an ansatz or to solving di↵erential
equations. Specifically, we follow the strategy described
in ref. [10] to obtain a manifestly dual-conformally in-
variant, rational four-fold (Feynman-)parametric integral
representation of Ielldb, and carry out three of the integra-
tions to obtain the desired form (2). In what follows, we
outline the steps involved, and describe how (2) may be
brought into a more canonical form with a normalization
suggested by its degenerations. As we will see, this form
points to the need for a ‘symbology’ for mixed iterated
elliptic/polylogarithmic integrals. For the sake of clarity
and illustration, we first consider a simpler toy model of
I
ell
db that involves only six massless particles, but which
preserves all of its essential structure.

SIX-PARTICLE, ELLIPTIC TOY MODEL

Our toy model depends symmetrically on only three
cross-ratios. This is most directly described in terms of
(the dual-momentum coordinates of) six massless par-
ticles, but it can also be obtained from I

ell
db through a

(maximal) sequence of constraints preserving ellipticity.

(Dual-Conformal) Loop Integration

via Feynman Parameterization

In dual-momentum x-coordinates, the momentum of
the a

th external particle is defined as the di↵erence
pa⌘ (xa+1�xa) (with cyclic labeling understood). In
terms of these coordinates, we may define

(a, b)=(b, a)⌘ (xa�xb)
2=(pa+ . . .+pb�1)

2
. (3)

(‘(a, b)’ is more frequently denoted ‘x2
ab’.) Each loop mo-

mentum `i may be represented by a dual point x`i , and
inverse propagators expressed as (`i, a)⌘(x`i�xa)2.
Our toy model may be defined by taking the dual coor-

dinates {xa, . . . , xf} of (1) to be {x1, x3, x5, x4, x6, x2}—
where here, the xa’s are those describing the momenta of
six massless particles. With this specialization, (1) can
be written in dual coordinates as

I
ell
toy⌘

Z
d
4
`1d

4
`2 N (1, 4)(2, 5)(3, 6)

(`1, 1)(`1, 3)(`1, 5)(`1, `2)(`2, 4)(`2, 6)(`2, 2)
. (4)
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plitudes has advanced enormously. Loop integrands for
scattering amplitudes are now known for a broad class of
theories, loop orders, and multiplicities (see e.g. [1–6]),
and substantial inroads have been made towards the de-
velopment of general loop integration technology [7–10].
Our understanding of the kinds of functions that result
from these integrations has also experienced remarkable
progress, especially in the case of (‘Goncharov’) hyperlog-
arithms [11], which capture most of perturbation theory
at low orders and multiplicity [12–17]. However, as exem-
plified by the two-dimensional sunrise integral with mas-
sive propagators [18–23], even the simplest quantum field
theories are known to encounter elliptic and other non-
polylogarithmic functions—for which the powerful tools
of symbology, Hopf algebras, coproducts, etc. remain to
be fully developed (but see e.g. [24, 25]).

In this work, we study what is perhaps the sim-
plest non-polylogarithmic contribution to scattering am-
plitudes of massless particles in four dimensions: the el-
liptic double-box integral. This may be represented as
either a Feynman diagram or its dual graph, depicted by

I
ell
db ⌘ = . (1)

It may be viewed as a contribution to the ten-point am-
plitude in massless '4 theory—but it also plays a signifi-
cant role in (pure or supersymmetric) Yang-Mills and in-
tegrable fishnet theories [26–28]. Considerations of maxi-
mal cuts and di↵erential equations have led some authors
to conjecture [29–31] that (1) could be written schemat-
ically in the form

I
ell
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d↵p
Q(↵)
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Li3(· · · )+ . . .

�
, (2)

where Q(↵) is an irreducible quartic in ↵, and thus en-
codes an elliptic curve. This form is attractive because it
relates (1) to well-known functions while manifesting its
ellipticity.

In this Letter, we realize such a representation ex-
plicitly by direct integration of Feynman parameters,
without resorting to an ansatz or to solving di↵erential
equations. Specifically, we follow the strategy described
in ref. [10] to obtain a manifestly dual-conformally in-
variant, rational four-fold (Feynman-)parametric integral
representation of Ielldb, and carry out three of the integra-
tions to obtain the desired form (2). In what follows, we
outline the steps involved, and describe how (2) may be
brought into a more canonical form with a normalization
suggested by its degenerations. As we will see, this form
points to the need for a ‘symbology’ for mixed iterated
elliptic/polylogarithmic integrals. For the sake of clarity
and illustration, we first consider a simpler toy model of
I
ell
db that involves only six massless particles, but which
preserves all of its essential structure.

SIX-PARTICLE, ELLIPTIC TOY MODEL

Our toy model depends symmetrically on only three
cross-ratios. This is most directly described in terms of
(the dual-momentum coordinates of) six massless par-
ticles, but it can also be obtained from I

ell
db through a

(maximal) sequence of constraints preserving ellipticity.

(Dual-Conformal) Loop Integration

via Feynman Parameterization

In dual-momentum x-coordinates, the momentum of
the a

th external particle is defined as the di↵erence
pa⌘ (xa+1�xa) (with cyclic labeling understood). In
terms of these coordinates, we may define

(a, b)=(b, a)⌘ (xa�xb)
2=(pa+ . . .+pb�1)

2
. (3)

(‘(a, b)’ is more frequently denoted ‘x2
ab’.) Each loop mo-

mentum `i may be represented by a dual point x`i , and
inverse propagators expressed as (`i, a)⌘(x`i�xa)2.
Our toy model may be defined by taking the dual coor-

dinates {xa, . . . , xf} of (1) to be {x1, x3, x5, x4, x6, x2}—
where here, the xa’s are those describing the momenta of
six massless particles. With this specialization, (1) can
be written in dual coordinates as
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In recent years, our ability to compute scattering am-
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scattering amplitudes are now known for a broad class of
theories, loop orders, and multiplicities (see e.g. [1–6]),
and substantial inroads have been made towards the de-
velopment of general loop integration technology [7–10].
Our understanding of the kinds of functions that result
from these integrations has also experienced remarkable
progress, especially in the case of (‘Goncharov’) hyperlog-
arithms [11], which capture most of perturbation theory
at low orders and multiplicity [12–17]. However, as exem-
plified by the two-dimensional sunrise integral with mas-
sive propagators [18–23], even the simplest quantum field
theories are known to encounter elliptic and other non-
polylogarithmic functions—for which the powerful tools
of symbology, Hopf algebras, coproducts, etc. remain to
be fully developed (but see e.g. [24, 25]).

In this work, we study what is perhaps the sim-
plest non-polylogarithmic contribution to scattering am-
plitudes of massless particles in four dimensions: the el-
liptic double-box integral. This may be represented as
either a Feynman diagram or its dual graph, depicted by

I
ell
db ⌘ = . (1)

It may be viewed as a contribution to the ten-point am-
plitude in massless '4 theory—but it also plays a signifi-
cant role in (pure or supersymmetric) Yang-Mills and in-
tegrable fishnet theories [26–28]. Considerations of maxi-
mal cuts and di↵erential equations have led some authors
to conjecture [29–31] that (1) could be written schemat-
ically in the form
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where Q(↵) is an irreducible quartic in ↵, and thus en-
codes an elliptic curve. This form is attractive because it
relates (1) to well-known functions while manifesting its
ellipticity.

In this Letter, we realize such a representation ex-
plicitly by direct integration of Feynman parameters,
without resorting to an ansatz or to solving di↵erential
equations. Specifically, we follow the strategy described
in ref. [10] to obtain a manifestly dual-conformally in-
variant, rational four-fold (Feynman-)parametric integral
representation of Ielldb, and carry out three of the integra-
tions to obtain the desired form (2). In what follows, we
outline the steps involved, and describe how (2) may be
brought into a more canonical form with a normalization
suggested by its degenerations. As we will see, this form
points to the need for a ‘symbology’ for mixed iterated
elliptic/polylogarithmic integrals. For the sake of clarity
and illustration, we first consider a simpler toy model of
I
ell
db that involves only six massless particles, but which
preserves all of its essential structure.

SIX-PARTICLE, ELLIPTIC TOY MODEL

Our toy model depends symmetrically on only three
cross-ratios. This is most directly described in terms of
(the dual-momentum coordinates of) six massless par-
ticles, but it can also be obtained from I

ell
db through a

(maximal) sequence of constraints preserving ellipticity.

(Dual-Conformal) Loop Integration

via Feynman Parameterization

In dual-momentum x-coordinates, the momentum of
the a

th external particle is defined as the di↵erence
pa⌘ (xa+1�xa) (with cyclic labeling understood). In
terms of these coordinates, we may define

(a, b)=(b, a)⌘ (xa�xb)
2=(pa+ . . .+pb�1)

2
. (3)

(‘(a, b)’ is more frequently denoted ‘x2
ab’.) Each loop mo-

mentum `i may be represented by a dual point x`i , and
inverse propagators expressed as (`i, a)⌘(x`i�xa)2.
Our toy model may be defined by taking the dual coor-

dinates {xa, . . . , xf} of (1) to be {x1, x3, x5, x4, x6, x2}—
where here, the xa’s are those describing the momenta of
six massless particles. With this specialization, (1) can
be written in dual coordinates as
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2 Dual-Conformal Regularization and Feynman Integration

In this section, we review the dual-conformal regularization scheme introduced in

ref. [5], and show how (at least through two loops) all dual-conformal integrals—

including those that require regularization—can be expressed in terms of manifestly

dual-conformal Feynman parameter integrals (possibly also depending on a single,

scale-invariant regularization parameter). Moreover, we will show that any one- or

two-loop dual-conformal integrand can be expanded into a basis of (not-necessarily

pure) Feynman parameter integrals depending exclusively on parity-even, x-space

cross-ratios (that is, ordinary Mandelstam invariants), with coe�cients built from

more general dual-conformal cross-ratios (which may or may not be parity-even).

We will prove this by direct construction through two loops; and we expect this fact

may be generalized to higher loops.

As dual-conformal symmetry will play an important role in our present work,

let us briefly review it here—mostly to introduce some essential notation. Dual-

conformal symmetry is ordinary conformal symmetry, but on the space of dual-

momentum coordinates defined by associating the momentum pa for the ath external

particle by the di↵erence pa ⌘ (xa+1�xa) (with cyclic labeling understood). This is

obviously translationally invariant; and provided all the momenta are taken to be

incoming, momentum conservation is rendered trivial in x-coordinate space.

Inverse propagators may be expressed in terms of dual coordinates as follows:

(a, b)=(b, a)⌘(xb�xa)
2=(pa+ . . .+pb�1)

2
⌘sa···b�1 and (`, a)⌘(x`�xa)

2
. (2.1)

Thus, (a, b) is simply an ordinary Mandelstam invariant—often written as ‘x2
ab’ in the

literature. (We choose not to use that notation here mostly for simplicity.) Notice

that for a massless momentum pa, (a, a+1)=0.

2.1 Dual-Conformal Regularization: Definitions and Review

Infrared divergences can only arise when propagators give rise to poles supported

within the domain of loop integration, R3,1. It is not hard to see that this can only

occur when a loop integral involves massless external legs flowing into the graph

(connected in the diagram to exactly two internal propagators). That is to say,

infrared divergences arise from three-point vertices involving a massless external

momentum. (Not all loop integrands involving such propagator topologies will be

infrared-divergent—as these can be mitigated by loop-dependent numerators.)

Because infrared divergences are naturally associated with the ‘masslessness’ of

some external momentum, they can always be regularized by taking the momentum

to be o↵-shell—by giving each external particle some small mass m, and expanding

in the limit m!0. This is close in spirit to the Higgs regularization scheme described

in ref. [10]—which makes the propagators adjacent to external legs massive—and al-

ways results in a regularized expression involving a power-series in log(m). Although
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and substantial inroads have been made towards the de-
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arithms [11], which capture most of perturbation theory
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plified by the two-dimensional sunrise integral with mas-
sive propagators [18–23], even the simplest quantum field
theories are known to encounter elliptic and other non-
polylogarithmic functions—for which the powerful tools
of symbology, Hopf algebras, coproducts, etc. remain to
be fully developed (but see e.g. [24, 25]).

In this work, we study what is perhaps the sim-
plest non-polylogarithmic contribution to scattering am-
plitudes of massless particles in four dimensions: the el-
liptic double-box integral. This may be represented as
either a Feynman diagram or its dual graph, depicted by

I
ell
db ⌘ = . (1)

It may be viewed as a contribution to the ten-point am-
plitude in massless '4 theory—but it also plays a signifi-
cant role in (pure or supersymmetric) Yang-Mills and in-
tegrable fishnet theories [26–28]. Considerations of maxi-
mal cuts and di↵erential equations have led some authors
to conjecture [29–31] that (1) could be written schemat-
ically in the form
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, (2)

where Q(↵) is an irreducible quartic in ↵, and thus en-
codes an elliptic curve. This form is attractive because it
relates (1) to well-known functions while manifesting its
ellipticity.

In this Letter, we realize such a representation ex-
plicitly by direct integration of Feynman parameters,
without resorting to an ansatz or to solving di↵erential
equations. Specifically, we follow the strategy described
in ref. [10] to obtain a manifestly dual-conformally in-
variant, rational four-fold (Feynman-)parametric integral
representation of Ielldb, and carry out three of the integra-
tions to obtain the desired form (2). In what follows, we
outline the steps involved, and describe how (2) may be
brought into a more canonical form with a normalization
suggested by its degenerations. As we will see, this form
points to the need for a ‘symbology’ for mixed iterated
elliptic/polylogarithmic integrals. For the sake of clarity
and illustration, we first consider a simpler toy model of
I
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db that involves only six massless particles, but which
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SIX-PARTICLE, ELLIPTIC TOY MODEL

Our toy model depends symmetrically on only three
cross-ratios. This is most directly described in terms of
(the dual-momentum coordinates of) six massless par-
ticles, but it can also be obtained from I

ell
db through a

(maximal) sequence of constraints preserving ellipticity.

(Dual-Conformal) Loop Integration

via Feynman Parameterization

In dual-momentum x-coordinates, the momentum of
the a

th external particle is defined as the di↵erence
pa⌘ (xa+1�xa) (with cyclic labeling understood). In
terms of these coordinates, we may define

(a, b)=(b, a)⌘ (xa�xb)
2=(pa+ . . .+pb�1)

2
. (3)

(‘(a, b)’ is more frequently denoted ‘x2
ab’.) Each loop mo-

mentum `i may be represented by a dual point x`i , and
inverse propagators expressed as (`i, a)⌘(x`i�xa)2.
Our toy model may be defined by taking the dual coor-

dinates {xa, . . . , xf} of (1) to be {x1, x3, x5, x4, x6, x2}—
where here, the xa’s are those describing the momenta of
six massless particles. With this specialization, (1) can
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I
ell
toy⌘

Z
d
4
`1d

4
`2 N (1, 4)(2, 5)(3, 6)

(`1, 1)(`1, 3)(`1, 5)(`1, `2)(`2, 4)(`2, 6)(`2, 2)
. (4)

ar
X

iv
:1

71
2.

02
78

5v
1 

 [h
ep

-th
]  

7 
D

ec
 2

01
7

The Elliptic Double-Box Integral

Jacob L. Bourjaily,1 Andrew J. McLeod,1 Marcus Spradlin,2, 3 Matt von Hippel,1 and Matthias Wilhelm1

1
Niels Bohr International Academy and Discovery Center, Niels Bohr Institute,

University of Copenhagen, Blegdamsvej 17, DK-2100, Copenhagen Ø, Denmark
2
Department of Physics, Brown University, 182 Hope Street, Providence, RI 02912, USA

3
School of Natural Sciences, Institute for Advanced Study, 1 Einstein Drive, Princeton NJ 08540, USA

We derive an analytic representation of the ten-particle, two-loop double-box integral as an elliptic
integral over weight-three polylogarithms. To obtain this form, we first derive a four-fold, rational
(Feynman-)parametric representation for the integral, expressed directly in terms of dual-conformally
invariant cross-ratios; from this, the desired form is easily obtained. The essential features of this
integral are illustrated by means of a simplified toy model, and we attach the relevant expressions
for both integrals in ancillary files. We propose a normalization for such integrals that renders all of
their polylogarithmic degenerations pure, and we discuss the need for a new ‘symbology’ of iterated
elliptic/polylogarithmic integrals in order to bring them to a more canonical form.

INTRODUCTION

In recent years, our ability to compute scattering am-
plitudes has advanced enormously. Loop integrands for
scattering amplitudes are now known for a broad class of
theories, loop orders, and multiplicities (see e.g. [1–6]),
and substantial inroads have been made towards the de-
velopment of general loop integration technology [7–10].
Our understanding of the kinds of functions that result
from these integrations has also experienced remarkable
progress, especially in the case of (‘Goncharov’) hyperlog-
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at low orders and multiplicity [12–17]. However, as exem-
plified by the two-dimensional sunrise integral with mas-
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theories are known to encounter elliptic and other non-
polylogarithmic functions—for which the powerful tools
of symbology, Hopf algebras, coproducts, etc. remain to
be fully developed (but see e.g. [24, 25]).

In this work, we study what is perhaps the sim-
plest non-polylogarithmic contribution to scattering am-
plitudes of massless particles in four dimensions: the el-
liptic double-box integral. This may be represented as
either a Feynman diagram or its dual graph, depicted by
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It may be viewed as a contribution to the ten-point am-
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where Q(↵) is an irreducible quartic in ↵, and thus en-
codes an elliptic curve. This form is attractive because it
relates (1) to well-known functions while manifesting its
ellipticity.

In this Letter, we realize such a representation ex-
plicitly by direct integration of Feynman parameters,
without resorting to an ansatz or to solving di↵erential
equations. Specifically, we follow the strategy described
in ref. [10] to obtain a manifestly dual-conformally in-
variant, rational four-fold (Feynman-)parametric integral
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tions to obtain the desired form (2). In what follows, we
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and illustration, we first consider a simpler toy model of
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(the dual-momentum coordinates of) six massless par-
ticles, but it can also be obtained from I
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(Dual-Conformal) Loop Integration

via Feynman Parameterization

In dual-momentum x-coordinates, the momentum of
the a

th external particle is defined as the di↵erence
pa⌘ (xa+1�xa) (with cyclic labeling understood). In
terms of these coordinates, we may define
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2=(pa+ . . .+pb�1)
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. (3)

(‘(a, b)’ is more frequently denoted ‘x2
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mentum `i may be represented by a dual point x`i , and
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2 Dual-Conformal Regularization and Feynman Integration

In this section, we review the dual-conformal regularization scheme introduced in

ref. [5], and show how (at least through two loops) all dual-conformal integrals—

including those that require regularization—can be expressed in terms of manifestly

dual-conformal Feynman parameter integrals (possibly also depending on a single,

scale-invariant regularization parameter). Moreover, we will show that any one- or

two-loop dual-conformal integrand can be expanded into a basis of (not-necessarily

pure) Feynman parameter integrals depending exclusively on parity-even, x-space

cross-ratios (that is, ordinary Mandelstam invariants), with coe�cients built from

more general dual-conformal cross-ratios (which may or may not be parity-even).

We will prove this by direct construction through two loops; and we expect this fact

may be generalized to higher loops.

As dual-conformal symmetry will play an important role in our present work,

let us briefly review it here—mostly to introduce some essential notation. Dual-

conformal symmetry is ordinary conformal symmetry, but on the space of dual-

momentum coordinates defined by associating the momentum pa for the ath external

particle by the di↵erence pa ⌘ (xa+1�xa) (with cyclic labeling understood). This is

obviously translationally invariant; and provided all the momenta are taken to be

incoming, momentum conservation is rendered trivial in x-coordinate space.

