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Outline
• Quantum RG for emergent space
• Emergent time
– Black hole information puzzle (if time permits)

• Summary



AdS/CFT correspondence

D-dim QFT              (D+1)-dim quantum gravity

[Maldacena; Gubser, Klebanov, Polyakov; Witten]

Non-perturbative dynamics of some quantum field theories can be understood
in terms of classical physics of dual gravitational theories

Quantum field theories provide new perspectives on 
problems in quantum gravity

• A lot of progress has been made in both directions
• However, a microscopic understanding of the correspondence is 

desired for some problems
o QFT that can not be easily embedded in string theory
o Black hole information puzzle



• S : single trace action

• Ward identity :

Gravity from QFT

Tr[�rµ1rµ2 ...�r⌫1r⌫2 ...�...]
<latexit sha1_base64="9X9Bode+Dzv+2NBkPz7wLo2JWRo="></latexit><latexit sha1_base64="9X9Bode+Dzv+2NBkPz7wLo2JWRo="></latexit><latexit sha1_base64="9X9Bode+Dzv+2NBkPz7wLo2JWRo="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="vKKYzUU08XjOmqpJGNy2K+ZcyQ4="></latexit><latexit sha1_base64="vKKYzUU08XjOmqpJGNy2K+ZcyQ4="></latexit><latexit sha1_base64="KlFBos9I7vI6dPTQA4Of8nccUGg="></latexit><latexit sha1_base64="9X9Bode+Dzv+2NBkPz7wLo2JWRo="></latexit><latexit sha1_base64="9X9Bode+Dzv+2NBkPz7wLo2JWRo="></latexit><latexit sha1_base64="9X9Bode+Dzv+2NBkPz7wLo2JWRo="></latexit><latexit sha1_base64="9X9Bode+Dzv+2NBkPz7wLo2JWRo="></latexit><latexit sha1_base64="9X9Bode+Dzv+2NBkPz7wLo2JWRo="></latexit><latexit sha1_base64="9X9Bode+Dzv+2NBkPz7wLo2JWRo="></latexit>



• δS includes multi-trace operators

• Multi-trace operators can be removed by promoting 

sources for single-trace operators into dynamical 

variables

Local coarse graining
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[Osborn]

[Becchi, Giusto, Imbimbo; Heemskerk, Polchinski; Faulkner, Liu, Rangamani;..]
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• Repetition of the coarse graining leads to a sum over RG paths in the 
space of single-trace sources

• Beta functions for multi-trace operators in the presence of single-trace 
sources determines the quantum Hamiltonian for dynamical single-
trace sources

g(l)µ⌫(x) ! gµ⌫(x, z)
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Generating function as an overlap 
between quantum states 

defined on spacetime

• |0⟩ has an infinite norm

UV state

IR state

��0
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basis states for 
spacetime configurations
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x : Euclidean spacetime



Coarse graining

: generator of a local RG transformation acting 
on the spacetime state of the matte field

: the generating function is invariant under coarse graining 

e�dz
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• |0⟩ represents a fixed point action under the coarse graining



Radial evolution

• The evolution of the wavefunction for metric is governed by a quantum 
theory of gravity

• The wavefunction at UV and at any finite radial slice satisfies neither 
the momentum constraint nor the Hamiltonian constraint
– A QFT with shifted sources represents a different QFT
– There is a non-trivial RG flow

• Only the IR state satisfies the constraints
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• AdS/CFT does not directly apply to our universe

• dS/CFT aims to understand an emergent 
gravity/time with the guidance from AdS/CFT

• Here, we attempt to take a microscopic approach 
for emergent gravity/time

Emergent time?

[Strominger; Anninos, Hartman, Strominger; Anninos, Denef, Monten, Sun;..]



Road map

Emergent space Emergent time

`UV’ state
Local QFT action defined on a 
curved spacetime with other 

sources

Short-range entangled quantum 
state parameterized by space metric 

and other collective variables

Bulk 
evolution

Coarse graining Unitary evolution

‘IR’ state A fixed point action
Topological state 

with zero energy density

Physical 
observable
(overlap)

