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Motivation

✤ Use Amplituhedron picture for planar N=4 SYM 
amplitudes, perform all-loop order calculation, go to 
strong coupling, compare with integrability and 
eventually study the “strong coupling geometry”



Outline

✤ Amplituhedron: geometric picture for scattering amplitudes 
in planar N=4 SYM theory


✤ Define “negative geometries” which naturally give the 
logarithm of the amplitude to all loop orders


✤ Define IR finite object by freezing one of the loops and 
integrated over the others, relation to Wilson loop picture


✤ Approximation: special class of negative geometries, 
evaluate to all loops, resummation, strong coupling limit



Amplituhedron
(Arkani-Hamed, JT 2013)

(Arkani-Hamed, Thomas, JT 2017)



Four point amplitudes

✤ In this talk we are interested in 4pt amplitudes in 
planar N=4 SYM theory


✤ Amplituhedron picture for the all-loop integrand


✤ Amplitude        is divergent and needs to be regulated 


✤ The integrand form       is rational and finite 
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dlog form on the 

Amplituhedron geometry
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M4
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⌦4



✤ Convenient kinematical variables: momentum twistors


✤ Fixed convex external data: 


✤ Amplituhedron: configuration space of all lines

Amplituhedron geometry
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Z1
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Z2
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Z3
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Z4

external 
<latexit sha1_base64="KGMzoFLj7QZO9gmrm+BfSyO47uc=">AAAB/nicbVDLSsNAFL2prxpfUXHlJtgILqQkVdFlwY3LCvZB2xAm02k7dDIJMxOhhIK/4saFIm79Dnf+jdM2C209cOBwzr3MnRMmjErlut9GYWV1bX2juGlube/s7ln7Bw0ZpwKTOo5ZLFohkoRRTuqKKkZaiSAoChlphqPbad58JELSmD+ocUL8CA047VOMlLYC68hxzHbgnbeDiuaF5qXpOIFVcsvuDPay8HJRghy1wPrq9mKcRoQrzJCUHc9NlJ8hoShmZGJ2U0kShEdoQDpachQR6Wez8yf2qXZ6dj8WmlzZM/f3RoYiKcdRqCcjpIZyMZua/2WdVPVv/IzyJFWE4/lD/ZTZKranXdg9KghWbKwFwoLqW208RAJhpRszdQne4peXRaNS9q7K7n2lVK3mdRThGE7gDDy4hircQQ3qgCGDZ3iFN+PJeDHejY/5aMHIdw7hD4zPHxIPklM=</latexit>

Z1, Z2, Z3, Z4

<latexit sha1_base64="Yif18OrXukH3G8DzV2H4XQ6aNNE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9VLx4r2A9oQ9lsN+3SzSbuboQS+ie8eFDEq3/Hm//GbZqDtj4YeLw3w8y8IOFMadf9tkpr6xubW+Vte2d3b/+gcnjUVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wuZ37nScqFYvFg54m1I/wSLCQEayN1HUc+/rGdpxBperW3BxolXgFqUKB5qDy1R/GJI2o0IRjpXqem2g/w1IzwunM7qeKJphM8Ij2DBU4osrP8ntn6MwoQxTG0pTQKFd/T2Q4UmoaBaYzwnqslr25+J/XS3V45WdMJKmmgiwWhSlHOkbz59GQSUo0nxqCiWTmVkTGWGKiTUS2CcFbfnmVtOs176Lm3terjUYRRxlO4BTOwYNLaMAdNKEFBDg8wyu8WY/Wi/VufSxaS1Yxcwx/YH3+APYZjfE=</latexit>

AB

loops
<latexit sha1_base64="bCQ4sJC+zso+WcB/NPub7JOo8wE=">AAAB83icbVBNS8NAEJ3Urxq/qh69LDZCvZSkIHqsevFYwX5AG8pmu2nXbjZhdyOU0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmBQlnSrvut1VYW9/Y3Cpu2zu7e/sHpcOjlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8e3Mbz9RqVgsHvQkoX6Eh4KFjGBtpJ7j2JXrm/P+o+04/VLZrbpzoFXi5aQMORr90ldvEJM0okITjpXqem6i/QxLzQinU7uXKppgMsZD2jVU4IgqP5vfPEVnRhmgMJamhEZz9fdEhiOlJlFgOiOsR2rZm4n/ed1Uh1d+xkSSairIYlGYcqRjNAsADZikRPOJIZhIZm5FZIQlJtrEZJsQvOWXV0mrVvUuqu59rVyv53EU4QROoQIeXEId7qABTSCQwDO8wpuVWi/Wu/WxaC1Y+cwx/IH1+QM9Go8z</latexit>

(AB)j

points in 
<latexit sha1_base64="eUS7ZYdjbpIJ57O8TuGlGlSJo3U=">AAAB+3icbVDLSsNAFL3xWeMr1qWbwUZwVZKK6LLgxmUF+4A2lsl00g6dPJiZiCXkV9y4UMStP+LOv3HSZqGtBwYO59zLPXP8hDOpHOfbWFvf2NzaruyYu3v7B4fWUbUj41QQ2iYxj0XPx5JyFtG2YorTXiIoDn1Ou/70pvC7j1RIFkf3apZQL8TjiAWMYKWloVW1bXMQYjXx/ayVP1yYtj20ak7dmQOtErckNSjRGlpfg1FM0pBGinAsZd91EuVlWChGOM3NQSppgskUj2lf0wiHVHrZPHuOzrQyQkEs9IsUmqu/NzIcSjkLfT1ZxJTLXiH+5/VTFVx7GYuSVNGILA4FKUcqRkURaMQEJYrPNMFEMJ0VkQkWmChdl6lLcJe/vEo6jbp7WXfuGrVms6yjAidwCufgwhU04RZa0AYCT/AMr/Bm5MaL8W58LEbXjHLnGP7A+PwBStSSpg==</latexit>

P3

lines

<latexit sha1_base64="Muk3eIuBIJjkDDc7k7xnRZql56c="></latexit>

h1234i = ✏abcdZ
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(AB)j

(Hodges, 2009)



One-loop Amplituhedron

✤ One-loop Amplituhedron: configuration of all lines           
which satisfy following conditions 


✤ Convenient parametrization


<latexit sha1_base64="/bIKbjLTt6pfAClBVj4s/ywMIhU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCvZSkIHqsevFYwX5gG8pmu2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBQlnSrvut1VYW9/Y3Cpu2zu7e/sHpcOjlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8e3Mbz9RqVgsHvQkoX6Eh4KFjGBtpEfHsSvXN+e24/RLZbfqzoFWiZeTMuRo9EtfvUFM0ogKTThWquu5ifYzLDUjnE7tXqpogskYD2nXUIEjqvxsfvEUnRllgMJYmhIazdXfExmOlJpEgemMsB6pZW8m/ud1Ux1e+RkTSaqpIItFYcqRjtHsfTRgkhLNJ4ZgIpm5FZERlphoE5JtQvCWX14lrVrVu6i697VyvZ7HUYQTOIUKeHAJdbiDBjSBgIBneIU3S1kv1rv1sWgtWPnMMfyB9fkDvWSOVg==</latexit>

(AB)

<latexit sha1_base64="VnzdRjr/hoE4YBPFkjrt+PKF4PY="></latexit>

hAB12i = ✏abcdZ
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d
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<latexit sha1_base64="OB7DGSWUR4DtdwebXMNnOl8Mhh8=">AAACCHicbVDLSsNAFJ3UV42vqEsXDjaCIJakKroRim5cVrAP2oYwmU7aoZMHMxOlhi7d+CtuXCji1k9w5984bbPQ1gPDPZxzL3fu8WJGhbSsby03N7+wuJRf1ldW19Y3jM2tmogSjkkVRyziDQ8JwmhIqpJKRhoxJyjwGKl7/auRX78jXNAovJWDmDgB6obUpxhJJbnGrmnqTfcSXsCmewyP4IOqJXgI71U90U3TNQpW0RoDzhI7IwWQoeIaX+1OhJOAhBIzJETLtmLppIhLihkZ6u1EkBjhPuqSlqIhCohw0vEhQ7ivlA70I65eKOFY/T2RokCIQeCpzgDJnpj2RuJ/XiuR/rmT0jBOJAnxZJGfMCgjOEoFdignWLKBIghzqv4KcQ9xhKXKTlch2NMnz5JaqWifFq2bUqFczuLIgx2wBw6ADc5AGVyDCqgCDB7BM3gFb9qT9qK9ax+T1pyWzWyDP9A+fwDiKpTK</latexit>