Inverse propagators may be expressed in terms of dual coordinates as follows:

(a, b)=(b, a)⌘(xb�xa)
2=(pa+ . . .+pb�1)

2
⌘sa···b�1 and (`, a)⌘(x`�xa)

2
. (2.1)

Thus, (a, b) is simply an ordinary Mandelstam invariant—often written as ‘x2
ab’ in the

literature. (We choose not to use that notation here mostly for simplicity.) Notice

that for a massless momentum pa, (a, a+1)=0.

2.1 Dual-Conformal Regularization: Definitions and Review

Infrared divergences can only arise when propagators give rise to poles supported

within the domain of loop integration, R3,1. It is not hard to see that this can only

occur when a loop integral involves massless external legs flowing into the graph

(connected in the diagram to exactly two internal propagators). That is to say,

infrared divergences arise from three-point vertices involving a massless external

momentum. (Not all loop integrands involving such propagator topologies will be

infrared-divergent—as these can be mitigated by loop-dependent numerators.)

Because infrared divergences are naturally associated with the ‘masslessness’ of

some external momentum, they can always be regularized by taking the momentum

to be o↵-shell—by giving each external particle some small mass m, and expanding

in the limit m!0. This is close in spirit to the Higgs regularization scheme described

in ref. [10]—which makes the propagators adjacent to external legs massive—and al-

ways results in a regularized expression involving a power-series in log(m). Although
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INTRODUCTION

In recent years, our ability to compute scattering am-
plitudes has advanced enormously. Loop integrands for
scattering amplitudes are now known for a broad class of
theories, loop orders, and multiplicities (see e.g. [1–6]),
and substantial inroads have been made towards the de-
velopment of general loop integration technology [7–10].
Our understanding of the kinds of functions that result
from these integrations has also experienced remarkable
progress, especially in the case of (‘Goncharov’) hyperlog-
arithms [11], which capture most of perturbation theory
at low orders and multiplicity [12–17]. However, as exem-
plified by the two-dimensional sunrise integral with mas-
sive propagators [18–23], even the simplest quantum field
theories are known to encounter elliptic and other non-
polylogarithmic functions—for which the powerful tools
of symbology, Hopf algebras, coproducts, etc. remain to
be fully developed (but see e.g. [24, 25]).

In this work, we study what is perhaps the sim-
plest non-polylogarithmic contribution to scattering am-
plitudes of massless particles in four dimensions: the el-
liptic double-box integral. This may be represented as
either a Feynman diagram or its dual graph, depicted by

I
ell
db ⌘ = . (1)

It may be viewed as a contribution to the ten-point am-
plitude in massless '4 theory—but it also plays a signifi-
cant role in (pure or supersymmetric) Yang-Mills and in-
tegrable fishnet theories [26–28]. Considerations of maxi-
mal cuts and di↵erential equations have led some authors
to conjecture [29–31] that (1) could be written schemat-
ically in the form

I
ell
db ⇠

Z
d↵p
Q(↵)

�
Li3(· · · )+ . . .

�
, (2)

where Q(↵) is an irreducible quartic in ↵, and thus en-
codes an elliptic curve. This form is attractive because it
relates (1) to well-known functions while manifesting its
ellipticity.

In this Letter, we realize such a representation ex-
plicitly by direct integration of Feynman parameters,
without resorting to an ansatz or to solving di↵erential
equations. Specifically, we follow the strategy described
in ref. [10] to obtain a manifestly dual-conformally in-
variant, rational four-fold (Feynman-)parametric integral
representation of Ielldb, and carry out three of the integra-
tions to obtain the desired form (2). In what follows, we
outline the steps involved, and describe how (2) may be
brought into a more canonical form with a normalization
suggested by its degenerations. As we will see, this form
points to the need for a ‘symbology’ for mixed iterated
elliptic/polylogarithmic integrals. For the sake of clarity
and illustration, we first consider a simpler toy model of
I
ell
db that involves only six massless particles, but which
preserves all of its essential structure.

SIX-PARTICLE, ELLIPTIC TOY MODEL

Our toy model depends symmetrically on only three
cross-ratios. This is most directly described in terms of
(the dual-momentum coordinates of) six massless par-
ticles, but it can also be obtained from I

ell
db through a

(maximal) sequence of constraints preserving ellipticity.

(Dual-Conformal) Loop Integration

via Feynman Parameterization

In dual-momentum x-coordinates, the momentum of
the a

th external particle is defined as the di↵erence
pa⌘ (xa+1�xa) (with cyclic labeling understood). In
terms of these coordinates, we may define

(a, b)=(b, a)⌘ (xa�xb)
2=(pa+ . . .+pb�1)

2
. (3)

(‘(a, b)’ is more frequently denoted ‘x2
ab’.) Each loop mo-

mentum `i may be represented by a dual point x`i , and
inverse propagators expressed as (`i, a)⌘(x`i�xa)2.
Our toy model may be defined by taking the dual coor-

dinates {xa, . . . , xf} of (1) to be {x1, x3, x5, x4, x6, x2}—
where here, the xa’s are those describing the momenta of
six massless particles. With this specialization, (1) can
be written in dual coordinates as

I
ell
toy⌘

Z
d
4
`1d

4
`2 N (1, 4)(2, 5)(3, 6)

(`1, 1)(`1, 3)(`1, 5)(`1, `2)(`2, 4)(`2, 6)(`2, 2)
. (4)
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INTRODUCTION

In recent years, our ability to compute scattering am-
plitudes has advanced enormously. Loop integrands for
scattering amplitudes are now known for a broad class of
theories, loop orders, and multiplicities (see e.g. [1–6]),
and substantial inroads have been made towards the de-
velopment of general loop integration technology [7–10].
Our understanding of the kinds of functions that result
from these integrations has also experienced remarkable
progress, especially in the case of (‘Goncharov’) hyperlog-
arithms [11], which capture most of perturbation theory
at low orders and multiplicity [12–17]. However, as exem-
plified by the two-dimensional sunrise integral with mas-
sive propagators [18–23], even the simplest quantum field
theories are known to encounter elliptic and other non-
polylogarithmic functions—for which the powerful tools
of symbology, Hopf algebras, coproducts, etc. remain to
be fully developed (but see e.g. [24, 25]).

In this work, we study what is perhaps the sim-
plest non-polylogarithmic contribution to scattering am-
plitudes of massless particles in four dimensions: the el-
liptic double-box integral. This may be represented as
either a Feynman diagram or its dual graph, depicted by

I
ell
db ⌘ = . (1)

It may be viewed as a contribution to the ten-point am-
plitude in massless '4 theory—but it also plays a signifi-
cant role in (pure or supersymmetric) Yang-Mills and in-
tegrable fishnet theories [26–28]. Considerations of maxi-
mal cuts and di↵erential equations have led some authors
to conjecture [29–31] that (1) could be written schemat-
ically in the form

I
ell
db ⇠

Z
d↵p
Q(↵)

�
Li3(· · · )+ . . .

�
, (2)

where Q(↵) is an irreducible quartic in ↵, and thus en-
codes an elliptic curve. This form is attractive because it
relates (1) to well-known functions while manifesting its
ellipticity.

In this Letter, we realize such a representation ex-
plicitly by direct integration of Feynman parameters,
without resorting to an ansatz or to solving di↵erential
equations. Specifically, we follow the strategy described
in ref. [10] to obtain a manifestly dual-conformally in-
variant, rational four-fold (Feynman-)parametric integral
representation of Ielldb, and carry out three of the integra-
tions to obtain the desired form (2). In what follows, we
outline the steps involved, and describe how (2) may be
brought into a more canonical form with a normalization
suggested by its degenerations. As we will see, this form
points to the need for a ‘symbology’ for mixed iterated
elliptic/polylogarithmic integrals. For the sake of clarity
and illustration, we first consider a simpler toy model of
I
ell
db that involves only six massless particles, but which
preserves all of its essential structure.

SIX-PARTICLE, ELLIPTIC TOY MODEL

Our toy model depends symmetrically on only three
cross-ratios. This is most directly described in terms of
(the dual-momentum coordinates of) six massless par-
ticles, but it can also be obtained from I

ell
db through a

(maximal) sequence of constraints preserving ellipticity.

(Dual-Conformal) Loop Integration

via Feynman Parameterization

In dual-momentum x-coordinates, the momentum of
the a

th external particle is defined as the di↵erence
pa⌘ (xa+1�xa) (with cyclic labeling understood). In
terms of these coordinates, we may define

(a, b)=(b, a)⌘ (xa�xb)
2=(pa+ . . .+pb�1)

2
. (3)

(‘(a, b)’ is more frequently denoted ‘x2
ab’.) Each loop mo-

mentum `i may be represented by a dual point x`i , and
inverse propagators expressed as (`i, a)⌘(x`i�xa)2.
Our toy model may be defined by taking the dual coor-

dinates {xa, . . . , xf} of (1) to be {x1, x3, x5, x4, x6, x2}—
where here, the xa’s are those describing the momenta of
six massless particles. With this specialization, (1) can
be written in dual coordinates as

I
ell
toy⌘

Z
d
4
`1d

4
`2 N (1, 4)(2, 5)(3, 6)

(`1, 1)(`1, 3)(`1, 5)(`1, `2)(`2, 4)(`2, 6)(`2, 2)
. (4)

⌘
Z

d4`1d4`2 (a, c)(b, e)(d, f)

(`1, a)(`1, b)(`1, c)(`1, `2)(`2, d)(`2, e)(`2, f)
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2 Dual-Conformal Regularization and Feynman Integration

In this section, we review the dual-conformal regularization scheme introduced in

ref. [5], and show how (at least through two loops) all dual-conformal integrals—

including those that require regularization—can be expressed in terms of manifestly

dual-conformal Feynman parameter integrals (possibly also depending on a single,

scale-invariant regularization parameter). Moreover, we will show that any one- or

two-loop dual-conformal integrand can be expanded into a basis of (not-necessarily

pure) Feynman parameter integrals depending exclusively on parity-even, x-space

cross-ratios (that is, ordinary Mandelstam invariants), with coe�cients built from

more general dual-conformal cross-ratios (which may or may not be parity-even).

We will prove this by direct construction through two loops; and we expect this fact

may be generalized to higher loops.

As dual-conformal symmetry will play an important role in our present work,

let us briefly review it here—mostly to introduce some essential notation. Dual-

conformal symmetry is ordinary conformal symmetry, but on the space of dual-

momentum coordinates defined by associating the momentum pa for the ath external

particle by the di↵erence pa ⌘ (xa+1�xa) (with cyclic labeling understood). This is

obviously translationally invariant; and provided all the momenta are taken to be

incoming, momentum conservation is rendered trivial in x-coordinate space.

Inverse propagators may be expressed in terms of dual coordinates as follows:

(a, b)=(b, a)⌘(xb�xa)
2=(pa+ . . .+pb�1)

2
⌘sa···b�1 and (`, a)⌘(x`�xa)

2
. (2.1)

Thus, (a, b) is simply an ordinary Mandelstam invariant—often written as ‘x2
ab’ in the

literature. (We choose not to use that notation here mostly for simplicity.) Notice

that for a massless momentum pa, (a, a+1)=0.

2.1 Dual-Conformal Regularization: Definitions and Review

Infrared divergences can only arise when propagators give rise to poles supported

within the domain of loop integration, R3,1. It is not hard to see that this can only

occur when a loop integral involves massless external legs flowing into the graph

(connected in the diagram to exactly two internal propagators). That is to say,

infrared divergences arise from three-point vertices involving a massless external

momentum. (Not all loop integrands involving such propagator topologies will be

infrared-divergent—as these can be mitigated by loop-dependent numerators.)

Because infrared divergences are naturally associated with the ‘masslessness’ of

some external momentum, they can always be regularized by taking the momentum

to be o↵-shell—by giving each external particle some small mass m, and expanding

in the limit m!0. This is close in spirit to the Higgs regularization scheme described

in ref. [10]—which makes the propagators adjacent to external legs massive—and al-

ways results in a regularized expression involving a power-series in log(m). Although
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INTRODUCTION

In recent years, our ability to compute scattering am-
plitudes has advanced enormously. Loop integrands for
scattering amplitudes are now known for a broad class of
theories, loop orders, and multiplicities (see e.g. [1–6]),
and substantial inroads have been made towards the de-
velopment of general loop integration technology [7–10].
Our understanding of the kinds of functions that result
from these integrations has also experienced remarkable
progress, especially in the case of (‘Goncharov’) hyperlog-
arithms [11], which capture most of perturbation theory
at low orders and multiplicity [12–17]. However, as exem-
plified by the two-dimensional sunrise integral with mas-
sive propagators [18–23], even the simplest quantum field
theories are known to encounter elliptic and other non-
polylogarithmic functions—for which the powerful tools
of symbology, Hopf algebras, coproducts, etc. remain to
be fully developed (but see e.g. [24, 25]).

In this work, we study what is perhaps the sim-
plest non-polylogarithmic contribution to scattering am-
plitudes of massless particles in four dimensions: the el-
liptic double-box integral. This may be represented as
either a Feynman diagram or its dual graph, depicted by

I
ell
db ⌘ = . (1)

It may be viewed as a contribution to the ten-point am-
plitude in massless '4 theory—but it also plays a signifi-
cant role in (pure or supersymmetric) Yang-Mills and in-
tegrable fishnet theories [26–28]. Considerations of maxi-
mal cuts and di↵erential equations have led some authors
to conjecture [29–31] that (1) could be written schemat-
ically in the form

I
ell
db ⇠

Z
d↵p
Q(↵)

�
Li3(· · · )+ . . .

�
, (2)

where Q(↵) is an irreducible quartic in ↵, and thus en-
codes an elliptic curve. This form is attractive because it
relates (1) to well-known functions while manifesting its
ellipticity.

In this Letter, we realize such a representation ex-
plicitly by direct integration of Feynman parameters,
without resorting to an ansatz or to solving di↵erential
equations. Specifically, we follow the strategy described
in ref. [10] to obtain a manifestly dual-conformally in-
variant, rational four-fold (Feynman-)parametric integral
representation of Ielldb, and carry out three of the integra-
tions to obtain the desired form (2). In what follows, we
outline the steps involved, and describe how (2) may be
brought into a more canonical form with a normalization
suggested by its degenerations. As we will see, this form
points to the need for a ‘symbology’ for mixed iterated
elliptic/polylogarithmic integrals. For the sake of clarity
and illustration, we first consider a simpler toy model of
I
ell
db that involves only six massless particles, but which
preserves all of its essential structure.

SIX-PARTICLE, ELLIPTIC TOY MODEL

Our toy model depends symmetrically on only three
cross-ratios. This is most directly described in terms of
(the dual-momentum coordinates of) six massless par-
ticles, but it can also be obtained from I

ell
db through a

(maximal) sequence of constraints preserving ellipticity.

(Dual-Conformal) Loop Integration

via Feynman Parameterization

In dual-momentum x-coordinates, the momentum of
the a

th external particle is defined as the di↵erence
pa⌘ (xa+1�xa) (with cyclic labeling understood). In
terms of these coordinates, we may define

(a, b)=(b, a)⌘ (xa�xb)
2=(pa+ . . .+pb�1)

2
. (3)

(‘(a, b)’ is more frequently denoted ‘x2
ab’.) Each loop mo-

mentum `i may be represented by a dual point x`i , and
inverse propagators expressed as (`i, a)⌘(x`i�xa)2.
Our toy model may be defined by taking the dual coor-

dinates {xa, . . . , xf} of (1) to be {x1, x3, x5, x4, x6, x2}—
where here, the xa’s are those describing the momenta of
six massless particles. With this specialization, (1) can
be written in dual coordinates as

I
ell
toy⌘

Z
d
4
`1d

4
`2 N (1, 4)(2, 5)(3, 6)

(`1, 1)(`1, 3)(`1, 5)(`1, `2)(`2, 4)(`2, 6)(`2, 2)
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INTRODUCTION

In recent years, our ability to compute scattering am-
plitudes has advanced enormously. Loop integrands for
scattering amplitudes are now known for a broad class of
theories, loop orders, and multiplicities (see e.g. [1–6]),
and substantial inroads have been made towards the de-
velopment of general loop integration technology [7–10].
Our understanding of the kinds of functions that result
from these integrations has also experienced remarkable
progress, especially in the case of (‘Goncharov’) hyperlog-
arithms [11], which capture most of perturbation theory
at low orders and multiplicity [12–17]. However, as exem-
plified by the two-dimensional sunrise integral with mas-
sive propagators [18–23], even the simplest quantum field
theories are known to encounter elliptic and other non-
polylogarithmic functions—for which the powerful tools
of symbology, Hopf algebras, coproducts, etc. remain to
be fully developed (but see e.g. [24, 25]).

In this work, we study what is perhaps the sim-
plest non-polylogarithmic contribution to scattering am-
plitudes of massless particles in four dimensions: the el-
liptic double-box integral. This may be represented as
either a Feynman diagram or its dual graph, depicted by

I
ell
db ⌘ = . (1)

It may be viewed as a contribution to the ten-point am-
plitude in massless '4 theory—but it also plays a signifi-
cant role in (pure or supersymmetric) Yang-Mills and in-
tegrable fishnet theories [26–28]. Considerations of maxi-
mal cuts and di↵erential equations have led some authors
to conjecture [29–31] that (1) could be written schemat-
ically in the form

I
ell
db ⇠

Z
d↵p
Q(↵)

�
Li3(· · · )+ . . .

�
, (2)

where Q(↵) is an irreducible quartic in ↵, and thus en-
codes an elliptic curve. This form is attractive because it
relates (1) to well-known functions while manifesting its
ellipticity.

In this Letter, we realize such a representation ex-
plicitly by direct integration of Feynman parameters,
without resorting to an ansatz or to solving di↵erential
equations. Specifically, we follow the strategy described
in ref. [10] to obtain a manifestly dual-conformally in-
variant, rational four-fold (Feynman-)parametric integral
representation of Ielldb, and carry out three of the integra-
tions to obtain the desired form (2). In what follows, we
outline the steps involved, and describe how (2) may be
brought into a more canonical form with a normalization
suggested by its degenerations. As we will see, this form
points to the need for a ‘symbology’ for mixed iterated
elliptic/polylogarithmic integrals. For the sake of clarity
and illustration, we first consider a simpler toy model of
I
ell
db that involves only six massless particles, but which
preserves all of its essential structure.

SIX-PARTICLE, ELLIPTIC TOY MODEL

Our toy model depends symmetrically on only three
cross-ratios. This is most directly described in terms of
(the dual-momentum coordinates of) six massless par-
ticles, but it can also be obtained from I

ell
db through a

(maximal) sequence of constraints preserving ellipticity.