Generating function
A wavefunction of

the topological state



From emergent space to emergent time
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<latexit sha1_base64="ujM9q1pTIRUH69PaA6bMuL4l8UQ=">AAACbnicbVFbb9MwFHbCbZRbNx54GIgjKqRUGpGLJgESoAle9jgkyiaaNHIct7XmOJF9jFqFvPIDeeM/8MI/wE37ANuOZPk737n6c14raZHSX0F47fqNm7d2bvfu3L13/0F/d++LrZzhYswrVZmznFmhpBZjlKjEWW0EK3MlTvPzj+v46TdhrKz0Z1zVIi3ZXMuZ5Aw9lfV/fJ3MsyYpHSTatdMmosP2II5TeAdJLudvgXb3d+ iJaQMvQEIiNWZ0ilBAgsx1PhRL0NHyYE0MIVkwhCbhTMFxGy2H0PY2Pa6a1LV/n/UHNKadwWUw2oIB2dpJ1v+ZFBV3pdDIFbN2MqI1pg0zKLkSfqCzomb8nM3FxEPNSmHTptOrheeeKWBWGX/88h37b0XDSmtXZe4zS4YLezG2Jq+KTRzOXqeN1LVDoflm0MwpwArW4kMhjeCoVh4wbqTfFfiCGcbRf1HPizC6+OTLYPwyfhPTT4eDow9bNXbIPnlGIjIir8gROSYnZEw4+R3sBfvB4+BP+Ch8Ej7dpIbBtuYh+c/C6C8iOrXv</latexit><latexit sha1_base64="ujM9q1pTIRUH69PaA6bMuL4l8UQ=">AAACbnicbVFbb9MwFHbCbZRbNx54GIgjKqRUGpGLJgESoAle9jgkyiaaNHIct7XmOJF9jFqFvPIDeeM/8MI/wE37ANuOZPk737n6c14raZHSX0F47fqNm7d2bvfu3L13/0F/d++LrZzhYswrVZmznFmhpBZjlKjEWW0EK3MlTvPzj+v46TdhrKz0Z1zVIi3ZXMuZ5Aw9lfV/fJ3MsyYpHSTatdMmosP2II5TeAdJLudvgXb3d+ iJaQMvQEIiNWZ0ilBAgsx1PhRL0NHyYE0MIVkwhCbhTMFxGy2H0PY2Pa6a1LV/n/UHNKadwWUw2oIB2dpJ1v+ZFBV3pdDIFbN2MqI1pg0zKLkSfqCzomb8nM3FxEPNSmHTptOrheeeKWBWGX/88h37b0XDSmtXZe4zS4YLezG2Jq+KTRzOXqeN1LVDoflm0MwpwArW4kMhjeCoVh4wbqTfFfiCGcbRf1HPizC6+OTLYPwyfhPTT4eDow9bNXbIPnlGIjIir8gROSYnZEw4+R3sBfvB4+BP+Ch8Ej7dpIbBtuYh+c/C6C8iOrXv</latexit><latexit sha1_base64="ujM9q1pTIRUH69PaA6bMuL4l8UQ=">AAACbnicbVFbb9MwFHbCbZRbNx54GIgjKqRUGpGLJgESoAle9jgkyiaaNHIct7XmOJF9jFqFvPIDeeM/8MI/wE37ANuOZPk737n6c14raZHSX0F47fqNm7d2bvfu3L13/0F/d++LrZzhYswrVZmznFmhpBZjlKjEWW0EK3MlTvPzj+v46TdhrKz0Z1zVIi3ZXMuZ5Aw9lfV/fJ3MsyYpHSTatdMmosP2II5TeAdJLudvgXb3d+ iJaQMvQEIiNWZ0ilBAgsx1PhRL0NHyYE0MIVkwhCbhTMFxGy2H0PY2Pa6a1LV/n/UHNKadwWUw2oIB2dpJ1v+ZFBV3pdDIFbN2MqI1pg0zKLkSfqCzomb8nM3FxEPNSmHTptOrheeeKWBWGX/88h37b0XDSmtXZe4zS4YLezG2Jq+KTRzOXqeN1LVDoflm0MwpwArW4kMhjeCoVh4wbqTfFfiCGcbRf1HPizC6+OTLYPwyfhPTT4eDow9bNXbIPnlGIjIir8gROSYnZEw4+R3sBfvB4+BP+Ch8Ej7dpIbBtuYh+c/C6C8iOrXv</latexit><latexit sha1_base64="C39OhB+IczRcjLNINXH29e9lt8M=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCpTN+pOcOOygmML7VAymTttaCYzJHeEMvQFXLhRfDB3vo3pz0KtBwIf5yTk3hMXSloKgi+vtrW9s7tX3/cPGv7h0XGz8WTz0ggMRa5y04+5RSU1hiRJYb8wyLNYYS+e3i3y3jMaK3P9SLMCo4yPtUyl4OSs7qjZCtrBUmwTOmtowVqj5ucwyUWZoSahuLWDTlBQVHFDUiic+8PSYs HFlI9x4FDzDG1ULcecs3PnJCzNjTua2NL9+aLimbWzLHY3M04T+zdbmP9lg5LS66iSuigJtVh9lJaKUc4WO7NEGhSkZg64MNLNysSEGy7INeO7Djp/N96E8LJ90w4eAqjDKZzBBXTgCm7hHroQgoAEXuDNm3iv3vuqqpq37uwEfsn7+Aap5IoM</latexit><latexit sha1_base64="6BLVpTMhjQOmsM+ukIRRvQDKEyU=">AAACY3icbVHBbhMxEPUuBUookPbSQ6kYUSElUrtyuFAkQEhcemwlQiuym5XX6yRWvd6VPUaJlr32A7nxD1z6B3U2OZS2I1l+fjOeN37OKiUtUvo3CB9tPH7ydPNZ5/nWi5evuttbP2zpDBdDXqrSXGTMCiW1GKJEJS4qI1iRKXGeXX5b5s9/CWNlqb/johJJwaZaTiRn6Km0e/VzNE3ruHAQa9eM6x7tN4dRlMBniDM5/QS03X 9DR4xrOAIJsdSY0jFCDjEy154hn4PuzQ+XRB/iGUOoY84UnDS9eR+azqrHQ0pt+y9p94BGtA24DwZrcEDWcZp2/8R5yV0hNHLFrB0NaIVJzQxKroQXdFZUjF+yqRh5qFkhbFK3fjXwzjM5TErjlx++ZW/fqFlh7aLIfGXBcGbv5pbkQ7mRw8lxUktdORSar4QmTgGWsDQfcmkER7XwgHEj/azAZ8wwjv6LOt6Ewd0n3wfD99HHiJ5Rskn2yFvSIwPygXwlJ+SUDAkn/4KdYC94HVyHu+H+yq0wWNu2Q/6L8M0NQXC1FQ==</latexit><latexit sha1_base64="6BLVpTMhjQOmsM+ukIRRvQDKEyU=">AAACY3icbVHBbhMxEPUuBUookPbSQ6kYUSElUrtyuFAkQEhcemwlQiuym5XX6yRWvd6VPUaJlr32A7nxD1z6B3U2OZS2I1l+fjOeN37OKiUtUvo3CB9tPH7ydPNZ5/nWi5evuttbP2zpDBdDXqrSXGTMCiW1GKJEJS4qI1iRKXGeXX5b5s9/CWNlqb/johJJwaZaTiRn6Km0e/VzNE3ruHAQa9eM6x7tN4dRlMBniDM5/QS03X 9DR4xrOAIJsdSY0jFCDjEy154hn4PuzQ+XRB/iGUOoY84UnDS9eR+azqrHQ0pt+y9p94BGtA24DwZrcEDWcZp2/8R5yV0hNHLFrB0NaIVJzQxKroQXdFZUjF+yqRh5qFkhbFK3fjXwzjM5TErjlx++ZW/fqFlh7aLIfGXBcGbv5pbkQ7mRw8lxUktdORSar4QmTgGWsDQfcmkER7XwgHEj/azAZ8wwjv6LOt6Ewd0n3wfD99HHiJ5Rskn2yFvSIwPygXwlJ+SUDAkn/4KdYC94HVyHu+H+yq0wWNu2Q/6L8M0NQXC1FQ==</latexit><latexit sha1_base64="FewypWJoHQzEeIsmBfSmKnZgauk=">AAACbnicbVFNb9MwGHbC1yhfZRw4DMQrKqRU2iKXy4YEaILLjkOibKJJI8dxW2uOE9mvUauQKz+QG/+BC/8AN+0Btr2S5ed93k8/zmslLVL6Kwhv3Lx1+87O3d69+w8ePuo/3v1iK2e4GPNKVeY8Z1YoqcUYJSpxXhvBylyJs/zi4zp+9k0YKyv9GVe1SEs213ImOUNPZf0fXyfzrElKB4l27bSJ6LDdj+MU3kGSy/lboN39HX pi2sABSEikxoxOEQpIkLnOh2IJOlrur4khJAuG0CScKThpo+UQ2t6mx3WTuvbvs/6AxrQzuApGWzAgWzvN+j+TouKuFBq5YtZORrTGtGEGJVfCD3RW1IxfsLmYeKhZKWzadHq18MozBcwq449fvmP/rWhYae2qzH1myXBhL8fW5HWxicPZUdpIXTsUmm8GzZwCrGAtPhTSCI5q5QHjRvpdgS+YYRz9F/W8CKPLT74Kxq/jNzH9RAfHH7Zq7JA98pJEZEQOyTE5IadkTDj5HewGe8Gz4E/4NHwevtikhsG25gn5z8LoLyD6tes=</latexit><latexit sha1_base64="ujM9q1pTIRUH69PaA6bMuL4l8UQ=">AAACbnicbVFbb9MwFHbCbZRbNx54GIgjKqRUGpGLJgESoAle9jgkyiaaNHIct7XmOJF9jFqFvPIDeeM/8MI/wE37ANuOZPk737n6c14raZHSX0F47fqNm7d2bvfu3L13/0F/d++LrZzhYswrVZmznFmhpBZjlKjEWW0EK3MlTvPzj+v46TdhrKz0Z1zVIi3ZXMuZ5Aw9lfV/fJ3MsyYpHSTatdMmosP2II5TeAdJLudvgXb3d+ iJaQMvQEIiNWZ0ilBAgsx1PhRL0NHyYE0MIVkwhCbhTMFxGy2H0PY2Pa6a1LV/n/UHNKadwWUw2oIB2dpJ1v+ZFBV3pdDIFbN2MqI1pg0zKLkSfqCzomb8nM3FxEPNSmHTptOrheeeKWBWGX/88h37b0XDSmtXZe4zS4YLezG2Jq+KTRzOXqeN1LVDoflm0MwpwArW4kMhjeCoVh4wbqTfFfiCGcbRf1HPizC6+OTLYPwyfhPTT4eDow9bNXbIPnlGIjIir8gROSYnZEw4+R3sBfvB4+BP+Ch8Ej7dpIbBtuYh+c/C6C8iOrXv</latexit><latexit sha1_base64="ujM9q1pTIRUH69PaA6bMuL4l8UQ=">AAACbnicbVFbb9MwFHbCbZRbNx54GIgjKqRUGpGLJgESoAle9jgkyiaaNHIct7XmOJF9jFqFvPIDeeM/8MI/wE37ANuOZPk737n6c14raZHSX0F47fqNm7d2bvfu3L13/0F/d++LrZzhYswrVZmznFmhpBZjlKjEWW0EK3MlTvPzj+v46TdhrKz0Z1zVIi3ZXMuZ5Aw9lfV/fJ3MsyYpHSTatdMmosP2II5TeAdJLudvgXb3d+ iJaQMvQEIiNWZ0ilBAgsx1PhRL0NHyYE0MIVkwhCbhTMFxGy2H0PY2Pa6a1LV/n/UHNKadwWUw2oIB2dpJ1v+ZFBV3pdDIFbN2MqI1pg0zKLkSfqCzomb8nM3FxEPNSmHTptOrheeeKWBWGX/88h37b0XDSmtXZe4zS4YLezG2Jq+KTRzOXqeN1LVDoflm0MwpwArW4kMhjeCoVh4wbqTfFfiCGcbRf1HPizC6+OTLYPwyfhPTT4eDow9bNXbIPnlGIjIir8gROSYnZEw4+R3sBfvB4+BP+Ch8Ej7dpIbBtuYh+c/C6C8iOrXv</latexit><latexit sha1_base64="ujM9q1pTIRUH69PaA6bMuL4l8UQ=">AAACbnicbVFbb9MwFHbCbZRbNx54GIgjKqRUGpGLJgESoAle9jgkyiaaNHIct7XmOJF9jFqFvPIDeeM/8MI/wE37ANuOZPk737n6c14raZHSX0F47fqNm7d2bvfu3L13/0F/d++LrZzhYswrVZmznFmhpBZjlKjEWW0EK3MlTvPzj+v46TdhrKz0Z1zVIi3ZXMuZ5Aw9lfV/fJ3MsyYpHSTatdMmosP2II5TeAdJLudvgXb3d+ iJaQMvQEIiNWZ0ilBAgsx1PhRL0NHyYE0MIVkwhCbhTMFxGy2H0PY2Pa6a1LV/n/UHNKadwWUw2oIB2dpJ1v+ZFBV3pdDIFbN2MqI1pg0zKLkSfqCzomb8nM3FxEPNSmHTptOrheeeKWBWGX/88h37b0XDSmtXZe4zS4YLezG2Jq+KTRzOXqeN1LVDoflm0MwpwArW4kMhjeCoVh4wbqTfFfiCGcbRf1HPizC6+OTLYPwyfhPTT4eDow9bNXbIPnlGIjIir8gROSYnZEw4+R3sBfvB4+BP+Ch8Ej7dpIbBtuYh+c/C6C8iOrXv</latexit><latexit sha1_base64="ujM9q1pTIRUH69PaA6bMuL4l8UQ=">AAACbnicbVFbb9MwFHbCbZRbNx54GIgjKqRUGpGLJgESoAle9jgkyiaaNHIct7XmOJF9jFqFvPIDeeM/8MI/wE37ANuOZPk737n6c14raZHSX0F47fqNm7d2bvfu3L13/0F/d++LrZzhYswrVZmznFmhpBZjlKjEWW0EK3MlTvPzj+v46TdhrKz0Z1zVIi3ZXMuZ5Aw9lfV/fJ3MsyYpHSTatdMmosP2II5TeAdJLudvgXb3d+ iJaQMvQEIiNWZ0ilBAgsx1PhRL0NHyYE0MIVkwhCbhTMFxGy2H0PY2Pa6a1LV/n/UHNKadwWUw2oIB2dpJ1v+ZFBV3pdDIFbN2MqI1pg0zKLkSfqCzomb8nM3FxEPNSmHTptOrheeeKWBWGX/88h37b0XDSmtXZe4zS4YLezG2Jq+KTRzOXqeN1LVDoflm0MwpwArW4kMhjeCoVh4wbqTfFfiCGcbRf1HPizC6+OTLYPwyfhPTT4eDow9bNXbIPnlGIjIir8gROSYnZEw4+R3sBfvB4+BP+Ch8Ej7dpIbBtuYh+c/C6C8iOrXv</latexit><latexit sha1_base64="ujM9q1pTIRUH69PaA6bMuL4l8UQ=">AAACbnicbVFbb9MwFHbCbZRbNx54GIgjKqRUGpGLJgESoAle9jgkyiaaNHIct7XmOJF9jFqFvPIDeeM/8MI/wE37ANuOZPk737n6c14raZHSX0F47fqNm7d2bvfu3L13/0F/d++LrZzhYswrVZmznFmhpBZjlKjEWW0EK3MlTvPzj+v46TdhrKz0Z1zVIi3ZXMuZ5Aw9lfV/fJ3MsyYpHSTatdMmosP2II5TeAdJLudvgXb3d+ iJaQMvQEIiNWZ0ilBAgsx1PhRL0NHyYE0MIVkwhCbhTMFxGy2H0PY2Pa6a1LV/n/UHNKadwWUw2oIB2dpJ1v+ZFBV3pdDIFbN2MqI1pg0zKLkSfqCzomb8nM3FxEPNSmHTptOrheeeKWBWGX/88h37b0XDSmtXZe4zS4YLezG2Jq+KTRzOXqeN1LVDoflm0MwpwArW4kMhjeCoVh4wbqTfFfiCGcbRf1HPizC6+OTLYPwyfhPTT4eDow9bNXbIPnlGIjIir8gROSYnZEw4+R3sBfvB4+BP+Ch8Ej7dpIbBtuYh+c/C6C8iOrXv</latexit>

�(gµ⌫ , ..; t) = e
�

R t
0 d⌧

R
dx n(x,⌧)H(gµ⌫ , �

�gµ⌫
)
�(gµ⌫ , ..; 0)

<latexit sha1_base64="8zpyPgc3B5Wpo4/a6IvaA5+nIX8="></latexit><latexit sha1_base64="8zpyPgc3B5Wpo4/a6IvaA5+nIX8="></latexit><latexit sha1_base64="8zpyPgc3B5Wpo4/a6IvaA5+nIX8="></latexit>
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Example for emergent time
• 3D manifold