ZB = Z3 � zZ2 + wZ4
<latexit sha1_base64="FQag3lc1cZBRgB/1oS4zsSl1UFg=">AAACCHicbVDLSsNAFJ3UV42vqEsXDjaCIJSkKLoRKm5cVrAP2oYwmU7aoZNJmJmIJXTpxl9x40IRt36CO//GaZuFVi8M53DOvdy5J0gYlcpxvozCwuLS8kpx1Vxb39jcsrZ3GjJOBSZ1HLNYtAIkCaOc1BVVjLQSQVAUMNIMhlcTv3lHhKQxv1WjhHgR6nMaUoyUlnxr37bNtn8JL2Dbd+ExvNdY0TjSeGLatm+VnLIzLfiXuDkpgbxqvvXZ7cU4jQhXmCEpO66TKC9DQlHMyNjsppIkCA9Rn3Q05Sgi0sumh4zhoVZ6MIyFflzBqfpzIkORlKMo0J0RUgM5703E/7xOqsJzL6M8SRXheLYoTBlUMZykAntUEKzYSBOEBdV/hXiABMJKZ2fqENz5k/+SRqXsnpadm0qpWs3jKII9cACOgAvOQBVcgxqoAwwewBN4Aa/Go/FsvBnvs9aCkc/sgl9lfHwD2iWUxQ==</latexit>

ZA = Z1 + xZ2 + yZ4

the space reduces to 
<latexit sha1_base64="db92lkVQOIGRNXJaqc16+XoLCgU=">AAAB+HicbVBNS8NAEJ34WeNHox69BBvBQylJQfQkBS8eK9gPaEPZbDft0s0m7G7UtPSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCqFSu+22srW9sbm0Xdszdvf2DonV41JRxKjBp4JjFoh0gSRjlpKGoYqSdCIKigJFWMLqZ+a0HIiSN+b3KEuJHaMBpSDFSWupZRccxn8pZeVx+vHZNx+lZJbfizmGvEi8nJchR71lf3X6M04hwhRmSsuO5ifInSCiKGZma3VSSBOERGpCOphxFRPqT+eFT+0wrfTuMhS6u7Ln6e2KCIimzKNCdEVJDuezNxP+8TqrCK39CeZIqwvFiUZgyW8X2LAW7TwXBimWaICyovtXGQyQQVjorU4fgLb+8SprVindRce+qpVotj6MAJ3AK5+DBJdTgFurQAAwpPMMrvBlj48V4Nz4WrWtGPnMMf2B8/gAI4pC5</latexit>

x, y, z, w > 0



✤ Logarithmic form on this space


✤ This corresponds to the one-loop box integral


One-loop Amplituhedron

<latexit sha1_base64="yW/w/kJyDBPF5DepEjinyKQYci4="></latexit>

⌦ =
dx

x

dy

y

dz

z

dw

w
=

dµABh1234i2

hAB12ihAB23ihAB34ihAB14i

<latexit sha1_base64="Yif18OrXukH3G8DzV2H4XQ6aNNE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9VLx4r2A9oQ9lsN+3SzSbuboQS+ie8eFDEq3/Hm//GbZqDtj4YeLw3w8y8IOFMadf9tkpr6xubW+Vte2d3b/+gcnjUVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wuZ37nScqFYvFg54m1I/wSLCQEayN1HUc+/rGdpxBperW3BxolXgFqUKB5qDy1R/GJI2o0IRjpXqem2g/w1IzwunM7qeKJphM8Ij2DBU4osrP8ntn6MwoQxTG0pTQKFd/T2Q4UmoaBaYzwnqslr25+J/XS3V45WdMJKmmgiwWhSlHOkbz59GQSUo0nxqCiWTmVkTGWGKiTUS2CcFbfnmVtOs176Lm3terjUYRRxlO4BTOwYNLaMAdNKEFBDg8wyu8WY/Wi/VufSxaS1Yxcwx/YH3+APYZjfE=</latexit>

AB
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Z1
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Z2

<latexit sha1_base64="0BZlfTkO9nrsefnABAsgQZzaYf8=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuRfRY8OKxgv3QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0upn5rSeqNEvkvRmnNBR4IFnMCDZWevA897F34Xper1T2K/4caJUEOSlDjnqv9NXtJyQTVBrCsdadwE9NOMHKMMLp1O1mmqaYjPCAdiyVWFAdTuYHT9GZVfooTpQtadBc/T0xwULrsYhsp8BmqJe9mfif18lMfB1OmEwzQyVZLIozjkyCZt+jPlOUGD62BBPF7K2IDLHCxNiMXBtCsPzyKmlWK8Flxb+rlmu1PI4inMApnEMAV1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7ydjmQ=</latexit>

Z3

<latexit sha1_base64="MXw66Rm/AQqvZLzGE5Bbk/d2yWY=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuUfRY8OKxgv3QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0upn5rSeqNEvkvRmnNBR4IFnMCDZWevA897F34Xper1T2K/4caJUEOSlDjnqv9NXtJyQTVBrCsdadwE9NOMHKMMLp1O1mmqaYjPCAdiyVWFAdTuYHT9GZVfooTpQtadBc/T0xwULrsYhsp8BmqJe9mfif18lMfB1OmEwzQyVZLIozjkyCZt+jPlOUGD62BBPF7K2IDLHCxNiMXBtCsPzyKmlWK8Flxb+rlmu1PI4inMApnEMAV1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP74kjmU=</latexit>

Z4

measure
<latexit sha1_base64="qEy8h+TOP89uU5x3+4M0bWWPepA=">AAACKXicbZBNS8MwGMfT+TbrW9Wjl+AmeJDRDkQvQjcvHie4F1jnSNNsC0vTkqTCKPs6XvwqXhQU9eoXMet60M0/BP75Pc9D8vz9mFGpbPvTKKysrq1vFDfNre2d3T1r/6Alo0Rg0sQRi0THR5IwyklTUcVIJxYEhT4jbX98Pau3H4iQNOJ3ahKTXoiGnA4oRkqjvuWWy2bghUk/rdWn8Ap6DPEhI7BW986C+2rNE9l9AddzbJbLfatkV+xMcNk4uSmBXI2+9eoFEU5CwhVmSMquY8eqlyKhKGZkanqJJDHCYzQkXW05ConspdmmU3iiSQAHkdCHK5jR3xMpCqWchL7uDJEaycXaDP5X6yZqcNlLKY8TRTiePzRIGFQRnMUGAyoIVmyiDcKC6r9CPEICYaXDNXUIzuLKy6ZVrTjnFfu2WnLdPI4iOALH4BQ44AK44AY0QBNg8AiewRt4N56MF+PD+Jq3Fox85hD8kfH9A6Zgo9E=</latexit>

dµAB = hAB d2AihAB d2Bi



✤ Configuration of two lines           and 


Two-loop Amplituhedron
<latexit sha1_base64="/bIKbjLTt6pfAClBVj4s/ywMIhU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCvZSkIHqsevFYwX5gG8pmu2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBQlnSrvut1VYW9/Y3Cpu2zu7e/sHpcOjlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8e3Mbz9RqVgsHvQkoX6Eh4KFjGBtpEfHsSvXN+e24/RLZbfqzoFWiZeTMuRo9EtfvUFM0ogKTThWquu5ifYzLDUjnE7tXqpogskYD2nXUIEjqvxsfvEUnRllgMJYmhIazdXfExmOlJpEgemMsB6pZW8m/ud1Ux1e+RkTSaqpIItFYcqRjtHsfTRgkhLNJ4ZgIpm5FZERlphoE5JtQvCWX14lrVrVu6i697VyvZ7HUYQTOIUKeHAJdbiDBjSBgIBneIU3S1kv1rv1sWgtWPnMMfyB9fkDvWSOVg==</latexit>

(AB)
<latexit sha1_base64="f6H3tkTBDmJ8ZBYibmQhQmQKWN4=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCvZSkIHos1IPHCvYD21A22027dLMJuxuhhP4LLx4U8eq/8ea/cdvmoK0PBh7vzTAzL0g4U9p1v63CxubW9k5x197bPzg8Kh2ftFWcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTTBpzv/NEpWKxeNDThPoRHgkWMoK1kR4dx640bi9txxmUym7VXQCtEy8nZcjRHJS++sOYpBEVmnCsVM9zE+1nWGpGOJ3Z/VTRBJMJHtGeoQJHVPnZ4uIZujDKEIWxNCU0Wqi/JzIcKTWNAtMZYT1Wq95c/M/rpTq88TMmklRTQZaLwpQjHaP5+2jIJCWaTw3BRDJzKyJjLDHRJiTbhOCtvrxO2rWqd1V172vlej2PowhncA4V8OAa6nAHTWgBAQHP8ApvlrJerHfrY9lasPKZU/gD6/MHw4aOWg==</latexit>

