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Three-point functions and hexagon tessellations

[Basso, Komatsu, Vieira 15]
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Three-point functions and hexagon tessellations
[Basso, Komatsu, Vieira 15]
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There are closed formulae for w and H.
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Uz, U, ... a

Cijk ~ Z /du{v} Z (o, @) H(cr, v) H(V, &)

V1,V2,... u=olUa

~

There are closed formulae for w and H. Integration comes from “cutting”

01+ 3 [ duo o) (il + ..

Evaluating mirror corrections is hard in practice. [Basso, Goncalves, Komatsu 17]
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Tessellating four-point functions

Two natural ways to tessellate the 4-point functions with hexagons:
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OPE decomposition requires sum over intermediate physical states.
Alternative: sum over mirror magnons. [Eden, AS 16] [Fleury, Komatsu 16]

Alessandro Sfondrini (ETH Ziirich)

Planar and non-planar correlators IGST 2018 4/28



from 3 to 4 points: cross-ratios

4-pt functions depend on conformal cross-ratios:
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How to introduce dependence on a hexagon with edges 1, 2 & 37
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from 3 to 4 points: cross-ratios

4-pt functions depend on conformal cross-ratios:
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7z = 122 324, 1-2)(1-2)= 124 223.

X13 %24 X13 X34

How to introduce dependence on a hexagon with edges 1, 2 & 37

Consider a derivative 0" at position 1. / \

We get a conformal vector:
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from 3 to 4 points: cross-ratios

4-pt functions depend on conformal cross-ratios:
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7z = 122 324, 1-21-2)= 124 223.

X13 %24 X13 X34

How to introduce dependence on a hexagon with edges 1, 2 & 37

Consider a derivative 0" at position 1. / \

We get a conformal vector:

\ 1 9%,
(x12)" (x13)" L
Vi)t = - Vis)* = .
( 1,23) (X]_Z)V(X]_Z)l/ (X13)V(X13)l, = ( 1,23) X]Tz X]E

Recipe: weight of (\/,-;J-k)jE for OF at i, etc.  [Eden, AS 16] [Fleury, Komatsu 16]
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Sketch of a 4pt function computation

Several tree-level diagrams appear for 4pt functions:
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Sketch of a 4pt function computation

Several tree-level diagrams appear for 4pt functions:
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Cut along the propagators (and add extra cuts where needed) to tessellate.

Sum over partitions & dress by V.23, etc. [Eden, Sfondrini 16] [Fleury, Komatsu 16]
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Sketch of a 4pt function computation

Several tree-level diagrams appear for 4pt functions:

+ .-

—_— — —

Cut along the propagators (and add extra cuts where needed) to tessellate.

Sum over partitions & dress by V.23, etc. [Eden, Sfondrini 16] [Fleury, Komatsu 16]

Prescription: discard wrapping (only!) of one-edge reducible diagrams.

Checked on BPS* and BMN-BPS3 diagrams @ 1 loop [Fleury, Komatsu 16].
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More restrictions on allowed diagrams
More systematic investigation: consider BMN?-BPS? diagrams.

O, = length-n BPS, Xy = su(2) length-n.

[Eden, Jiang, AS, le Plat 17]
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Diagrams for (X5 X4 O3 O3):
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More restrictions on allowed diagrams
More systematic investigation: consider BMN2-BPS? diagrams.

O, = length-n BPS, Xy = su(2) length-n.
[Eden, Jiang, AS, le Plat 17]

Diagrams for (X5 X4 O3 O3):

Surprise: discard certain diagrams to reproduce SU(N.) SYM at tree level!

Better prescription needed!
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Longer operators and mixing

For longer (non-BPS) operators, non-planar corrections appear:

1 3
Xe=A& — — | — X4 - 2v2 Xs -
7 7 Nc<2\/§4(93+\/_502>+

and at leading order in 1/Nc

<X7 Xs O, 02> ;é <.)C'7 Xs O, 02>
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Longer operators and mixing

For longer (non-BPS) operators, non-planar corrections appear:

1 3
Xe=A& — — | — X4 - 2v2 Xs -
7 7 Nc<2\/§4(93+\/_502>+

and at leading order in 1/Nc

<X7 Xs O, 02> ;é <.)C'7 Xs O, 02>

Tessellations compute single-trace part (X7 X5 O O3).
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Lessons learned
Must discard certain diagrams to reproduce SU(N,), or U(N.), SYM.