• Matrix fields :
• Full Hilbert space spanned by

�ab(x)
<latexit sha1_base64="WMIqNSwxefTg0n4RYsOtz1mAa44=">AAACFnicbVC7TsNAEDyHVzCvACWNRYQUKCInDdBF0FAGiZBIiWWtz5vklPPZ3J0RkZW/oOFXaCgA0SI6/obLo4CEkVYazexqdydIOFPadb+t3NLyyupaft3e2Nza3ins7t2qOJUUGzTmsWwFoJAzgQ3NNMdWIhGigGMzGFyO/eY9SsVicaOHCXoR9ATrMgraSH6h3Amwx0SGdwKkhOHJyO7U+8zPIBiVHo7tDorwl+kXim7ZncBZJJUZKZIZ6n7hqxPGNI1QaMpBqXbFTbSXgdSMcjTLUoUJ0AH0sG2ogAiVl03+GjlHRgmdbixNCe1M1N8TGURKDaPAdEag+2reG4v/ee1Ud8+8jIkk1SjodFE35Y6OnXFITsgkUs2HhgCVzNzq0D5IoNpEaZsQKvMvL5JGtXxedq+rxdrFLI08OSCHpEQq5JTUyBWpkwah5JE8k1fyZj1ZL9a79TFtzVmzmX3yB9bnD4nUn7o=</latexit><latexit sha1_base64="WMIqNSwxefTg0n4RYsOtz1mAa44=">AAACFnicbVC7TsNAEDyHVzCvACWNRYQUKCInDdBF0FAGiZBIiWWtz5vklPPZ3J0RkZW/oOFXaCgA0SI6/obLo4CEkVYazexqdydIOFPadb+t3NLyyupaft3e2Nza3ins7t2qOJUUGzTmsWwFoJAzgQ3NNMdWIhGigGMzGFyO/eY9SsVicaOHCXoR9ATrMgraSH6h3Amwx0SGdwKkhOHJyO7U+8zPIBiVHo7tDorwl+kXim7ZncBZJJUZKZIZ6n7hqxPGNI1QaMpBqXbFTbSXgdSMcjTLUoUJ0AH0sG2ogAiVl03+GjlHRgmdbixNCe1M1N8TGURKDaPAdEag+2reG4v/ee1Ud8+8jIkk1SjodFE35Y6OnXFITsgkUs2HhgCVzNzq0D5IoNpEaZsQKvMvL5JGtXxedq+rxdrFLI08OSCHpEQq5JTUyBWpkwah5JE8k1fyZj1ZL9a79TFtzVmzmX3yB9bnD4nUn7o=</latexit><latexit sha1_base64="WMIqNSwxefTg0n4RYsOtz1mAa44=">AAACFnicbVC7TsNAEDyHVzCvACWNRYQUKCInDdBF0FAGiZBIiWWtz5vklPPZ3J0RkZW/oOFXaCgA0SI6/obLo4CEkVYazexqdydIOFPadb+t3NLyyupaft3e2Nza3ins7t2qOJUUGzTmsWwFoJAzgQ3NNMdWIhGigGMzGFyO/eY9SsVicaOHCXoR9ATrMgraSH6h3Amwx0SGdwKkhOHJyO7U+8zPIBiVHo7tDorwl+kXim7ZncBZJJUZKZIZ6n7hqxPGNI1QaMpBqXbFTbSXgdSMcjTLUoUJ0AH0sG2ogAiVl03+GjlHRgmdbixNCe1M1N8TGURKDaPAdEag+2reG4v/ee1Ud8+8jIkk1SjodFE35Y6OnXFITsgkUs2HhgCVzNzq0D5IoNpEaZsQKvMvL5JGtXxedq+rxdrFLI08OSCHpEQq5JTUyBWpkwah5JE8k1fyZj1ZL9a79TFtzVmzmX3yB9bnD4nUn7o=</latexit> ����

↵ 
<latexit sha1_base64="OBn6piHSC5XcY6kAdCFdtKB/YzM=">AAACK3icbVDLSgMxFM3Ud31VXboJFkFclJlu1I0U3bisYG2hU0omvTMNzWTG5I5QRj/Ijb8iiAsVt/6H6WOhrQcCh3POTXJPkEph0HU/nMLC4tLyyupacX1jc2u7tLN7a5JMc2jwRCa6FTADUihooEAJrVQDiwMJzWBwOfKb96CNSNQNDlPoxCxSIhScoZW6pUs/gEioHO4U05oNjx+LvoQQ/Zz6gYgeqF/vizE9p74WUR99mwDV+zXRLZXdijsGnSfelJTJFPVu6dXvJTyLQSGXzJi256bYyZlGwSXY+zMDKeMDFkHbUsViMJ18vOwjPbRKj4aJtkchHau/J3IWGzOMA5uMGfbNrDcS//PaGYannVyoNENQfPJQmEmKCR01R3tCA0c5tIRxLexfKe8zzTjafou2BG925XnSqFbOKu51tVy7mLaxSvbJATkiHjkhNXJF6qRBOHkiL+SdfDjPzpvz6XxNogVnOrNH/sD5/gHcFagw</latexit><latexit sha1_base64="OBn6piHSC5XcY6kAdCFdtKB/YzM=">AAACK3icbVDLSgMxFM3Ud31VXboJFkFclJlu1I0U3bisYG2hU0omvTMNzWTG5I5QRj/Ijb8iiAsVt/6H6WOhrQcCh3POTXJPkEph0HU/nMLC4tLyyupacX1jc2u7tLN7a5JMc2jwRCa6FTADUihooEAJrVQDiwMJzWBwOfKb96CNSNQNDlPoxCxSIhScoZW6pUs/gEioHO4U05oNjx+LvoQQ/Zz6gYgeqF/vizE9p74WUR99mwDV+zXRLZXdijsGnSfelJTJFPVu6dXvJTyLQSGXzJi256bYyZlGwSXY+zMDKeMDFkHbUsViMJ18vOwjPbRKj4aJtkchHau/J3IWGzOMA5uMGfbNrDcS//PaGYannVyoNENQfPJQmEmKCR01R3tCA0c5tIRxLexfKe8zzTjafou2BG925XnSqFbOKu51tVy7mLaxSvbJATkiHjkhNXJF6qRBOHkiL+SdfDjPzpvz6XxNogVnOrNH/sD5/gHcFagw</latexit><latexit sha1_base64="OBn6piHSC5XcY6kAdCFdtKB/YzM=">AAACK3icbVDLSgMxFM3Ud31VXboJFkFclJlu1I0U3bisYG2hU0omvTMNzWTG5I5QRj/Ijb8iiAsVt/6H6WOhrQcCh3POTXJPkEph0HU/nMLC4tLyyupacX1jc2u7tLN7a5JMc2jwRCa6FTADUihooEAJrVQDiwMJzWBwOfKb96CNSNQNDlPoxCxSIhScoZW6pUs/gEioHO4U05oNjx+LvoQQ/Zz6gYgeqF/vizE9p74WUR99mwDV+zXRLZXdijsGnSfelJTJFPVu6dXvJTyLQSGXzJi256bYyZlGwSXY+zMDKeMDFkHbUsViMJ18vOwjPbRKj4aJtkchHau/J3IWGzOMA5uMGfbNrDcS//PaGYannVyoNENQfPJQmEmKCR01R3tCA0c5tIRxLexfKe8zzTjafou2BG925XnSqFbOKu51tVy7mLaxSvbJATkiHjkhNXJF6qRBOHkiL+SdfDjPzpvz6XxNogVnOrNH/sD5/gHcFagw</latexit>

�̂ab

���
↵
= �ab

���
↵

<latexit sha1_base64="J5uG3zSSL7AbAT2JJmjxZ2OjWT8="></latexit><latexit sha1_base64="J5uG3zSSL7AbAT2JJmjxZ2OjWT8="></latexit><latexit sha1_base64="J5uG3zSSL7AbAT2JJmjxZ2OjWT8="></latexit>

�(x) =
X

n

�ĝ
n f ĝ

n(x)
<latexit sha1_base64="EKq22x5m+GOakO3aMA+RQoIvzqw=">AAACHXicbVDLSsNAFJ34rPUVdelmsAh1UxJR1IVQdOOygrGFJobJdNIOnUzCzEQsof6IG3/FjQsVF27Ev3GSdlFbDwyce8693LknSBiVyrJ+jLn5hcWl5dJKeXVtfWPT3Nq+lXEqMHFwzGLRCpAkjHLiKKoYaSWCoChgpBn0L3O/eU+EpDG/UYOEeBHqchpSjJSWfPMYuo0erT4cQHgOXZlGPi+Uu8ztIQW7Q10/wnCizHt9s2LVrAJwlthjUgFjNHzzy+3EOI0IV5ghKdu2lSgvQ0JRzMiw7KaSJAj3UZe0NeUoItLLivOGcF8rHRjGQj+uYKFOTmQoknIQBbozQqonp71c/M9rpyo89TLKk1QRjkeLwpRBFcM8K9ihgmDFBpogLKj+K8Q9JBBWOtGyDsGePnmWOIe1s5p1fVSpX4zTKIFdsAeqwAYnoA6uQAM4AIMn8ALewLvxbLwaH8bnqHXOGM/sgD8wvn8BI5+gQQ==</latexit><latexit sha1_base64="EKq22x5m+GOakO3aMA+RQoIvzqw=">AAACHXicbVDLSsNAFJ34rPUVdelmsAh1UxJR1IVQdOOygrGFJobJdNIOnUzCzEQsof6IG3/FjQsVF27Ev3GSdlFbDwyce8693LknSBiVyrJ+jLn5hcWl5dJKeXVtfWPT3Nq+lXEqMHFwzGLRCpAkjHLiKKoYaSWCoChgpBn0L3O/eU+EpDG/UYOEeBHqchpSjJSWfPMYuo0erT4cQHgOXZlGPi+Uu8ztIQW7Q10/wnCizHt9s2LVrAJwlthjUgFjNHzzy+3EOI0IV5ghKdu2lSgvQ0JRzMiw7KaSJAj3UZe0NeUoItLLivOGcF8rHRjGQj+uYKFOTmQoknIQBbozQqonp71c/M9rpyo89TLKk1QRjkeLwpRBFcM8K9ihgmDFBpogLKj+K8Q9JBBWOtGyDsGePnmWOIe1s5p1fVSpX4zTKIFdsAeqwAYnoA6uQAM4AIMn8ALewLvxbLwaH8bnqHXOGM/sgD8wvn8BI5+gQQ==</latexit><latexit sha1_base64="EKq22x5m+GOakO3aMA+RQoIvzqw=">AAACHXicbVDLSsNAFJ34rPUVdelmsAh1UxJR1IVQdOOygrGFJobJdNIOnUzCzEQsof6IG3/FjQsVF27Ev3GSdlFbDwyce8693LknSBiVyrJ+jLn5hcWl5dJKeXVtfWPT3Nq+lXEqMHFwzGLRCpAkjHLiKKoYaSWCoChgpBn0L3O/eU+EpDG/UYOEeBHqchpSjJSWfPMYuo0erT4cQHgOXZlGPi+Uu8ztIQW7Q10/wnCizHt9s2LVrAJwlthjUgFjNHzzy+3EOI0IV5ghKdu2lSgvQ0JRzMiw7KaSJAj3UZe0NeUoItLLivOGcF8rHRjGQj+uYKFOTmQoknIQBbozQqonp71c/M9rpyo89TLKk1QRjkeLwpRBFcM8K9ihgmDFBpogLKj+K8Q9JBBWOtGyDsGePnmWOIe1s5p1fVSpX4zTKIFdsAeqwAYnoA6uQAM4AIMn8ALewLvxbLwaH8bnqHXOGM/sgD8wvn8BI5+gQQ==</latexit>

⌦
�0���

↵
=

Y

n

�(�
0ĝ
n � �ĝ

n)
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Sub-Hilbert space
A sub-Hilbert space       is spanned by states parameterized by 
two singlet collective variables : a triad and a scalar field

�(x) ! U †�(x)U , where U is SU(N) matrix. In particular, we consider a sub-Hilbert space, V

spanned by a set of states that are labeled by {Eµi(x), �(x)},

��E, �
↵
=

Z
D(Ê,�̂)�

���
↵
 (�;E,�). (37)

Here the wavefunction for the matter field is written as an exponential of a local functional,

 (�;E, �) = e�
R
dx |E(x)| L[�(x);Eµi(x),�(x)]�

1
2S0[E,�] (38)

with a gaussian form[76],

L[�(x);Eµi(x), �(x)] =
1

2
tr
h
�e��[l2cK(E,�)]�

i
. (39)

tr[..] denotes the trace over matrix indices. e��[l2cK(E,�)] is a regularized gradient term, where

�[l2c�] ⌘
R
1

l2c

dt
t e

��t is the incomplete Gamma function. It has the following asymptotic behaviors,

�(x) = � ln x� �E +O(x) for x ⌧ 1,

�(x) =
e�x

x

�
1 +O(x�1)

�
for x � 1, (40)

where �E is the Euler-Mascheroni constant. For modes with eigenvalues �(E,�)
n ⌧ l�2

c , the kernel

becomes the two-derivative operator, e��[l2cK(E,�)] ⇠ K(E,�). For �(E,�)
n � l�2

c , e��[l2cK(E,�)] ⇡ 1.