(CD)

<latexit sha1_base64="xhpsjkgtD2nO0EV1v8boL6v4CJ8="></latexit>

hCD12i, hCD23i, hCD34i, hCD14i > 0, hCD13i, hCD24i < 0

each line lives in the one-loop Amplituhedron
<latexit sha1_base64="ebmEVs2nmKMtCOauKKRb1zugCcs="></latexit>

hAB12i, hAB23i, hAB34i, hAB14i > 0, hAB13i, hAB24i < 0

if nothing else is imposed: square of one-loop problem

<latexit sha1_base64="Yif18OrXukH3G8DzV2H4XQ6aNNE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9VLx4r2A9oQ9lsN+3SzSbuboQS+ie8eFDEq3/Hm//GbZqDtj4YeLw3w8y8IOFMadf9tkpr6xubW+Vte2d3b/+gcnjUVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wuZ37nScqFYvFg54m1I/wSLCQEayN1HUc+/rGdpxBperW3BxolXgFqUKB5qDy1R/GJI2o0IRjpXqem2g/w1IzwunM7qeKJphM8Ij2DBU4osrP8ntn6MwoQxTG0pTQKFd/T2Q4UmoaBaYzwnqslr25+J/XS3V45WdMJKmmgiwWhSlHOkbz59GQSUo0nxqCiWTmVkTGWGKiTUS2CcFbfnmVtOs176Lm3terjUYRRxlO4BTOwYNLaMAdNKEFBDg8wyu8WY/Wi/VufSxaS1Yxcwx/YH3+APYZjfE=</latexit>

AB

<latexit sha1_base64="1evVGFMIoeQ25KfKToza0ByJph0=">AAAB8HicbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LHgxWMF+6FtKJvtpl26uwm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSjnTxve/nbX1jc2t7dKOu7u3f3BYPjpu6SRThDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2VHjzPfewHruf1yxW/6s+BVklQkAoUaPTLX71BQjJBpSEca90N/NSEOVaGEU6nbi/TNMVkjIe0a6nEguownx88RedWGaA4UbakQXP190SOhdYTEdlOgc1IL3sz8T+vm5n4OsyZTDNDJVksijOOTIJm36MBU5QYPrEEE8XsrYiMsMLE2IxcG0Kw/PIqadWqwWXVv6tV6vUijhKcwhlcQABXUIdbaEATCAh4hld4c5Tz4rw7H4vWNaeYOYE/cD5/ALmPjmI=</latexit>

Z1
<latexit sha1_base64="aIYojzzqVnPjgAuYs1QiHDyfQ/U=">AAAB8HicbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LHgxWMF+6FtKJvtpl26uwm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSjnTxve/nbX1jc2t7dKOu7u3f3BYPjpu6SRThDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2VHjzPfezXXM/rlyt+1Z8DrZKgIBUo0OiXv3qDhGSCSkM41rob+KkJc6wMI5xO3V6maYrJGA9p11KJBdVhPj94is6tMkBxomxJg+bq74kcC60nIrKdApuRXvZm4n9eNzPxdZgzmWaGSrJYFGccmQTNvkcDpigxfGIJJorZWxEZYYWJsRm5NoRg+eVV0qpVg8uqf1er1OtFHCU4hTO4gACuoA630IAmEBDwDK/w5ijnxXl3Phata04xcwJ/4Hz+ALsWjmM=</latexit>

Z2

<latexit sha1_base64="0BZlfTkO9nrsefnABAsgQZzaYf8=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuRfRY8OKxgv3QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0upn5rSeqNEvkvRmnNBR4IFnMCDZWevA897F34Xper1T2K/4caJUEOSlDjnqv9NXtJyQTVBrCsdadwE9NOMHKMMLp1O1mmqaYjPCAdiyVWFAdTuYHT9GZVfooTpQtadBc/T0xwULrsYhsp8BmqJe9mfif18lMfB1OmEwzQyVZLIozjkyCZt+jPlOUGD62BBPF7K2IDLHCxNiMXBtCsPzyKmlWK8Flxb+rlmu1PI4inMApnEMAV1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7ydjmQ=</latexit>

Z3

<latexit sha1_base64="MXw66Rm/AQqvZLzGE5Bbk/d2yWY=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuUfRY8OKxgv3QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0upn5rSeqNEvkvRmnNBR4IFnMCDZWevA897F34Xper1T2K/4caJUEOSlDjnqv9NXtJyQTVBrCsdadwE9NOMHKMMLp1O1mmqaYjPCAdiyVWFAdTuYHT9GZVfooTpQtadBc/T0xwULrsYhsp8BmqJe9mfif18lMfB1OmEwzQyVZLIozjkyCZt+jPlOUGD62BBPF7K2IDLHCxNiMXBtCsPzyKmlWK8Flxb+rlmu1PI4inMApnEMAV1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP74kjmU=</latexit>

Z4

<latexit sha1_base64="MXw66Rm/AQqvZLzGE5Bbk/d2yWY=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuUfRY8OKxgv3QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0upn5rSeqNEvkvRmnNBR4IFnMCDZWevA897F34Xper1T2K/4caJUEOSlDjnqv9NXtJyQTVBrCsdadwE9NOMHKMMLp1O1mmqaYjPCAdiyVWFAdTuYHT9GZVfooTpQtadBc/T0xwULrsYhsp8BmqJe9mfif18lMfB1OmEwzQyVZLIozjkyCZt+jPlOUGD62BBPF7K2IDLHCxNiMXBtCsPzyKmlWK8Flxb+rlmu1PI4inMApnEMAV1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP74kjmU=</latexit>

Z4

<latexit sha1_base64="1evVGFMIoeQ25KfKToza0ByJph0=">AAAB8HicbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LHgxWMF+6FtKJvtpl26uwm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSjnTxve/nbX1jc2t7dKOu7u3f3BYPjpu6SRThDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2VHjzPfewHruf1yxW/6s+BVklQkAoUaPTLX71BQjJBpSEca90N/NSEOVaGEU6nbi/TNMVkjIe0a6nEguownx88RedWGaA4UbakQXP190SOhdYTEdlOgc1IL3sz8T+vm5n4OsyZTDNDJVksijOOTIJm36MBU5QYPrEEE8XsrYiMsMLE2IxcG0Kw/PIqadWqwWXVv6tV6vUijhKcwhlcQABXUIdbaEATCAh4hld4c5Tz4rw7H4vWNaeYOYE/cD5/ALmPjmI=</latexit>

Z1
<latexit sha1_base64="aIYojzzqVnPjgAuYs1QiHDyfQ/U=">AAAB8HicbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LHgxWMF+6FtKJvtpl26uwm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSjnTxve/nbX1jc2t7dKOu7u3f3BYPjpu6SRThDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2VHjzPfezXXM/rlyt+1Z8DrZKgIBUo0OiXv3qDhGSCSkM41rob+KkJc6wMI5xO3V6maYrJGA9p11KJBdVhPj94is6tMkBxomxJg+bq74kcC60nIrKdApuRXvZm4n9eNzPxdZgzmWaGSrJYFGccmQTNvkcDpigxfGIJJorZWxEZYYWJsRm5NoRg+eVV0qpVg8uqf1er1OtFHCU4hTO4gACuoA630IAmEBDwDK/w5ijnxXl3Phata04xcwJ/4Hz+ALsWjmM=</latexit>

Z2

<latexit sha1_base64="0BZlfTkO9nrsefnABAsgQZzaYf8=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuRfRY8OKxgv3QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0upn5rSeqNEvkvRmnNBR4IFnMCDZWevA897F34Xper1T2K/4caJUEOSlDjnqv9NXtJyQTVBrCsdadwE9NOMHKMMLp1O1mmqaYjPCAdiyVWFAdTuYHT9GZVfooTpQtadBc/T0xwULrsYhsp8BmqJe9mfif18lMfB1OmEwzQyVZLIozjkyCZt+jPlOUGD62BBPF7K2IDLHCxNiMXBtCsPzyKmlWK8Flxb+rlmu1PI4inMApnEMAV1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7ydjmQ=</latexit>

