
One-point functions in defect CFT,
Integrable Matrix Product States,

and boundary integrability

Balázs Pozsgay

„Premium Postdoctoral Program”
Hungarian Academy of Sciences

and

BME Statistical Field Theory Research group,
Budapest University of Technology and Economics

IGST, Copenhagen, 21. August 2018.



Work with Lorenzo Piroli (SISSA) and Eric Vernier (Oxford)



Outline

One point functions in defect CFT

〈O(x)〉 =
CO

(x⊥)∆
, CO =?

(O normalized by the two-point function)
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diagonalization of an integrable spin chain

The one-point functions are given by a (normalized) overlap

CO ∼
〈Ψ|MPS〉
〈Ψ|Ψ〉1/2

The state |MPS〉 and its integrability
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The Field Theory Setting
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The Field Theory Setting

A 2+1 D defect in 3+1 D SYM, separating regions with different gauge
groups.
Corresponding to the D3-D5 brane setting on the AdS side, with the D5
brane carrying k units of magnetic flux.
For z > 0 gauge group SU(N) broken down to SU(N − k) by VEVs
For z < 0 ubroken SU(N − k) with vanishing VEVs
On the broken side the scalar fields Φj have (classical) expectation
values

Φcl
j =

1
z

(
(tj)k×k 0k×(N−k)

0(N−k)×k 0(N−k)×(N−k)

)
, j = 1, 2, 3

Φcl
j = 0, j = 4, 5, 6

Here tj are the k-dimensional generators of SU(2).
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The Field Theory Setting

Gauge invariant scaling operators built from the scalars:

O = Ψj1j2...jLTr (Φj1Φj2 . . .ΦjL) , j1, . . . , jL = 1 . . . 6

The “wave function” Ψ from diagonalizing the dilatation operator.
At one loop: Solving the SO(6)-symmetric spin chain with

H =
L∑

l=1

(2− 2Pl,l+1 + Kl,l+1)

One-point functions 〈O(z)〉
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The Field Theory Setting

As a first approximation take the classical values and compute

O = Ψj1j2...jLTr
(
Φcl

j1Φcl
j2 . . .Φ

cl
jL

)
Correcting the normalization we get

〈O(z)〉 =
C

zL
, C =

(
8π2

λ

)L/2 1√
L
× 〈Ψ|MPS〉
〈Ψ|Ψ〉1/2

MPS generally: ω(i), i = 1, . . . ,N

|MPS〉 =
N∑

i1,...,iL=1

tr0
[
ω(i1)ω(i2) . . . ω(iL)

]
|i1, i2, . . . , iL〉

Now specifically:

ω(j) =

{
t(j) for j = 1, 2, 3
0 for j = 4, 5, 6
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Overlaps

Eigenstates are characterized using Bethe rapidities

|Ψ〉 = |{λ}N〉

Can be nested, etc.
Overlaps with some state |Ψ0〉:

〈Ψ0|{λ}N〉 = f ({λ})

In principle all known from coordinate Bethe Ansatz
Difficulty: Difference between off-shell and on-shell formulas
Studied independently in the (cond-mat) integrability community

|Ψ0〉 → |Ψ(t)〉 = e−iHt |Ψ0〉 → 〈O(t)〉 =?
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Integrable initial states

A subset of states |Ψ0〉 with special properties:

Overlaps display the pair structure, are non-zero only if

{λ}N = {λ+,−λ+}N/2 or {λ+,−λ+}(N−1)/2 ∪ {0}

They take a factorized form. In simple cases

|〈Ψ0|{λ}N〉|2

〈{λ}N |{λ}N〉
=

N/2∏
j=1

v(λ+
j )× detG+

detG−

More generally some linear combination of these, with different
v -functions
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Common properties of integrable states

Common property:
Q2j+1|Ψ0〉 = 0

Q2j+1|Ψ0〉 = Q2j+1

∑
{λ}

|{λ}〉〈{λ}|Ψ0〉

 =

=
∑

{λ+,−λ+}

(
Q2j+1

∣∣{λ+,−λ+}
〉)
〈{λ+,−λ+}|Ψ0〉 =

= 0

Easy to check directly
Implies the pair structure
Does NOT help with the overlaps

L. Piroli, BP, E. Vernier (2017)
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Examples

In XXZ: Néel, Dimer states

|N〉 = ⊗L/2
j=1|↑↓〉 |D〉 = ⊗L/2

j=1
|↑↓〉 − |↓↑〉√

2

Arbitrary two-site states in spin-1/2 XXZ
A subset of two-site states in higher spin XXZ, and in higher rank
models (SU(N)-symmetric chains)
All MPS that arise in N = 4 SYM with a defect

Exact (factorized) overlap formulas in the papers
M de Leeuw, C. Kristjansen, K. Zarembo, I. Buhl-Mortensen, S. Mori, G.
Linardopoulos, 2015-2018

Most states are not integrable! Counter-example: |Ψ0〉 = ⊗L/4
j=1|↑↑↓↓〉
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Integrable initial states

S. Ghoshal and A. B. Zamolodchikov, Int. J. Mod. Phys., A9 3841, hep-th/9306002

Qs |Ψ0〉 = 0 for some s ∈ S ⊂ {1, 2, . . . }

|Ψ0〉 = exp
(∫

du K (u)Z (u)Z (−u)

)
|0〉 K (u) = R(iπ/2− u)
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Integrable initial states