(Dual-Conformal) Loop Integration

via Feynman Parameterization

In dual-momentum x-coordinates, the momentum of
the a

th external particle is defined as the di↵erence
pa⌘ (xa+1�xa) (with cyclic labeling understood). In
terms of these coordinates, we may define

(a, b)=(b, a)⌘ (xa�xb)
2=(pa+ . . .+pb�1)

2
. (3)

(‘(a, b)’ is more frequently denoted ‘x2
ab’.) Each loop mo-

mentum `i may be represented by a dual point x`i , and
inverse propagators expressed as (`i, a)⌘(x`i�xa)2.
Our toy model may be defined by taking the dual coor-

dinates {xa, . . . , xf} of (1) to be {x1, x3, x5, x4, x6, x2}—
where here, the xa’s are those describing the momenta of
six massless particles. With this specialization, (1) can
be written in dual coordinates as

I
ell
toy⌘

Z
d
4
`1d

4
`2 N (1, 4)(2, 5)(3, 6)

(`1, 1)(`1, 3)(`1, 5)(`1, `2)(`2, 4)(`2, 6)(`2, 2)
. (4)

✦Dual-Conformal Invariance is conformality in x’s

⌘
Z

d4`1d4`2 (a, c)(b, e)(d, f)

(`1, a)(`1, b)(`1, c)(`1, `2)(`2, d)(`2, e)(`2, f)
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2 Dual-Conformal Regularization and Feynman Integration

In this section, we review the dual-conformal regularization scheme introduced in

ref. [5], and show how (at least through two loops) all dual-conformal integrals—

including those that require regularization—can be expressed in terms of manifestly

dual-conformal Feynman parameter integrals (possibly also depending on a single,

scale-invariant regularization parameter). Moreover, we will show that any one- or

two-loop dual-conformal integrand can be expanded into a basis of (not-necessarily

pure) Feynman parameter integrals depending exclusively on parity-even, x-space

cross-ratios (that is, ordinary Mandelstam invariants), with coe�cients built from

more general dual-conformal cross-ratios (which may or may not be parity-even).

We will prove this by direct construction through two loops; and we expect this fact

may be generalized to higher loops.

As dual-conformal symmetry will play an important role in our present work,

let us briefly review it here—mostly to introduce some essential notation. Dual-

conformal symmetry is ordinary conformal symmetry, but on the space of dual-

momentum coordinates defined by associating the momentum pa for the ath external

particle by the di↵erence pa ⌘ (xa+1�xa) (with cyclic labeling understood). This is

obviously translationally invariant; and provided all the momenta are taken to be

incoming, momentum conservation is rendered trivial in x-coordinate space.

Inverse propagators may be expressed in terms of dual coordinates as follows:

(a, b)=(b, a)⌘(xb�xa)
2=(pa+ . . .+pb�1)

2
⌘sa···b�1 and (`, a)⌘(x`�xa)

2
. (2.1)

Thus, (a, b) is simply an ordinary Mandelstam invariant—often written as ‘x2
ab’ in the

literature. (We choose not to use that notation here mostly for simplicity.) Notice

that for a massless momentum pa, (a, a+1)=0.

2.1 Dual-Conformal Regularization: Definitions and Review

Infrared divergences can only arise when propagators give rise to poles supported

within the domain of loop integration, R3,1. It is not hard to see that this can only

occur when a loop integral involves massless external legs flowing into the graph

(connected in the diagram to exactly two internal propagators). That is to say,

infrared divergences arise from three-point vertices involving a massless external

momentum. (Not all loop integrands involving such propagator topologies will be

infrared-divergent—as these can be mitigated by loop-dependent numerators.)

Because infrared divergences are naturally associated with the ‘masslessness’ of

some external momentum, they can always be regularized by taking the momentum

to be o↵-shell—by giving each external particle some small mass m, and expanding

in the limit m!0. This is close in spirit to the Higgs regularization scheme described

in ref. [10]—which makes the propagators adjacent to external legs massive—and al-

ways results in a regularized expression involving a power-series in log(m). Although
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elliptic/polylogarithmic integrals in order to bring them to a more canonical form.

INTRODUCTION

In recent years, our ability to compute scattering am-
plitudes has advanced enormously. Loop integrands for
scattering amplitudes are now known for a broad class of
theories, loop orders, and multiplicities (see e.g. [1–6]),
and substantial inroads have been made towards the de-
velopment of general loop integration technology [7–10].
Our understanding of the kinds of functions that result
from these integrations has also experienced remarkable
progress, especially in the case of (‘Goncharov’) hyperlog-
arithms [11], which capture most of perturbation theory
at low orders and multiplicity [12–17]. However, as exem-
plified by the two-dimensional sunrise integral with mas-
sive propagators [18–23], even the simplest quantum field
theories are known to encounter elliptic and other non-
polylogarithmic functions—for which the powerful tools
of symbology, Hopf algebras, coproducts, etc. remain to
be fully developed (but see e.g. [24, 25]).

In this work, we study what is perhaps the sim-
plest non-polylogarithmic contribution to scattering am-
plitudes of massless particles in four dimensions: the el-
liptic double-box integral. This may be represented as
either a Feynman diagram or its dual graph, depicted by

I
ell
db ⌘ = . (1)

It may be viewed as a contribution to the ten-point am-
plitude in massless '4 theory—but it also plays a signifi-
cant role in (pure or supersymmetric) Yang-Mills and in-
tegrable fishnet theories [26–28]. Considerations of maxi-
mal cuts and di↵erential equations have led some authors
to conjecture [29–31] that (1) could be written schemat-
ically in the form

I
ell
db ⇠

Z
d↵p
Q(↵)

�
Li3(· · · )+ . . .

�
, (2)

where Q(↵) is an irreducible quartic in ↵, and thus en-
codes an elliptic curve. This form is attractive because it
relates (1) to well-known functions while manifesting its
ellipticity.

In this Letter, we realize such a representation ex-
plicitly by direct integration of Feynman parameters,
without resorting to an ansatz or to solving di↵erential
equations. Specifically, we follow the strategy described
in ref. [10] to obtain a manifestly dual-conformally in-
variant, rational four-fold (Feynman-)parametric integral
representation of Ielldb, and carry out three of the integra-
tions to obtain the desired form (2). In what follows, we
outline the steps involved, and describe how (2) may be
brought into a more canonical form with a normalization
suggested by its degenerations. As we will see, this form
points to the need for a ‘symbology’ for mixed iterated
elliptic/polylogarithmic integrals. For the sake of clarity
and illustration, we first consider a simpler toy model of
I
ell
db that involves only six massless particles, but which
preserves all of its essential structure.

SIX-PARTICLE, ELLIPTIC TOY MODEL

Our toy model depends symmetrically on only three
cross-ratios. This is most directly described in terms of
(the dual-momentum coordinates of) six massless par-
ticles, but it can also be obtained from I

ell
db through a

(maximal) sequence of constraints preserving ellipticity.

(Dual-Conformal) Loop Integration

via Feynman Parameterization

In dual-momentum x-coordinates, the momentum of
the a

th external particle is defined as the di↵erence
pa⌘ (xa+1�xa) (with cyclic labeling understood). In
terms of these coordinates, we may define

(a, b)=(b, a)⌘ (xa�xb)
2=(pa+ . . .+pb�1)

2
. (3)

(‘(a, b)’ is more frequently denoted ‘x2
ab’.) Each loop mo-

mentum `i may be represented by a dual point x`i , and
inverse propagators expressed as (`i, a)⌘(x`i�xa)2.
Our toy model may be defined by taking the dual coor-

dinates {xa, . . . , xf} of (1) to be {x1, x3, x5, x4, x6, x2}—
where here, the xa’s are those describing the momenta of
six massless particles. With this specialization, (1) can
be written in dual coordinates as

I
ell
toy⌘

Z
d
4
`1d

4
`2 N (1, 4)(2, 5)(3, 6)

(`1, 1)(`1, 3)(`1, 5)(`1, `2)(`2, 4)(`2, 6)(`2, 2)
. (4)
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We ignore overall numerical factors, but retain a
kinematic-dependent normalization N about which we
will say more later. (Note that both I

ell
toy and I

ell
db are

finite, such that no regularization is required.)
We now transform (4) into a manifestly dual-

conformally invariant (Feynman-)parametric integral.
This is done by integrating one loop at a time, following
the general strategy described in ref. [10] (to which we
refer the reader for more details). Using the embedding
formalism (see e.g. [32, 33]), we may associate Feynman
parameters to the `1 propagators according to

Y1⌘(1)+�1(3)+�2(5)+�1(`2)⌘(R1)+�1(`2) , (5)

where (a) denotes the dual coordinate xa. Letting Iell
toy

be the integrand of (4), the `1 integration gives
Z
d
4
`1Iell

toy =

1Z

0

d
2~�

1Z

0

d�1
N (1, 4)(2, 5)(3, 6)

(Y1, Y1)2(`2, 2)(`2, 4)(`2, 6)

=

1Z

0

d
2~�

N (1, 4)(2, 5)(3, 6)

(R1, R1)(`2, R1)(`2, 2)(`2, 4)(`2, 6)
,

(6)

where in the second line we have used the fact that the
�1 integral is a total derivative. For `2, we introduce
Feynman parameters according to

Y2⌘(R1)+↵(6)+�3(2)+�2(4)⌘(R2)+�2(4) , (7)

and repeat the same steps as above (integrating out �2),
to obtain the four-fold representation

I
ell
toy=

1Z

0

d↵

1Z

0

d
3~�

N (1, 4)(2, 5)(3, 6)

(R1, R1)(R2, 4)(R2, R2)
. (8)

To render this manifestly dual-conformally invariant,
we rescale the Feynman parameters according to

↵ 7!↵
(1, 3)

(3, 6)
, �1 7!�1

(1, 5)

(3, 5)
, �2 7!�2

(1, 3)

(3, 5)
, �3 7!�3

(1, 5)

(2, 5)
,

after which (8) becomes simply

I
ell
toy⌘

1Z

0

d↵

1Z

0

d
3~�

N

f1f2f3
,

8
<

:

f1⌘�1+�2+�1�2

f2⌘ 1+↵u1+u2�3

f3⌘ f1+↵(�1+u3�3)+�2�3

9
=

;.(9)

This form depends directly on the familiar six-particle
cross-ratios u1⌘(13;46), u2⌘(24;51), u3⌘(35;62), with

(ab;cd) ⌘ (a, b)(c, d)

(a, c)(b, d)
. (10)

To see that the integral (9) is elliptic (or at least non-
polylogarithmic), it su�ces to observe that

Res
fi=0

⇣
d
3~�

f1f2f3

⌘
=

1p
Q(↵)

, (11)

where Q(↵) is the irreducible quartic

Q(↵)⌘(1+↵(u1+u2+u3+↵u1u3))
2�4↵(1+↵u1)

2
u3. (12)

The �i integrals of (9) can be done analytically using
standard methods (e.g. using [9]). Doing so results in

I
ell
toy =

1Z

0

d↵
Np
Q(↵)

Htoy(↵) , (13)

where Htoy(↵) is a sum of pure weight-three hyperloga-
rithms that depend on the final integration parameter.
Explicitly, this function may be given written in terms of
Htoy(↵) ⌘ F1(↵)�F2(↵), where

Fi(↵)⌘ G(wi,0, 0;↵)+G(wi,0, 0;↵)�G(wi,0, 0;↵)�G(wi,0, 0;↵)�G(wi,�w1w2, 0;↵)�G(wi,
w1w2

w1+w2
, 0;↵)

+G(wi,
w1w2

w1+w2
;↵) log(w1w2w1w2)�G(wi,�w1w2;↵) log

⇣ �1

w1w2

⌘
+
�
G(wi,0;↵)�G(wi,0;↵)

�
log(�w1w2) (14)

+G(wi;↵)

⇢
1
2 log

2
⇣ 1

w1+w2

⌘
+ log(w1w2)log

⇣ �1

w1w2

⌘
� log

⇣ 1

w1+w2

⌘
log

⇣ 1

w1w2

⌘
+Li2

⇣
�
w1+w2

w1w2

⌘�
,

where the short-hand x ⌘ �1/(1+x) (so that 0 = �1),
G(wi,. . . ;↵) is an ordinary Goncharov polylogarithm [11],

and w1,2⌘
h
↵
�
(↵u3�1)u1�u2+u3

�
�1±

p
Q(↵)

i
/(2↵u2).

This form of Htoy(↵) is not manifestly real, but we have
been careful in our expression above to ensure that the
imaginary parts cancel for su�ciently canonical branch
choices—e.g. the defaults chosen by GiNaC [34].

In the ancillary files to this Letter, we have included
an expression for Htoy(↵) in terms of classical polyloga-
rithms (which is always possible at this weight [35]) that
are manifestly real along the entire contour of integration
↵2 [0,1]. As such, we have realized an expression of this
toy model in the conjectured form (2). However, this rep-

resentation is still far from unique—even after choosing
a basis of hyperlogarithms. This is partially due to a
freedom to re-parametrize the quartic in the integration
measure. This redundancy can by resolved by bringing
the elliptic curve encoded by the quartic into a standard
(e.g. Weierstraß ) form, which we now describe.

Toward Canonicalization (via Weierstraß )

One of the advantages of working with hyperloga-
rithms is that all polylogarithmic identities are enforced
within a given choice of fibration basis [9]. In seeking
a ‘canonical’ form for integrals of the form (2), we thus
hope to realize similar advantages. There are at least
three desiderata one might seek for a preferred repre-
sentation of such integrals: the representation should

[Drummond, Henn, Smirnov, Sokatchev;  
Drummond, Korchemsky, Henn; …]

The Elliptic Double-Box Integral

Jacob L. Bourjaily,1 Andrew J. McLeod,1 Marcus Spradlin,2, 3 Matt von Hippel,1 and Matthias Wilhelm1

1
Niels Bohr International Academy and Discovery Center, Niels Bohr Institute,

University of Copenhagen, Blegdamsvej 17, DK-2100, Copenhagen Ø, Denmark
2
Department of Physics, Brown University, 182 Hope Street, Providence, RI 02912, USA

3
School of Natural Sciences, Institute for Advanced Study, 1 Einstein Drive, Princeton NJ 08540, USA

We derive an analytic representation of the ten-particle, two-loop double-box integral as an elliptic
integral over weight-three polylogarithms. To obtain this form, we first derive a four-fold, rational
(Feynman-)parametric representation for the integral, expressed directly in terms of dual-conformally
invariant cross-ratios; from this, the desired form is easily obtained. The essential features of this
integral are illustrated by means of a simplified toy model, and we attach the relevant expressions
for both integrals in ancillary files. We propose a normalization for such integrals that renders all of
their polylogarithmic degenerations pure, and we discuss the need for a new ‘symbology’ of iterated
elliptic/polylogarithmic integrals in order to bring them to a more canonical form.

INTRODUCTION

In recent years, our ability to compute scattering am-
plitudes has advanced enormously. Loop integrands for
scattering amplitudes are now known for a broad class of
theories, loop orders, and multiplicities (see e.g. [1–6]),
and substantial inroads have been made towards the de-
velopment of general loop integration technology [7–10].
Our understanding of the kinds of functions that result
from these integrations has also experienced remarkable
progress, especially in the case of (‘Goncharov’) hyperlog-
arithms [11], which capture most of perturbation theory
at low orders and multiplicity [12–17]. However, as exem-
plified by the two-dimensional sunrise integral with mas-
sive propagators [18–23], even the simplest quantum field
theories are known to encounter elliptic and other non-
polylogarithmic functions—for which the powerful tools
of symbology, Hopf algebras, coproducts, etc. remain to
be fully developed (but see e.g. [24, 25]).

In this work, we study what is perhaps the sim-
plest non-polylogarithmic contribution to scattering am-
plitudes of massless particles in four dimensions: the el-
liptic double-box integral. This may be represented as
either a Feynman diagram or its dual graph, depicted by

I
ell
db ⌘ = . (1)

It may be viewed as a contribution to the ten-point am-
plitude in massless '4 theory—but it also plays a signifi-
cant role in (pure or supersymmetric) Yang-Mills and in-
tegrable fishnet theories [26–28]. Considerations of maxi-
mal cuts and di↵erential equations have led some authors
to conjecture [29–31] that (1) could be written schemat-
ically in the form

I
ell
db ⇠

Z
d↵p
Q(↵)

�
Li3(· · · )+ . . .

�
, (2)

where Q(↵) is an irreducible quartic in ↵, and thus en-
codes an elliptic curve. This form is attractive because it
relates (1) to well-known functions while manifesting its
ellipticity.

In this Letter, we realize such a representation ex-
plicitly by direct integration of Feynman parameters,
without resorting to an ansatz or to solving di↵erential
equations. Specifically, we follow the strategy described
in ref. [10] to obtain a manifestly dual-conformally in-
variant, rational four-fold (Feynman-)parametric integral
representation of Ielldb, and carry out three of the integra-
tions to obtain the desired form (2). In what follows, we
outline the steps involved, and describe how (2) may be
brought into a more canonical form with a normalization
suggested by its degenerations. As we will see, this form
points to the need for a ‘symbology’ for mixed iterated
elliptic/polylogarithmic integrals. For the sake of clarity
and illustration, we first consider a simpler toy model of
I
ell
db that involves only six massless particles, but which
preserves all of its essential structure.

SIX-PARTICLE, ELLIPTIC TOY MODEL

Our toy model depends symmetrically on only three
cross-ratios. This is most directly described in terms of
(the dual-momentum coordinates of) six massless par-
ticles, but it can also be obtained from I

ell
db through a

(maximal) sequence of constraints preserving ellipticity.

(Dual-Conformal) Loop Integration

via Feynman Parameterization

In dual-momentum x-coordinates, the momentum of
the a

th external particle is defined as the di↵erence
pa⌘ (xa+1�xa) (with cyclic labeling understood). In
terms of these coordinates, we may define

(a, b)=(b, a)⌘ (xa�xb)
2=(pa+ . . .+pb�1)

2
. (3)

(‘(a, b)’ is more frequently denoted ‘x2
ab’.) Each loop mo-

mentum `i may be represented by a dual point x`i , and
inverse propagators expressed as (`i, a)⌘(x`i�xa)2.
Our toy model may be defined by taking the dual coor-

dinates {xa, . . . , xf} of (1) to be {x1, x3, x5, x4, x6, x2}—
where here, the xa’s are those describing the momenta of
six massless particles. With this specialization, (1) can
be written in dual coordinates as

I
ell
toy⌘

Z
d
4
`1d

4
`2 N (1, 4)(2, 5)(3, 6)

(`1, 1)(`1, 3)(`1, 5)(`1, `2)(`2, 4)(`2, 6)(`2, 2)
. (4)

✦Dual-Conformal Invariance is conformality in x’s

⌘
Z

d4`1d4`2 (a, c)(b, e)(d, f)

(`1, a)(`1, b)(`1, c)(`1, `2)(`2, d)(`2, e)(`2, f)
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obviously well-motivated, the principal problem with such a regularization scheme

is that m carries mass dimension—severely breaking any potential (dual-)conformal

invariance of the result. (Dimensional regularization is less obviously well-suited

to infrared divergences, but its familiarity (together with the availability of widely

used integration technology) enhances its popularity. Nevertheless, dimensional reg-

ularization also introduces a mass scale, causing it to spoil any potential conformal

invariance just as severely.)

The key idea behind the ‘dual-conformal regulator’ introduced in ref. [5] is to give

external particles masses, but in a way that introduces no new scales into the problem

and leaves intact all scaling-weights under dual-conformal transformations. The later

requirement forces us to give di↵erent particles di↵erent masses. Specifically, a dual-

conformal regulator may be defined by taking external particles o↵ the mass shell

according to:1

p
2
a 7! p

2
a + �

(pa�1+pa)2(pa+pa+1)2

(pa�1+pa+pa+1)2
, (2.2)

where ‘�’2 is a manifestly dimensionless, multiplicative number—taken to be be small.