Z3

<latexit sha1_base64="Lh1UrGexZNX8I06ZZ2hk5lmf/nw=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDaCp5IURI+FevBYwX5AG8pmu2mXbjZxdyOU0D/hxYMiXv073vw3btMctPXBwOO9GWbmBQlnSrvut1Xa2Nza3inv2nv7B4dHleOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaDaXPhd5+oVCwWD3qWUD/CY8FCRrA2Us9x7Oat7TjDStWtuTnQOvEKUoUCrWHlazCKSRpRoQnHSvU9N9F+hqVmhNO5PUgVTTCZ4jHtGypwRJWf5ffO0YVRRiiMpSmhUa7+nshwpNQsCkxnhPVErXoL8T+vn+rwxs+YSFJNBVkuClOOdIwWz6MRk5RoPjMEE8nMrYhMsMREm4hsE4K3+vI66dRr3lXNva9XG40ijjKcwTlcggfX0IA7aEEbCHB4hld4sx6tF+vd+li2lqxi5hT+wPr8Afw3jfU=</latexit>

CD
<latexit sha1_base64="OSPHEcvgGBVmmB54McXSQBGfcIw=">AAAB83icbVBNS8NAEJ3Urxq/qh69BBvBU0kKoseCF48VbCs0oWy2m3bpZhN2J0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZelAmu0fO+rcrG5tb2TnXX3ts/ODyqHZ90dZoryjo0Fal6jIhmgkvWQY6CPWaKkSQSrBdNbud+74kpzVP5gNOMhQkZSR5zStBIgevaAfKEadt1B7W61/AWcNaJX5I6lGgPal/BMKV5wiRSQbTu+16GYUEUcirYzA5yzTJCJ2TE+oZKYvaExeLmmXNhlKETp8qURGeh/p4oSKL1NIlMZ0JwrFe9ufif188xvgkLLrMcmaTLRXEuHEydeQDOkCtGUUwNIVRxc6tDx0QRiiYm24Tgr768TrrNhn/V8O6b9VarjKMKZ3AOl+DDNbTgDtrQAQoZPMMrvFm59WK9Wx/L1opVzpzCH1ifP5ejkBQ=</latexit>⇥

<latexit sha1_base64="AwzZhgEd66EcDq1w2pV03AIkuKg=">AAAB+HicbVBNS8NAEN3Urxo/GvXoZbERPJWkIHoRCl68WcHWQhvKZjtpl+4mYXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5oUpZ0p73rdVWlvf2Nwqb9s7u3v7FefgsK2STFJo0YQnshMSBZzF0NJMc+ikEogIOTyE4+uZ//AIUrEkvteTFAJBhjGLGCXaSH2n4rp271bAkOArbLtu36l6NW8OvEr8glRRgWbf+eoNEpoJiDXlRKmu76U6yInUjHKY2r1MQUromAyha2hMBKggnx8+xadGGeAokaZijefq74mcCKUmIjSdguiRWvZm4n9eN9PRZZCzOM00xHSxKMo41gmepYAHTALVfGIIoZKZWzEdEUmoNlnZJgR/+eVV0q7X/POad1evNhpFHGV0jE7QGfLRBWqgG9RELURRhp7RK3qznqwX6936WLSWrGLmCP2B9fkD7eOQpw==</latexit>

⌦ =



✤ Impose mutual positivity condition


Two-loop Amplituhedron
<latexit sha1_base64="RU1gaTieOoYCSnMFprv9n3LBm7w=">AAACBnicbZDLSsNAFIZPvNZ4i7oUYbAVXJWkILqSal24rGAv0JQymU7aoZNJmJkIpXTlxldx40IRtz6DO9/GaZuFtv4w8PGfczhz/iDhTGnX/baWlldW19ZzG/bm1vbOrrO3X1dxKgmtkZjHshlgRTkTtKaZ5rSZSIqjgNNGMKhM6o0HKhWLxb0eJrQd4Z5gISNYG6vjHBUKts+x6HGKrq4rN76c8SVy7UKh4+TdojsVWgQvgzxkqnacL78bkzSiQhOOlWp5bqLbIyw1I5yObT9VNMFkgHu0ZVDgiKr2aHrGGJ0Yp4vCWJonNJq6vydGOFJqGAWmM8K6r+ZrE/O/WivV4UV7xESSairIbFGYcqRjNMkEdZmkRPOhAUwkM39FpI8lJtokZ5sQvPmTF6FeKnpnRfeulC+XszhycAjHcAoenEMZbqEKNSDwCM/wCm/Wk/VivVsfs9YlK5s5gD+yPn8Af3WV7Q==</latexit>

hABCDi > 0

<latexit sha1_base64="X57xto2VoFFruVJ+vrWhLyMp4Eg=">AAACAHicbVDLSsNAFJ3UV42vqAsXbgYbwYWUpCC6koIblxXsA9oQJtNJO3QyCTMTNYZu/BU3LhRx62e482+ctllo64EDh3PuZeaeIGFUKsf5NkpLyyura+V1c2Nza3vH2t1ryTgVmDRxzGLRCZAkjHLSVFQx0kkEQVHASDsYXU3y9h0Rksb8VmUJ8SI04DSkGClt+daBbZsPvnuaaT5q3vvupWPatm9VnKozBVwUbiEqoEDDt756/RinEeEKMyRl13US5eVIKIoZGZu9VJIE4REakK6WHEVEevn0gDE81k4fhrHQ5ApO3d8bOYqkzKJAT0ZIDeV8NjH/y7qpCi+8nPIkVYTj2UNhyqCK4aQN2KeCYMUyLRAWVP8V4iESCCvdmalLcOdPXhStWtU9qzo3tUq9XtRRBofgCJwAF5yDOrgGDdAEGIzBM3gFb8aT8WK8Gx+z0ZJR7OyDPzA+fwDDlpNJ</latexit>

x1, y1, z1, w1 > 0
<latexit sha1_base64="u+lv5iUOsUHfJM8nQYn87zk/ga0=">AAACAHicbVDLSsNAFJ3UV42vqAsXbgYbwYWUJCC6koIblxXsA9oQJtNJO3QyCTMTtYZu/BU3LhRx62e482+ctllo64EDh3PuZeaeMGVUKsf5NkpLyyura+V1c2Nza3vH2t1ryiQTmDRwwhLRDpEkjHLSUFQx0k4FQXHISCscXk3y1h0Rkib8Vo1S4seoz2lEMVLaCqwD2zYfAu90pPmoeR94l45p24FVcarOFHBRuIWogAL1wPrq9hKcxYQrzJCUHddJlZ8joShmZGx2M0lShIeoTzpachQT6efTA8bwWDs9GCVCkys4dX9v5CiWchSHejJGaiDns4n5X9bJVHTh55SnmSIczx6KMgZVAidtwB4VBCs20gJhQfVfIR4ggbDSnZm6BHf+5EXR9KruWdW58Sq1WlFHGRyCI3ACXHAOauAa1EEDYDAGz+AVvBlPxovxbnzMRktGsbMP/sD4/AHJ0pNN</latexit>

x2, y2, z2, w2 > 0

✤ Logarithmic form: two-loop integrand

<latexit sha1_base64="klpGMlYno9C/a/YUq15oRNOjOpI="></latexit>

⌦ =
x1w2 + x2w1 + y1z2 + y2z1
x1y1z1w1x2y2z2w2D12

<latexit sha1_base64="2w0aXqnPytqprbFYQ6L7TYGIFfQ="></latexit>

D12 = �(x1 � x2)(w1 � w2)� (y1 � y2)(z1 � z2) > 0

<latexit sha1_base64="sMycZFoo58vXmNgUts6+emNBD6Q=">AAAB73icbVBNS8NAEJ34WeNX1aOXxUbwVJKC6EUoePFYwX5AG8pmu2mX7m7i7kYooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMi1LOtPH9b2dtfWNza7u04+7u7R8clo+OWzrJFKFNkvBEdSKsKWeSNg0znHZSRbGIOG1H49uZ336iSrNEPphJSkOBh5LFjGBjpY7nuTfI9bx+ueJX/TnQKgkKUoECjX75qzdISCaoNIRjrbuBn5owx8owwunU7WWappiM8ZB2LZVYUB3m83un6NwqAxQnypY0aK7+nsix0HoiItspsBnpZW8m/ud1MxNfhzmTaWaoJItFccaRSdDseTRgihLDJ5Zgopi9FZERVpgYG5FrQwiWX14lrVo1uKz697VKvV7EUYJTOIMLCOAK6nAHDWgCAQ7P8ApvzqPz4rw7H4vWNaeYOYE/cD5/ALwLjcs=</latexit>=