〈Ψ0|

|Ψ0〉
1 2 3 4 . . . . . . L-1 L



The Loschmidt amplitude

|Ψ0〉〈Ψ0|

ξ1ξ2. . .ξ2N

=

K+ K−

K+ K−

K+ K−

K+ K−

K+ K−

K+ K−

K+ K−

ξ1ξ2. . .ξ2N

For two site product state: boundary transfer matrix

τ(u) = Tr0{K+(u)T (u)K−(u)T−1(−u)}

BP, J. Stat. Mech. (2013) P10028



Integrable MPS

Constructing MPS from ω(j), j = 1 . . .N

|MPS〉 =
N∑

i1,...,iL=1

tr0
[
ω(i1)ω(i2) . . . ω(iL)

]
|i1, i2, . . . , iL〉

i1

ω

i2

ω

i3

ω

i4

ω

Let’s baxterize them! Looking for matrices ψab(u) with a, b = 1 . . .N

a b

ψ(u)

u −u

Initial condition:

ψab(0) = ω(a)ω(b)

ψ(0)

=

ω ω
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Boundary Yang-Baxter relation in V4 ⊗ V3 ⊗ V2 ⊗ V1:

Ř12(u−v)Ř23(−u−v)(ψ(v)⊗ψ(u)) = Ř34(u−v)Ř23(−u−v)(ψ(u)⊗ψ(v))

with Ř(u) = PR(u)

ψ(v) ψ(u)

v−v u −u

V4 V3 V2 V1⊗ ⊗ ⊗

=

ψ(u) ψ(v)

u−u v −v

V4 V3 V2 V1⊗ ⊗ ⊗

Integrability condition can be proven
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Boundary Yang-Baxter relation: Which one?

ψ(u) is a vector in V ⊗ V
The previous BYB is for vectors in ⊗4V:

Ř12(u−v)Ř23(−u−v)(ψ(v)⊗ψ(u)) = Ř34(u−v)Ř23(−u−v)(ψ(u)⊗ψ(v))

with Ř(u) = PR(u)

Relation to (operator valued) K -matrices K (u) ∈ End(V)

K (u)ba = ψab(u)

Twisted BYB relation in End(V ⊗ V)

K2(v)R t1
21(−u−v)K1(u)R12(u−v) = R21(u−v)K1(u)R t1

12(−u−v)K2(v)

Extended Twisted Yangian
Usual BYB:

K2(v)R21(u + v)K1(u)R12(u − v) = R21(u − v)K1(u)R12(u + v)K2(v)

Becomes equivalent if there exists some crossing

R t1(u) = V1R(−u − σ)V1
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Solutions

Generally solutions characterized by the pair (g, g′)

g decribes the symmetry of the model, and g′ ⊂ g the symmetry of ψ(u)

Λ(G )ψj,k(u)Λ(G−1) = GjlGkmψ
l,m(u) for all G ∈ G′

Looking for solutions with factorizability condition

ψab(0) = ω(a)ω(b)
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Solutions

For g = gl(N) we have R(u) = P + uI

For N = 3, (gl(3), so(3)):

ψab(u) = σaσb − 2uδab

Describes ω(j) = σj , the 1pt functions with k = 2 in the SU(3) sector
Higher spin representations

ψab(u) = (1 + u)SaSb − uSbSa − u2δab

Describes ω(j) = σj , the 1pt functions with k > 2 in the SU(3) sector
(gl(N), so(N)), with Clifford algebra generators:

ψab(u) = γaγb − 2uδab
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Solutions

For g = so(N) we have R(u) = (u + c)P + u(u + c)I − uK , c = N−2
2

This is crossing symmetric: R t1(u) = R(−u − 2)

Completely SO(N) symmetric solution:

ψab(u) = (−2u + c)γaγb + 2u(1 + u)δab

Solution for (so(6), so(3)⊕ so(3)): (indices a, b = 1..3, I , J = 4..6)

ψab(u) = 2(1− u)σaσb + u(2u − 1)δab

ψaI (u) = ψIa = 0
ψIJ(u) = u(3− 2u)δIJ

For u = 0 describes the AdS/CFT MPS in the SO(6) sector with k = 2

Change of variables u → −u + 1: (DeWolfe and Mann, 2004)
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Solutions

For g = so(N) MPS with symmetry so(D)⊕ so(N − D)
Initial condition:

ω(j) =

{
γj , for j = 1, . . . ,D
0 for j = D + 1, . . . ,N

Solution:

ψab(u) = (−2u + c)γaγb + u(2u + D − 2c)δab

ψaI (u) = ψIa = 0
ψIJ(u) = u(D − 2u)δIJ

Describes the D3-D7 brane setting, with N = 6, D = 5.
M. de Leeuw, C. Kristjansen, G. Linardopoulos, J.Phys. A50 (2017) 254001
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What is this good for?
Proof of integrability for the MPS
Construction of the fusion hierarchy (T -system and Y -system)
For scalar solutions: L. Piroli, BP, E. Vernier (2017, ∼2018)

Root densities for quenches in the TDL
?? Finite volume overlap formulas ??
If

|〈Ψ0|{λ}N〉|2 =

N/2∏
j=1

v(λ+
j )× detG+

detG−

T-system and Y-system help to find v(λ)
BP, arXiv:1801.03838
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Overlaps

Interpretation of the Gaudin-like determinants:

Non-trivial density of states due to the pair structure
In QFT: M. Kormos, BP, 2010
In the XXZ chain in the TDL: BP, 2018



Thank you for the attention!!!