— prescription: explicitly account for colour factors.

We reproduce ~ 350 “data points” @ tree level for SU(N.) or U(N,).
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Lessons learned
Must discard certain diagrams to reproduce SU(N,), or U(Nc), SYM.

— prescription: explicitly account for colour factors.

We reproduce ~ 350 “data points” @ tree level for SU(N.) or U(N,).

Possible to consider other gauge groups in principle.

Colouring suggest a map between tessellations and SYM.

— indeed simple mirror processes <+ YM exchanges in FT.

Tessellation computes single-trace diagrams.

— need to account for non-planar terms separately.

[Eden, le Plat, Jiang, AS 17]
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Two-point functions at order 1/N?

Consider a (non-BPS) operator of the form

K
Xn = Xn _Xm Un—_m e
+ g Onmt

where the single-trace parts are normalised, (X, X,,) = 1+ O(NZ2).
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Two-point functions at order 1/N?

Consider a (non-BPS) operator of the form

K
Xp=X+ —Xn - Op_m+...
Nc

where the single-trace parts are normalised, (X, X,,) = 1+ O(NZ2).

(Xn Xn> = (Xn Xn>sphere+torus+...

2
K K
+ 2W<X" Xm On—m) + N—(Xm Xm)s (On—mOn—m) ..

2
c c
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Tessellating the torus

la, Lg,... are the number of propagators (“bridge length”).
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Tessellating the torus

la, Lg,... are the number of propagators (“bridge length”).

Problem: propagators self contract, and V.10 = co.
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Tessellating the torus

la, Lg,... are the number of propagators (“bridge length”).
Problem: propagators self contract, and V.10 = co.

Solution: introduce regularisation by identity operators 1(x3), 1(xas).
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The tessellation in detail

la

@ Solid /s give different diagrams; weight them by colour factors.

@ Sum over partitions «;, 3;, final result is x3, x4-independent.

@ Note: the dashed ¢s are zero!
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Single-trace / double-trace contribution

We want to compute the overlap <[X,,] (x1) [Xm On—m] (x2)>
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Single-trace / double-trace contribution

We want to compute the overlap <[X,,] (x1) [Xm On—m] (x2)>.

Split  [Xm On—m](x2) = Xm(x2) On—m(xa) to get a 3-pt function.
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Single-trace / double-trace contribution

We want to compute the overlap <[X,,] (x1) [Xm On—m] (x2)>.

Split  [Xm On—m](x2) = Xm(x2) On—m(xa) to get a 3-pt function.
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Single-trace / double-trace contribution

We want to compute the overlap <[X,,] (x1) [Xm On—m] (x2)>.
Split  [Xm On—m](x2) = Xm(x2) On—m(xa) to get a 3-pt function.

o4 TN Y

/7 7 ~ |

N

Limit x4 — x» manifestly regular. Perfect match with field theory.
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Wrapping corrections

When cutting the worldsheet we introduce corrections
1= 10)(0+ 3 [ dulp. inpuil +..
i

If we cut an edge with ¢ propagators, magnon measure gives

fipe ~ g2+ when g < 1.

Alessandro Sfondrini (ETH Ziirich) Planar and non-planar correlators IGST 2018 16 / 28



Wrapping corrections

When cutting the worldsheet we introduce corrections
1= 10)(0+ 3 [ dulp. inpuil +..
i

If we cut an edge with ¢ propagators, magnon measure gives
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Wrapping corrections

When cutting the worldsheet we introduce corrections
1= 10)(0+ 3 [ dulp. inpuil +..
i

If we cut an edge with ¢ propagators, magnon measure gives

g2+,

Hpe ~ when g <1

Problem 1: we saw above that ¢ = 0 for many edges.