In dual-momentum coordinates, this regularization is equivalent to shifting each

xa in the direction of its cyclic neighbor xa+1 according to,

xa 7! xba ⌘ xa + �(xa+1�xa)
(a�2, a)

(a�2, a+1)
. (2.3)

Notice that in terms of (a, b)⌘ (xb�xa)2 defined in (2.1), p2a⌘ (a, a+1), and so (2.2)

is equivalent to:

(a, a+1) 7! (ba, da+1) = (a, a+1) + �
(a�1, a+1)(a, a+2)

(a�1, a+2)
. (2.4)

This makes it manifest that (ba, da+1) carries the same conformal weights as (a, a+1)

(would have had, had it not vanished). What this means is that after the shift

(2.3), (ba,bb) 6=0 for all a, b (without imposing additional constraints); and cross-ratios

involving ‘(ba, da+1)’ can be expanded in powers of � times un-shifted cross-ratios that

do not vanish even when all external momenta are massless. Because only consecutive

two-brackets (a, a+1) e↵ectively require regularization, we will drop the ‘hats’ from

such brackets whenever the meaning is su�ciently clear.

(It is worth mentioning that the dual-conformal regulator defined above is only

one choice among many potential alternatives. For example, di↵erent external parti-

cles could be assigned distinct parameters �a in (2.2)—and these factors could even be

1For exactly four light-like particles, the momentum-dependent pre-factor in (2.2) is more subtle.
2When the dual-conformal regulator was introduced in ref. [5], the parameter we call ‘�’ was

denoted ‘✏’. We have changed this convention to avoid confusion with other regularization schemes.
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is that m carries mass dimension—severely breaking any potential (dual-)conformal
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to infrared divergences, but its familiarity (together with the availability of widely

used integration technology) enhances its popularity. Nevertheless, dimensional reg-

ularization also introduces a mass scale, causing it to spoil any potential conformal

invariance just as severely.)

The key idea behind the ‘dual-conformal regulator’ introduced in ref. [5] is to give

external particles masses, but in a way that introduces no new scales into the problem

and leaves intact all scaling-weights under dual-conformal transformations. The later

requirement forces us to give di↵erent particles di↵erent masses. Specifically, a dual-
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according to:1
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(pa�1+pa)2(pa+pa+1)2

(pa�1+pa+pa+1)2
, (2.2)

where ‘�’2 is a manifestly dimensionless, multiplicative number—taken to be be small.

In dual-momentum coordinates, this regularization is equivalent to shifting each

xa in the direction of its cyclic neighbor xa+1 according to,

xa 7! xba ⌘ xa + �(xa+1�xa)
(a�2, a)
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. (2.3)

Notice that in terms of (a, b)⌘ (xb�xa)2 defined in (2.1), p2a⌘ (a, a+1), and so (2.2)

is equivalent to:

(a, a+1) 7! (ba, da+1) = (a, a+1) + �
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This makes it manifest that (ba, da+1) carries the same conformal weights as (a, a+1)

(would have had, had it not vanished). What this means is that after the shift

(2.3), (ba,bb) 6=0 for all a, b (without imposing additional constraints); and cross-ratios

involving ‘(ba, da+1)’ can be expanded in powers of � times un-shifted cross-ratios that
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modified by arbitrary combinations of conformally-invariant, kinematic cross-ratios.

The choice we make here (following that of ref. [5]) seems the simplest, but it may

be worth exploring alternative regularization schemes.)

Given a loop integrand expressed in dual-momentum coordinates, the replace-

ment (2.3) will regulate all regions of infrared-divergence. In contrast to an infrared

cuto↵ or dimensional regularization, the dual-conformal regulator leaves intact the

original Feynman integration contour—it merely changes the integration measure

multiplicatively, by a conformally-invariant factor:
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I . (2.5)

One advantage of considering the regulator defined in this way is that it makes

it clear that not all propagators in a Feynman integral really need to be regulated.

The places in loop-momentum space associated with infrared divergences are the

soft-collinear regions for which `!✏xa+(1�✏)xa+1, where the multiplicative factor in

(2.5) becomes O(�); everywhere else, it is 1+O(�). Specifically, this means that for

any finite integral, I�fin = Ifin+O(�). Thus, unless a propagator (`, a) is specifically

associated with a region of infrared-divergence, the integrand involving (`,ba) and

(`, a) will di↵er at most by terms of O(�).

The punchline of the preceding discussion is that we may, without any loss of

generality, consider any vanishing brackets of the form (2.4) as being replaced by �

times ratios of non-vanishing brackets. Moreover, only those regions associated with

infrared divergences need to be regulated—as the di↵erence will always contribute

terms proportional to � in the integral (which vanish in the limit �!0).

2.1.1 Illustration: Regularization of One-Loop Amplitudes

The most important property of the dual-conformal regulator is that � is the only

conformal-breaking parameter; like a mass regulator, infrared-divergent integrals be-

come power-series in log(�) in the � ! 0 limit—but with all coe�cients in this

expansion being manifestly conformally invariant. It may be worthwhile to describe

a few examples at one loop to illustrate the kinds of regulated expressions that arise.

Consider the case of the scalar box integrals at one loop. These integrals com-

bined with parity-odd pentagons form a complete basis of integrands relevant for

SYM power-counting. Every integrand in this basis is manifestly dual-conformally

invariant—but many are infrared-divergent upon integration.

A scalar box is infrared-finite if and only if none of the momenta flowing into its

corners is massless. Such an integral is often called a ‘four-mass’ box. Normalized

in the standard way3 to have unit-magnitude maximal-co-dimension residues, the

3Careful readers should note that the expression we give here is minus the standard one.

– 7 –

[JB, Caron-Huot, Trnka (2013)]

obviously well-motivated, the principal problem with such a regularization scheme

is that m carries mass dimension—severely breaking any potential (dual-)conformal

invariance of the result. (Dimensional regularization is less obviously well-suited

to infrared divergences, but its familiarity (together with the availability of widely

used integration technology) enhances its popularity. Nevertheless, dimensional reg-

ularization also introduces a mass scale, causing it to spoil any potential conformal

invariance just as severely.)

The key idea behind the ‘dual-conformal regulator’ introduced in ref. [5] is to give

external particles masses, but in a way that introduces no new scales into the problem

and leaves intact all scaling-weights under dual-conformal transformations. The later

requirement forces us to give di↵erent particles di↵erent masses. Specifically, a dual-

conformal regulator may be defined by taking external particles o↵ the mass shell

according to:1

p
2
a 7! p

2
a + �

(pa�1+pa)2(pa+pa+1)2

(pa�1+pa+pa+1)2
, (2.2)

where ‘�’2 is a manifestly dimensionless, multiplicative number—taken to be be small.

In dual-momentum coordinates, this regularization is equivalent to shifting each

xa in the direction of its cyclic neighbor xa+1 according to,

xa 7! xba ⌘ xa + �(xa+1�xa)
(a�2, a)

(a�2, a+1)
. (2.3)

Notice that in terms of (a, b)⌘ (xb�xa)2 defined in (2.1), p2a⌘ (a, a+1), and so (2.2)

is equivalent to:

(a, a+1) 7! (ba, da+1) = (a, a+1) + �
(a�1, a+1)(a, a+2)

(a�1, a+2)
. (2.4)

This makes it manifest that (ba, da+1) carries the same conformal weights as (a, a+1)

(would have had, had it not vanished). What this means is that after the shift

(2.3), (ba,bb) 6=0 for all a, b (without imposing additional constraints); and cross-ratios

involving ‘(ba, da+1)’ can be expanded in powers of � times un-shifted cross-ratios that

do not vanish even when all external momenta are massless. Because only consecutive

two-brackets (a, a+1) e↵ectively require regularization, we will drop the ‘hats’ from

such brackets whenever the meaning is su�ciently clear.

(It is worth mentioning that the dual-conformal regulator defined above is only

one choice among many potential alternatives. For example, di↵erent external parti-

cles could be assigned distinct parameters �a in (2.2)—and these factors could even be

1For exactly four light-like particles, the momentum-dependent pre-factor in (2.2) is more subtle.
2When the dual-conformal regulator was introduced in ref. [5], the parameter we call ‘�’ was

denoted ‘✏’. We have changed this convention to avoid confusion with other regularization schemes.
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✦ Coefficients of each divergence can be obtained as 
strictly finite (Feynman-) parametric integrals—
which can always be rendered manifestly DCI 
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where u’s are parity-even cross-ratios:

2

We ignore overall numerical factors, but retain a
kinematic-dependent normalization N about which we
will say more later. (Note that both I

ell
toy and I

ell
db are

finite, such that no regularization is required.)
We now transform (4) into a manifestly dual-

conformally invariant (Feynman-)parametric integral.
This is done by integrating one loop at a time, following
the general strategy described in ref. [10] (to which we
refer the reader for more details). Using the embedding
formalism (see e.g. [32, 33]), we may associate Feynman
parameters to the `1 propagators according to

Y1⌘(1)+�1(3)+�2(5)+�1(`2)⌘(R1)+�1(`2) , (5)

where (a) denotes the dual coordinate xa. Letting Iell
toy
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where in the second line we have used the fact that the
�1 integral is a total derivative. For `2, we introduce
Feynman parameters according to

Y2⌘(R1)+↵(6)+�3(2)+�2(4)⌘(R2)+�2(4) , (7)

and repeat the same steps as above (integrating out �2),
to obtain the four-fold representation
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after which (8) becomes simply
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This form depends directly on the familiar six-particle
cross-ratios u1⌘(13;46), u2⌘(24;51), u3⌘(35;62), with

(ab;cd) ⌘ (a, b)(c, d)

(a, c)(b, d)
. (10)

To see that the integral (9) is elliptic (or at least non-
polylogarithmic), it su�ces to observe that
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2
u3. (12)

The �i integrals of (9) can be done analytically using
standard methods (e.g. using [9]). Doing so results in
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where Htoy(↵) is a sum of pure weight-three hyperloga-
rithms that depend on the final integration parameter.
Explicitly, this function may be given written in terms of
Htoy(↵) ⌘ F1(↵)�F2(↵), where
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where the short-hand x ⌘ �1/(1+x) (so that 0 = �1),
G(wi,. . . ;↵) is an ordinary Goncharov polylogarithm [11],

and w1,2⌘
h
↵
�
(↵u3�1)u1�u2+u3

�
�1±

p
Q(↵)

i
/(2↵u2).

This form of Htoy(↵) is not manifestly real, but we have
been careful in our expression above to ensure that the
imaginary parts cancel for su�ciently canonical branch
choices—e.g. the defaults chosen by GiNaC [34].

In the ancillary files to this Letter, we have included
an expression for Htoy(↵) in terms of classical polyloga-
rithms (which is always possible at this weight [35]) that
are manifestly real along the entire contour of integration
↵2 [0,1]. As such, we have realized an expression of this
toy model in the conjectured form (2). However, this rep-

resentation is still far from unique—even after choosing
a basis of hyperlogarithms. This is partially due to a
freedom to re-parametrize the quartic in the integration
measure. This redundancy can by resolved by bringing
the elliptic curve encoded by the quartic into a standard
(e.g. Weierstraß ) form, which we now describe.

Toward Canonicalization (via Weierstraß )

One of the advantages of working with hyperloga-
rithms is that all polylogarithmic identities are enforced
within a given choice of fibration basis [9]. In seeking
a ‘canonical’ form for integrals of the form (2), we thus
hope to realize similar advantages. There are at least
three desiderata one might seek for a preferred repre-
sentation of such integrals: the representation should

Ik 2 span

( 1Z

0

d~↵
N(~↵)

F(~↵, ~u)

)
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toy model in the conjectured form (2). However, this rep-

resentation is still far from unique—even after choosing
a basis of hyperlogarithms. This is partially due to a
freedom to re-parametrize the quartic in the integration
measure. This redundancy can by resolved by bringing
the elliptic curve encoded by the quartic into a standard
(e.g. Weierstraß ) form, which we now describe.

Toward Canonicalization (via Weierstraß )

One of the advantages of working with hyperloga-
rithms is that all polylogarithmic identities are enforced
within a given choice of fibration basis [9]. In seeking
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hope to realize similar advantages. There are at least
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where the short-hand x ⌘ �1/(1+x) (so that 0 = �1),
G(wi,. . . ;↵) is an ordinary Goncharov polylogarithm [11],

and w1,2⌘
h
↵
�
(↵u3�1)u1�u2+u3

�
�1±

p
Q(↵)

i
/(2↵u2).

This form of Htoy(↵) is not manifestly real, but we have
been careful in our expression above to ensure that the
imaginary parts cancel for su�ciently canonical branch
choices—e.g. the defaults chosen by GiNaC [34].

In the ancillary files to this Letter, we have included
an expression for Htoy(↵) in terms of classical polyloga-
rithms (which is always possible at this weight [35]) that
are manifestly real along the entire contour of integration
↵2 [0,1]. As such, we have realized an expression of this
toy model in the conjectured form (2). However, this rep-

resentation is still far from unique—even after choosing
a basis of hyperlogarithms. This is partially due to a
freedom to re-parametrize the quartic in the integration
measure. This redundancy can by resolved by bringing
the elliptic curve encoded by the quartic into a standard
(e.g. Weierstraß ) form, which we now describe.

Toward Canonicalization (via Weierstraß )

One of the advantages of working with hyperloga-
rithms is that all polylogarithmic identities are enforced
within a given choice of fibration basis [9]. In seeking
a ‘canonical’ form for integrals of the form (2), we thus
hope to realize similar advantages. There are at least
three desiderata one might seek for a preferred repre-
sentation of such integrals: the representation should

Ik 2 span

( 1Z

0

d~↵
N(~↵)

F(~↵, ~u)

)
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Three-loop integrals in this class take under an hour, while four-loop integrals take

under a day. In summary, we find that the machinery for heptagon B goes through

virtually unchanged for octagon A.

3.3.2 Octagon B: Kinematic Novelties at Eight Points

New features occur for the second integral in (3.47). We can cut to the chase slightly,

and immediately consider its L-loop ladder version:

, (3.55)

where the numerators are given in (A.3) of appendix A. Moreover, appendix A

includes a detailed illustration of how the Feynman parameterization of this ladder

integral can be obtained following the methods described in ref. [32].

This family of integrals depends on the five cross-ratios

u1 ⌘ (13;57), u2 ⌘ (25;61), u3 ⌘ (36;72), u4 ⌘ (35;62), u5 ⌘ (71;26). (3.56)

Obviously, octagon B generalizes the family of heptagon A ladders treated in sub-

section 3.2.1; in particular, it smoothly degenerates to them. Thus, we would like to

choose coordinates that smoothly degenerate to the coordinates in subsection 3.2.1.

Concretely, we may choose to parameterize momentum twistors according to the

edge chart of the following plabic graph:

Z(8)

B
⌘

0

B@

1 0 0 e4 0 �1 �1�e2(1+e3) �1�(e2+e5)(1+e3)
1 1 0 0 0 0 �e2e3 �e3(e2+e5)
0 0 1 1+e1e4 1 1 0 0
0 0 0 0 1 1+e1 e1 e1

1

CA .

(3.57)
Viewed as coordinates on twistor space, this corresponds to the charts

e1 ⌘
h1237ih1256i
h1235ih1267i , e2 ⌘

h1235ih1567ih2456i
h1257ih1456ih2356i , e3 ⌘

h1256ih4567i
h1567ih2456i ,

e4 ⌘
h1267ih2345i
h1237ih2456i , e5 ⌘

h1235ih1256ih1678i
h1257ih1268ih1356i .

(3.58)

One can immediately see that the above expressions smoothly degenerate to (3.24)

and (3.25) for z7 kz8, as z8 only occurs in e5, which vanishes in this limit.

In this coordinate chart (3.58), the five cross-ratios (3.56) become
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Dual-Conformal Sufficiency
✦We may now (regulate &) represent all of the 

following integrals in the space of finite, manifestly 
conformal (Feynman-)parametric integrals

!13
where u’s are parity-even cross-ratios:

2

We ignore overall numerical factors, but retain a
kinematic-dependent normalization N about which we
will say more later. (Note that both I

ell
toy and I

ell
db are

finite, such that no regularization is required.)
We now transform (4) into a manifestly dual-

conformally invariant (Feynman-)parametric integral.
This is done by integrating one loop at a time, following
the general strategy described in ref. [10] (to which we
refer the reader for more details). Using the embedding
formalism (see e.g. [32, 33]), we may associate Feynman
parameters to the `1 propagators according to

Y1⌘(1)+�1(3)+�2(5)+�1(`2)⌘(R1)+�1(`2) , (5)
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where in the second line we have used the fact that the
�1 integral is a total derivative. For `2, we introduce
Feynman parameters according to
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to obtain the four-fold representation
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To render this manifestly dual-conformally invariant,
we rescale the Feynman parameters according to
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This form depends directly on the familiar six-particle
cross-ratios u1⌘(13;46), u2⌘(24;51), u3⌘(35;62), with

(ab;cd) ⌘ (a, b)(c, d)
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To see that the integral (9) is elliptic (or at least non-
polylogarithmic), it su�ces to observe that
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where the short-hand x ⌘ �1/(1+x) (so that 0 = �1),
G(wi,. . . ;↵) is an ordinary Goncharov polylogarithm [11],
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This form of Htoy(↵) is not manifestly real, but we have
been careful in our expression above to ensure that the
imaginary parts cancel for su�ciently canonical branch
choices—e.g. the defaults chosen by GiNaC [34].

In the ancillary files to this Letter, we have included
an expression for Htoy(↵) in terms of classical polyloga-
rithms (which is always possible at this weight [35]) that
are manifestly real along the entire contour of integration
↵2 [0,1]. As such, we have realized an expression of this
toy model in the conjectured form (2). However, this rep-

resentation is still far from unique—even after choosing
a basis of hyperlogarithms. This is partially due to a
freedom to re-parametrize the quartic in the integration
measure. This redundancy can by resolved by bringing
the elliptic curve encoded by the quartic into a standard
(e.g. Weierstraß ) form, which we now describe.

Toward Canonicalization (via Weierstraß )

One of the advantages of working with hyperloga-
rithms is that all polylogarithmic identities are enforced
within a given choice of fibration basis [9]. In seeking
a ‘canonical’ form for integrals of the form (2), we thus
hope to realize similar advantages. There are at least
three desiderata one might seek for a preferred repre-
sentation of such integrals: the representation should

Three-loop integrals in this class take under an hour, while four-loop integrals take

under a day. In summary, we find that the machinery for heptagon B goes through

virtually unchanged for octagon A.

3.3.2 Octagon B: Kinematic Novelties at Eight Points

New features occur for the second integral in (3.47). We can cut to the chase slightly,

and immediately consider its L-loop ladder version:

, (3.55)

where the numerators are given in (A.3) of appendix A. Moreover, appendix A

includes a detailed illustration of how the Feynman parameterization of this ladder

integral can be obtained following the methods described in ref. [32].

This family of integrals depends on the five cross-ratios

u1 ⌘ (13;57), u2 ⌘ (25;61), u3 ⌘ (36;72), u4 ⌘ (35;62), u5 ⌘ (71;26). (3.56)

Obviously, octagon B generalizes the family of heptagon A ladders treated in sub-

section 3.2.1; in particular, it smoothly degenerates to them. Thus, we would like to

choose coordinates that smoothly degenerate to the coordinates in subsection 3.2.1.

Concretely, we may choose to parameterize momentum twistors according to the

edge chart of the following plabic graph:
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Viewed as coordinates on twistor space, this corresponds to the charts

e1 ⌘
h1237ih1256i
h1235ih1267i , e2 ⌘

h1235ih1567ih2456i
h1257ih1456ih2356i , e3 ⌘

h1256ih4567i
h1567ih2456i ,

e4 ⌘
h1267ih2345i
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h1235ih1256ih1678i
h1257ih1268ih1356i .