<latexit sha1_base64="1evVGFMIoeQ25KfKToza0ByJph0=">AAAB8HicbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LHgxWMF+6FtKJvtpl26uwm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSjnTxve/nbX1jc2t7dKOu7u3f3BYPjpu6SRThDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2VHjzPfewHruf1yxW/6s+BVklQkAoUaPTLX71BQjJBpSEca90N/NSEOVaGEU6nbi/TNMVkjIe0a6nEguownx88RedWGaA4UbakQXP190SOhdYTEdlOgc1IL3sz8T+vm5n4OsyZTDNDJVksijOOTIJm36MBU5QYPrEEE8XsrYiMsMLE2IxcG0Kw/PIqadWqwWXVv6tV6vUijhKcwhlcQABXUIdbaEATCAh4hld4c5Tz4rw7H4vWNaeYOYE/cD5/ALmPjmI=</latexit>

Z1
<latexit sha1_base64="aIYojzzqVnPjgAuYs1QiHDyfQ/U=">AAAB8HicbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LHgxWMF+6FtKJvtpl26uwm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSjnTxve/nbX1jc2t7dKOu7u3f3BYPjpu6SRThDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2VHjzPfezXXM/rlyt+1Z8DrZKgIBUo0OiXv3qDhGSCSkM41rob+KkJc6wMI5xO3V6maYrJGA9p11KJBdVhPj94is6tMkBxomxJg+bq74kcC60nIrKdApuRXvZm4n9eNzPxdZgzmWaGSrJYFGccmQTNvkcDpigxfGIJJorZWxEZYYWJsRm5NoRg+eVV0qpVg8uqf1er1OtFHCU4hTO4gACuoA630IAmEBDwDK/w5ijnxXl3Phata04xcwJ/4Hz+ALsWjmM=</latexit>

Z2

<latexit sha1_base64="0BZlfTkO9nrsefnABAsgQZzaYf8=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuRfRY8OKxgv3QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0upn5rSeqNEvkvRmnNBR4IFnMCDZWevA897F34Xper1T2K/4caJUEOSlDjnqv9NXtJyQTVBrCsdadwE9NOMHKMMLp1O1mmqaYjPCAdiyVWFAdTuYHT9GZVfooTpQtadBc/T0xwULrsYhsp8BmqJe9mfif18lMfB1OmEwzQyVZLIozjkyCZt+jPlOUGD62BBPF7K2IDLHCxNiMXBtCsPzyKmlWK8Flxb+rlmu1PI4inMApnEMAV1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7ydjmQ=</latexit>

Z3

<latexit sha1_base64="MXw66Rm/AQqvZLzGE5Bbk/d2yWY=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuUfRY8OKxgv3QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0upn5rSeqNEvkvRmnNBR4IFnMCDZWevA897F34Xper1T2K/4caJUEOSlDjnqv9NXtJyQTVBrCsdadwE9NOMHKMMLp1O1mmqaYjPCAdiyVWFAdTuYHT9GZVfooTpQtadBc/T0xwULrsYhsp8BmqJe9mfif18lMfB1OmEwzQyVZLIozjkyCZt+jPlOUGD62BBPF7K2IDLHCxNiMXBtCsPzyKmlWK8Flxb+rlmu1PI4inMApnEMAV1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP74kjmU=</latexit>

Z4

<latexit sha1_base64="Yif18OrXukH3G8DzV2H4XQ6aNNE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9VLx4r2A9oQ9lsN+3SzSbuboQS+ie8eFDEq3/Hm//GbZqDtj4YeLw3w8y8IOFMadf9tkpr6xubW+Vte2d3b/+gcnjUVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wuZ37nScqFYvFg54m1I/wSLCQEayN1HUc+/rGdpxBperW3BxolXgFqUKB5qDy1R/GJI2o0IRjpXqem2g/w1IzwunM7qeKJphM8Ij2DBU4osrP8ntn6MwoQxTG0pTQKFd/T2Q4UmoaBaYzwnqslr25+J/XS3V45WdMJKmmgiwWhSlHOkbz59GQSUo0nxqCiWTmVkTGWGKiTUS2CcFbfnmVtOs176Lm3terjUYRRxlO4BTOwYNLaMAdNKEFBDg8wyu8WY/Wi/VufSxaS1Yxcwx/YH3+APYZjfE=</latexit>

AB
<latexit sha1_base64="Lh1UrGexZNX8I06ZZ2hk5lmf/nw=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDaCp5IURI+FevBYwX5AG8pmu2mXbjZxdyOU0D/hxYMiXv073vw3btMctPXBwOO9GWbmBQlnSrvut1Xa2Nza3inv2nv7B4dHleOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaDaXPhd5+oVCwWD3qWUD/CY8FCRrA2Us9x7Oat7TjDStWtuTnQOvEKUoUCrWHlazCKSRpRoQnHSvU9N9F+hqVmhNO5PUgVTTCZ4jHtGypwRJWf5ffO0YVRRiiMpSmhUa7+nshwpNQsCkxnhPVErXoL8T+vn+rwxs+YSFJNBVkuClOOdIwWz6MRk5RoPjMEE8nMrYhMsMREm4hsE4K3+vI66dRr3lXNva9XG40ijjKcwTlcggfX0IA7aEEbCHB4hld4sx6tF+vd+li2lqxi5hT+wPr8Afw3jfU=</latexit>

CD
<latexit sha1_base64="xMOgsSnEflNtIGwQYbbiuG6TS5M=">AAAB/3icbVDLSsNAFJ34rPEVFdy4GWwEQSlJQXRZcOOygn1AE8pkOmmHTmbCzEQMsQt/xY0LRdz6G+78G6ePhbYeuHA4517uvSdKGVXa876tpeWV1bX10oa9ubW9s+vs7TeVyCQmDSyYkO0IKcIoJw1NNSPtVBKURIy0ouH12G/dE6mo4Hc6T0mYoD6nMcVIG6nrHLqufQaDcxgkkXgocI7ZyHbdrlP2Kt4EcJH4M1IGM9S7zlfQEzhLCNeYIaU6vpfqsEBSU8zIyA4yRVKEh6hPOoZylBAVFpP7R/DEKD0YC2mKazhRf08UKFEqTyLTmSA9UPPeWPzP62Q6vgoLytNME46ni+KMQS3gOAzYo5JgzXJDEJbU3ArxAEmEtYnMNiH48y8vkma14l9UvNtquVabxVECR+AYnAIfXIIauAF10AAYPIJn8ArerCfrxXq3PqatS9Zs5gD8gfX5A3hDk9M=</latexit>

+cycl



✤ At L-loops we have configuration of L lines


L-loop Amplituhedron

✤ In our usual parametrization

<latexit sha1_base64="CCJy1X04RtJmdfBajeHdSxNJVfg=">AAAB83icbVBNS8NAEJ3Urxq/qh69LDZCvZSkUPRY9eKxgv2ANpTNdtMu3WzC7kYooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxLOlHbdb6uwsbm1vVPctff2Dw6PSscnbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek7u533miUrFYPOppQv0IjwQLGcHaSH3HsSs3t5cDZjvOoFR2q+4CaJ14OSlDjuag9NUfxiSNqNCEY6V6nptoP8NSM8LpzO6niiaYTPCI9gwVOKLKzxY3z9CFUYYojKUpodFC/T2R4UipaRSYzgjrsVr15uJ/Xi/V4bWfMZGkmgqyXBSmHOkYzQNAQyYp0XxqCCaSmVsRGWOJiTYx2SYEb/XlddKuVb161X2olRuNPI4inME5VMCDK2jAPTShBQQSeIZXeLNS68V6tz6WrQUrnzmFP7A+fwA7k48y</latexit>