Problem 2: mirror-anti-mirror interactions can go like g=2.
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Naive estimate of wrapping order

/ M3\ Consider an hexagon with
M1

My, My, M3 mirror particles
P Order in g2P?
\—/
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Naive estimate of wrapping order

M3 Consider an hexagon with
My, My, M3 mirror particles.
M1

P Order in g2P?
\—/

° Z?:l M;(¢; + 1) for each magnon.

Alessandro Sfondrini (ETH Ziirich) Planar and non-planar correlators IGST 2018 17 / 28



Naive estimate of wrapping order

M3 Consider an hexagon with
My, My, M3 mirror particles.
M1

P Order in g2P?
\—/
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Naive estimate of wrapping order

M3 Consider an hexagon with
My, My, M3 mirror particles.
M1

P Order in g2P?
\—/

° Z?:l M;(¢; + 1) for each magnon.
° Z?:l M;(M; — 1)/2 for mirror-mirror interactions.

o —(My My + My Mz + My Ms3) from mirror-anti-mirror interactions.
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Naive estimate of wrapping order

M3 Consider an hexagon with
My, My, M3 mirror particles.
M1

P Order in g2P?
\—/

° Z?:l M;(¢; + 1) for each magnon.
° Z?:l M;(M; — 1)/2 for mirror-mirror interactions.

o —(My My + My Mz + My Ms3) from mirror-anti-mirror interactions.

Hence naively
3
p=> Milj+ (M — Mp)? + M5 — 2Ms(My + Mp)
j=1
Not positive definite!
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Refining the estimate
Crucial observation: chain of mirror-anti-mirror hexagon excitations

Hia(u1, un) Hiz(u, us) Haz(uo, u3) = ~ g2

(really a property of the mirror-anti-mirror su(2|2) S matrix)

Much better than expected g~°!
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Refining the estimate
Crucial observation: chain of mirror-anti-mirror hexagon excitations

Hia(u1, un) Hiz(ui, uz) Hoz(us, u3) 2;

(really a property of the mirror-anti-mirror su(2|2) S matrix)

Much better than expected g—°!

W

Count maximal number >< Y X
of triangles for My, M, M3 X XXX
and adjust estimate. XXXYX
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Refined estimate and open issues

Improved estimate for g2P

3
p:ZMjgj-l-(/\/h—Ml—Mg)z.
j=1

[de Leeuw, Eden, Jiang, le Plat, Meier, Sfondrini 18]
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3
p:ZMjfj-l-(M:e,—Ml—Mg)z.
j=1

[de Leeuw, Eden, Jiang, le Plat, Meier, Sfondrini 18]

® When ¢; = ¢» = 0, infinitely many mirror corrections.

This does happen for 4pt and non-planar correlators.
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Refined estimate and open issues

Improved estimate for g2P

3
p:ZMjfj-l-(Mg,—Ml—Mz)z.
j=1

[de Leeuw, Eden, Jiang, le Plat, Meier, Sfondrini 18]
® When ¢; = ¢» = 0, infinitely many mirror corrections.
This does happen for 4pt and non-planar correlators.

o Field theory gives constraints: can be used to

simplify the computation, avoid infinite sets of magnons.

Alessandro Sfondrini (ETH Ziirich) Planar and non-planar correlators IGST 2018 19 / 28



Refined estimate and open issues

Improved estimate for g2P

3
p:ZMjfj-l-(Mg,—Ml—Mz)z.
j=1

[de Leeuw, Eden, Jiang, le Plat, Meier, Sfondrini 18]
® When ¢; = ¢» = 0, infinitely many mirror corrections.
This does happen for 4pt and non-planar correlators.

o Field theory gives constraints: can be used to

simplify the computation, avoid infinite sets of magnons.

@ Still, mirror corrections are outstanding challenge.
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@ The spin chain for the AdS3 WZW model

Alessandro Sfondrini (ETH Ziirich) Planar and non-planar correlators



Integrable AdS3/CFT,: lightning review

Much of the dynamics is illustrated by the dispersion relation:

E(p) = \/(,u + %p)2 + 4h2 sin? (g)

[Borsato, O.Sax, AS 12] [Hoare, Tseytlin 13] [Borsato, O.Sax, AS, Stefanski, Torrielli 13-15]
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e u=0,=£1, possibly +a,+(1 — «), is the mass.