(3.58)

One can immediately see that the above expressions smoothly degenerate to (3.24)

and (3.25) for z7 kz8, as z8 only occurs in e5, which vanishes in this limit.

In this coordinate chart (3.58), the five cross-ratios (3.56) become
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Recognizing the terms in (A.15) from the numerator (A.14) and denominator ingre-

dients in (A.12) and including the parts from previous integrations (and including

numerical constants of proportionality we have mostly ignored in our analysis so far)

we see that we may conclude that
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where we have defined the ingredient functions
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The final step to achieve the representation used in section 3.3 is to rescale the

Feynman parameters in order to render (A.16) in a form which is manifestly dual-

conformally invariant. This will be achieved by
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(Recall that ↵L
2
, a Feynman parameter associated with the dual-point (1), is actually

quite di↵erent from ↵k<L
2

, which are associated with the dual-point (6).)

Under this rescaling, the factors in the denominator of (A.15) all become uni-

form in conformal weights. Because the denominators are uniform in weight, they

are conformal up to a factor which can be absorbed into the numerator. After taking

all these factors into account together with the Jacobians required by the rescal-

ings (A.18) (and allowing for a slight abuse of notation), we obtain the following

representation of the integral:
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where the denominators are given by
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in terms of the cross-ratios (defined as in (3.56)),
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form in conformal weights. Because the denominators are uniform in weight, they
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all these factors into account together with the Jacobians required by the rescal-

ings (A.18) (and allowing for a slight abuse of notation), we obtain the following
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in terms of the cross-ratios (defined as in (3.56)),
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Momentum-Twistor Magic
✦Unsurprisingly (to most of us), momentum twistors 

are (closer to) the right kind of conformal variables

!15

A. Momentum-Twistor Representations of Loop Amplitudes

A.1 Kinematics, Notation, Momentum-Twistor Space, and Conventions

Momentum-twistors are points in the twistor-space of dual-momentum coordinate

space. Dual-momentum coordinates trivialize momentum conservation by describing

the n external momenta {pa} in terms of a closed (hence, momentum-conserving)

polygon of points {xa} according to pa ⌘ xa+1 xa (with xn+1 ' x1 understood).

Notice that the di↵erence between any two of these points, xb and xa for example,

represents a sum of consecutive momenta, xb xa=pa+pa+1+ . . .+pb�1, so that:

(a, b) = (b, a) ⌘ (xb xa)
2 = (pa + pa+1 + . . .+ pb�1)

2
. (A.1)

While dual-momentum coordinates make momentum conservation manifest, the

on-shell condition (that p2a=(a, a+1)=0 for all a) remains a non-trivial constraint on

the xa’s. Partly in order to trivialize these constraints, Andrew Hodges introduced

momentum-twistors in ref. [25]. Momentum-twistors za are points in the twistor-

space (P3) of dual-momentum space—often specified as four-vectors using homoge-

neous coordinates. As with ordinary twistors, points in x-space are mapped to lines

in twistor-space (and vice versa); and two points in x-space are null-separated i↵

their corresponding lines in twistor-space intersect. Two lines in twistor-space in-

tersect i↵ they are linearly dependent, a condition that can be can be tested by the

determinant (the ‘4-bracket’):

ha b c di ⌘ det(za, zb, zc, zd) . (A.2)

As such, any ordered list of n momentum-twistors {za} can be used to define a

polygon whose pairwise-intersecting edges define null-separated points in x-space.

Specifically, we may associate each line (a 1 a)⌘span{za�1, za} in twistor-space with

the point xa in dual-momentum space, and thereby ensure they satisfy (a, a+1)=0.

Notice that this correspondence allows us to take an unconstrained list of n

points {za} in momentum-twistor space and define a set of pairwise null-separated

points {xa} in dual-momentum space, which in turn encode a manifestly momentum-

conserving collection {pa} of null (on-shell) external momenta. This connection be-

tween momenta pa, dual-momentum coordinates xa, and momentum twistors za (with

our conventions) can be illustrated as follows:

(A.3)

– 31 –

[Hodges (2009)]
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‣ manifest the rank of the Gramian



Momentum-Twistor Magic
✦Unsurprisingly (to most of us), momentum twistors 

are (closer to) the right kind of conformal variables

!15

A. Momentum-Twistor Representations of Loop Amplitudes

A.1 Kinematics, Notation, Momentum-Twistor Space, and Conventions

Momentum-twistors are points in the twistor-space of dual-momentum coordinate

space. Dual-momentum coordinates trivialize momentum conservation by describing

the n external momenta {pa} in terms of a closed (hence, momentum-conserving)

polygon of points {xa} according to pa ⌘ xa+1 xa (with xn+1 ' x1 understood).

Notice that the di↵erence between any two of these points, xb and xa for example,

represents a sum of consecutive momenta, xb xa=pa+pa+1+ . . .+pb�1, so that:

(a, b) = (b, a) ⌘ (xb xa)
2 = (pa + pa+1 + . . .+ pb�1)

2
. (A.1)
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tween momenta pa, dual-momentum coordinates xa, and momentum twistors za (with
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– 31 –

[Hodges (2009)]

‣ manifest the rank of the Gramian
‣ no constrained extra degrees of freedom
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While dual-momentum coordinates make momentum conservation manifest, the
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polygon whose pairwise-intersecting edges define null-separated points in x-space.

Specifically, we may associate each line (a 1 a)⌘span{za�1, za} in twistor-space with

the point xa in dual-momentum space, and thereby ensure they satisfy (a, a+1)=0.

Notice that this correspondence allows us to take an unconstrained list of n

points {za} in momentum-twistor space and define a set of pairwise null-separated

points {xa} in dual-momentum space, which in turn encode a manifestly momentum-

conserving collection {pa} of null (on-shell) external momenta. This connection be-

tween momenta pa, dual-momentum coordinates xa, and momentum twistors za (with

our conventions) can be illustrated as follows:
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– 31 –

[Hodges (2009)]

‣ manifest the rank of the Gramian
‣ no constrained extra degrees of freedom
‣ rationalize all 6x6 Gram determinants
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While dual-momentum coordinates make momentum conservation manifest, the

on-shell condition (that p2a=(a, a+1)=0 for all a) remains a non-trivial constraint on

the xa’s. Partly in order to trivialize these constraints, Andrew Hodges introduced

momentum-twistors in ref. [25]. Momentum-twistors za are points in the twistor-

space (P3) of dual-momentum space—often specified as four-vectors using homoge-

neous coordinates. As with ordinary twistors, points in x-space are mapped to lines

in twistor-space (and vice versa); and two points in x-space are null-separated i↵

their corresponding lines in twistor-space intersect. Two lines in twistor-space in-

tersect i↵ they are linearly dependent, a condition that can be can be tested by the

determinant (the ‘4-bracket’):

ha b c di ⌘ det(za, zb, zc, zd) . (A.2)

As such, any ordered list of n momentum-twistors {za} can be used to define a

polygon whose pairwise-intersecting edges define null-separated points in x-space.

Specifically, we may associate each line (a 1 a)⌘span{za�1, za} in twistor-space with

the point xa in dual-momentum space, and thereby ensure they satisfy (a, a+1)=0.

Notice that this correspondence allows us to take an unconstrained list of n

points {za} in momentum-twistor space and define a set of pairwise null-separated

points {xa} in dual-momentum space, which in turn encode a manifestly momentum-

conserving collection {pa} of null (on-shell) external momenta. This connection be-

tween momenta pa, dual-momentum coordinates xa, and momentum twistors za (with

our conventions) can be illustrated as follows:

(A.3)

– 31 –

[Hodges (2009)]

‣ manifest the rank of the Gramian
‣ no constrained extra degrees of freedom
‣ rationalize all 6x6 Gram determinants

‣ positive domain     Euclidean domain⇢
<latexit sha1_base64="7vqp2dSlgqvgUtKqIMBG7o6Rlp8="></latexit><latexit sha1_base64="7vqp2dSlgqvgUtKqIMBG7o6Rlp8="></latexit><latexit sha1_base64="7vqp2dSlgqvgUtKqIMBG7o6Rlp8="></latexit><latexit sha1_base64="7vqp2dSlgqvgUtKqIMBG7o6Rlp8="></latexit>



Momentum-Twistor Magic
✦Unsurprisingly (to most of us), momentum twistors 

are (closer to) the right kind of conformal variables

!15

A. Momentum-Twistor Representations of Loop Amplitudes

A.1 Kinematics, Notation, Momentum-Twistor Space, and Conventions

Momentum-twistors are points in the twistor-space of dual-momentum coordinate

space. Dual-momentum coordinates trivialize momentum conservation by describing

the n external momenta {pa} in terms of a closed (hence, momentum-conserving)

polygon of points {xa} according to pa ⌘ xa+1 xa (with xn+1 ' x1 understood).

Notice that the di↵erence between any two of these points, xb and xa for example,

represents a sum of consecutive momenta, xb xa=pa+pa+1+ . . .+pb�1, so that:

(a, b) = (b, a) ⌘ (xb xa)
2 = (pa + pa+1 + . . .+ pb�1)

2
. (A.1)

While dual-momentum coordinates make momentum conservation manifest, the

on-shell condition (that p2a=(a, a+1)=0 for all a) remains a non-trivial constraint on

the xa’s. Partly in order to trivialize these constraints, Andrew Hodges introduced

momentum-twistors in ref. [25]. Momentum-twistors za are points in the twistor-

space (P3) of dual-momentum space—often specified as four-vectors using homoge-

neous coordinates. As with ordinary twistors, points in x-space are mapped to lines

in twistor-space (and vice versa); and two points in x-space are null-separated i↵

their corresponding lines in twistor-space intersect. Two lines in twistor-space in-

tersect i↵ they are linearly dependent, a condition that can be can be tested by the

determinant (the ‘4-bracket’):

ha b c di ⌘ det(za, zb, zc, zd) . (A.2)

As such, any ordered list of n momentum-twistors {za} can be used to define a

polygon whose pairwise-intersecting edges define null-separated points in x-space.

Specifically, we may associate each line (a 1 a)⌘span{za�1, za} in twistor-space with

the point xa in dual-momentum space, and thereby ensure they satisfy (a, a+1)=0.

Notice that this correspondence allows us to take an unconstrained list of n

points {za} in momentum-twistor space and define a set of pairwise null-separated

points {xa} in dual-momentum space, which in turn encode a manifestly momentum-

conserving collection {pa} of null (on-shell) external momenta. This connection be-

tween momenta pa, dual-momentum coordinates xa, and momentum twistors za (with

our conventions) can be illustrated as follows:

(A.3)

– 31 –

[Golden, Paulos, Spradlin,Volovich; Harrington; McLeod, …]

[Hodges (2009)]

‣ manifest the rank of the Gramian
‣ no constrained extra degrees of freedom
‣ rationalize all 6x6 Gram determinants

‣ positive domain     Euclidean domain
‣ positive domain is a cluster variety

⇢
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A. Momentum-Twistor Representations of Loop Amplitudes

A.1 Kinematics, Notation, Momentum-Twistor Space, and Conventions

Momentum-twistors are points in the twistor-space of dual-momentum coordinate

space. Dual-momentum coordinates trivialize momentum conservation by describing

the n external momenta {pa} in terms of a closed (hence, momentum-conserving)

polygon of points {xa} according to pa ⌘ xa+1 xa (with xn+1 ' x1 understood).

Notice that the di↵erence between any two of these points, xb and xa for example,

represents a sum of consecutive momenta, xb xa=pa+pa+1+ . . .+pb�1, so that:

(a, b) = (b, a) ⌘ (xb xa)
2 = (pa + pa+1 + . . .+ pb�1)

2
. (A.1)

While dual-momentum coordinates make momentum conservation manifest, the

on-shell condition (that p2a=(a, a+1)=0 for all a) remains a non-trivial constraint on

the xa’s. Partly in order to trivialize these constraints, Andrew Hodges introduced

momentum-twistors in ref. [25]. Momentum-twistors za are points in the twistor-

space (P3) of dual-momentum space—often specified as four-vectors using homoge-

neous coordinates. As with ordinary twistors, points in x-space are mapped to lines

in twistor-space (and vice versa); and two points in x-space are null-separated i↵

their corresponding lines in twistor-space intersect. Two lines in twistor-space in-

tersect i↵ they are linearly dependent, a condition that can be can be tested by the

determinant (the ‘4-bracket’):

ha b c di ⌘ det(za, zb, zc, zd) . (A.2)

As such, any ordered list of n momentum-twistors {za} can be used to define a

polygon whose pairwise-intersecting edges define null-separated points in x-space.

Specifically, we may associate each line (a 1 a)⌘span{za�1, za} in twistor-space with

the point xa in dual-momentum space, and thereby ensure they satisfy (a, a+1)=0.

Notice that this correspondence allows us to take an unconstrained list of n

points {za} in momentum-twistor space and define a set of pairwise null-separated

points {xa} in dual-momentum space, which in turn encode a manifestly momentum-

conserving collection {pa} of null (on-shell) external momenta. This connection be-

tween momenta pa, dual-momentum coordinates xa, and momentum twistors za (with

our conventions) can be illustrated as follows:

(A.3)
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Three-loop integrals in this class take under an hour, while four-loop integrals take

under a day. In summary, we find that the machinery for heptagon B goes through

virtually unchanged for octagon A.

3.3.2 Octagon B: Kinematic Novelties at Eight Points

New features occur for the second integral in (3.47). We can cut to the chase slightly,

and immediately consider its L-loop ladder version:

, (3.55)

where the numerators are given in (A.3) of appendix A. Moreover, appendix A

includes a detailed illustration of how the Feynman parameterization of this ladder

integral can be obtained following the methods described in ref. [32].

This family of integrals depends on the five cross-ratios

u1 ⌘ (13;57), u2 ⌘ (25;61), u3 ⌘ (36;72), u4 ⌘ (35;62), u5 ⌘ (71;26). (3.56)

Obviously, octagon B generalizes the family of heptagon A ladders treated in sub-

section 3.2.1; in particular, it smoothly degenerates to them. Thus, we would like to

choose coordinates that smoothly degenerate to the coordinates in subsection 3.2.1.

Concretely, we may choose to parameterize momentum twistors according to the

edge chart of the following plabic graph:

Z(8)

B
⌘

0

B@

1 0 0 e4 0 �1 �1�e2(1+e3) �1�(e2+e5)(1+e3)
1 1 0 0 0 0 �e2e3 �e3(e2+e5)
0 0 1 1+e1e4 1 1 0 0
0 0 0 0 1 1+e1 e1 e1

1

CA .

(3.57)
Viewed as coordinates on twistor space, this corresponds to the charts

e1 ⌘
h1237ih1256i
h1235ih1267i , e2 ⌘

h1235ih1567ih2456i
h1257ih1456ih2356i , e3 ⌘

h1256ih4567i
h1567ih2456i ,

e4 ⌘
h1267ih2345i
h1237ih2456i , e5 ⌘

h1235ih1256ih1678i
h1257ih1268ih1356i .

(3.58)

One can immediately see that the above expressions smoothly degenerate to (3.24)

and (3.25) for z7 kz8, as z8 only occurs in e5, which vanishes in this limit.

In this coordinate chart (3.58), the five cross-ratios (3.56) become

– 31 –

[JB, McLeod, von Hippel, Wilhelm (2018)]
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number of integrals contribute to amplitudes in this theory at two loops. For in-

stance, the integrand corresponding to the MHV amplitude can be represented as

[31]

AL=2,MHV

n =
X

a<b<c<d<a

, (1.1)

wherein each term corresponds to a specific rational function in the external and

loop momenta that takes the form

⌘ (`1,N1)(`2,N2)

(`1,a)(`1,a+1)(`1,b)(`1,b+1)(`1,`2)(`2,c)(`2,c+1)(`2,d)(`2,d+1)
.

(1.2)
The factors Ni are certain tensor numerators (indicated by the wavy lines in (1.1))

that are most easily defined in momentum-twistor space.

One important aspect of (1.1) is that it cleanly separates the integrand into

infrared finite and divergent pieces. This allows us to discuss the ‘finite part’ of the

MHV two-loop amplitude, namely

AL=2,MHV

n,fin =
X

a+1<b<c
c+1<d<a

. (1.3)

The relationship between (1.3) and other characterizations of the finite part of the

amplitude (e.g. the remainder function) is an interesting one—but not one we’ll ad-

dress here. Whatever the relationship, it is clear that these integrals form an impor-

tant part of finite ‘observables’ related to MHV amplitudes at two loops. Moreover,

as is obvious from the structure of (1.2), an expression for the general case should

capture all other cases via degenerations.

A Feynman-parametric integral representation of (1.2) that smoothly degener-

ates in these limits turns out to be reasonably straightforward to construct. More-

over, this representation can be made to depend explicitly on dual-conformal cross-

ratios, via novel methods described in ref. [32]. An integrand in this form is a natural

candidate for direct integration. However, any attempt to carry out this integration

will encounter the obstruction highlighted above—namely, singularities will appear

that are not rationally expressible in the cross-ratios (as is frequently the case with,

e.g., Landau leading singularities).

– 2 –
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Traintracks Through Calabi-Yaus: Amplitudes Beyond Elliptic Polylogarithms
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We describe a family of finite, four-dimensional, L-loop Feynman integrals that involve weight-
(L+1) hyperlogarithms integrated over (L�1)-dimensional elliptically fibered varieties we conjecture
to be Calabi-Yau. At three loops, we identify the relevant K3 explicitly; and we provide strong
evidence that the four-loop integral involves a Calabi-Yau threefold. These integrals are necessary
for the representation of amplitudes in many theories—from massless '4 theory to integrable theories
including maximally supersymmetric Yang-Mills theory in the planar limit—a fact we demonstrate.

INTRODUCTION

The study of scattering amplitudes is on some level the
study of classes of special functions. This is true even
at tree level where, although tree-level scattering ampli-
tudes are generally rational, the analytic, geometric, and
combinatoric aspects of these functions have become a
rich source of insight (see e.g. ref. [1]). Beyond leading
order, loop integration generally results in transcenden-
tal functions, which have been the subject of extensive
research in recent years.

The simplest of these ‘new’ functions are polyloga-
rithms and their generalization to ‘hyperlogarithms’ [2].
Our understanding of such functions has grown enor-
mously in recent years due to a rich interplay between
number theory, analysis, and algebraic geometry (see e.g.
refs. [3–5]). This has fueled corresponding advances in
physics, and today many of the most impressive reaches
into perturbation theory are predicated on an explicit or
implicit assumption about the polylogarithmic nature of
certain classes of integrals [6–8].

Next in complexity are iterated integrals involving el-
liptic curves, often referred to as elliptic polylogarithms.
These integrals have begun to yield to systematic anal-
ysis, and many of the tools previously exclusive to hy-
perlogarithms, such as coactions and symbols, have been
generalized to the elliptic case [9–13].