(AB)i

each line in the one-loop Amplituhedron
for any two lines we impose

<latexit sha1_base64="wGsUtu7HljbLvMozTE3rkIGfDeg=">AAACD3icbVC7TsMwFHXKq4RXgJHFogGVpUoqIZhQgYWxSPQhNVHkuG5r6jiR7SBVVf+AhV9hYQAhVlY2/ga3yQAtR7q6R+fcK/ueMGFUKsf5NgpLyyura8V1c2Nza3vH2t1ryjgVmDRwzGLRDpEkjHLSUFQx0k4EQVHISCscXk/91gMRksb8To0S4keoz2mPYqS0FFjHtm16DPE+I7B8eXUS0KzdeyITL6Bj2nZglZyKMwNcJG5OSiBHPbC+vG6M04hwhRmSsuM6ifLHSCiKGZmYXipJgvAQ9UlHU44iIv3x7J4JPNJKF/ZioYsrOFN/b4xRJOUoCvVkhNRAzntT8T+vk6reuT+mPEkV4Th7qJcyqGI4DQd2qSBYsZEmCAuq/wrxAAmElY7Q1CG48ycvkma14p5WnNtqqVbL4yiCA3AIysAFZ6AGbkAdNAAGj+AZvII348l4Md6Nj2y0YOQ7++APjM8fnXKYlg==</latexit>

h(AB)i(AB)ji > 0

<latexit sha1_base64="utzIoKj2Au7EUHJRwjdy9ds5M3U=">AAACAHicbVDLSsNAFJ3UV42vqAsXbgYbwYWUpCC6koIblxXsA9oQJtNJO3QyCTMTNYZu/BU3LhRx62e482+ctllo64EDh3PuZeaeIGFUKsf5NkpLyyura+V1c2Nza3vH2t1ryTgVmDRxzGLRCZAkjHLSVFQx0kkEQVHASDsYXU3y9h0Rksb8VmUJ8SI04DSkGClt+daBbZsPPj3NNB8173166Zi27VsVp+pMAReFW4gKKNDwra9eP8ZpRLjCDEnZdZ1EeTkSimJGxmYvlSRBeIQGpKslRxGRXj49YAyPtdOHYSw0uYJT9/dGjiIpsyjQkxFSQzmfTcz/sm6qwgsvpzxJFeF49lCYMqhiOGkD9qkgWLFMC4QF1X+FeIgEwkp3ZuoS3PmTF0WrVnXPqs5NrVKvF3WUwSE4AifABeegDq5BAzQBBmPwDF7Bm/FkvBjvxsdstGQUO/vgD4zPHyDUlCk=</latexit>

xi, yi, zi, wi > 0
<latexit sha1_base64="v/beWNXKqSR4/QszwWygofMdvvQ="></latexit>

Dij = �(xi � xj)(wi � wj)� (yi � yj)(zi � zj) > 0

This is a very complicated space and captures 

the complexity of L-loop integrand

<latexit sha1_base64="AwzZhgEd66EcDq1w2pV03AIkuKg=">AAAB+HicbVBNS8NAEN3Urxo/GvXoZbERPJWkIHoRCl68WcHWQhvKZjtpl+4mYXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5oUpZ0p73rdVWlvf2Nwqb9s7u3v7FefgsK2STFJo0YQnshMSBZzF0NJMc+ikEogIOTyE4+uZ//AIUrEkvteTFAJBhjGLGCXaSH2n4rp271bAkOArbLtu36l6NW8OvEr8glRRgWbf+eoNEpoJiDXlRKmu76U6yInUjHKY2r1MQUromAyha2hMBKggnx8+xadGGeAokaZijefq74mcCKUmIjSdguiRWvZm4n9eN9PRZZCzOM00xHSxKMo41gmepYAHTALVfGIIoZKZWzEdEUmoNlnZJgR/+eVV0q7X/POad1evNhpFHGV0jE7QGfLRBWqgG9RELURRhp7RK3qznqwX6936WLSWrGLmCP2B9fkD7eOQpw==</latexit>

⌦ =
<latexit sha1_base64="Wg0dTY1yRbw4VCfvHt2LEmM/9Tw=">AAACBHicbVDLSgMxFM34rOOr6rKbYEcQlDJTEF0W3LisYB/QDiWTZtrQPIYkI5ahCzf+ihsXirj1I9z5N6btLLT1QOBwzrnc3BMljGrj+9/Oyura+sZmYcvd3tnd2y8eHDa1TBUmDSyZVO0IacKoIA1DDSPtRBHEI0Za0eh66rfuidJUijszTkjI0UDQmGJkrNQrljzPPeued3kkHzKOxBhKM7T5iet5vWLZr/gzwGUS5KQMctR7xa9uX+KUE2EwQ1p3Aj8xYYaUoZiRidtNNUkQHqEB6VgqECc6zGZHTOCJVfowlso+YeBM/T2RIa71mEc2yZEZ6kVvKv7ndVITX4UZFUlqiMDzRXHKoJFw2gjsU0WwYWNLEFbU/hXiIVIIG9uDa0sIFk9eJs1qJbio+LfVcq2W11EAJXAMTkEALkEN3IA6aAAMHsEzeAVvzpPz4rw7H/PoipPPHIE/cD5/ACyyloQ=</latexit>

+many others



✤ We introduced a graphic notation:


✤ We denote the dlog form on the two-loop space


✤ The L-loop dlog form: complete graph 


Graphical notation

vertex: loop line 

blue dashed link: mutual positivity condition

<latexit sha1_base64="CCJy1X04RtJmdfBajeHdSxNJVfg=">AAAB83icbVBNS8NAEJ3Urxq/qh69LDZCvZSkUPRY9eKxgv2ANpTNdtMu3WzC7kYooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxLOlHbdb6uwsbm1vVPctff2Dw6PSscnbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek7u533miUrFYPOppQv0IjwQLGcHaSH3HsSs3t5cDZjvOoFR2q+4CaJ14OSlDjuag9NUfxiSNqNCEY6V6nptoP8NSM8LpzO6niiaYTPCI9gwVOKLKzxY3z9CFUYYojKUpodFC/T2R4UipaRSYzgjrsVr15uJ/Xi/V4bWfMZGkmgqyXBSmHOkYzQNAQyYp0XxqCCaSmVsRGWOJiTYx2SYEb/XlddKuVb161X2olRuNPI4inME5VMCDK2jAPTShBQQSeIZXeLNS68V6tz6WrQUrnzmFP7A+fwA7k48y</latexit>

(AB)i
<latexit sha1_base64="wGsUtu7HljbLvMozTE3rkIGfDeg=">AAACD3icbVC7TsMwFHXKq4RXgJHFogGVpUoqIZhQgYWxSPQhNVHkuG5r6jiR7SBVVf+AhV9hYQAhVlY2/ga3yQAtR7q6R+fcK/ueMGFUKsf5NgpLyyura8V1c2Nza3vH2t1ryjgVmDRwzGLRDpEkjHLSUFQx0k4EQVHISCscXk/91gMRksb8To0S4keoz2mPYqS0FFjHtm16DPE+I7B8eXUS0KzdeyITL6Bj2nZglZyKMwNcJG5OSiBHPbC+vG6M04hwhRmSsuM6ifLHSCiKGZmYXipJgvAQ9UlHU44iIv3x7J4JPNJKF/ZioYsrOFN/b4xRJOUoCvVkhNRAzntT8T+vk6reuT+mPEkV4Th7qJcyqGI4DQd2qSBYsZEmCAuq/wrxAAmElY7Q1CG48ycvkma14p5WnNtqqVbL4yiCA3AIysAFZ6AGbkAdNAAGj+AZvII348l4Md6Nj2y0YOQ7++APjM8fnXKYlg==</latexit>

h(AB)i(AB)ji > 0



Negative geometry



Mutual negativity

✤ Complement to mutual positivity:


✤ Graphical notation:


✤ Express all positive links using negative and empty

<latexit sha1_base64="PMY9Q//wKzOVfVmcQB1Xcci3+QY=">AAACBXicbZC7SgNBFIbPeo3rbdVSi8FEsAq7AdHCIhoLywjmAtkQZiezyZDZ2WVmVgghjY2vYmOhiK3vYOfbOEm20MQfBj7+cw5nzh8knCntut/W0vLK6tp6bsPe3Nre2XX29usqTiWhNRLzWDYDrChngtY005w2E0lxFHDaCAaVSb3xQKVisbjXw4S2I9wTLGQEa2N1nKNCwfY5Fj1O0dV15caXM7507UKh4+TdojsVWgQvgzxkqnacL78bkzSiQhOOlWp5bqLbIyw1I5yObT9VNMFkgHu0ZVDgiKr2aHrFGJ0Yp4vCWJonNJq6vydGOFJqGAWmM8K6r+ZrE/O/WivV4UV7xESSairIbFGYcqRjNIkEdZmkRPOhAUwkM39FpI8lJtoEZ5sQvPmTF6FeKnpnRfeulC+XszhycAjHcAoenEMZbqEKNSDwCM/wCm/Wk/VivVsfs9YlK5s5gD+yPn8AHq6VwQ==</latexit>