@ k =0: pure-RR, similar to AdSs but with general p (incl. © = 0)

» S-matrix known from symmetry, dressing factors conjectured
» Bethe ansatz, BPS spectrum known, generic spectrum unknown
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Integrable AdS3/CFT,: lightning review

Much of the dynamics is illustrated by the dispersion relation:

E(p) = \/(,u—i- ;;p)z + 4h2 sin? (g)

[Borsato, O.Sax, AS 12] [Hoare, Tseytlin 13] [Borsato, O.Sax, AS, Stefanski, Torrielli 13-15]

e u=0,=£1, possibly +a,+(1 — «), is the mass.
@ k =0: pure-RR, similar to AdSs but with general p (incl. © = 0)

» S-matrix known from symmetry, dressing factors conjectured

» Bethe ansatz, BPS spectrum known, generic spectrum unknown
@ k, h generic: typical point in moduli space

» S-matrix known from symmetry, analytic structure not understood

@ h =0 corresponds to level-k WZW model

» Very simple spectrum: closed formulae!
» Nothing known from integrability (until recently!)
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Pure-NSNS AdS;xS3xT# action

In uniform l.c. gauge, we have a free parameter a

xtT=(1-a)t+ap=7, x =¢—t, p_=1
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Pure-NSNS AdS;xS3xT# action

In uniform l.c. gauge, we have a free parameter a
xT=(l—-a)t+ap=r, x =¢—t, p_=1

Compute the Hamiltonian density Hc = —p4+

1 \/1 —2(2a — 1)Hfree + (22— 1)2(p;))?

T4 2a—1

ch
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Pure-NSNS AdS;xS3xT# action

In uniform l.c. gauge, we have a free parameter a
xT=(l—-a)t+ap=r, x =¢—t, p_=1

Compute the Hamiltonian density Hc = —p4+

1 \/1 —2(2a — 1)Hfree + (22— 1)2(p;))?

Hie T4 2a—1

At the same time
R(a)
E:/ do Hic, R(a)=J+aE.
0

d {non—linear theory in volume R = J,

—E =0 = equivalently, )
da free theory in volume R = J + E/2.
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CDD factor from T T deformation

[Arutyunov, Frolov 05] [Cavaglia et al. 16] [Smirnov, Zamolodchikov 16]

Above, classical observation for flat T#. How about quantum level?
(non-triviall)

. 27 n; 2k N
ipi(J+E/2) _ L ! _ _
y Lo P=ERTER Zz Pl= T

imposing level-matching and N' =" _ n;.
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CDD factor from T T deformation

[Arutyunov, Frolov 05] [Cavaglia et al. 16] [Smirnov, Zamolodchikov 16]

Above, classical observation for flat T#. How about quantum level?
(non-triviall)

. 27 n; 2k N
i(J+E/2) _ L emhi - -
y Lo P=ERTER Zz pil = J+E/2

imposing level-matching and A" = }"_ n;. Then

E=+\J?>+4kN —

Matches with WZW result for T4 modes.
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CDD factor from T T deformation

[Arutyunov, Frolov 05] [Cavaglia et al. 16] [Smirnov, Zamolodchikov 16]

Above, classical observation for flat T#. How about quantum level?
(non-triviall)

. 27 n; 2k N
i(J+E/2) _ L emhi - -
y Lo P=ERTER Zz pil = J+E/2

imposing level-matching and A" = }"_ n;. Then

E= 1+ 4kN —

Matches with WZW result for T# modes. Natural CDD interpretation

. io: i
elp,(J+E/2) =1 o e’p’JHe2¢CDD _ 1, q)CDD — P,EJ o pJEI
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Arbitrary excitations
Without restricting to T#, we have

’2 p+,u‘ uw=0=£1
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Arbitrary excitations
Without restricting to T#, we have

