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Motivation: N=2 exact results

Seiberg-Witten theory: effective theory in the IR Classical Infegrability
Nekrasov: instanton partition function Quantum Integrability

Pestun: observables in the UV (path integral on the sphere localizes)
2 String/m-/ t:-—*%kaorj realizakions

Gaiotto: 4D N=2 class S: 6D (2,0) on Riemann surface Cg,n

AGT: 4D partition functions = 2D CFT correlators
2D/4D

4D SC Index = 2D correlation function of a TFT relations



What can we do for N=1 theories?

[Romelsberge 2005]

fo Superconforma/ Index [Kinney,Maldacena,Minwalla,Raju 2005]

M Intriligator and Seiberg: generalized SW technology

M Witten: IIA/M-theory approach to curves

] No Localization: No Nekrasov! No Pestun!



What can we do for N=1 theories?
M Can construct conformal N=1 theories.  [L€igh,Strassler 1995]

[Kachru,Silverstein 1998]

M AdS/CFT natural route to several examples. [Lawrence Nekrasov,Vafa1998]

M 6D (1,0) on a Riemann Surface. [Gaiotto,Razamat 2015] [Heckman,Vafa... ]

Class Sk (Sr): % Conformal
[Gaiotto,Razamat 2015] 3k Obtained by orbifolding N=2 (inheritance)
2D/4-D ¥ Labeled by punctured Riemann Surface
relakion

sk Index = 2D correlation function of a TFT
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Introduce N=1 theories in class Sk

Spectral curves for N=1 theories in class Sk

From the curves: 2D symmetry algebra and representations

Conformal Blocks = Instanton patrtition function

Instanton partition function from Dp/D(p-4) branes on orbifold



Class Sk



Class S and Sk

N M5 branes o X4 x Can

[Gaiotto 2009]

/

SU(ND theory on X4

 relation

N\

2D theory on Cqyn

6D (2,0) SCFT on Riemann surface: 4D N=2 theories of class S

Transverse C?/2x Orbifold the 6D (2,0) SCFT to 6D (1,0) SCFT

6D (1,0) SCFT on Riemann surface: 4D N=1 theories of class Sk
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Aj._1 orbifold

[Gaiotto,Razamat 2015]



Class Sk [Gaiotto,Razamat 2015]
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Class Sk

I N B P B I A B B LA I

Type IIB Ay_qorbifold | . | [ o] ] ] [ =l = =] =
N D3-branes | — | — | — | — | . : : :
Aj._q1 orbifold | . : : et e B Bt

M N=1 orbifold daughter of N=4 SYM 1" = Zy X Zy

™ Useful for AdS/CFT (orbifold inheritance) AdSs x S°/ (Zj, X Zr)
[Bershadsky, Kakushadze,Vafa 1998]

M String theory technics to calculate instantons

[Dorey, Hollowood, Khoze, Mattis,...] [Lerda,...]



Class Sk [Gaiotto,Razamat 2015]

4D field theory point of view

;@:@:@:@:@—; N=2 class S mother theory

‘ ‘ * N=1 class S¢ daughter theory

.
g




Class Sk

Begin with N=2 class S with SU(kN) factors:

M-1
Ws= ) (Q<c—1>‘1><c>Q<c—1> - Q<c><1><c>Q<c>) N=2 class S mother theory
c=1
Orbifold projection:  [Douglas,Moore 1996] Q.o
Q(2,c)
Qo) = .
( (1) \ '
P20 Q k)
Q) = @(k .,
RNXL@N (I)(k—l,c) N @(170) ’
\ (k.c) ) Qo =
NxN @(k—l,c)
M-1 ) )
Ws, = (Q(i,c—l)q)(i,c)Q(i,c—l) - Q(i,c)q)(i,c)Q(iJrl,c)) N=1 class Sk
1=1 c=1

daughter theory




[1512.06079 Coman,EP,Taki,Yagi]



e CUrves from M-theory  witen 1907
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2D surface F(t,v)=0 in the 4D
space {x4, x5, x6, x10}={v,t}.

The NS5/D4 is the classical configuration.

Take in account tension of the branes: include quantum effects.

M-theory: a single M$ brane with non trivial topology
(t — 1)(t — ¢)v? — Pi(t)v + Po(t) =0

(v —m1)(v —ma)t* + (—(1 +2)U2 +qMv + yﬁ) t+q(v—ms)(v—my) =0

coupling constant QSQZfiTW u = ET‘Cbz M=+ s+,
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Sk curves

SW or IR curve X y Graiotto or UV curve Co,
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Free Trinion Cé?



Instantons from
the 2D Blocks

Zinst — BW (Wla W2, W3, W4‘Q)

[1703.00736 Mitev,EP]



The AGT relation from the curve

Example: Close to the (3) m?
N=2 SU(2) Free trinion pw\i‘:ﬁwe_sr 2 (Z) ™~ (z—2;)2

| —

Recall 2D Ward Identities: 5

(T'(2)Vi(2z1)V2(22)V3(23)) = Z [(z _h”;j)2 + . ?jzj (V1(21)V2(22)V3(23))
hi = —m? ()(4) = (T(2)Vi1(21)Va(22)Vs(23))
——— (V1(21)Va(22)V3(23))

Free trinions curves are equivalent to Ward identities!

