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Bethe Ansatz Equations

All Bethe ansatz methods, at its final stage, 

leads to a set of quantization conditions 

called the Bethe ansatz equations.

1931



The algebraic charm of Bethe ansatz

equations has been little appreciated.

—— Robert Langlands

1995
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A baby problem
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Analytical Method

• Linear space spanned by

• Divide           by         , find the remainder 

• Construct a matrix of the remainder in the linear space

This matrix is called the companion matrix of the function
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A third question
Questions 

•

•

Can we decompose the space of solutions

such that

The answer is YES for our case

We can consider each equation separately
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Notions of algebraic geometry

Ideal

All polynomials of the 

form 

Polynomial ring

All polynomials in       

with complex coefficients

Quotient ring

A finite dimensional 

linear space

All monomials that cannot 

be divided by 

Key results from AG

• Dimension of      = number of solutions of  

• Polynomial                    is mapped to a numerical matrix

Standard basis



Content

Count 
number of solutions

Sum
over all solutions

1. Quotient ring

2. Completeness of Bethe ansatz

1. Companion matrix

2. Toroidal partition function

Decompose
Space of solutions

1. Primary decomposition

2. Probing structure of solution space



I. Count number of solutions

Completeness, Groebner basis, quotient ring
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Heisenberg spin chain

Eigenstates

Eigenvalues

BAE

Completeness of Bethe ansatz

• Are all eigenstates of the 

Hamiltonian given by the 

Bethe ansatz ?

• Does every solution of BAE 

corresponds to a physical 

eigenstate ?

• How to count the number 

of solutions ?

Completeness
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Coinciding rapidities



Special Solutions

Singular solutions
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Groebner Basis

W. Groebner



Quotient ring



Standard Basis

Quotient ring



Standard Basis Simple Example

Quotient ring



Bethe Ansatz Equations

Additional Constraints



“You should try TQ relations !”

Grisha Korchemsky



“You should try TQ relations !”

Grisha Korchemsky

“Try QQ relation, and twist it…”

Volodya Kazakov
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Baxter’s TQ relations

Sum formula

TQ-system gives a system of algebraic equations of       and 

• The system is linear in       and 

• More efficient than original BAE

• Automatically eliminates coinciding roots
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QQ-relation + boundary condition

Require Q to be polynomial

[Marboe and Volin, 2016]



Rational Q-system

Rational Q-system gives a system of algebraic equations of

• The rational Q-system needs to be generated

• Even more efficient than BAE and TQ-relation

• Automatically select physical solutions

Q-function at each node

QQ-relation + boundary condition

Require Q to be polynomial

[Marboe and Volin, 2016]



II. Sum over solutions

Torus partition function, companion matrix



6-vertex model





Transfer matrix method



Homogenous limit

Transfer matrix method



Brute-force approach
Construct transfer matrix, take matrix power and then take trace



Bethe ansatz
Diagonalize the transfer matrix by Bethe ansatz, find eigenvalues.
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Difficulties of Bethe ansatz

Diagonalize transfer matrix by 

Bethe ansatz. Eigenvalues 

parameterized by rapidities

• Need to find all physical solutions for fixed quantum numbers

• Solutions of BAE can only be found numerically

Use the rational Q-system

Use algebraic geometry  Companion Matrix
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Ideal of Q-system Quotient ring

with basis

Companion 

Matrix

A polynomial

Can be mapped to a finite 

dimensional matrix

Generate the system,

Compute Groebner basis



Properties Important result

Companion 

Matrix
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Torus partition function from algebraic geometry

Compute Groebner basis, construct quotient ring

Generate ideal from the rational Q-system 

Compute the companion matrix of Baxter polynomial

Compute the companion matrix of transfer matrix. 

Take matrix power and take trace.



Results I. M=6, any N (20 terms)

Closed form expression exist 

For all M<7
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Dedicated to the 14th birthday of IGST



“corridor”

“returning”

Universal feature
Existence of a corridor, condensation curve might be closed

Zeros  M=14, N=100



III. Decompose solution space

Lattice momentum, primary decomposition



Recall that …

These four eigenvalues look similar, 

with some signs flipped
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• Sum for any N gives rational coefficients
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• Sum for any N gives rational coefficients

• Each term corresponds to one physical solution of BAE. 

Comments

• It seems natural to group this four solutions together
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Primary decomposition

Recall the baby problem

3 solutions 2 solutions

Multi-variable generalization

5=3+2

Example M=6

K=1 5=1+2+2

K=2 9=1+2+2+4

K=3 5=1+2+2

The multi-variable generalization 

can be done systematically. This is 

called primary decomposition of 

ideals.
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Conceptually
We find new internal structure of the solution space of Bethe ansatz 

equations

Practically
We can work with much smaller quotient rings, all the computations 

become much simpler.

Physically What’s the physical meaning ?

• CHY formulation of scattering amplitudes, one need to 

solve the scattering equations

Example

• Primary decomposition of the solution space, correspond 

to MHV, NMHV, NNMHV,…. Amplitudes (different helicities)
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Physical interpretation

Shift operator

K=1 5=1+2+2

K=2 9=1+2+2+4

K=3 5=1+2+2

Example M=6

The possible eigenvalues are

4

2

2

1Eigenvalues of

Extra conditions for the 

last two rows



Conclusions

Computational Algebraic Geometry provides natural 

language and powerful tools to study BAE 

They have important applications in many physical 

problems

It is more efficient than solving BAE numerically. It can be 

used to further study the structure of the solution space.

Purely algebraic and analytical opens the door to new 

analytical results in integrability.



Outlook

• More on completeness

• Partition functions

Quantum deformation, 

higher rank spin chains

Understand distribution of zeros,

quantum deformation

• Primary decomposition

Quantum deformation, representations of 

Temperley-Lieb algebra, complete classification 

by Galois theory

• A website for AG-BA