hABCDi < 0

<latexit sha1_base64="PMY9Q//wKzOVfVmcQB1Xcci3+QY=">AAACBXicbZC7SgNBFIbPeo3rbdVSi8FEsAq7AdHCIhoLywjmAtkQZiezyZDZ2WVmVgghjY2vYmOhiK3vYOfbOEm20MQfBj7+cw5nzh8knCntut/W0vLK6tp6bsPe3Nre2XX29usqTiWhNRLzWDYDrChngtY005w2E0lxFHDaCAaVSb3xQKVisbjXw4S2I9wTLGQEa2N1nKNCwfY5Fj1O0dV15caXM7507UKh4+TdojsVWgQvgzxkqnacL78bkzSiQhOOlWp5bqLbIyw1I5yObT9VNMFkgHu0ZVDgiKr2aHrFGJ0Yp4vCWJonNJq6vydGOFJqGAWmM8K6r+ZrE/O/WivV4UV7xESSairIbFGYcqRjNIkEdZmkRPOhAUwkM39FpI8lJtoEZ5sQvPmTF6FeKnpnRfeulC+XszhycAjHcAoenEMZbqEKNSDwCM/wCm/Wk/VivVsfs9YlK5s5gD+yPn8AHq6VwQ==</latexit>

hABCDi < 0
<latexit sha1_base64="Nm+fqWqlvczMgxwFJtVrYnBOrns=">AAACBXicbZC7SgNBFIbPeo3rbdVSi8FEsAq7AdFKorGwjGAukA1hdjKbDJmdXWZmhRDS2PgqNhaK2PoOdr6Nk2QLTfxh4OM/53Dm/EHCmdKu+20tLa+srq3nNuzNre2dXWdvv67iVBJaIzGPZTPAinImaE0zzWkzkRRHAaeNYFCZ1BsPVCoWi3s9TGg7wj3BQkawNlbHOSoUbJ9j0eMUXV1Xbnw540vXLhQ6Tt4tulOhRfAyyEOmasf58rsxSSMqNOFYqZbnJro9wlIzwunY9lNFE0wGuEdbBgWOqGqPpleM0YlxuiiMpXlCo6n7e2KEI6WGUWA6I6z7ar42Mf+rtVIdXrRHTCSppoLMFoUpRzpGk0hQl0lKNB8awEQy81dE+lhiok1wtgnBmz95EeqlondWdO9K+XI5iyMHh3AMp+DBOZThFqpQAwKP8Ayv8GY9WS/Wu/Uxa12yspkD+CPr8wchvpXD</latexit>

hABCDi > 0

<latexit sha1_base64="x6hZF9ZnLJK7l8WCOnr8Y2IiJpw=">AAACAnicbZDLSsNAFIYn9VbjLepK3Aw2gquSFESX1bpwWcFeoAllMp20QyeTMDMRSihufBU3LhRx61O4822cpllo6w8DH/85hzPnDxJGpXKcb6O0srq2vlHeNLe2d3b3rP2DtoxTgUkLxywW3QBJwignLUUVI91EEBQFjHSCcWNW7zwQIWnM79UkIX6EhpyGFCOlrb51ZNumxxAfMgKvrhs3nsjZtO2+VXGqTi64DG4BFVCo2be+vEGM04hwhRmSsuc6ifIzJBTFjExNL5UkQXiMhqSnkaOISD/LT5jCU+0MYBgL/biCuft7IkORlJMo0J0RUiO5WJuZ/9V6qQov/YzyJFWE4/miMGVQxXCWBxxQQbBiEw0IC6r/CvEICYSVTs3UIbiLJy9Du1Z1z6vOXa1SrxdxlMExOAFnwAUXoA5uQRO0AAaP4Bm8gjfjyXgx3o2PeWvJKGYOwR8Znz/DQZUX</latexit>

hABCDi
no condition on



✤ New formula for L-loop Amplituhedron dlog form:


✤ Example: L=3


New formula for form

sum over all graphs

<latexit sha1_base64="e06cd/4TKkdTKC1c1/CXu70Rdmw=">AAACBHicbVDLSsNAFJ3UV42vqMtuBhuhbkpSEd0IFTfurGAf0IQwmU7aoTNJmJkIJXThxl9x40IRt36EO//G6WOhrQcuHM65l3vvCVNGpXKcb6Owsrq2vlHcNLe2d3b3rP2DlkwygUkTJywRnRBJwmhMmooqRjqpIIiHjLTD4fXEbz8QIWkS36tRSnyO+jGNKEZKS4FVsm3Tu+Wkjyq5hxGDV+Pg9AReQtO2A6vsVJ0p4DJx56QM5mgE1pfXS3DGSawwQ1J2XSdVfo6EopiRsellkqQID1GfdDWNESfSz6dPjOGxVnowSoSuWMGp+nsiR1zKEQ91J0dqIBe9ifif181UdOHnNE4zRWI8WxRlDKoEThKBPSoIVmykCcKC6lshHiCBsNK5mToEd/HlZdKqVd2zqnNXK9fr8ziKoASOQAW44BzUwQ1ogCbA4BE8g1fwZjwZL8a78TFrLRjzmUPwB8bnD7NMlOc=</latexit>

⌦(A3) =



Exponentiation

✤ We can now write a formal sum over all loops


✤ The formula for          exponentiates


✤ We take the logarithm of both sides and expand in 

<latexit sha1_base64="cXIVw1EkI4rGud7/kK1ELzy73Yk=">AAAB+HicbVDLSsNAFJ3UV42PRl26GWyEuilJQXRZcOPOCvYBbSiT6SQdOjMJMxOhhn6JGxeKuPVT3Pk3TtsstPXAhcM593LvPWHKqNKe922VNja3tnfKu/be/sFhxTk67qgkk5i0ccIS2QuRIowK0tZUM9JLJUE8ZKQbTm7mfveRSEUT8aCnKQk4igWNKEbaSEOn4rr24I6TGNXiC9t1h07Vq3sLwHXiF6QKCrSGztdglOCME6ExQ0r1fS/VQY6kppiRmT3IFEkRnqCY9A0ViBMV5IvDZ/DcKCMYJdKU0HCh/p7IEVdqykPTyZEeq1VvLv7n9TMdXQc5FWmmicDLRVHGoE7gPAU4opJgzaaGICypuRXiMZIIa5OVbULwV19eJ51G3b+se/eNarNZxFEGp+AM1IAPrkAT3IIWaAMMMvAMXsGb9WS9WO/Wx7K1ZBUzJ+APrM8fSEmQ4g==</latexit>

⌦(g)

<latexit sha1_base64="GYxukCk+1MN3FE2cey39Ees0fgo=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI8FLx4r2FZoQ9lsJ+3SzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8KBNcG9//dkobm1vbO+Vdd2//4PCocnzS1mmuGLZYKlL1GFGNgktsGW4EPmYKaRIJ7ETj27nfeUKleSofzCTDMKFDyWPOqLFSx/Pcoet5/UrVr/kLkHUSFKQKBZr9yldvkLI8QWmYoFp3Az8z4ZQqw5nAmdvLNWaUjekQu5ZKmqAOp4tzZ+TCKgMSp8qWNGSh/p6Y0kTrSRLZzoSakV715uJ/Xjc38U045TLLDUq2XBTngpiUzH8nA66QGTGxhDLF7a2EjaiizNiEXBtCsPryOmnXa8FVzb+vVxuNIo4ynME5XEIA19CAO2hCCxiM4Rle4c3JnBfn3flYtpacYuYU/sD5/AGl0o3L</latexit>g



Expansion of the log

✤ The L-loop logarithm is then


✤ We are left with the collection of all connected graphs 
with negative links


<latexit sha1_base64="6OZVsrV/tLtOFTfkQ+u2f6BfNTE=">AAACEXicbVDLSsNAFJ3UV42vqEs3g62QLixJQXQjFN24EKxgH9CkZTKdpkMnD2YmQon9BTf+ihsXirh1586/cdpmoa0HLhzOuZd77/FiRoW0rG8tt7S8srqWX9c3Nre2d4zdvYaIEo5JHUcs4i0PCcJoSOqSSkZaMSco8BhpesPLid+8J1zQKLyTo5i4AfJD2qcYSSV1DbNY1B0W+dC5CYiPTL/kXFDff+im5rHfqZQ612N4DvVisWsUrLI1BVwkdkYKIEOta3w5vQgnAQklZkiItm3F0k0RlxQzMtadRJAY4SHySVvREAVEuOn0ozE8UkoP9iOuKpRwqv6eSFEgxCjwVGeA5EDMexPxP6+dyP6Zm9IwTiQJ8WxRP2FQRnASD+xRTrBkI0UQ5lTdCvEAcYSlClFXIdjzLy+SRqVsn5St20qhWs3iyIMDcAhMYINTUAVXoAbqAINH8AxewZv2pL1o79rHrDWnZTP74A+0zx/ii5ne</latexit>

log⌦(g)