N=2 SU(N) 5)(,) = (Wi(2)Ve(21)Ve(22)V(23) )
Free trinion ¢ _ < V@(zl)V.(zg)V@(z;g) >




From the curves to the 2D CFT

Jim (Je(0))),, = " (1)

—— e ——

def n-point W-block with insertion of J(t)
B n-point W-block

{T@)))n

3 The symmetry algebra that underlies the 2D CFT = Win algebra
3K The reps are standard reps of the Win algebra

3k Obtain them from the N=2 SU(kN) after replacing:

SU(NE) 2mi g SU(Nk) 2mi
j+Ns M er Ay Ng T ajek

[1703.00736 Mitev,EP]



2D Conformal Blocks = Instanton P.F.

We have the reps of the Win algebra for €1,2= 0 (from the curve)
Demand: the structure of the multiplet (null states) not change €1,2# 0

The blocks for €12 # 0: proposal for the instanton partition functions:

Zinst — BW(W17 W2, W3, W4|Q)

If wand c turn on Q # 0 as in Liouville/Toda,

then we obtain them from the N=2 SU(kN) after replacing:

SU(Nk) 2mi g SU(NE) 2mi
M;iNs 7 Mm;eF A nNs Frajer

[1703.00736 Mitev,EP]



Instantons from
D(p-4) branes

[1712.01288 Bourton, EP]



Instantons from D branes

Tr / d"'x Cp_y NFANF /
Dp

Instanton on Dp brane = D(p-4) brane

pe =By, By] +1J =0, o

p® = [By, Bl + [By, B + 1T — JtJ = 0 °

The Dp-D(p-4) strings give the NxK I, It
and the D(p-4)-D(p-4) the KxK B, Bz
auxiliary matrices of the ADHM
construction

D D(p—4

T {Xép o 07 VD(p—él) = O} /U(K)
[Witten 1995, Douglas 1995, Dorey 1999, ...]

N Dp



Instanton Partition Function from 2D SCI

F _e1J J R _aJ J
ZK—inst(aa m? 61762) — TrMK—inst(_l) 661 L6€2 Reé- 60’ Gem F

Nekrasov’s Instantons: deformed Witten index

Dp N D(p—4)
MK—inst Mnggs

[ ]
K D(p—4)

For p=5 and when Insktanton’s index =
the D1s wrapping a T?: } 213 S(.._I »fi&voured eiuphﬁ gehuu,s

N Dp

of the 2D gauge theory living on the D1s

2D Q“Sjmmd:rj Jeo=J7%

Jo1 , D3 ¥

K D1 F _e1d J R _aJg _mdJ
ZK 1nst(a7m7 E1762) = ZHiges (a,m,él,ég) Iop = TI‘MKD1(—1) €1JL p€2 Ref G eMmJF

Higgs

Jeord? 2D Flavor

[Gadde, Gukov, Putrov]

2D SCI i i [
D SCI is very well studied, very easy to compute Benini, Eager, Hori Tachikawal



Mass deformed N=4 SYM

First we practice without the orbifolds:

3k Obtain the Z;. .+ for mass deformed N=4 SYM (N=2%)
from a 2D SCI computation: 2D theory with (4,4) susy N

T-duality

D3/D(—1) <

» D5/D1

3 The 2D SCI of the gauge theory on the D1 branes
= instantons of the 6D (2,0) on R* x T? = M-strings.

¥ KK reducing: instantons of mass deformed 5D N=2 MSYM on S?
and further KK reduce to mass deformed N=4 SYM in 4D.



Instantons with an orbifold

“Orbifold” the 2D SCI of mass deformed N=4 SYM with one, say
the Z), orbifold: we get M-strings on a transverse orbifold
= instantons of an SU(N)V quiver when reduce down to 5D/4D

2D theory with (0,4 susy

Further “Orbifold” the 2D SCI with the Zx orbifold we get something
new that should correspond to instantons of class Sk,

the rational, trigonometric and elliptic uplift.
2D theory with (o,2) susy



Zf]%?inst(a7 m,eq, 62) —

Znp
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IDl

Sk Instantons

K D1
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(a7m7€17€2) — IQD — TI'MKDl(—l

)F€€1 JL p€2JR SR padG ;mJF
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) The same answer as in [1703.00736 Mitev,EP] from conformal blocks!



Instantons from DO branes

N D4, N D4 N Dip
| .
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Summary

We constructed spectral curves for N=1 theories in class Sk
The curves: 2D symmetry algebra (Wkn) and representations
Conformal Blocks = Instanton partition function

Instanton partition function from Dp/D(p-4) on orbifold



Future

3k Compute one, two instantons with standard QFT techniques

3N

[to appear Bourton, EP]

s O
sk Go away from the orbifold point I&,@I —p (V)=
(=)

¥ Other N=1 theories

3 The perturbative part? N=1 partition function on S4!

X Getthe AGTk from (1,0) 6D a la Cordova and Jafferis




Thank you!