In this Letter, we describe a class of Feynman integrals
in massless '4 theory that seem to saturate the potential
complexity required by (virtually any) four-dimensional
quantum field theory. Specifically, we study the follow-
ing (conventionally normalized) L-loop Feynman integral
involving (2L+6) massless fields:

T(L)
⌘ . (1)

We call these integrals ‘traintracks’ due to their obvi-
ous resemblance. At one loop, this is the famous ‘four-
mass box’ integral first evaluated in ref. [14]; at two loops,
it is the elliptic double-box integral studied in ref. [15].
For higher loops, these traintrack integrals involve irre-

ducible components defined on higher-dimensional alge-
braic varieties. Thus, these traintracks lay out a path of
increasing complexity: from polylogarithms, to elliptic
polylogarithms, to K3 surfaces and so on. This is not
the first time that such complexities have been seen in
the study of scattering amplitudes. Indeed, a similar se-
quence (also Calabi-Yau) has been observed for massive,
two-dimensional sunset integrals [16–18]. The traintrack
(1) represents the simplest instance of this complexity in
the context of massless theories in four dimensions.
Although defined in the context of massless '4 theory,

the relevance of these integrals to a wider class of quan-
tum field theories is immediate from the point of view of
generalized unitarity [19, 20] (see also refs. [21, 22]), in
which (1) represents an independent loop integrand rele-
vant to many processes in general four-dimensional the-
ories. Because it can appear as a sub-topology of higher-
loop, lower-multiplicity integrals, it is clearly relevant to
even the simplest processes (see e.g. refs. [23, 24]).
Of perhaps more interest to some readers, it turns

out that the traintrack integral (1) represents the en-
tire leading-order contribution to a component amplitude
of planar maximally supersymmetric Yang-Mills (N =4
SYM) theory. We prove this fact using the relationship
between amplitudes in planar N =4 SYM theory and its
deformation to an integrable fishnet theory, within which
(1) arises more directly. It is safe to say that traintracks
have some relevance to amplitudes in virtually all quan-
tum field theories in four dimensions at su�ciently high
loop order or multiplicity.

FEYNMAN PARAMETERIZATION

Let us first derive a Feynman-parametric representa-
tion for the integral (1) that makes manifest both its
weight (2L) and its dual-conformal invariance. To do
this, we first express the ath particle’s momentum as the
di↵erence pa ⌘ (xa+1�xa) between ‘dual-momentum’ x-
coordinates (with cyclic labeling understood). We also
associate the ith loop momentum with the dual point
x`i . In terms of these, we define

(a, b) ⌘ (xa�xa)
2 and (`i, a) ⌘ (x`i�xa)

2. (2)
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order, loop integration generally results in transcenden-
tal functions, which have been the subject of extensive
research in recent years.

The simplest of these ‘new’ functions are polyloga-
rithms and their generalization to ‘hyperlogarithms’ [2].
Our understanding of such functions has grown enor-
mously in recent years due to a rich interplay between
number theory, analysis, and algebraic geometry (see e.g.
refs. [3–5]). This has fueled corresponding advances in
physics, and today many of the most impressive reaches
into perturbation theory are predicated on an explicit or
implicit assumption about the polylogarithmic nature of
certain classes of integrals [6–8].

Next in complexity are iterated integrals involving el-
liptic curves, often referred to as elliptic polylogarithms.
These integrals have begun to yield to systematic anal-
ysis, and many of the tools previously exclusive to hy-
perlogarithms, such as coactions and symbols, have been
generalized to the elliptic case [9–13].

In this Letter, we describe a class of Feynman integrals
in massless '4 theory that seem to saturate the potential
complexity required by (virtually any) four-dimensional
quantum field theory. Specifically, we study the follow-
ing (conventionally normalized) L-loop Feynman integral
involving (2L+6) massless fields:

T(L)
⌘ . (1)

We call these integrals ‘traintracks’ due to their obvi-
ous resemblance. At one loop, this is the famous ‘four-
mass box’ integral first evaluated in ref. [14]; at two loops,
it is the elliptic double-box integral studied in ref. [15].
For higher loops, these traintrack integrals involve irre-

ducible components defined on higher-dimensional alge-
braic varieties. Thus, these traintracks lay out a path of
increasing complexity: from polylogarithms, to elliptic
polylogarithms, to K3 surfaces and so on. This is not
the first time that such complexities have been seen in
the study of scattering amplitudes. Indeed, a similar se-
quence (also Calabi-Yau) has been observed for massive,
two-dimensional sunset integrals [16–18]. The traintrack
(1) represents the simplest instance of this complexity in
the context of massless theories in four dimensions.
Although defined in the context of massless '4 theory,

the relevance of these integrals to a wider class of quan-
tum field theories is immediate from the point of view of
generalized unitarity [19, 20] (see also refs. [21, 22]), in
which (1) represents an independent loop integrand rele-
vant to many processes in general four-dimensional the-
ories. Because it can appear as a sub-topology of higher-
loop, lower-multiplicity integrals, it is clearly relevant to
even the simplest processes (see e.g. refs. [23, 24]).
Of perhaps more interest to some readers, it turns

out that the traintrack integral (1) represents the en-
tire leading-order contribution to a component amplitude
of planar maximally supersymmetric Yang-Mills (N =4
SYM) theory. We prove this fact using the relationship
between amplitudes in planar N =4 SYM theory and its
deformation to an integrable fishnet theory, within which
(1) arises more directly. It is safe to say that traintracks
have some relevance to amplitudes in virtually all quan-
tum field theories in four dimensions at su�ciently high
loop order or multiplicity.

FEYNMAN PARAMETERIZATION

Let us first derive a Feynman-parametric representa-
tion for the integral (1) that makes manifest both its
weight (2L) and its dual-conformal invariance. To do
this, we first express the ath particle’s momentum as the
di↵erence pa ⌘ (xa+1�xa) between ‘dual-momentum’ x-
coordinates (with cyclic labeling understood). We also
associate the ith loop momentum with the dual point
x`i . In terms of these, we define

(a, b) ⌘ (xa�xa)
2 and (`i, a) ⌘ (x`i�xa)

2. (2)
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We describe a family of finite, four-dimensional, L-loop Feynman integrals that involve weight-
(L+1) hyperlogarithms integrated over (L�1)-dimensional elliptically fibered varieties we conjecture
to be Calabi-Yau. At three loops, we identify the relevant K3 explicitly; and we provide strong
evidence that the four-loop integral involves a Calabi-Yau threefold. These integrals are necessary
for the representation of amplitudes in many theories—from massless '4 theory to integrable theories
including maximally supersymmetric Yang-Mills theory in the planar limit—a fact we demonstrate.

INTRODUCTION

The study of scattering amplitudes is on some level the
study of classes of special functions. This is true even
at tree level where, although tree-level scattering ampli-
tudes are generally rational, the analytic, geometric, and
combinatoric aspects of these functions have become a
rich source of insight (see e.g. ref. [1]). Beyond leading
order, loop integration generally results in transcenden-
tal functions, which have been the subject of extensive
research in recent years.

The simplest of these ‘new’ functions are polyloga-
rithms and their generalization to ‘hyperlogarithms’ [2].
Our understanding of such functions has grown enor-
mously in recent years due to a rich interplay between
number theory, analysis, and algebraic geometry (see e.g.
refs. [3–5]). This has fueled corresponding advances in
physics, and today many of the most impressive reaches
into perturbation theory are predicated on an explicit or
implicit assumption about the polylogarithmic nature of
certain classes of integrals [6–8].

Next in complexity are iterated integrals involving el-
liptic curves, often referred to as elliptic polylogarithms.
These integrals have begun to yield to systematic anal-
ysis, and many of the tools previously exclusive to hy-
perlogarithms, such as coactions and symbols, have been
generalized to the elliptic case [9–13].

In this Letter, we describe a class of Feynman integrals
in massless '4 theory that seem to saturate the potential
complexity required by (virtually any) four-dimensional
quantum field theory. Specifically, we study the follow-
ing (conventionally normalized) L-loop Feynman integral
involving (2L+6) massless fields:

T(L)
⌘ . (1)

We call these integrals ‘traintracks’ due to their obvi-
ous resemblance. At one loop, this is the famous ‘four-
mass box’ integral first evaluated in ref. [14]; at two loops,
it is the elliptic double-box integral studied in ref. [15].
For higher loops, these traintrack integrals involve irre-

ducible components defined on higher-dimensional alge-
braic varieties. Thus, these traintracks lay out a path of
increasing complexity: from polylogarithms, to elliptic
polylogarithms, to K3 surfaces and so on. This is not
the first time that such complexities have been seen in
the study of scattering amplitudes. Indeed, a similar se-
quence (also Calabi-Yau) has been observed for massive,
two-dimensional sunset integrals [16–18]. The traintrack
(1) represents the simplest instance of this complexity in
the context of massless theories in four dimensions.
Although defined in the context of massless '4 theory,

the relevance of these integrals to a wider class of quan-
tum field theories is immediate from the point of view of
generalized unitarity [19, 20] (see also refs. [21, 22]), in
which (1) represents an independent loop integrand rele-
vant to many processes in general four-dimensional the-
ories. Because it can appear as a sub-topology of higher-
loop, lower-multiplicity integrals, it is clearly relevant to
even the simplest processes (see e.g. refs. [23, 24]).
Of perhaps more interest to some readers, it turns

out that the traintrack integral (1) represents the en-
tire leading-order contribution to a component amplitude
of planar maximally supersymmetric Yang-Mills (N =4
SYM) theory. We prove this fact using the relationship
between amplitudes in planar N =4 SYM theory and its
deformation to an integrable fishnet theory, within which
(1) arises more directly. It is safe to say that traintracks
have some relevance to amplitudes in virtually all quan-
tum field theories in four dimensions at su�ciently high
loop order or multiplicity.

FEYNMAN PARAMETERIZATION

Let us first derive a Feynman-parametric representa-
tion for the integral (1) that makes manifest both its
weight (2L) and its dual-conformal invariance. To do
this, we first express the ath particle’s momentum as the
di↵erence pa ⌘ (xa+1�xa) between ‘dual-momentum’ x-
coordinates (with cyclic labeling understood). We also
associate the ith loop momentum with the dual point
x`i . In terms of these, we define

(a, b) ⌘ (xa�xa)
2 and (`i, a) ⌘ (x`i�xa)

2. (2)
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2

These dual points are associated with the (Poincaré) dual
of the Feynman graph, which we will label by

, (3)

with each `i attached to the corresponding loop. No-
tice that (ai, ai+1) = (bi, bi+1) = 0, corresponding to the
requirement that the external particles are massless.

In terms of these dual coordinates, the Feynman inte-
gral (1) becomes

T(L)⌘
Z
d4L~̀

QL
j=0(aj , bj)

(`1, a0)
hQL

j=1(`j , `j+1)(`j , aj)(`j , bj)
i , (4)

where `L+1 ⌘ b0 for notational compactness. The fac-
tor in the numerator of (4) has been introduced to en-
sure that the result is dual-conformally invariant (that is,
conformally-invariant in dual-momentum x-space). As
such, the integral should depend exclusively on dual-
conformal cross-ratios

(ab;cd)⌘ (a, b)(c, d)

(a, c)(b, d)
. (5)

Following the methods described in ref. [27], we
Feynman-parameterize the integral (4) within the em-
bedding formalism (one loop at a time) to obtain

T(L)=

1Z

0

⇥
dL~↵

⇤
dL~�

QL
j=0(aj , bj)⇥

(R1, R1) · · · (RL, RL)
⇤
(RL, b0)

, (6)

where

R0⌘↵0(a0), Rk⌘(Rk�1)+↵k(ak)+�k(bk) , (7)

and
⇥
dL~↵

⇤
represents the projective integration measure

over the L+1 Feynman parameters {↵0, . . . ,↵L}. Note

that the ~� integration measure is not projective (but
could be made projective). Rescaling these parameters,

↵k 7!↵k
(a0, bk)

(ak, bk)
, �k 7!�k

(a0, ak)

(ak, bk)
, (8)

and defining

fk⌘
1

2
(Rk, Rk)

(ak, bk)

(a0, ak)(a0, bk)
, gL⌘

(RL, b0)

(a0, b0)
, (9)

results in the manifestly dual-conformally invariant ex-
pression:

T(L)=

1Z

0

⇥
dL~↵

⇤
dL~�

1�
f1 · · · fL

�
gL

,

where

fk⌘(a0ak�1;akbk�1)(ak�1bk;bk�1a0)(akbk;ak�1bk�1)fk�1

+↵0(↵k+�k)+↵k�k +

k�1X

j=1

h
↵j↵k(bja0;ajak)

+↵j�k(bja0;ajbk)+↵k�j(a0aj ;akbj)+�j�k(a0aj ;bkbj)
i
,

gL⌘↵0 +

LX

j=1

h
↵j(bja0;ajb0)+�j(a0aj ;b0bj)

i
.

For the remainder of this work, we will de-projectivize the
(otherwise projective) ~↵ integrations by setting ↵0 ! 1.
The form derived above can be easily seen to match the
representation of ref. [17] for L=2 exactly.
Although the collection of cross-ratios arising in (11)

are multiplicatively independent, the careful reader will
note that their number exceeds that of algebraically in-
dependent cross-ratios—that is, the dimension of the
space of dual-conformal configurations in x-space. In this
case, the integral T(L) should depend on (6L�5) dual-
conformal degrees of freedom. Eliminating these redun-
dancies can be achieved in an elegant way by going to
(lower-dimensional) configurations of momentum-twistor
space as described in ref. [28].

NON-POLYLOGARITHMICITY

The fact that (10) has (L+1) factors in its denominator
immediately implies that it has residues of co-dimension
(at least) (L+1)—signaling at least this degree of ‘poly-
logarithmicity’. To see that no further residues exist
(without restricting kinematics), it su�ces to take the
co-dimension (L+1) residue

Res
{fi=0}
gL=0

 
dL~� d↵L

(f1 · · · fL)gL

!
=

1p
Q(↵1, . . . ,↵L�1)

(10)

and observe that Q is generically an irreducible quartic
in ↵L�1, and of strictly-higher degree in all of the other
parameters. Transforming this quartic Q (in ↵L�1) into
its Weierstraß representation, we have

1p
Q(↵1, . . . ,↵L�1)

7! 1p
4x3�xg2(~z)�g3(~z)

, (11)

where ~z denotes the remaining zi⌘↵i for i=1, . . . , L�2.
This shows that the residue (11) results in an integral
over an elliptically-fibered algebraic variety of dimension
(L�1),

T(L) =

Z
dx dL�2~zp

4x3�g2(~z)x�g3(~z)
G0(x, ~z), (12)

where G0 should be some combination of weight-(L+1)
hyperlogarithms—which we expect will depend in no sim-
ple way on the space parameterized by x, ~z.

GEOMETRY OF THE ELLIPTIC FIBRATION

We have seen that the traintrack integral (1) generally
involves integration over a space defined by the Weier-
straß equation

y2 = 4x3�g2(~z)x�g3(~z), x, y2C , (13)

where the complex numbers ~z can be seen as a�ne co-
ordinates on PL�2. Thus, the geometry of the space S
defined by (14) is that of a complex algebraic variety
elliptically-fibred over PL�2.
For the sake of concreteness, let us first consider the

case of L = 3—where ~z consists of a single variable, z,
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We describe a family of finite, four-dimensional, L-loop Feynman integrals that involve weight-
(L+1) hyperlogarithms integrated over (L�1)-dimensional elliptically fibered varieties we conjecture
to be Calabi-Yau. At three loops, we identify the relevant K3 explicitly; and we provide strong
evidence that the four-loop integral involves a Calabi-Yau threefold. These integrals are necessary
for the representation of amplitudes in many theories—from massless '4 theory to integrable theories
including maximally supersymmetric Yang-Mills theory in the planar limit—a fact we demonstrate.

INTRODUCTION

The study of scattering amplitudes is on some level the
study of classes of special functions. This is true even
at tree level where, although tree-level scattering ampli-
tudes are generally rational, the analytic, geometric, and
combinatoric aspects of these functions have become a
rich source of insight (see e.g. ref. [1]). Beyond leading
order, loop integration generally results in transcenden-
tal functions, which have been the subject of extensive
research in recent years.

The simplest of these ‘new’ functions are polyloga-
rithms and their generalization to ‘hyperlogarithms’ [2].
Our understanding of such functions has grown enor-
mously in recent years due to a rich interplay between
number theory, analysis, and algebraic geometry (see e.g.
refs. [3–5]). This has fueled corresponding advances in
physics, and today many of the most impressive reaches
into perturbation theory are predicated on an explicit or
implicit assumption about the polylogarithmic nature of
certain classes of integrals [6–8].

Next in complexity are iterated integrals involving el-
liptic curves, often referred to as elliptic polylogarithms.
These integrals have begun to yield to systematic anal-
ysis, and many of the tools previously exclusive to hy-
perlogarithms, such as coactions and symbols, have been
generalized to the elliptic case [9–13].

In this Letter, we describe a class of Feynman integrals
in massless '4 theory that seem to saturate the potential
complexity required by (virtually any) four-dimensional
quantum field theory. Specifically, we study the follow-
ing (conventionally normalized) L-loop Feynman integral
involving (2L+6) massless fields:

T(L)
⌘ . (1)

We call these integrals ‘traintracks’ due to their obvi-
ous resemblance. At one loop, this is the famous ‘four-
mass box’ integral first evaluated in ref. [14]; at two loops,
it is the elliptic double-box integral studied in ref. [15].
For higher loops, these traintrack integrals involve irre-

ducible components defined on higher-dimensional alge-
braic varieties. Thus, these traintracks lay out a path of
increasing complexity: from polylogarithms, to elliptic
polylogarithms, to K3 surfaces and so on. This is not
the first time that such complexities have been seen in
the study of scattering amplitudes. Indeed, a similar se-
quence (also Calabi-Yau) has been observed for massive,
two-dimensional sunset integrals [16–18]. The traintrack
(1) represents the simplest instance of this complexity in
the context of massless theories in four dimensions.
Although defined in the context of massless '4 theory,

the relevance of these integrals to a wider class of quan-
tum field theories is immediate from the point of view of
generalized unitarity [19, 20] (see also refs. [21, 22]), in
which (1) represents an independent loop integrand rele-
vant to many processes in general four-dimensional the-
ories. Because it can appear as a sub-topology of higher-
loop, lower-multiplicity integrals, it is clearly relevant to
even the simplest processes (see e.g. refs. [23, 24]).
Of perhaps more interest to some readers, it turns

out that the traintrack integral (1) represents the en-
tire leading-order contribution to a component amplitude
of planar maximally supersymmetric Yang-Mills (N =4
SYM) theory. We prove this fact using the relationship
between amplitudes in planar N =4 SYM theory and its
deformation to an integrable fishnet theory, within which
(1) arises more directly. It is safe to say that traintracks
have some relevance to amplitudes in virtually all quan-
tum field theories in four dimensions at su�ciently high
loop order or multiplicity.

FEYNMAN PARAMETERIZATION

Let us first derive a Feynman-parametric representa-
tion for the integral (1) that makes manifest both its
weight (2L) and its dual-conformal invariance. To do
this, we first express the ath particle’s momentum as the
di↵erence pa ⌘ (xa+1�xa) between ‘dual-momentum’ x-
coordinates (with cyclic labeling understood). We also
associate the ith loop momentum with the dual point
x`i . In terms of these, we define

(a, b) ⌘ (xa�xa)
2 and (`i, a) ⌘ (x`i�xa)

2. (2)
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These dual points are associated with the (Poincaré) dual
of the Feynman graph, which we will label by

, (3)

with each `i attached to the corresponding loop. No-
tice that (ai, ai+1) = (bi, bi+1) = 0, corresponding to the
requirement that the external particles are massless.