—‘2 p—l—,u‘ uw=0=£1
For u # 0 conjecture:

®cop = pi(Ej — ij) — pi(Ei — fi)

with fi = psgn[4p + ] (crossing invariant).
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Arbitrary excitations
Without restricting to T#, we have

—‘2 p—l—,u‘ pw=0,%£1
For u # 0 conjecture:

®cop = pi(Ej — fij) — pi(Ei — i)
with /i = psgn[4p + 1] (crossing invariant). Then
> nisgn;
E = k— i
J+(E— Z Hi

2N
- JH(E-p)/2
And solving for E

E= VJ+4kN —J+

Alessandro Sfondrini (ETH Ziirich) Planar and non-planar correlators

IGST 2018 24 /28



Spectrum and S-matrix

E=+VJ+4kN —J+ ]

5 — eiowog
0 left-left, right-right

®cop = pilEj — fy) — pi(Ei — [1i) =
coo = piE; = /1) = il fi) {:l:%p,-pj left-right, right-left
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Spectrum and S-matrix

E=VJ+4kN —J+ [

5 — eiowog
0 left-left, right-right

®cop = pilEj — fy) — pi(Ei — [1i) =
coo = piE; = /1) = il fi) {:l:%p,-pj left-right, right-left

@ Matches tree-level S matrix computation [Hoare, Tseytlin 13]

@ u-independent, identical to flat space [Dubovsky et al. 12]

o Matches WZW spectrum on the nose [Maldacena, Ooguri 00] [...]

» including fermions.
» including spectrally-flowed sectors.
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Spectrum and S-matrix

E=VJ+4kN —J+ [

5 — eiowog
0 left-left, right-right

®cop = pilEj — fy) — pi(Ei — [1i) =
coo = piE; = /1) = il fi) {:l:%p,-pj left-right, right-left

@ Matches tree-level S matrix computation [Hoare, Tseytlin 13]

@ u-independent, identical to flat space [Dubovsky et al. 12]

o Matches WZW spectrum on the nose [Maldacena, Ooguri 00] [...]
» including fermions.
» including spectrally-flowed sectors.

Wait, what?!
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Mirror TBA and vanishing of wrapping

The mirror TBA equations can be easily written

ea(u) = s+ REZ(u) — [Ap * Kpa](u), Kij(u, v) = 0,®j(u, v)

0 bosons —log(1 — e~ %) bosons
0 = { A { 8( )

im  fermions +log(1+ e~“) fermions
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Mirror TBA and vanishing of wrapping

The mirror TBA equations can be easily written

ea(u) = s+ REZ(u) — [Ap * Kpa](u), Kij(u, v) = 0,®j(u, v)

0 bosons —log(1 — e~ %) bosons
0 = { A — { 8( )

im  fermions +log(1+ e~“) fermions

Plugging in our Kernel

) = 0 B+ R s zp0)3 [
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Mirror TBA and vanishing of wrapping

The mirror TBA equations can be easily written

ea(u) = s+ REZ(u) — [Ap * Kpa](u), Kij(u, v) = 0,®j(u, v)

im  fermions +log(1+ e~“) fermions

0 bosons —log(1 —e™%) bosons
0 = { A { 8( )
Plugging in our Kernel
kR k
calu) =t + 5 p(u) + Rty — 5 5p(u) ;/Ab
Wrapping vanishes! (also for excited states)

Ap = [~ log(1 — e) + log(1 + e*™™)] = 0
Xb:/ b zb:/ g g
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Conclusions and outlook

@ Tessellations can be applied to planar and non-planar correlators.

@ In both cases, colour factors crucial; other gauge groups?

For non-planar (non-BPS) states, must address mixing problem.

Huge proliferation of wrapping corrections.
Perturbation theory is positive “semi-definite” only.

@ Study a simpler model: pure-NSNS integrable AdSs;.
» A “true spin chain” (no wrapping).
» Plenty of data WZW approach.
» Wrapping manageable for 3pt? Simple result expected from WZW.
» Simple, diagonal S matrix — simple hexagon form factor?

Maybe it's time to try a simple problem!
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