A plot of e��[l2cK(E,�)] is shown in Fig. 5. L can be understood as local tensors that generate short-

range entangled states,  (�;E, �) /
Q

x e
�dx|E(x)| L[�(x);Eµi(x),�(x)], where the sense of distance

is determined by gE,µ⌫ . Here Eµi and � play the role of variational parameters (see Fig. 6)[27].

In the large � limit,  (�;E, �) becomes a direct product state in real space. S0[E,�] is chosen to

enforce the normalization condition,
⌦
E, �

��E, �
↵
= 1. From

⌦
E, �

��E, �
↵
=

Z
D(E,�)� J (Ê,�̂)

(E,�) e
�

R
d3x |E| tr

"
�e

��[l2cK(E,�)]�
#
�S0[E,�]

= exp


N2

2
Tr

�
�
⇥
l2cK(E,�)

⇤�
� S0[E, �] + ln J (Ê,�̂)

(E,�)

�
, (41)

we obtain

S0[E, �] =
N2

2
Tr

�
�
⇥
l2cK(E,�)

⇤�
+ ln J (Ê,�̂)

(E,�) . (42)

Here Tr (..) denotes the trace of differential operators. In Eq. (41), Eq. (35) is used.

We note that (�;E, �) depends on triad only through gE,µ⌫ . Because metric is invariant under

local SO(3) transformations, Eµi(x) ! O j
i (x)Eµj(x), there is a gauge redundancy in labeling
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enforce the normalization condition,
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�
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d3x |E| tr

"
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#
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� S0[E, �] + ln J (Ê,�̂)
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2
Tr

�
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⇥
l2cK(E,�)
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+ ln J (Ê,�̂)
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Here Tr (..) denotes the trace of differential operators. In Eq. (41), Eq. (35) is used.

We note that (�;E, �) depends on triad only through gE,µ⌫ . Because metric is invariant under

local SO(3) transformations, Eµi(x) ! O j
i (x)Eµj(x), there is a gauge redundancy in labeling
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III. EMERGENT GRAVITY

A. Construction of a Hilbert space for metric from matter fields

1. Hilbert space

Now we extend the discussion on the emergent minisuperspace cosmology to a full gravity in

(3 + 1) dimensions. We consider an N ⇥ N Hermitian matrix field �(x) defined on a compact

three dimensional manifold. The full Hilbert space of the matrix field is spanned by the eigenstates

of the field operator, �̂ab(x)
���

↵
= �ab(x)

���
↵
. In order to fix the normalization of

���
↵
, we need

to introduce a discrete basis that spans the space of �ab(x). For this, we consider the complete set

of solutions to an eigenvalue equation,

K(E,�)f
(E,�)
n (x) = �(E,�)

n f (E,�)
n (x) (29)

with

K(E,�) =


�gµ⌫E r

E
µr

E
⌫ +

e2�

l2c

�
. (30)

Here r
E
µ is the covariant derivative defined with respect to a Riemannian metric, gE,µ⌫(x), which

is parameterized by a triad,

gE,µ⌫(x) = Eµi(x)E
i
⌫(x). (31)

In Eq. (31), the local Euclidean index i is raised or lowered with �ij = �ij , and repeated indices

are summed over i = 1, 2, 3. �(x) is a scalar that determines the ‘mass’ in the unit of a fixed length

scale, lc. �(E,�)
n is the n-th eigenvalue and f (E,�)

n (x) is the eigenfunction with the normalization

condition,
R
dx|E|f (E,�)⇤

n (x)f (E,�)
m (x) = �n,m with |E| ⌘ |det Eµi|. For each choice of (Eµi, �),n

f (E,�)
n (x)

��n = 1, 2, ...
o

forms a complete basis. A general field configuration can be decomposed

in any basis : �(E,�)
ab,n =

R
dx|E| f (E,�)⇤

n (x)�ab(x) represents the amplitude of the n-th normal mode

in the basis of
n
f (E,�)
n (x)

o
. To define an inner product in the Hilbert space of the matrix field, we

introduce a fiducial triad and scalar, (Êµi, �̂). In terms of the normal mode associated with K(Ê,�̂),

the inner product is defined to be

⌦
�0
���

↵
=

Y

a,b

Y

n

hp
⇡�

⇣
�

0(Ê,�̂)
ab,n � �(Ê,�̂)

ab,n

⌘i
. (32)
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Regularized Laplacian
defined with gE,μν and 
‘mass’  



Inner product
• Invariant under spatial diffeomorphism

• In the large N limit, the inner product between 
states with different collective variables vanishes

• The inner product induces a natural measure

�̃(x) = (1� ⇠µ@µ)�(x), (45)

the wavefunction is transformed as

 (�̃; Ẽ, �̃) =
h
J (Ẽ,�̃)
(E,�)

i 1
2
 (�;E, �). (46)

Therefore
��Ẽ, �̃

↵
represents a state in which the matter field is shifted in space, and is in general

distinct from
��E, �

↵
as a quantum state of the matrix field (see Fig. 7).

2. Inner product

The inner product among states in V is written as

⌦
E 0, �0

��E, �
↵
=

Z
D(Ê,�̂)�  ⇤(�;E 0, �0) (�;E, �). (47)

While both D(Ê,�̂)� and  ⇤(�;E 0, �0) (�;E, �) depend on the fiducial metric, the inner product

does not. In Eq. (47), the dependence on the fiducial metric can be removed if we use a measure

associated with Eµi or E 0

µi. In terms of the measure associated with (E, �), Eq. (47) can be written

as

⌦
E 0, �0

��E, �
↵
=

h
J (E0,�0)
(E,�)

i 1
2
e�

N
2

4 {Tr(�[l2cK(E0,�0)])+Tr(�[l2cK(E,�)])} ⇥

Z
D(E,�)� e

�
1
2

R
d3x tr �

 
|E0

|e
��[l2cK(E0,�0)]+|E|e

��[l2cK(E,�)]
!
�

. (48)

The fiducial metric drops out in Eq. (48). This has an important consequence. Because the

background space metric decouples, the inner product between states in V is invariant under dif-

feomorphism,

⌦
E 0, �0

��E, �
↵
=

⌦
Ẽ 0, �̃0

��Ẽ, �̃
↵
, (49)

where {Ẽµi(x), �̃(x)} and {Ẽ 0

µi(x), �̃
0(x)} are respectively related to {Eµi(x), �(x)} and

{E 0

µi(x), �
0(x)} through a diffeomorphism in Eq. (43) and Eq. (44). See Appendix A for the

proof of Eq. (49).

One can show that Eq. (48) vanishes unless |E(x)| = |E 0(x)| at all x. This is because met-

rics with different local proper volumes support eigenmodes with different normalizations. The

mismatch in the normalization for modes with arbitrarily large momenta gives rise to zero over-

lap if there is any region in space with |E(x)| 6= |E 0(x)|. The proof is given in Appendix B. It
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states whose collective variables differ by

h⌫
µ(x) ⇠

1

N
, |��(x)| ⇠

e�3/2�

N
(58)

or more over a proper volume larger than l3c are nearly orthogonal even when |E(x)| = |E 0(x)|[78].

With increasing N , the overlap approaches the delta function upto a normalization factor,

lim
N!1

⌦
E 0, �0

��E, �
↵
/

Y

p

2

4�
⇣
��(p)

⌘ Y

(µ,⌫)

�
⇣
hµ⌫(p)

⌘
3

5 . (59)

For general states, the overlap can be formally written as

lim
N!1

⌦
E 0, �0

��E, �
↵
= µ̃�1(E, �)

Y

x

2

4�
⇣
�0(x)� �(x)

⌘ Y

(µ,⌫)

�
⇣
gE0,µ⌫(x)� gE,µ⌫(x)

⌘
3

5 ,

(60)

where µ̃�1(E, �) is a measure determined from the determinant of Eq. (57). The full expression

for µ̃(E, �) can be in principle computed from Eq. (48). Here we don’t need an explicit form of

the measure.

The overlap provides a sense of distance between SO(3) gauge orbits in the space of

{Eµi(x), �(x)}. Accordingly, it defines the natural measure for the functional integration over

the collective variables. We define the measure from the condition that
Z

DEµiD�
⌦
E 0, �0

��E, �
↵
= 1 (61)

for any E 0

µi and �0. Formally, the measure is written as DED� ⌘ µ(E,�)
Q

x [dEµi(x)d�(x)]

with µ(E, �) = µ̃(E, �)
Q

x

⇥R
dE 0

µi(x)� (gE0,µ⌫(x)� gE,µ⌫(x))
⇤�1, where the last factor divides

out the SO(3) gauge volume. The measure defined by this condition is invariant under diffeomor-

phism. This can be checked from a series of identities,
Z

DEµiD�
⌦
E 0, �0

��E, �
↵
=

Z
DEµiD�

⌦
Ẽ 0, �̃0

��E, �
↵

=

Z
DẼµiD�̃

⌦
Ẽ 0, �̃0

��Ẽ, �̃
↵
=

Z
DẼµiD�̃

⌦
E 0, �0

��E,�
↵
, (62)

where {Ẽµi, �̃} is related to {Eµi, �} through a diffeomorphism. For the first equality, we use the

fact that Eq. (61) holds for any Eµi and �. The second equality is a simple change of variables.

For the third equality, we use the fact that the inner product is invariant under diffeomorphism. Eq.

(62) implies that DEµiD� = DẼµiD�̃.
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• Sets the notion of locality in how matter fields are 
entangled in space

• Determines the number of degrees of freedom that 
are entangled

• Von Neumann entanglement entropy of |E,σ⟩ obeys 
the area law measured with the metric gE,μν

FA(Ā) = � ln

Z
D(Ē,�̄)� e�2

R
A(Ā) dx|Ē|L[�;Ē,�̄]

����
�(x@A)=0

. (79)

Here we drop the regular contribution from C(Ē, �̄), and focus on the contribution that is poten-

tially singular in the small lc limit. In the limits that e� << 1 and the linear proper size of A is

much larger than lc, S� is proportional to the area of @A and the number of matter fields.

T3

FIG. 10: A region with linear size l in the compact space which has T 3 topology.

When the metric is flat and � is constant, one can compute the entanglement entropy explicitly.

Consider a region, A = {(x1, x2, x3)
��0 < x1 < l, 0  x2 < lc, 0  x3 < lc} in T 3 with the flat

metric gĒ,µ⌫ = a2�µ⌫ as is shown in Fig. 10. In the small lc limit with fixed alc, the entanglement

entropy of region A is given by (see Appendix E for derivation)

S�(A) =
A@A

42
, (80)

where A@A is the area of @A measured with the metric gĒ,µ⌫ , and

2
⌘

4⇡l2c
N2

. (81)

The entanglement entropy is given by the proper area of the boundary measured in the unit of 2.

 is much smaller than the cut-off scale lc in the large N limit. Although Eq. (80) has been derived

in the flat metric, the same formula is expected to hold for general metrics to the leading order in

the limit that the curvature is much smaller than l�1
c . This is because the leading order contribution,

which is divergent in the lc ! 0 limit, comes from short-wavelength modes for which geometry

can be regarded locally flat and the WKB approximation is valid.