In terms of these dual coordinates, the Feynman inte-
gral (1) becomes
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j=1(`j , `j+1)(`j , aj)(`j , bj)
i , (4)

where `L+1 ⌘ b0 for notational compactness. The fac-
tor in the numerator of (4) has been introduced to en-
sure that the result is dual-conformally invariant (that is,
conformally-invariant in dual-momentum x-space). As
such, the integral should depend exclusively on dual-
conformal cross-ratios

(ab;cd)⌘ (a, b)(c, d)

(a, c)(b, d)
. (5)

Following the methods described in ref. [27], we
Feynman-parameterize the integral (4) within the em-
bedding formalism (one loop at a time) to obtain

T(L)=

1Z

0

⇥
dL~↵

⇤
dL~�

QL
j=0(aj , bj)⇥

(R1, R1) · · · (RL, RL)
⇤
(RL, b0)

, (6)

where

R0⌘↵0(a0), Rk⌘(Rk�1)+↵k(ak)+�k(bk) , (7)

and
⇥
dL~↵

⇤
represents the projective integration measure

over the L+1 Feynman parameters {↵0, . . . ,↵L}. Note

that the ~� integration measure is not projective (but
could be made projective). Rescaling these parameters,

↵k 7!↵k
(a0, bk)

(ak, bk)
, �k 7!�k

(a0, ak)

(ak, bk)
, (8)

and defining

fk⌘
1

2
(Rk, Rk)

(ak, bk)

(a0, ak)(a0, bk)
, gL⌘

(RL, b0)

(a0, b0)
, (9)

results in the manifestly dual-conformally invariant ex-
pression:

T(L)=

1Z

0

⇥
dL~↵

⇤
dL~�

1�
f1 · · · fL

�
gL

,

where

fk⌘(a0ak�1;akbk�1)(ak�1bk;bk�1a0)(akbk;ak�1bk�1)fk�1

+↵0(↵k+�k)+↵k�k +

k�1X

j=1

h
↵j↵k(bja0;ajak)

+↵j�k(bja0;ajbk)+↵k�j(a0aj ;akbj)+�j�k(a0aj ;bkbj)
i
,

gL⌘↵0 +

LX

j=1

h
↵j(bja0;ajb0)+�j(a0aj ;b0bj)

i
.

For the remainder of this work, we will de-projectivize the
(otherwise projective) ~↵ integrations by setting ↵0 ! 1.
The form derived above can be easily seen to match the
representation of ref. [17] for L=2 exactly.
Although the collection of cross-ratios arising in (11)

are multiplicatively independent, the careful reader will
note that their number exceeds that of algebraically in-
dependent cross-ratios—that is, the dimension of the
space of dual-conformal configurations in x-space. In this
case, the integral T(L) should depend on (6L�5) dual-
conformal degrees of freedom. Eliminating these redun-
dancies can be achieved in an elegant way by going to
(lower-dimensional) configurations of momentum-twistor
space as described in ref. [28].

NON-POLYLOGARITHMICITY

The fact that (10) has (L+1) factors in its denominator
immediately implies that it has residues of co-dimension
(at least) (L+1)—signaling at least this degree of ‘poly-
logarithmicity’. To see that no further residues exist
(without restricting kinematics), it su�ces to take the
co-dimension (L+1) residue

Res
{fi=0}
gL=0

 
dL~� d↵L

(f1 · · · fL)gL

!
=

1p
Q(↵1, . . . ,↵L�1)

(10)

and observe that Q is generically an irreducible quartic
in ↵L�1, and of strictly-higher degree in all of the other
parameters. Transforming this quartic Q (in ↵L�1) into
its Weierstraß representation, we have

1p
Q(↵1, . . . ,↵L�1)

7! 1p
4x3�xg2(~z)�g3(~z)

, (11)

where ~z denotes the remaining zi⌘↵i for i=1, . . . , L�2.
This shows that the residue (11) results in an integral
over an elliptically-fibered algebraic variety of dimension
(L�1),

T(L) =

Z
dx dL�2~zp

4x3�g2(~z)x�g3(~z)
G0(x, ~z), (12)

where G0 should be some combination of weight-(L+1)
hyperlogarithms—which we expect will depend in no sim-
ple way on the space parameterized by x, ~z.

GEOMETRY OF THE ELLIPTIC FIBRATION

We have seen that the traintrack integral (1) generally
involves integration over a space defined by the Weier-
straß equation

y2 = 4x3�g2(~z)x�g3(~z), x, y2C , (13)

where the complex numbers ~z can be seen as a�ne co-
ordinates on PL�2. Thus, the geometry of the space S
defined by (14) is that of a complex algebraic variety
elliptically-fibred over PL�2.
For the sake of concreteness, let us first consider the

case of L = 3—where ~z consists of a single variable, z,

2

These dual points are associated with the (Poincaré) dual
of the Feynman graph, which we will label by

, (3)

with each `i attached to the corresponding loop. No-
tice that (ai, ai+1) = (bi, bi+1) = 0, corresponding to the
requirement that the external particles are massless.

In terms of these dual coordinates, the Feynman inte-
gral (1) becomes
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hQL
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conformally-invariant in dual-momentum x-space). As
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of the Feynman graph, which we will label by

, (3)

with each `i attached to the corresponding loop. No-
tice that (ai, ai+1) = (bi, bi+1) = 0, corresponding to the
requirement that the external particles are massless.

In terms of these dual coordinates, the Feynman inte-
gral (1) becomes

T(L)⌘
Z
d4L~̀

QL
j=0(aj , bj)

(`1, a0)
hQL

j=1(`j , `j+1)(`j , aj)(`j , bj)
i , (4)

where `L+1 ⌘ b0 for notational compactness. The fac-
tor in the numerator of (4) has been introduced to en-
sure that the result is dual-conformally invariant (that is,
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Following the methods described in ref. [27], we
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bedding formalism (one loop at a time) to obtain
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1Z

0

⇥
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where
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represents the projective integration measure
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1Z
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, (10)

where
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For the remainder of this work, we will de-projectivize the
(otherwise projective) ~↵ integrations by setting ↵0 ! 1.
The form derived above can be easily seen to match the
representation of ref. [17] for L=2 exactly.
Although the collection of cross-ratios arising in (10)

are multiplicatively independent, the careful reader will
note that their number exceeds that of algebraically in-
dependent cross-ratios—that is, the dimension of the
space of dual-conformal configurations in x-space. In this
case, the integral T(L) should depend on (6L�5) dual-
conformal degrees of freedom. Eliminating these redun-
dancies can be achieved in an elegant way by going to
(lower-dimensional) configurations of momentum-twistor
space as described in ref. [28].

NON-POLYLOGARITHMICITY

The fact that (10) has (L+1) factors in its denominator
immediately implies that it has residues of co-dimension
(at least) (L+1)—signaling at least this degree of ‘poly-
logarithmicity’. To see that no further residues exist
(without restricting kinematics), it su�ces to take the
co-dimension (L+1) residue

Res
{fi=0}
gL=0

 
dL~� d↵L

(f1 · · · fL)gL

!
=

1p
Q(↵1, . . . ,↵L�1)

(12)

and observe that Q is generically an irreducible quartic
in ↵L�1, and of strictly-higher degree in all of the other
parameters. Transforming this quartic Q (in ↵L�1) into
its Weierstraß representation, we have

1p
Q(↵1, . . . ,↵L�1)

7! 1p
4x3�xg2(~z)�g3(~z)

, (13)

where ~z denotes the remaining zi⌘↵i for i=1, . . . , L�2.
This shows that the residue (10) results in an integral
over an elliptically-fibered algebraic variety of dimension
(L�1),

T(L) =

Z
dx dL�2~zp

4x3�g2(~z)x�g3(~z)
G0(x, ~z), (14)

where G0 should be some combination of weight-(L+1)
hyperlogarithms—which we expect will depend in no sim-
ple way on the space parameterized by x, ~z.

GEOMETRY OF THE ELLIPTIC FIBRATION

We have seen that the traintrack integral (1) generally
involves integration over a space defined by the Weier-
straß equation

y2 = 4x3�g2(~z)x�g3(~z), x, y2C , (15)

where the complex numbers ~z can be seen as a�ne co-
ordinates on PL�2. Thus, the geometry of the space S
defined by (13) is that of a complex algebraic variety
elliptically-fibred over PL�2.
For the sake of concreteness, let us first consider the

case of L = 3—where ~z consists of a single variable, z,
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We describe a family of finite, four-dimensional, L-loop Feynman integrals that involve weight-
(L+1) hyperlogarithms integrated over (L�1)-dimensional elliptically fibered varieties we conjecture
to be Calabi-Yau. At three loops, we identify the relevant K3 explicitly; and we provide strong
evidence that the four-loop integral involves a Calabi-Yau threefold. These integrals are necessary
for the representation of amplitudes in many theories—from massless '4 theory to integrable theories
including maximally supersymmetric Yang-Mills theory in the planar limit—a fact we demonstrate.

INTRODUCTION

The study of scattering amplitudes is on some level the
study of classes of special functions. This is true even
at tree level where, although tree-level scattering ampli-
tudes are generally rational, the analytic, geometric, and
combinatoric aspects of these functions have become a
rich source of insight (see e.g. ref. [1]). Beyond leading
order, loop integration generally results in transcenden-
tal functions, which have been the subject of extensive
research in recent years.

The simplest of these ‘new’ functions are polyloga-
rithms and their generalization to ‘hyperlogarithms’ [2].
Our understanding of such functions has grown enor-
mously in recent years due to a rich interplay between
number theory, analysis, and algebraic geometry (see e.g.
refs. [3–5]). This has fueled corresponding advances in
physics, and today many of the most impressive reaches
into perturbation theory are predicated on an explicit or
implicit assumption about the polylogarithmic nature of
certain classes of integrals [6–8].

Next in complexity are iterated integrals involving el-
liptic curves, often referred to as elliptic polylogarithms.
These integrals have begun to yield to systematic anal-
ysis, and many of the tools previously exclusive to hy-
perlogarithms, such as coactions and symbols, have been
generalized to the elliptic case [9–13].

In this Letter, we describe a class of Feynman integrals
in massless '4 theory that seem to saturate the potential
complexity required by (virtually any) four-dimensional
quantum field theory. Specifically, we study the follow-
ing (conventionally normalized) L-loop Feynman integral
involving (2L+6) massless fields:

T(L)
⌘ . (1)

We call these integrals ‘traintracks’ due to their obvi-
ous resemblance. At one loop, this is the famous ‘four-
mass box’ integral first evaluated in ref. [14]; at two loops,
it is the elliptic double-box integral studied in ref. [15].
For higher loops, these traintrack integrals involve irre-

ducible components defined on higher-dimensional alge-
braic varieties. Thus, these traintracks lay out a path of
increasing complexity: from polylogarithms, to elliptic
polylogarithms, to K3 surfaces and so on. This is not
the first time that such complexities have been seen in
the study of scattering amplitudes. Indeed, a similar se-
quence (also Calabi-Yau) has been observed for massive,
two-dimensional sunset integrals [16–18]. The traintrack
(1) represents the simplest instance of this complexity in
the context of massless theories in four dimensions.
Although defined in the context of massless '4 theory,

the relevance of these integrals to a wider class of quan-
tum field theories is immediate from the point of view of
generalized unitarity [19, 20] (see also refs. [21, 22]), in
which (1) represents an independent loop integrand rele-
vant to many processes in general four-dimensional the-
ories. Because it can appear as a sub-topology of higher-
loop, lower-multiplicity integrals, it is clearly relevant to
even the simplest processes (see e.g. refs. [23, 24]).
Of perhaps more interest to some readers, it turns

out that the traintrack integral (1) represents the en-
tire leading-order contribution to a component amplitude
of planar maximally supersymmetric Yang-Mills (N =4
SYM) theory. We prove this fact using the relationship
between amplitudes in planar N =4 SYM theory and its
deformation to an integrable fishnet theory, within which
(1) arises more directly. It is safe to say that traintracks
have some relevance to amplitudes in virtually all quan-
tum field theories in four dimensions at su�ciently high
loop order or multiplicity.

FEYNMAN PARAMETERIZATION

Let us first derive a Feynman-parametric representa-
tion for the integral (1) that makes manifest both its
weight (2L) and its dual-conformal invariance. To do
this, we first express the ath particle’s momentum as the
di↵erence pa ⌘ (xa+1�xa) between ‘dual-momentum’ x-
coordinates (with cyclic labeling understood). We also
associate the ith loop momentum with the dual point
x`i . In terms of these, we define

(a, b) ⌘ (xa�xa)
2 and (`i, a) ⌘ (x`i�xa)

2. (2)
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however, equals 23 and thus explicitly we seemingly vio-
late the Calabi-Yau condition. This need not worry us,
however, since it merely means that the variety S defined
by (15) with gi as in (19), if it were Calabi-Yau, is not
realizable as a hypersurface in weighted P4. Neverthe-
less, we have explicitly checked using [44], for a general
choice of coe�cients in (19), that the surface S is irre-
ducible, smooth, and complex dimension 3, together with
the canonical sheaf KS '

V3 T ⇤
S being the trivial line-

bundle OS ; therefore, S is a Calabi-Yau threefold. Since
there is a classification of elliptic Calabi-Yau threefolds
[45], it would be interesting to identify our particular S.

We expect this behavior to continue to higher loops,
with the elliptically fibered variety described by (15) al-
ways being a Calabi-Yau (L�1)-fold. We leave the proof
of this, together with a more thorough investigation of
the specific varieties along this sequence, to future work.

TRAINTRACKS AS AMPLITUDES IN N =4 SYM

Let us now demonstrate the claim made in the in-
troduction that the traintrack integral (1), in addition
to contributing to massless '4 theory, is an unavoidable
contribution to amplitudes in planar N =4 SYM theory.
This is a simple consequence of the fact that there ex-
ists a component amplitude of planar N =4 SYM theory
for which (1) represents the entire (leading) contribution!
That is, we want to show that the L-loop contribution to
the component amplitude

A
� L+1z }| {
'12, . . .,'12,'13,'13,

L+1z }| {
'34, . . .,'34,'24,'24

�
(20)

is computed by the single scalar Feynman integral

. (21)

This integral is the same as T(L) (upon dividing by the
numerator introduced in (4)). To be clear, (20) denotes
the bosonic component

Z�
d⌘̃11 · · ·d⌘̃

1
L+3

��
d⌘̃2n�1· · ·d⌘̃

2
L+1

�

�
d⌘̃3L+2· · ·d⌘̃

3
n�2

��
d⌘̃4L+4· · ·d⌘̃

4
n

�
A

(k=L+1),L
n=2L+6

(22)

of the (2L+6)-point NL+1MHV amplitude, where ⌘̃ are
the Graßmann variables of Nair’s N = 4 on-shell super-
field [46]. This component vanishes below L loops.

The claim above has already been noted for L=2 loops
by the authors of ref. [47]. The general case follows as
a simple consequence of the relationship between pla-
nar N =4 SYM theory and an integrable fishnet theory
[48–50].

In this fishnet theory, there exists only a single single-
trace interaction vertex, Tr

�
'12'13'34'24

�
. This theory

is not unitary, but it is (dual) conformal—and indeed,

integrable—in the planar limit. It is easy to appreciate
that very few Feynman diagrams contribute to the fishnet
theory at any loop order; and likewise easy to see that
(21) is the only one which contributes to the amplitude
for this configuration of fields in the planar limit.
The fact that (21) is also the (entire) amplitude in pla-

nar N =4 SYM theory follows from the way in which the
fishnet theory is obtained as a certain double-scaling limit
of the �i-deformation of N =4 SYM theory [51]. This de-
formation can be formulated by replacing every product
in the action by a Moyal-like ?-product [52], which in-
troduces a phase that depends on the SU(4)R charges of
the respective fields. There is a theorem [53] that every
planar Feynman diagram in the deformed theory is given
by its value in the undeformed theory times the phase
of the ?-product of its external field in cyclic order. As
a corollary, the same relation holds for planar scattering
amplitudes [54].1 This concludes the proof that the com-
ponent amplitude (20) is (up to some constant) given by
the same integral as in the fishnet theory—namely, (21).
Finally, let us note the stark contrast between the rich

structure we uncover here in planar scattering amplitudes
in N =4 SYM theory and the planar spectrum of scaling
dimensions of composite operators in this theory, which
via integrability is conjectured to be given by multiple
zeta values at all loop orders [56].

CONCLUSIONS

We have defined a class of ‘traintrack’ integrals (1)
that increase in complexity with increasing loop order,
from dilogarithms at one loop to elliptic behavior at two
loops to a K3 at three loops and a Calabi-Yau threefold
at four loops. The curves defined by this sequence are
elliptically fibered, and we have conjectured that they
are Calabi-Yau to any order. As both diagrams in mass-
less '4 theory and components of the superamplitude in
planar N =4 SYM theory, they should contribute gener-
ically to a wide range of quantum field theories in four
dimensions.
Working with these integrals will demand the develop-

ment of new tools beyond those currently available. The
symbol and coaction of polylogarithmic functions have
proven extremely useful, and similar tools have recently
been developed for elliptic polylogarithms [9, 13]. Such
tools would seem to be much more di�cult to develop for
K3 and higher functions. Still, it would be interesting to
see if these functions can be understood one day on the
same level as their polylogarithmic cousins.
It would be intriguing to investigate the behavior of

these functions to all orders. Ladder integrals have been
understood to all orders for quite some time, and have

1
However, this theorem cannot be applied to form factors or corre-

lation functions of operators that carry nontrivial R-charge [55].
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These dual points are associated with the (Poincaré) dual
of the Feynman graph, which we will label by

, (3)

with each `i attached to the corresponding loop. No-
tice that (ai, ai+1) = (bi, bi+1) = 0, corresponding to the
requirement that the external particles are massless.

In terms of these dual coordinates, the Feynman inte-
gral (1) becomes

T(L)⌘
Z
d4L~̀

QL
j=0(aj , bj)

(`1, a0)
hQL

j=1(`j , `j+1)(`j , aj)(`j , bj)
i , (4)

where `L+1 ⌘ b0 for notational compactness. The fac-
tor in the numerator of (4) has been introduced to en-
sure that the result is dual-conformally invariant (that is,
conformally-invariant in dual-momentum x-space). As
such, the integral should depend exclusively on dual-
conformal cross-ratios

(ab;cd)⌘ (a, b)(c, d)

(a, c)(b, d)
. (5)

Following the methods described in ref. [27], we
Feynman-parameterize the integral (4) within the em-
bedding formalism (one loop at a time) to obtain

T(L)=

1Z

0

⇥
dL~↵

⇤
dL~�

QL
j=0(aj , bj)⇥

(R1, R1) · · · (RL, RL)
⇤
(RL, b0)

, (6)

where

R0⌘↵0(a0), Rk⌘(Rk�1)+↵k(ak)+�k(bk) , (7)

and
⇥
dL~↵

⇤
represents the projective integration measure

over the L+1 Feynman parameters {↵0, . . . ,↵L}. Note

that the ~� integration measure is not projective (but
could be made projective). Rescaling these parameters,

↵k 7!↵k
(a0, bk)

(ak, bk)
, �k 7!�k

(a0, ak)

(ak, bk)
, (8)

and defining

fk⌘
1

2
(Rk, Rk)

(ak, bk)

(a0, ak)(a0, bk)
, gL⌘

(RL, b0)

(a0, b0)
, (9)

results in the manifestly dual-conformally invariant ex-
pression:

T(L)=

1Z

0

⇥
dL~↵

⇤
dL~�

1�
f1 · · · fL

�
gL

,

where

fk⌘(a0ak�1;akbk�1)(ak�1bk;bk�1a0)(akbk;ak�1bk�1)fk�1

+↵0(↵k+�k)+↵k�k +

k�1X

j=1

h
↵j↵k(bja0;ajak)

+↵j�k(bja0;ajbk)+↵k�j(a0aj ;akbj)+�j�k(a0aj ;bkbj)
i
,

gL⌘↵0 +

LX

j=1

h
↵j(bja0;ajb0)+�j(a0aj ;b0bj)

i
.