The entanglement entropy of a fixed region A increases as the proper area of @A increases. This

can be understood in terms of mode softening with increasing proper volume. The eigenvalue for

the mode with momentum kµ = 2⇡
lc
(n1, n2, n3) with integer nµ is given by �k =

⇣
2⇡
alc

⌘2

(n2
1+n2

2+

29
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2
⌘

4⇡l2c
N2

. (81)

The entanglement entropy is given by the proper area of the boundary measured in the unit of 2.

 is much smaller than the cut-off scale lc in the large N limit. Although Eq. (80) has been derived

in the flat metric, the same formula is expected to hold for general metrics to the leading order in

the limit that the curvature is much smaller than l�1
c . This is because the leading order contribution,

which is divergent in the lc ! 0 limit, comes from short-wavelength modes for which geometry

can be regarded locally flat and the WKB approximation is valid.

The entanglement entropy of a fixed region A increases as the proper area of @A increases. This

can be understood in terms of mode softening with increasing proper volume. The eigenvalue for

the mode with momentum kµ = 2⇡
lc
(n1, n2, n3) with integer nµ is given by �k =

⇣
2⇡
alc

⌘2

(n2
1+n2

2+

29

gE,µ⌫(x)
<latexit sha1_base64="VGYhojvUOMLOB9U7RjAk76Boi7E=">AAACG3icbVDLSgMxFM3UVx1fVZdugkWoImVaF+quKILLCtYWOsOQSW/b0ExmTDJiGfohbvwVNy5UXAku/BvTx6K2HggczjmXm3uCmDOlHefHyiwsLi2vZFfttfWNza3c9s6dihJJoUYjHslGQBRwJqCmmebQiCWQMOBQD3qXQ7/+AFKxSNzqfgxeSDqCtRkl2kh+7sQNoMNECveCSEn6RwO746dXx9gNE+yKZFB4PLRdEK2phJ/LO0VnBDxPShOSRxNU/dyX24poEoLQlBOlmiUn1l5KpGaUw8B2EwUxoT3SgaahgoSgvHR03AAfGKWF25E0T2g8UqcnUhIq1Q8DkwyJ7qpZbyj+5zUT3T7zUibiRIOg40XthGMd4WFTuMUkUM37hhAqmfkrpl0iCdWmT9uUUJo9eZ7UysXzonNTzlcuJm1k0R7aRwVUQqeogq5RFdUQRU/oBb2hd+vZerU+rM9xNGNNZnbRH1jfv5U3oUE=</latexit><latexit sha1_base64="VGYhojvUOMLOB9U7RjAk76Boi7E=">AAACG3icbVDLSgMxFM3UVx1fVZdugkWoImVaF+quKILLCtYWOsOQSW/b0ExmTDJiGfohbvwVNy5UXAku/BvTx6K2HggczjmXm3uCmDOlHefHyiwsLi2vZFfttfWNza3c9s6dihJJoUYjHslGQBRwJqCmmebQiCWQMOBQD3qXQ7/+AFKxSNzqfgxeSDqCtRkl2kh+7sQNoMNECveCSEn6RwO746dXx9gNE+yKZFB4PLRdEK2phJ/LO0VnBDxPShOSRxNU/dyX24poEoLQlBOlmiUn1l5KpGaUw8B2EwUxoT3SgaahgoSgvHR03AAfGKWF25E0T2g8UqcnUhIq1Q8DkwyJ7qpZbyj+5zUT3T7zUibiRIOg40XthGMd4WFTuMUkUM37hhAqmfkrpl0iCdWmT9uUUJo9eZ7UysXzonNTzlcuJm1k0R7aRwVUQqeogq5RFdUQRU/oBb2hd+vZerU+rM9xNGNNZnbRH1jfv5U3oUE=</latexit><latexit sha1_base64="VGYhojvUOMLOB9U7RjAk76Boi7E=">AAACG3icbVDLSgMxFM3UVx1fVZdugkWoImVaF+quKILLCtYWOsOQSW/b0ExmTDJiGfohbvwVNy5UXAku/BvTx6K2HggczjmXm3uCmDOlHefHyiwsLi2vZFfttfWNza3c9s6dihJJoUYjHslGQBRwJqCmmebQiCWQMOBQD3qXQ7/+AFKxSNzqfgxeSDqCtRkl2kh+7sQNoMNECveCSEn6RwO746dXx9gNE+yKZFB4PLRdEK2phJ/LO0VnBDxPShOSRxNU/dyX24poEoLQlBOlmiUn1l5KpGaUw8B2EwUxoT3SgaahgoSgvHR03AAfGKWF25E0T2g8UqcnUhIq1Q8DkwyJ7qpZbyj+5zUT3T7zUibiRIOg40XthGMd4WFTuMUkUM37hhAqmfkrpl0iCdWmT9uUUJo9eZ7UysXzonNTzlcuJm1k0R7aRwVUQqeogq5RFdUQRU/oBb2hd+vZerU+rM9xNGNNZnbRH1jfv5U3oUE=</latexit>

FA(Ā) = � ln

Z
D(Ē,�̄)� e�2

R
A(Ā) dx|Ē|L[�;Ē,�̄]

����
�(x@A)=0

. (79)

Here we drop the regular contribution from C(Ē, �̄), and focus on the contribution that is poten-

tially singular in the small lc limit. In the limits that e� << 1 and the linear proper size of A is

much larger than lc, S� is proportional to the area of @A and the number of matter fields.

T3

FIG. 10: A region with linear size l in the compact space which has T 3 topology.

When the metric is flat and � is constant, one can compute the entanglement entropy explicitly.

Consider a region, A = {(x1, x2, x3)
��0 < x1 < l, 0  x2 < lc, 0  x3 < lc} in T 3 with the flat

metric gĒ,µ⌫ = a2�µ⌫ as is shown in Fig. 10. In the small lc limit with fixed alc, the entanglement

entropy of region A is given by (see Appendix E for derivation)

S�(A) =
A@A

42
, (80)

where A@A is the area of @A measured with the metric gĒ,µ⌫ , and

2
⌘

4⇡l2c
N2

. (81)

The entanglement entropy is given by the proper area of the boundary measured in the unit of 2.

 is much smaller than the cut-off scale lc in the large N limit. Although Eq. (80) has been derived

in the flat metric, the same formula is expected to hold for general metrics to the leading order in

the limit that the curvature is much smaller than l�1
c . This is because the leading order contribution,

which is divergent in the lc ! 0 limit, comes from short-wavelength modes for which geometry

can be regarded locally flat and the WKB approximation is valid.

The entanglement entropy of a fixed region A increases as the proper area of @A increases. This

can be understood in terms of mode softening with increasing proper volume. The eigenvalue for

the mode with momentum kµ = 2⇡
lc
(n1, n2, n3) with integer nµ is given by �k =

⇣
2⇡
alc

⌘2

(n2
1+n2

2+
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Physical meaning of the collective variables



gµ⌫E (x), �(x)
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• Determines the range of mutual information in |E,σ⟩

I(x, y) ⇠ e�
R y
x

e�

lc
ds
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General states 

FIG. 8: A tensor representation of a general state. The thick lines represent the collective

variables which are contracted with the wavefunction �(E, �).

General states in V can be expressed as linear superpositions of
��E,�

↵
,

���
↵
=

Z
DED�

��E, �
↵
�(E, �), (63)

where �(E, �) is invariant under local SO(3) transformations. Its tensor representation is shown

in Fig. 8. It is normalized such that
R
DE 0D�0DED� �⇤(E 0, �0)

⌦
E 0, �0

��E, �
↵
�(E, �) = 1. In

the large N limit,
⌦
E 0, �0

��E, �
↵

is sharply peaked at gE0,µ⌫ = gE,µ⌫ , �0 = �, and the normalization

condition reduces to
R
DED� |�(E, �)|2 = 1. Similar to Eq. (16), we define the Hermitian

conjugate of a differential operator acting on the collective variables from
Z

DED� f ⇤(E, �)H [g(E,�)] =

Z
DED�

⇥
H†f(E, �)

⇤⇤
g(E,�). (64)

B. Metric as a collective variable for entanglement

Being a wavefunction defined in continuum, the size of the Hilbert space per unit coordinate

volume is formally infinite. However, the number of degrees of freedom that contribute to entan-

glement is controlled by the proper volume measured in the unit of the short-distance cut-off, lc.

The metric sets the notion of locality in how matter fields are entangled in space . In this section,

we examine the connection between entanglement and the collective variables in details.

FIG. 9: A tensor representation of the density matrix of region A in space.
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• For semi-classical states, total EE is given by the sum 
of two contributions
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Color EE
• O( N2)
• Generated by matter fields 

fluctuating on a classical 
background metric

• Area law (measured with 
respect to the classical 
metric)

Singlet EE
• O(1)
• Generated by correlations 

between fluctuations of the 
collective variables

• Can obey volume law if the 
collective variables have 
long-range correlations
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(69)

where the functional integration of � in the last line is unconstrained, and Eq. (60) has been used.

The integrations over Ej
2, �

j
2 result in

Zn =

Z nY
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DEjD�j
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R Qn
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h
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dx|Ej
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(Ê,�̂)�je�2
R
dx|Ej |L[�j ;Ej ,�j ]

⇥

nY

j=1

(
eS0[Ej ,�j ] �̃⇤

⇣
Ej(xĀ), �
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)
. (70)

It is noted that the delta functions in Eq. (69) twists the boundary condition for the collective

variables in Eq. (70), and force �j(x) and gEj ,µ⌫ to be independent of j in @A.

If �(E, �) is sharply peaked at a classical configuration, Ē(x), �̄(x) (and its SO(3) gauge or-

bits), Eq. (70) can be approximately factorized into the contribution from the matter fields and the

contribution from the collective variables as

Zn ⇡ Z�
n (Ē, �̄)ZE,�

n , (71)

where

Z�
n (Ē, �̄) =

R Qn
j=1

h
D(Ê,�̂)�j e�2

R
dx|Ē|L[�j ;Ē,�̄]

Q
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�
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�i

R Qn
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ZE,�
n =

Z nY

j=1

DEjD�j

(
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(x@A)

)
. (73)

As a result, the entanglement entropy is given by the sum of two contributions,

S(A) ⇡ S�(A) + SE,�(A), (74)
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Endomorphism

• Operators that map the sub-Hilbert space into the sub-Hilbert space
• Momentum operator generates diffeomorphism for the collective 

variables

imally small balls centered at x and y, respectively. In the limit that the proper distance between

x and y is large, the color mutual information is dominated by the connected correlation function

between the fundamental fields inserted at x and y which exhibits the slowest decay in Eq. (82).

A straightforward calculation shows that the color mutual information scales as

I�(A,B) ⇠ N2G[x, y; Ē, �̄]2, (83)

where G[x, y; Ē, �̄] is the correlation function of the fundamental field. In the small e� limit,

G[x, y; Ē, �̄] ⇠
1

dx,y
, where dx,y is the proper distance between x and y measured with the

metric gĒ,µ⌫ . For fixed x and y in the manifold, the proper distance between the points is con-

trolled by the metric, and so does the mutual information. For example, states that support small

(large) color mutual information between two points give large (small) proper distance between the

points. When e� is not negligible, the Green’s function decays exponentially at large distances,

G[x, y; Ē, �̄] ⇠ e�
R
y

x

e
�

lc
ds, where ds is the infinitesimal proper distance along the geodesic that

connects x and y. This shows that � determines the range of entanglement, while the metric sets

the notion of locality in how matter fields are entangled in space. In this construction, the connec-

tion between entanglement and geometry[43–48] has been encoded as a kinematic building block

of the theory.

C. Relatively local Hamiltonian

In the following, we consider Hermitian operators which map V to V . If one chooses an ini-

tial state in V , evolutions generated by endomorphisms of V induce dynamical evolutions of the

collective variables. In describing such evolutions, it is enough to focus on states within V . One

example of endomorphisms is the momentum density operator for the matter fields,

Ĥµ(x) = �
1

2

h⇣
rµ�̂ab(x)

⌘
⇡̂ba(x) + ⇡̂ba(x)

⇣
rµ�̂ab(x)

⌘i
, (84)

where ⇡̂ba(x) is the conjugate momentum of �̂ab(x) with the commutator [⇡̂ab(x), �̂cd(y)] =

�i�ad�bc�(x � y). Due to Eq. (46), the action of Ĥµ(x) on
��E,�

↵
is equivalent to a differen-

tial operator that induces a diffeomorphism of the collective variables,
Z

dx nµ(x)Ĥµ(x)
��E, �

↵
= �

Z
dx nµ(x)HE,�

µ (x)
��E, �

↵
, (85)

where

H
E,�
µ (x) = �iEµir⌫

�

�E⌫i
+ i(rµ�)

�

��(x)
. (86)
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imally small balls centered at x and y, respectively. In the limit that the proper distance between

x and y is large, the color mutual information is dominated by the connected correlation function

between the fundamental fields inserted at x and y which exhibits the slowest decay in Eq. (82).

A straightforward calculation shows that the color mutual information scales as
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connects x and y. This shows that � determines the range of entanglement, while the metric sets

the notion of locality in how matter fields are entangled in space. In this construction, the connec-

tion between entanglement and geometry[43–48] has been encoded as a kinematic building block

of the theory.

C. Relatively local Hamiltonian

In the following, we consider Hermitian operators which map V to V . If one chooses an ini-

tial state in V , evolutions generated by endomorphisms of V induce dynamical evolutions of the

collective variables. In describing such evolutions, it is enough to focus on states within V . One

example of endomorphisms is the momentum density operator for the matter fields,
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rµ�̂ab(x)

⌘
⇡̂ba(x) + ⇡̂ba(x)

⇣
rµ�̂ab(x)

⌘i
, (84)

where ⇡̂ba(x) is the conjugate momentum of �̂ab(x) with the commutator [⇡̂ab(x), �̂cd(y)] =

�i�ad�bc�(x � y). Due to Eq. (46), the action of Ĥµ(x) on
��E,�

↵
is equivalent to a differen-

tial operator that induces a diffeomorphism of the collective variables,
Z

dx nµ(x)Ĥµ(x)
��E, �

↵
= �

Z
dx nµ(x)HE,�

µ (x)
��E,�

↵
, (85)

where

H
E,�
µ (x) = �iEµir⌫

�

�E⌫i
+ i(rµ�)

�

��(x)
. (86)
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See Appendix F for the proof of Eq. (85). For general states in Eq. (63), the operation of Eq. (84)

results in a shift of the collective variables,
Z

dx nµ(x)Ĥµ(x)

Z
DED�

��E,�
↵
�(E, �)

�

=

Z
DED�

��E, �
↵ Z

dx nµ(x)HE,�
µ (x)�(E, �)

�
. (87)

Here it is used that DED� is invariant under diffeomorphism[80].

Similarly, a Hamiltonian for the matter field whose trajectories stay within V induces a quantum

dynamics for Eµi and �. Our goal is to engineer a Hamiltonian for the matter field whose induced

dynamics agrees with Einstein’s general relativity at long distances in the large N limit. Namely,

we look for a Hamiltonian density whose action on
��E,�

↵
is equivalent to a differential operator

for the collective variables,

Ĥ(x;E, �)
��E, �

↵
= h̃E,�(x)

��E, �
↵
, (88)

where h̃E,�(x) is a regularized WDW differential operator[49–51] for the collective variables,

h̃E,�(x) = �̃2

✓
:
Gijkl

|E|
Ej

µE
l
⌫

�

�Eµi(x)

�

�E⌫k(x)
: + :

1

2|E|F (�)

�

��(x)

�

��(x)
:

◆

+
|E|

̃2

✓
�R +

F (�)

2
gµ⌫E (x)rµ�(x)r⌫�(x) + V (�) + U3(gE, �)

◆
. (89)

Here Gijkl =
1
4

�
�ik�jl �

1
2�ij�kl

�
is the supermetric for the kinetic term of the triad. F (�) rep-

resents a nonlinear term in the kinetic energy of the scalar. R is the curvature scalar for the

three-dimensional metric gE,µ⌫ . V (�) is a potential for the scalar. U3(gE, �) represents terms that

involve more than two derivatives for gE,µ⌫ and �. The higher-derivative terms are suppressed by

(lcr) compared to the two-derivative terms. The functional derivatives are regularized as

:
Gijkl

|E|
Ej

µE
l
⌫

�

�Eµi(x)

�

�E⌫k(x)
: ⌘

Z
dydz Kµi⌫k(y, z; x, l

2
c)

�

�Eµi(y)

�

�E⌫k(z)
,

:
1

|E|F (�)

�

��(x)

�

��(x)
: ⌘

1

F (�)

Z
dydz K(y, z; x, l2c)

�

��(y)

�

��(z)
. (90)

Here Kµi⌫k(y, z; x, t) and K(y, z; x, t) are bi-local tensor and scalar functions, respectively, which

point split the differential operators over the cut-off length scale lc. For example, one can employ

the heat kernel regularization scheme[52–54] in which the kernels satisfy the diffusion equation,

@

@t
Kµi⌫k(y, z; x, t) =

⇥
r

2
y +r

2
z

⇤
Kµi⌫k(y, z; x, t), (91)
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Hamiltonian flow

• There exists a Hamiltonian for the matter field whose 
flow stays within the sub-Hilbert space, and induces the 
Wheeler-DeWitt Hamiltonian for the collective variables

e�i
R t
0 d⌧

R
dxn(x,⌧)Ĥ(x)

Z
DED�

��E,�
↵
�(E,�; 0)

=

Z
DED�

��E,�
↵
�(E,�; t)
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↵ĤgE

��gE,µ⌫ , ..
↵

<latexit sha1_base64="kqGmWVWdXVT7JetxN47cMMskcDY="></latexit><latexit sha1_base64="kqGmWVWdXVT7JetxN47cMMskcDY="></latexit><latexit sha1_base64="kqGmWVWdXVT7JetxN47cMMskcDY="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="uOBiVTI5FpMYMkvtsTjGXuAxQUY="></latexit><latexit sha1_base64="uOBiVTI5FpMYMkvtsTjGXuAxQUY="></latexit><latexit sha1_base64="xr8mWItUMIRrVbN9PBkg2KOgB1k="></latexit><latexit sha1_base64="kqGmWVWdXVT7JetxN47cMMskcDY="></latexit><latexit sha1_base64="kqGmWVWdXVT7JetxN47cMMskcDY="></latexit><latexit sha1_base64="kqGmWVWdXVT7JetxN47cMMskcDY="></latexit><latexit sha1_base64="kqGmWVWdXVT7JetxN47cMMskcDY="></latexit><latexit sha1_base64="kqGmWVWdXVT7JetxN47cMMskcDY="></latexit><latexit sha1_base64="kqGmWVWdXVT7JetxN47cMMskcDY="></latexit>

↵
��gE,µ⌫ , ..

↵
<latexit sha1_base64="8fWjKb2acGOtrcOoSCsV50Xu3Lk="></latexit><latexit sha1_base64="8fWjKb2acGOtrcOoSCsV50Xu3Lk="></latexit><latexit sha1_base64="8fWjKb2acGOtrcOoSCsV50Xu3Lk="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="IHfDWZY5kxXxKa8UO7PeUlwmowo=">AAACI3icbVDLSgNBEOz1bXxFr14GRRCRZdeLnkSQgEcFE4VsCL2TzmZwdnadmRXCmi/y4q/oQVARf8XJ4+CroKGo6qa7K86lMDYIXr2p6ZnZufmFxcrS8srqWnV9uWGyQnOq80xm+jpGQ1IoqlthJV3nmjCNJV3FN6dD/+qOtBGZurT9nFopJkp0BUfrpHa1FsWUCFXSrUKtsb83qEQo8x6yKBbJPUvaZW0/SgsWqWKw7/sj+bgSkep8m2lXtwM/GIH9JeGEbMME5+3qc9TJeJGSslyiMc0wyG2rRG0Fl+RuKAzlyG8woaajClMyrXL07oDtOKXDupl2pSwbqd8nSkyN6aex60zR9sxvbyj+5zUL2z1qlULlhSXFx4u6hWQ2Y8PsWEdo4lb2HUGuhbuV8R5q5NYlXHEhhL9f/ksaB34Y+OFFAAuwCVuwCyEcwgmcwTnUgcMDPMEbvHuP3ov3MY5rypvktgE/4H1+AZkZpsI=</latexit><latexit sha1_base64="IHfDWZY5kxXxKa8UO7PeUlwmowo=">AAACI3icbVDLSgNBEOz1bXxFr14GRRCRZdeLnkSQgEcFE4VsCL2TzmZwdnadmRXCmi/y4q/oQVARf8XJ4+CroKGo6qa7K86lMDYIXr2p6ZnZufmFxcrS8srqWnV9uWGyQnOq80xm+jpGQ1IoqlthJV3nmjCNJV3FN6dD/+qOtBGZurT9nFopJkp0BUfrpHa1FsWUCFXSrUKtsb83qEQo8x6yKBbJPUvaZW0/SgsWqWKw7/sj+bgSkep8m2lXtwM/GIH9JeGEbMME5+3qc9TJeJGSslyiMc0wyG2rRG0Fl+RuKAzlyG8woaajClMyrXL07oDtOKXDupl2pSwbqd8nSkyN6aex60zR9sxvbyj+5zUL2z1qlULlhSXFx4u6hWQ2Y8PsWEdo4lb2HUGuhbuV8R5q5NYlXHEhhL9f/ksaB34Y+OFFAAuwCVuwCyEcwgmcwTnUgcMDPMEbvHuP3ov3MY5rypvktgE/4H1+AZkZpsI=</latexit><latexit sha1_base64="VfZDKyRtku/ShUVBNmx4q6jtkB4="></latexit><latexit sha1_base64="8fWjKb2acGOtrcOoSCsV50Xu3Lk="></latexit><latexit sha1_base64="8fWjKb2acGOtrcOoSCsV50Xu3Lk="></latexit><latexit sha1_base64="8fWjKb2acGOtrcOoSCsV50Xu3Lk="></latexit><latexit sha1_base64="8fWjKb2acGOtrcOoSCsV50Xu3Lk="></latexit><latexit sha1_base64="8fWjKb2acGOtrcOoSCsV50Xu3Lk="></latexit><latexit sha1_base64="8fWjKb2acGOtrcOoSCsV50Xu3Lk="></latexit>

�
��gE0,µ⌫ , ..