For the remainder of this work, we will de-projectivize the
(otherwise projective) ~↵ integrations by setting ↵0 ! 1.
The form derived above can be easily seen to match the
representation of ref. [17] for L=2 exactly.
Although the collection of cross-ratios arising in (11)

are multiplicatively independent, the careful reader will
note that their number exceeds that of algebraically in-
dependent cross-ratios—that is, the dimension of the
space of dual-conformal configurations in x-space. In this
case, the integral T(L) should depend on (6L�5) dual-
conformal degrees of freedom. Eliminating these redun-
dancies can be achieved in an elegant way by going to
(lower-dimensional) configurations of momentum-twistor
space as described in ref. [28].

NON-POLYLOGARITHMICITY

The fact that (10) has (L+1) factors in its denominator
immediately implies that it has residues of co-dimension
(at least) (L+1)—signaling at least this degree of ‘poly-
logarithmicity’. To see that no further residues exist
(without restricting kinematics), it su�ces to take the
co-dimension (L+1) residue

Res
{fi=0}
gL=0

 
dL~� d↵L

(f1 · · · fL)gL

!
=

1p
Q(↵1, . . . ,↵L�1)

(10)

and observe that Q is generically an irreducible quartic
in ↵L�1, and of strictly-higher degree in all of the other
parameters. Transforming this quartic Q (in ↵L�1) into
its Weierstraß representation, we have

1p
Q(↵1, . . . ,↵L�1)

7! 1p
4x3�xg2(~z)�g3(~z)

, (11)

where ~z denotes the remaining zi⌘↵i for i=1, . . . , L�2.
This shows that the residue (11) results in an integral
over an elliptically-fibered algebraic variety of dimension
(L�1),

T(L) =

Z
dx dL�2~zp

4x3�g2(~z)x�g3(~z)
G0(x, ~z), (12)

where G0 should be some combination of weight-(L+1)
hyperlogarithms—which we expect will depend in no sim-
ple way on the space parameterized by x, ~z.

GEOMETRY OF THE ELLIPTIC FIBRATION

We have seen that the traintrack integral (1) generally
involves integration over a space defined by the Weier-
straß equation

y2 = 4x3�g2(~z)x�g3(~z), x, y2C , (13)

where the complex numbers ~z can be seen as a�ne co-
ordinates on PL�2. Thus, the geometry of the space S
defined by (14) is that of a complex algebraic variety
elliptically-fibred over PL�2.
For the sake of concreteness, let us first consider the

case of L = 3—where ~z consists of a single variable, z,
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1Z
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where

fk⌘(a0ak�1;akbk�1)(ak�1bk;bk�1a0)(akbk;ak�1bk�1)fk�1
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For the remainder of this work, we will de-projectivize the
(otherwise projective) ~↵ integrations by setting ↵0 ! 1.
The form derived above can be easily seen to match the
representation of ref. [17] for L=2 exactly.
Although the collection of cross-ratios arising in (10)

are multiplicatively independent, the careful reader will
note that their number exceeds that of algebraically in-
dependent cross-ratios—that is, the dimension of the
space of dual-conformal configurations in x-space. In this
case, the integral T(L) should depend on (6L�5) dual-
conformal degrees of freedom. Eliminating these redun-
dancies can be achieved in an elegant way by going to
(lower-dimensional) configurations of momentum-twistor
space as described in ref. [28].

NON-POLYLOGARITHMICITY

The fact that (10) has (L+1) factors in its denominator
immediately implies that it has residues of co-dimension
(at least) (L+1)—signaling at least this degree of ‘poly-
logarithmicity’. To see that no further residues exist
(without restricting kinematics), it su�ces to take the
co-dimension (L+1) residue

Res
{fi=0}
gL=0

 
dL~� d↵L

(f1 · · · fL)gL

!
=

1p
Q(↵1, . . . ,↵L�1)

(12)

and observe that Q is generically an irreducible quartic
in ↵L�1, and of strictly-higher degree in all of the other
parameters. Transforming this quartic Q (in ↵L�1) into
its Weierstraß representation, we have

1p
Q(↵1, . . . ,↵L�1)

7! 1p
4x3�xg2(~z)�g3(~z)

, (13)

where ~z denotes the remaining zi⌘↵i for i=1, . . . , L�2.
This shows that the residue (10) results in an integral
over an elliptically-fibered algebraic variety of dimension
(L�1),

T(L) =

Z
dx dL�2~zp

4x3�g2(~z)x�g3(~z)
G0(x, ~z), (14)

where G0 should be some combination of weight-(L+1)
hyperlogarithms—which we expect will depend in no sim-
ple way on the space parameterized by x, ~z.

GEOMETRY OF THE ELLIPTIC FIBRATION

We have seen that the traintrack integral (1) generally
involves integration over a space defined by the Weier-
straß equation

y2 = 4x3�g2(~z)x�g3(~z), x, y2C , (15)

where the complex numbers ~z can be seen as a�ne co-
ordinates on PL�2. Thus, the geometry of the space S
defined by (13) is that of a complex algebraic variety
elliptically-fibred over PL�2.
For the sake of concreteness, let us first consider the

case of L = 3—where ~z consists of a single variable, z,
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We describe a family of finite, four-dimensional, L-loop Feynman integrals that involve weight-
(L+1) hyperlogarithms integrated over (L�1)-dimensional elliptically fibered varieties we conjecture
to be Calabi-Yau. At three loops, we identify the relevant K3 explicitly; and we provide strong
evidence that the four-loop integral involves a Calabi-Yau threefold. These integrals are necessary
for the representation of amplitudes in many theories—from massless '4 theory to integrable theories
including maximally supersymmetric Yang-Mills theory in the planar limit—a fact we demonstrate.

INTRODUCTION

The study of scattering amplitudes is on some level the
study of classes of special functions. This is true even
at tree level where, although tree-level scattering ampli-
tudes are generally rational, the analytic, geometric, and
combinatoric aspects of these functions have become a
rich source of insight (see e.g. ref. [1]). Beyond leading
order, loop integration generally results in transcenden-
tal functions, which have been the subject of extensive
research in recent years.

The simplest of these ‘new’ functions are polyloga-
rithms and their generalization to ‘hyperlogarithms’ [2].
Our understanding of such functions has grown enor-
mously in recent years due to a rich interplay between
number theory, analysis, and algebraic geometry (see e.g.
refs. [3–5]). This has fueled corresponding advances in
physics, and today many of the most impressive reaches
into perturbation theory are predicated on an explicit or
implicit assumption about the polylogarithmic nature of
certain classes of integrals [6–8].

Next in complexity are iterated integrals involving el-
liptic curves, often referred to as elliptic polylogarithms.
These integrals have begun to yield to systematic anal-
ysis, and many of the tools previously exclusive to hy-
perlogarithms, such as coactions and symbols, have been
generalized to the elliptic case [9–13].

In this Letter, we describe a class of Feynman integrals
in massless '4 theory that seem to saturate the potential
complexity required by (virtually any) four-dimensional
quantum field theory. Specifically, we study the follow-
ing (conventionally normalized) L-loop Feynman integral
involving (2L+6) massless fields:

T(L)
⌘ . (1)

We call these integrals ‘traintracks’ due to their obvi-
ous resemblance. At one loop, this is the famous ‘four-
mass box’ integral first evaluated in ref. [14]; at two loops,
it is the elliptic double-box integral studied in ref. [15].
For higher loops, these traintrack integrals involve irre-

ducible components defined on higher-dimensional alge-
braic varieties. Thus, these traintracks lay out a path of
increasing complexity: from polylogarithms, to elliptic
polylogarithms, to K3 surfaces and so on. This is not
the first time that such complexities have been seen in
the study of scattering amplitudes. Indeed, a similar se-
quence (also Calabi-Yau) has been observed for massive,
two-dimensional sunset integrals [16–18]. The traintrack
(1) represents the simplest instance of this complexity in
the context of massless theories in four dimensions.
Although defined in the context of massless '4 theory,

the relevance of these integrals to a wider class of quan-
tum field theories is immediate from the point of view of
generalized unitarity [19, 20] (see also refs. [21, 22]), in
which (1) represents an independent loop integrand rele-
vant to many processes in general four-dimensional the-
ories. Because it can appear as a sub-topology of higher-
loop, lower-multiplicity integrals, it is clearly relevant to
even the simplest processes (see e.g. refs. [23, 24]).
Of perhaps more interest to some readers, it turns

out that the traintrack integral (1) represents the en-
tire leading-order contribution to a component amplitude
of planar maximally supersymmetric Yang-Mills (N =4
SYM) theory. We prove this fact using the relationship
between amplitudes in planar N =4 SYM theory and its
deformation to an integrable fishnet theory, within which
(1) arises more directly. It is safe to say that traintracks
have some relevance to amplitudes in virtually all quan-
tum field theories in four dimensions at su�ciently high
loop order or multiplicity.

FEYNMAN PARAMETERIZATION

Let us first derive a Feynman-parametric representa-
tion for the integral (1) that makes manifest both its
weight (2L) and its dual-conformal invariance. To do
this, we first express the ath particle’s momentum as the
di↵erence pa ⌘ (xa+1�xa) between ‘dual-momentum’ x-
coordinates (with cyclic labeling understood). We also
associate the ith loop momentum with the dual point
x`i . In terms of these, we define

(a, b) ⌘ (xa�xa)
2 and (`i, a) ⌘ (x`i�xa)

2. (2)
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however, equals 23 and thus explicitly we seemingly vio-
late the Calabi-Yau condition. This need not worry us,
however, since it merely means that the variety S defined
by (15) with gi as in (19), if it were Calabi-Yau, is not
realizable as a hypersurface in weighted P4. Neverthe-
less, we have explicitly checked using [44], for a general
choice of coe�cients in (19), that the surface S is irre-
ducible, smooth, and complex dimension 3, together with
the canonical sheaf KS '

V3 T ⇤
S being the trivial line-

bundle OS ; therefore, S is a Calabi-Yau threefold. Since
there is a classification of elliptic Calabi-Yau threefolds
[45], it would be interesting to identify our particular S.

We expect this behavior to continue to higher loops,
with the elliptically fibered variety described by (15) al-
ways being a Calabi-Yau (L�1)-fold. We leave the proof
of this, together with a more thorough investigation of
the specific varieties along this sequence, to future work.

TRAINTRACKS AS AMPLITUDES IN N =4 SYM

Let us now demonstrate the claim made in the in-
troduction that the traintrack integral (1), in addition
to contributing to massless '4 theory, is an unavoidable
contribution to amplitudes in planar N =4 SYM theory.
This is a simple consequence of the fact that there ex-
ists a component amplitude of planar N =4 SYM theory
for which (1) represents the entire (leading) contribution!
That is, we want to show that the L-loop contribution to
the component amplitude

A
� L+1z }| {
'12, . . .,'12,'13,'13,

L+1z }| {
'34, . . .,'34,'24,'24

�
(20)

is computed by the single scalar Feynman integral

. (21)

This integral is the same as T(L) (upon dividing by the
numerator introduced in (4)). To be clear, (20) denotes
the bosonic component

Z�
d⌘̃11 · · ·d⌘̃

1
L+3

��
d⌘̃2n�1· · ·d⌘̃

2
L+1

�

�
d⌘̃3L+2· · ·d⌘̃

3
n�2

��
d⌘̃4L+4· · ·d⌘̃

4
n

�
A

(k=L+1),L
n=2L+6

(22)

of the (2L+6)-point NL+1MHV amplitude, where ⌘̃ are
the Graßmann variables of Nair’s N = 4 on-shell super-
field [46]. This component vanishes below L loops.

The claim above has already been noted for L=2 loops
by the authors of ref. [47]. The general case follows as
a simple consequence of the relationship between pla-
nar N =4 SYM theory and an integrable fishnet theory
[48–50].

In this fishnet theory, there exists only a single single-
trace interaction vertex, Tr

�
'12'13'34'24

�
. This theory

is not unitary, but it is (dual) conformal—and indeed,

integrable—in the planar limit. It is easy to appreciate
that very few Feynman diagrams contribute to the fishnet
theory at any loop order; and likewise easy to see that
(21) is the only one which contributes to the amplitude
for this configuration of fields in the planar limit.
The fact that (21) is also the (entire) amplitude in pla-

nar N =4 SYM theory follows from the way in which the
fishnet theory is obtained as a certain double-scaling limit
of the �i-deformation of N =4 SYM theory [51]. This de-
formation can be formulated by replacing every product
in the action by a Moyal-like ?-product [52], which in-
troduces a phase that depends on the SU(4)R charges of
the respective fields. There is a theorem [53] that every
planar Feynman diagram in the deformed theory is given
by its value in the undeformed theory times the phase
of the ?-product of its external field in cyclic order. As
a corollary, the same relation holds for planar scattering
amplitudes [54].1 This concludes the proof that the com-
ponent amplitude (20) is (up to some constant) given by
the same integral as in the fishnet theory—namely, (21).
Finally, let us note the stark contrast between the rich

structure we uncover here in planar scattering amplitudes
in N =4 SYM theory and the planar spectrum of scaling
dimensions of composite operators in this theory, which
via integrability is conjectured to be given by multiple
zeta values at all loop orders [56].

CONCLUSIONS

We have defined a class of ‘traintrack’ integrals (1)
that increase in complexity with increasing loop order,
from dilogarithms at one loop to elliptic behavior at two
loops to a K3 at three loops and a Calabi-Yau threefold
at four loops. The curves defined by this sequence are
elliptically fibered, and we have conjectured that they
are Calabi-Yau to any order. As both diagrams in mass-
less '4 theory and components of the superamplitude in
planar N =4 SYM theory, they should contribute gener-
ically to a wide range of quantum field theories in four
dimensions.
Working with these integrals will demand the develop-

ment of new tools beyond those currently available. The
symbol and coaction of polylogarithmic functions have
proven extremely useful, and similar tools have recently
been developed for elliptic polylogarithms [9, 13]. Such
tools would seem to be much more di�cult to develop for
K3 and higher functions. Still, it would be interesting to
see if these functions can be understood one day on the
same level as their polylogarithmic cousins.
It would be intriguing to investigate the behavior of

these functions to all orders. Ladder integrals have been
understood to all orders for quite some time, and have

1
However, this theorem cannot be applied to form factors or corre-

lation functions of operators that carry nontrivial R-charge [55].
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These dual points are associated with the (Poincaré) dual
of the Feynman graph, which we will label by

, (3)

with each `i attached to the corresponding loop. No-
tice that (ai, ai+1) = (bi, bi+1) = 0, corresponding to the
requirement that the external particles are massless.

In terms of these dual coordinates, the Feynman inte-
gral (1) becomes

T(L)⌘
Z
d4L~̀

QL
j=0(aj , bj)

(`1, a0)
hQL

j=1(`j , `j+1)(`j , aj)(`j , bj)
i , (4)

where `L+1 ⌘ b0 for notational compactness. The fac-
tor in the numerator of (4) has been introduced to en-
sure that the result is dual-conformally invariant (that is,
conformally-invariant in dual-momentum x-space). As
such, the integral should depend exclusively on dual-
conformal cross-ratios

(ab;cd)⌘ (a, b)(c, d)

(a, c)(b, d)
. (5)

Following the methods described in ref. [27], we
Feynman-parameterize the integral (4) within the em-
bedding formalism (one loop at a time) to obtain

T(L)=

1Z

0

⇥
dL~↵

⇤
dL~�

QL
j=0(aj , bj)⇥

(R1, R1) · · · (RL, RL)
⇤
(RL, b0)

, (6)

where

R0⌘↵0(a0), Rk⌘(Rk�1)+↵k(ak)+�k(bk) , (7)

and
⇥
dL~↵

⇤
represents the projective integration measure

over the L+1 Feynman parameters {↵0, . . . ,↵L}. Note

that the ~� integration measure is not projective (but
could be made projective). Rescaling these parameters,

↵k 7!↵k
(a0, bk)

(ak, bk)
, �k 7!�k

(a0, ak)

(ak, bk)
, (8)

and defining

fk⌘
1

2
(Rk, Rk)

(ak, bk)

(a0, ak)(a0, bk)
, gL⌘

(RL, b0)

(a0, b0)
, (9)

results in the manifestly dual-conformally invariant ex-
pression:

T(L)=

1Z

0

⇥
dL~↵

⇤
dL~�

1�
f1 · · · fL

�
gL

,

where

fk⌘(a0ak�1;akbk�1)(ak�1bk;bk�1a0)(akbk;ak�1bk�1)fk�1

+↵0(↵k+�k)+↵k�k +

k�1X

j=1

h
↵j↵k(bja0;ajak)

+↵j�k(bja0;ajbk)+↵k�j(a0aj ;akbj)+�j�k(a0aj ;bkbj)
i
,

gL⌘↵0 +

LX

j=1

h
↵j(bja0;ajb0)+�j(a0aj ;b0bj)

i
.

For the remainder of this work, we will de-projectivize the
(otherwise projective) ~↵ integrations by setting ↵0 ! 1.
The form derived above can be easily seen to match the
representation of ref. [17] for L=2 exactly.
Although the collection of cross-ratios arising in (11)

are multiplicatively independent, the careful reader will
note that their number exceeds that of algebraically in-
dependent cross-ratios—that is, the dimension of the
space of dual-conformal configurations in x-space. In this
case, the integral T(L) should depend on (6L�5) dual-
conformal degrees of freedom. Eliminating these redun-
dancies can be achieved in an elegant way by going to
(lower-dimensional) configurations of momentum-twistor
space as described in ref. [28].

NON-POLYLOGARITHMICITY

The fact that (10) has (L+1) factors in its denominator
immediately implies that it has residues of co-dimension
(at least) (L+1)—signaling at least this degree of ‘poly-
logarithmicity’. To see that no further residues exist
(without restricting kinematics), it su�ces to take the
co-dimension (L+1) residue

Res
{fi=0}
gL=0

 
dL~� d↵L

(f1 · · · fL)gL

!
=

1p
Q(↵1, . . . ,↵L�1)

(10)

and observe that Q is generically an irreducible quartic
in ↵L�1, and of strictly-higher degree in all of the other
parameters. Transforming this quartic Q (in ↵L�1) into
its Weierstraß representation, we have

1p
Q(↵1, . . . ,↵L�1)

7! 1p
4x3�xg2(~z)�g3(~z)

, (11)

where ~z denotes the remaining zi⌘↵i for i=1, . . . , L�2.
This shows that the residue (11) results in an integral
over an elliptically-fibered algebraic variety of dimension
(L�1),

T(L) =

Z
dx dL�2~zp

4x3�g2(~z)x�g3(~z)
G0(x, ~z), (12)

where G0 should be some combination of weight-(L+1)
hyperlogarithms—which we expect will depend in no sim-
ple way on the space parameterized by x, ~z.

GEOMETRY OF THE ELLIPTIC FIBRATION

We have seen that the traintrack integral (1) generally
involves integration over a space defined by the Weier-
straß equation

y2 = 4x3�g2(~z)x�g3(~z), x, y2C , (13)

where the complex numbers ~z can be seen as a�ne co-
ordinates on PL�2. Thus, the geometry of the space S
defined by (14) is that of a complex algebraic variety
elliptically-fibred over PL�2.
For the sake of concreteness, let us first consider the

case of L = 3—where ~z consists of a single variable, z,
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case of L = 3—where ~z consists of a single variable, z,



✦ It turns out that traintracks do not saturate 
functional complexity at fixed loop-order…

Further Novelties Found…
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Questions?