↵
<latexit sha1_base64="IcS8fsifPpt3YABUORYjz80cOPM="></latexit><latexit sha1_base64="IcS8fsifPpt3YABUORYjz80cOPM="></latexit><latexit sha1_base64="IcS8fsifPpt3YABUORYjz80cOPM="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="lUzPUAAE0QyklPrALLrCaJuwatM=">AAACI3icbZBNS8NAEIYnflu/qlcviyKKSEi86EkEKXhUsFVoSplsp3Fxs4m7G6HE/iIv/hU9CCriX3H7cfDrhYWXZ3aYmTfOpTA2CF69icmp6ZnZufnKwuLS8kp1dbFhskJzqvNMZvoqRkNSKKpbYSVd5ZowjSVdxjcng/rlHWkjMnVhezm1UkyU6AqO1qF2tRbFlAhV0q1CrbG32684YpFFsUjuWdIua9t7UVqwSBX9Pd8f8qNKRKrzradd3Qz8YCj214RjswljnbWrz1En40VKynKJxjTDILetErUVXJLboTCUI7/BhJrOKkzJtMrhuX225UiHdTPtnrJsSL93lJga00tj9zNFe21+1wbwv1qzsN3DVilUXlhSfDSoW0hmMzbIjnWEJm5lzxnkWrhdGb9Gjdy6hCsuhPD3yX9NY98PAz88D2AO1mEDdiCEAziGUziDOnB4gCd4g3fv0XvxPkZxTXjj3Nbgh7zPLyy6pn8=</latexit><latexit sha1_base64="lUzPUAAE0QyklPrALLrCaJuwatM=">AAACI3icbZBNS8NAEIYnflu/qlcviyKKSEi86EkEKXhUsFVoSplsp3Fxs4m7G6HE/iIv/hU9CCriX3H7cfDrhYWXZ3aYmTfOpTA2CF69icmp6ZnZufnKwuLS8kp1dbFhskJzqvNMZvoqRkNSKKpbYSVd5ZowjSVdxjcng/rlHWkjMnVhezm1UkyU6AqO1qF2tRbFlAhV0q1CrbG32684YpFFsUjuWdIua9t7UVqwSBX9Pd8f8qNKRKrzradd3Qz8YCj214RjswljnbWrz1En40VKynKJxjTDILetErUVXJLboTCUI7/BhJrOKkzJtMrhuX225UiHdTPtnrJsSL93lJga00tj9zNFe21+1wbwv1qzsN3DVilUXlhSfDSoW0hmMzbIjnWEJm5lzxnkWrhdGb9Gjdy6hCsuhPD3yX9NY98PAz88D2AO1mEDdiCEAziGUziDOnB4gCd4g3fv0XvxPkZxTXjj3Nbgh7zPLyy6pn8=</latexit><latexit sha1_base64="Es3lo5GAaUhbndvQ64lRzGYDdbI="></latexit><latexit sha1_base64="IcS8fsifPpt3YABUORYjz80cOPM="></latexit><latexit sha1_base64="IcS8fsifPpt3YABUORYjz80cOPM="></latexit><latexit sha1_base64="IcS8fsifPpt3YABUORYjz80cOPM="></latexit><latexit sha1_base64="IcS8fsifPpt3YABUORYjz80cOPM="></latexit><latexit sha1_base64="IcS8fsifPpt3YABUORYjz80cOPM="></latexit><latexit sha1_base64="IcS8fsifPpt3YABUORYjz80cOPM="></latexit>



Relative local Hamiltonian
Projection to a state with
a specific collective variables

Local Hamiltonian 
with respect to 

gE,μν

Sum over different 
collective variables



Relatively local Hamiltonian

xA xB

Δx ~ c

gE,xx

l

For states with large proper distance between A and B



Relatively local Hamiltonian

• The strength of the coupling between two points in space is 
determined by the state on which the Hamiltonian acts 

• The notion of locality in the Hamiltonian is determined by 
states

For states with small proper distance between A and B



Time evolution

• Time evolution generated by the matter 
Hamiltonian is described by a time evolution of 
the collective variables governed by the Wheeler 
De Witt Hamiltonian in a fixed gauge

e�i
R t
0 d⌧

R
dxn(x,⌧)Ĥ(x)

Z
DED�

��E,�
↵
�(E,�; 0)

=

Z
DED�

��E,�
↵
�(E,�; t)

<latexit sha1_base64="oSxaY3xCxHPfHd61fiRDykXSY4c="></latexit><latexit sha1_base64="oSxaY3xCxHPfHd61fiRDykXSY4c="></latexit><latexit sha1_base64="oSxaY3xCxHPfHd61fiRDykXSY4c="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="sV7/xQ0OIsWQq3XmLXP0IueCd/g="></latexit><latexit sha1_base64="sV7/xQ0OIsWQq3XmLXP0IueCd/g="></latexit><latexit sha1_base64="h0U9iAGCeqI0WkIljxEihWobahg="></latexit><latexit sha1_base64="oSxaY3xCxHPfHd61fiRDykXSY4c="></latexit><latexit sha1_base64="oSxaY3xCxHPfHd61fiRDykXSY4c="></latexit><latexit sha1_base64="oSxaY3xCxHPfHd61fiRDykXSY4c="></latexit><latexit sha1_base64="oSxaY3xCxHPfHd61fiRDykXSY4c="></latexit><latexit sha1_base64="oSxaY3xCxHPfHd61fiRDykXSY4c="></latexit><latexit sha1_base64="oSxaY3xCxHPfHd61fiRDykXSY4c="></latexit>



Semi-classical states
• Normalizable states with 

well defined `coordinates’ 
and  `momenta’

-4 -2 2 4
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<latexit sha1_base64="qdseoYz02E0SwsOiUGdRx1+BN/8=">AAACGHicbVBNT8JAEN3iF+IX6tFLIzFBY0jhot6IxsQjJiIktCHTZYAN223d3ZqQhr/hxb/ixYMar9z8Ny7QA4IvmeTlvZnMzPMjzpR2nB8rs7K6tr6R3cxtbe/s7uX3Dx5VGEuKdRryUDZ9UMiZwLpmmmMzkgiBz7HhD24mfuMZpWKheNDDCL0AeoJ1GQVtpHbecX3sMZHgkwApYXg2yrm0z4q3565ivQBOcy6KzpzdzheckjOFvUzKKSmQFLV2fux2QhoHKDTloFSr7ETaS0BqRjmadbHCCOgAetgyVECAykumn43sE6N07G4oTQltT9X5iQQCpYaBbzoD0H216E3E/7xWrLuXXsJEFGsUdLaoG3Nbh/YkJrvDJFLNh4YAlczcatM+SKDahJkzIZQXX14m9UrpquTcVwrV6zSNLDkix6RIyuSCVMkdqZE6oeSFvJEP8mm9Wu/Wl/U9a81Y6cwh+QNr/At+AKAt</latexit><latexit sha1_base64="qdseoYz02E0SwsOiUGdRx1+BN/8=">AAACGHicbVBNT8JAEN3iF+IX6tFLIzFBY0jhot6IxsQjJiIktCHTZYAN223d3ZqQhr/hxb/ixYMar9z8Ny7QA4IvmeTlvZnMzPMjzpR2nB8rs7K6tr6R3cxtbe/s7uX3Dx5VGEuKdRryUDZ9UMiZwLpmmmMzkgiBz7HhD24mfuMZpWKheNDDCL0AeoJ1GQVtpHbecX3sMZHgkwApYXg2yrm0z4q3565ivQBOcy6KzpzdzheckjOFvUzKKSmQFLV2fux2QhoHKDTloFSr7ETaS0BqRjmadbHCCOgAetgyVECAykumn43sE6N07G4oTQltT9X5iQQCpYaBbzoD0H216E3E/7xWrLuXXsJEFGsUdLaoG3Nbh/YkJrvDJFLNh4YAlczcatM+SKDahJkzIZQXX14m9UrpquTcVwrV6zSNLDkix6RIyuSCVMkdqZE6oeSFvJEP8mm9Wu/Wl/U9a81Y6cwh+QNr/At+AKAt</latexit><latexit sha1_base64="qdseoYz02E0SwsOiUGdRx1+BN/8=">AAACGHicbVBNT8JAEN3iF+IX6tFLIzFBY0jhot6IxsQjJiIktCHTZYAN223d3ZqQhr/hxb/ixYMar9z8Ny7QA4IvmeTlvZnMzPMjzpR2nB8rs7K6tr6R3cxtbe/s7uX3Dx5VGEuKdRryUDZ9UMiZwLpmmmMzkgiBz7HhD24mfuMZpWKheNDDCL0AeoJ1GQVtpHbecX3sMZHgkwApYXg2yrm0z4q3565ivQBOcy6KzpzdzheckjOFvUzKKSmQFLV2fux2QhoHKDTloFSr7ETaS0BqRjmadbHCCOgAetgyVECAykumn43sE6N07G4oTQltT9X5iQQCpYaBbzoD0H216E3E/7xWrLuXXsJEFGsUdLaoG3Nbh/YkJrvDJFLNh4YAlczcatM+SKDahJkzIZQXX14m9UrpquTcVwrV6zSNLDkix6RIyuSCVMkdqZE6oeSFvJEP8mm9Wu/Wl/U9a81Y6cwh+QNr/At+AKAt</latexit>

(Ē, �̄)
<latexit sha1_base64="bo4b4z+bbkKsUfeCdRTHYp131Hw=">AAACIXicbVDLSgMxFM3UVx1fVZdugkWoImXqRt0VRXBZwarQGcqd9LYNzWTGJCOUod/ixl9x40KlO/FnTNtZ+DoQcjjnXJJ7wkRwbTzvwynMzS8sLhWX3ZXVtfWN0ubWjY5TxbDJYhGruxA0Ci6xabgReJcohCgUeBsOzif+7QMqzWN5bYYJBhH0JO9yBsZK7dKpH2KPywzvJSgFw4ORW6F+CIpeHM5uX/NeBHTf9VF2vuXapbJX9aagf0ktJ2WSo9Eujf1OzNIIpWECtG7VvMQEGSjDmcCR66caE2AD6GHLUgkR6iCbrjiie1bp0G6s7JGGTtXvExlEWg+j0CYjMH3925uI/3mt1HRPgozLJDUo2eyhbiqoiemkL9rhCpkRQ0uAKW7/SlkfFDBjW3VtCbXfK/8lzaPqadW7OirXz/I2imSH7JIKqZFjUieXpEGahJFH8kxeyZvz5Lw47854Fi04+cw2+QHn8wusT6K5</latexit><latexit sha1_base64="bo4b4z+bbkKsUfeCdRTHYp131Hw=">AAACIXicbVDLSgMxFM3UVx1fVZdugkWoImXqRt0VRXBZwarQGcqd9LYNzWTGJCOUod/ixl9x40KlO/FnTNtZ+DoQcjjnXJJ7wkRwbTzvwynMzS8sLhWX3ZXVtfWN0ubWjY5TxbDJYhGruxA0Ci6xabgReJcohCgUeBsOzif+7QMqzWN5bYYJBhH0JO9yBsZK7dKpH2KPywzvJSgFw4ORW6F+CIpeHM5uX/NeBHTf9VF2vuXapbJX9aagf0ktJ2WSo9Eujf1OzNIIpWECtG7VvMQEGSjDmcCR66caE2AD6GHLUgkR6iCbrjiie1bp0G6s7JGGTtXvExlEWg+j0CYjMH3925uI/3mt1HRPgozLJDUo2eyhbiqoiemkL9rhCpkRQ0uAKW7/SlkfFDBjW3VtCbXfK/8lzaPqadW7OirXz/I2imSH7JIKqZFjUieXpEGahJFH8kxeyZvz5Lw47854Fi04+cw2+QHn8wusT6K5</latexit><latexit sha1_base64="bo4b4z+bbkKsUfeCdRTHYp131Hw=">AAACIXicbVDLSgMxFM3UVx1fVZdugkWoImXqRt0VRXBZwarQGcqd9LYNzWTGJCOUod/ixl9x40KlO/FnTNtZ+DoQcjjnXJJ7wkRwbTzvwynMzS8sLhWX3ZXVtfWN0ubWjY5TxbDJYhGruxA0Ci6xabgReJcohCgUeBsOzif+7QMqzWN5bYYJBhH0JO9yBsZK7dKpH2KPywzvJSgFw4ORW6F+CIpeHM5uX/NeBHTf9VF2vuXapbJX9aagf0ktJ2WSo9Eujf1OzNIIpWECtG7VvMQEGSjDmcCR66caE2AD6GHLUgkR6iCbrjiie1bp0G6s7JGGTtXvExlEWg+j0CYjMH3925uI/3mt1HRPgozLJDUo2eyhbiqoiemkL9rhCpkRQ0uAKW7/SlkfFDBjW3VtCbXfK/8lzaPqadW7OirXz/I2imSH7JIKqZFjUieXpEGahJFH8kxeyZvz5Lw47854Fi04+cw2+QHn8wusT6K5</latexit>

(E,�)
<latexit sha1_base64="++XaK28Q4yVE6+FTkhtsxZheU+A=">AAACGHicbVBNS8NAEN34WeNX1aOXxSKoSEl7UW9FETxWsFpoSplsJ3Fxs4m7G6GE/g0v/hUvHlS89ua/cftxqNUHA4/3ZpiZF6SCa+N5387c/MLi0nJhxV1dW9/YLG5t3+okUwwbLBGJagagUXCJDcONwGaqEOJA4F3wcDH0755QaZ7IG9NLsR1DJHnIGRgrdYqeH2DEZY6PEpSC3lHfPaCXx5T6mkcx0EPXR9mdsjvFklf2RqB/SWVCSmSCeqc48LsJy2KUhgnQulXxUtPOQRnOBPZdP9OYAnuACFuWSohRt/PRZ326b5UuDRNlSxo6Uqcncoi17sWB7YzB3OtZbyj+57UyE562cy7TzKBk40VhJqhJ6DAm2uUKmRE9S4Apbm+l7B4UMGPDdG0IldmX/5JGtXxW9q6rpdr5JI0C2SV75IBUyAmpkStSJw3CyDN5Je/kw3lx3pxP52vcOudMZnbILziDH8fwnx0=</latexit><latexit sha1_base64="++XaK28Q4yVE6+FTkhtsxZheU+A=">AAACGHicbVBNS8NAEN34WeNX1aOXxSKoSEl7UW9FETxWsFpoSplsJ3Fxs4m7G6GE/g0v/hUvHlS89ua/cftxqNUHA4/3ZpiZF6SCa+N5387c/MLi0nJhxV1dW9/YLG5t3+okUwwbLBGJagagUXCJDcONwGaqEOJA4F3wcDH0755QaZ7IG9NLsR1DJHnIGRgrdYqeH2DEZY6PEpSC3lHfPaCXx5T6mkcx0EPXR9mdsjvFklf2RqB/SWVCSmSCeqc48LsJy2KUhgnQulXxUtPOQRnOBPZdP9OYAnuACFuWSohRt/PRZ326b5UuDRNlSxo6Uqcncoi17sWB7YzB3OtZbyj+57UyE562cy7TzKBk40VhJqhJ6DAm2uUKmRE9S4Apbm+l7B4UMGPDdG0IldmX/5JGtXxW9q6rpdr5JI0C2SV75IBUyAmpkStSJw3CyDN5Je/kw3lx3pxP52vcOudMZnbILziDH8fwnx0=</latexit><latexit sha1_base64="++XaK28Q4yVE6+FTkhtsxZheU+A=">AAACGHicbVBNS8NAEN34WeNX1aOXxSKoSEl7UW9FETxWsFpoSplsJ3Fxs4m7G6GE/g0v/hUvHlS89ua/cftxqNUHA4/3ZpiZF6SCa+N5387c/MLi0nJhxV1dW9/YLG5t3+okUwwbLBGJagagUXCJDcONwGaqEOJA4F3wcDH0755QaZ7IG9NLsR1DJHnIGRgrdYqeH2DEZY6PEpSC3lHfPaCXx5T6mkcx0EPXR9mdsjvFklf2RqB/SWVCSmSCeqc48LsJy2KUhgnQulXxUtPOQRnOBPZdP9OYAnuACFuWSohRt/PRZ326b5UuDRNlSxo6Uqcncoi17sWB7YzB3OtZbyj+57UyE562cy7TzKBk40VhJqhJ6DAm2uUKmRE9S4Apbm+l7B4UMGPDdG0IldmX/5JGtXxW9q6rpdr5JI0C2SV75IBUyAmpkStSJw3CyDN5Je/kw3lx3pxP52vcOudMZnbILziDH8fwnx0=</latexit>



Time evolution as Goldstone mode

• There are physical states that 
spontaneously break the 
Hamiltonian constraint

• The subsequent flow of time can 
be viewed as Goldstone mode

• States that satisfy the 
Hamiltonian constraint are 
generally non-normalizable

III. EMERGENT GRAVITY

A. Construction of a Hilbert space for metric from matter fields

1. Hilbert space

Now we extend the discussion on the emergent minisuperspace cosmology to a full gravity in

(3 + 1) dimensions. We consider an N ⇥ N Hermitian matrix field �(x) defined on a compact

three dimensional manifold. The full Hilbert space of the matrix field is spanned by the eigenstates

of the field operator, �̂ab(x)
���

↵
= �ab(x)

���
↵
. In order to fix the normalization of

���
↵
, we need

to introduce a discrete basis that spans the space of �ab(x). For this, we consider the complete set

of solutions to an eigenvalue equation,

K(E,�)f
(E,�)
n (x) = �(E,�)

n f (E,�)
n (x) (29)

with

K(E,�) =


�gµ⌫E r

E
µr

E
⌫ +

e2�

l2c

�
. (30)

Here r
E
µ is the covariant derivative defined with respect to a Riemannian metric, gE,µ⌫(x), which

is parameterized by a triad,

gE,µ⌫(x) = Eµi(x)E
i
⌫(x). (31)

In Eq. (31), the local Euclidean index i is raised or lowered with �ij = �ij , and repeated indices

are summed over i = 1, 2, 3. �(x) is a scalar that determines the ‘mass’ in the unit of a fixed length

scale, lc. �(E,�)
n is the n-th eigenvalue and f (E,�)

n (x) is the eigenfunction with the normalization

condition,
R
dx|E|f (E,�)⇤

n (x)f (E,�)
m (x) = �n,m with |E| ⌘ |det Eµi|. For each choice of (Eµi, �),n

f (E,�)
n (x)

��n = 1, 2, ...
o

forms a complete basis. A general field configuration can be decomposed

in any basis : �(E,�)
ab,n =

R
dx|E| f (E,�)⇤

n (x)�ab(x) represents the amplitude of the n-th normal mode

in the basis of
n
f (E,�)
n (x)

o
. To define an inner product in the Hilbert space of the matrix field, we

introduce a fiducial triad and scalar, (Êµi, �̂). In terms of the normal mode associated with K(Ê,�̂),

the inner product is defined to be

⌦
�0
���

↵
=

Y

a,b

Y

n

hp
⇡�

⇣
�

0(Ê,�̂)
ab,n � �(Ê,�̂)

ab,n

⌘i
. (32)
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FIG. 4: (a) States that satisfy the Hamiltonian constraint are extended in the space of the

collective variables, and are not normalizable. (b) Physical states with finite norms spontaneously

break the symmetry generated by the Hamiltonian. The Goldstone mode associated with the

spontaneously broken symmetry gives rise to a non-trivial time evolution.

value of � when ↵ takes a certain value.

Now we examine how semi-classical states evolve under Ĥ . Since Eq. (22) has a fast oscillating

phase factor, the convolution integration in Eq. (19) gives rise to a suppression in the norm of the

wavefunction,
Z

D↵0D�0
⌦
↵, �

��↵0, �0
↵
�(↵0, �0) ⇡ A��(↵, �), (24)

where A� = e
�18e�6↵̄

⇣
cosh 3

p
2�̄

2 ⇡̄2
�
p
2 sinh 3

p
2�̄ ⇡̄⇡̄�+cos 3

p
2�̄ ⇡̄2

�

⌘

< 1, and it is used that �(↵, �) is

sharply peaked at (↵̄, �̄). As a result, H↵,� becomes the WDW Hamiltonian upto a multiplicative

factor that depends on the wavefunction,

H↵,� �(↵, �) ⇡ A�H̃↵,��(↵, �). (25)

By choosing a lapse that takes into account A�, the state after an infinitesimal step of the parameter

time can be written as

���; dt
↵
= e�in(1)A�1

� Ĥdt
���
↵

=

Z
D↵(0)D�(0)

��↵(0), �(0)
↵
e�in(1)H̃

↵
(0)

,�
(0)dt�(↵(0), �(0))
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Black hole formation and evaporation

• One can choose an initial state that describes a spherically 
symmetric collapsing mass shell

• In the large N limit, the saddle point solution describes a formation 
of a black hole

• Suppose a BH with rH >> lc is formed. Right after the BH formation, 
it has large color EE

e�i
R t
0 d⌧

R
dxn(x,⌧)Ĥ(x)

Z
DED�

��E,�
↵
�(E,�; 0)

=

Z
DED�

��E,�
↵
�(E,�; t)
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BH evaporation = 
Entanglement neutralization

• 1/N corrections generate Hawking radiation
• The local field theory description remains valid until 

the horizon size becomes lc

• The Hawking radiation is emitted in the singlet sector
– N2 degrees of freedom are subject to strong interaction

• Entanglement is gradually transferred from the color 
sector to the singlet sector 

[cf. Hubeny, Marolf, Rangamani]



Entanglement neutralization

• The color EE (identified as the Bekenstein-Hawking 
entropy) captures only a part of the full EE

• The large number of singlet modes described by 
effective field theory inside the horizon can in principle 
support the large EE with the early Hawking radiation 
while the color EE is negligible

A

B

T

?



Summary
• GR can in principle emerge from matter fields
• Such Hamiltonian is non-local, but possesses a 

weaker notion of locality – relative locality
– the range of interactions in the Hamiltonian is 

determined relative to states on which Hamiltonian 
acts

• Black hole evaporation corresponds to a unitary 
evolution in which entanglement is transferred 
from the color sector to the singlet sector
– Bekenstein-Hawking entropy captures only the color 

EE