�����
(�g2)L

=



Collinear safety



Positivity and planarity

✤ Mutual positivity ensures the object is planar 


✤ Products of amplitudes are also not planar 


<latexit sha1_base64="/bIKbjLTt6pfAClBVj4s/ywMIhU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCvZSkIHqsevFYwX5gG8pmu2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBQlnSrvut1VYW9/Y3Cpu2zu7e/sHpcOjlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8e3Mbz9RqVgsHvQkoX6Eh4KFjGBtpEfHsSvXN+e24/RLZbfqzoFWiZeTMuRo9EtfvUFM0ogKTThWquu5ifYzLDUjnE7tXqpogskYD2nXUIEjqvxsfvEUnRllgMJYmhIazdXfExmOlJpEgemMsB6pZW8m/ud1Ux1e+RkTSaqpIItFYcqRjtHsfTRgkhLNJ4ZgIpm5FZERlphoE5JtQvCWX14lrVrVu6i697VyvZ7HUYQTOIUKeHAJdbiDBjSBgIBneIU3S1kv1rv1sWgtWPnMMfyB9fkDvWSOVg==</latexit>

(AB)

<latexit sha1_base64="f6H3tkTBDmJ8ZBYibmQhQmQKWN4=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCvZSkIHos1IPHCvYD21A22027dLMJuxuhhP4LLx4U8eq/8ea/cdvmoK0PBh7vzTAzL0g4U9p1v63CxubW9k5x197bPzg8Kh2ftFWcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTTBpzv/NEpWKxeNDThPoRHgkWMoK1kR4dx640bi9txxmUym7VXQCtEy8nZcjRHJS++sOYpBEVmnCsVM9zE+1nWGpGOJ3Z/VTRBJMJHtGeoQJHVPnZ4uIZujDKEIWxNCU0Wqi/JzIcKTWNAtMZYT1Wq95c/M/rpTq88TMmklRTQZaLwpQjHaP5+2jIJCWaTw3BRDJzKyJjLDHRJiTbhOCtvrxO2rWqd1V172vlej2PowhncA4V8OAa6nAHTWgBAQHP8ApvlrJerHfrY9lasPKZU/gD6/MHw4aOWg==</latexit>

(CD)

cuts lines (12) and (34)

cuts lines (23) and (14)

<latexit sha1_base64="/bIKbjLTt6pfAClBVj4s/ywMIhU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCvZSkIHqsevFYwX5gG8pmu2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBQlnSrvut1VYW9/Y3Cpu2zu7e/sHpcOjlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8e3Mbz9RqVgsHvQkoX6Eh4KFjGBtpEfHsSvXN+e24/RLZbfqzoFWiZeTMuRo9EtfvUFM0ogKTThWquu5ifYzLDUjnE7tXqpogskYD2nXUIEjqvxsfvEUnRllgMJYmhIazdXfExmOlJpEgemMsB6pZW8m/ud1Ux1e+RkTSaqpIItFYcqRjtHsfTRgkhLNJ4ZgIpm5FZERlphoE5JtQvCWX14lrVrVu6i697VyvZ7HUYQTOIUKeHAJdbiDBjSBgIBneIU3S1kv1rv1sWgtWPnMMfyB9fkDvWSOVg==</latexit>

(AB)
<latexit sha1_base64="f6H3tkTBDmJ8ZBYibmQhQmQKWN4=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCvZSkIHos1IPHCvYD21A22027dLMJuxuhhP4LLx4U8eq/8ea/cdvmoK0PBh7vzTAzL0g4U9p1v63CxubW9k5x197bPzg8Kh2ftFWcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTTBpzv/NEpWKxeNDThPoRHgkWMoK1kR4dx640bi9txxmUym7VXQCtEy8nZcjRHJS++sOYpBEVmnCsVM9zE+1nWGpGOJ3Z/VTRBJMJHtGeoQJHVPnZ4uIZujDKEIWxNCU0Wqi/JzIcKTWNAtMZYT1Wq95c/M/rpTq88TMmklRTQZaLwpQjHaP5+2jIJCWaTw3BRDJzKyJjLDHRJiTbhOCtvrxO2rWqd1V172vlej2PowhncA4V8OAa6nAHTWgBAQHP8ApvlrJerHfrY9lasPKZU/gD6/MHw4aOWg==</latexit>

(CD)

“non-planar cut”
here forced

<latexit sha1_base64="PMY9Q//wKzOVfVmcQB1Xcci3+QY=">AAACBXicbZC7SgNBFIbPeo3rbdVSi8FEsAq7AdHCIhoLywjmAtkQZiezyZDZ2WVmVgghjY2vYmOhiK3vYOfbOEm20MQfBj7+cw5nzh8knCntut/W0vLK6tp6bsPe3Nre2XX29usqTiWhNRLzWDYDrChngtY005w2E0lxFHDaCAaVSb3xQKVisbjXw4S2I9wTLGQEa2N1nKNCwfY5Fj1O0dV15caXM7507UKh4+TdojsVWgQvgzxkqnacL78bkzSiQhOOlWp5bqLbIyw1I5yObT9VNMFkgHu0ZVDgiKr2aHrFGJ0Yp4vCWJonNJq6vydGOFJqGAWmM8K6r+ZrE/O/WivV4UV7xESSairIbFGYcqRjNIkEdZmkRPOhAUwkM39FpI8lJtoEZ5sQvPmTF6FeKnpnRfeulC+XszhycAjHcAoenEMZbqEKNSDwCM/wCm/Wk/VivVsfs9YlK5s5gD+yPn8AHq6VwQ==</latexit>

hABCDi < 0

Our connected graphs with 

negative links are not planar

Example: one-loop square space — no constraint on                
<latexit sha1_base64="x6hZF9ZnLJK7l8WCOnr8Y2IiJpw=">AAACAnicbZDLSsNAFIYn9VbjLepK3Aw2gquSFESX1bpwWcFeoAllMp20QyeTMDMRSihufBU3LhRx61O4822cpllo6w8DH/85hzPnDxJGpXKcb6O0srq2vlHeNLe2d3b3rP2DtoxTgUkLxywW3QBJwignLUUVI91EEBQFjHSCcWNW7zwQIWnM79UkIX6EhpyGFCOlrb51ZNumxxAfMgKvrhs3nsjZtO2+VXGqTi64DG4BFVCo2be+vEGM04hwhRmSsuc6ifIzJBTFjExNL5UkQXiMhqSnkaOISD/LT5jCU+0MYBgL/biCuft7IkORlJMo0J0RUiO5WJuZ/9V6qQov/YzyJFWE4/miMGVQxXCWBxxQQbBiEw0IC6r/CvEICYSVTs3UIbiLJy9Du1Z1z6vOXa1SrxdxlMExOAFnwAUXoA5uQRO0AAaP4Bm8gjfjyXgx3o2PeWvJKGYOwR8Znz/DQZUX</latexit>

hABCDi



Implications of negativity

✤ Collinear configuration of line


✤ This is forbidden if we have


<latexit sha1_base64="/bIKbjLTt6pfAClBVj4s/ywMIhU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCvZSkIHqsevFYwX5gG8pmu2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBQlnSrvut1VYW9/Y3Cpu2zu7e/sHpcOjlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8e3Mbz9RqVgsHvQkoX6Eh4KFjGBtpEfHsSvXN+e24/RLZbfqzoFWiZeTMuRo9EtfvUFM0ogKTThWquu5ifYzLDUjnE7tXqpogskYD2nXUIEjqvxsfvEUnRllgMJYmhIazdXfExmOlJpEgemMsB6pZW8m/ud1Ux1e+RkTSaqpIItFYcqRjtHsfTRgkhLNJ4ZgIpm5FZERlphoE5JtQvCWX14lrVrVu6i697VyvZ7HUYQTOIUKeHAJdbiDBjSBgIBneIU3S1kv1rv1sWgtWPnMMfyB9fkDvWSOVg==</latexit>

(AB)

in momentum space

<latexit sha1_base64="r+UVNsfXWGr44FEfOGxw4sw8Wu8=">AAACAHicbVDLSsNAFJ3UV42vqAsXbgYbwVVJCqIboeDGZQX7gCaEyXTSDp1MhpmJUEI3/oobF4q49TPc+TdO2yy09cCFwzn3cu89sWBUac/7tipr6xubW9Vte2d3b//AOTzqqCyXmLRxxjLZi5EijHLS1lQz0hOSoDRmpBuPb2d+95FIRTP+oCeChCkacppQjLSRIufEde2AMAZvYICYGCEoIt923cipeXVvDrhK/JLUQIlW5HwFgwznKeEaM6RU3/eEDgskNcWMTO0gV0QgPEZD0jeUo5SosJg/MIXnRhnAJJOmuIZz9fdEgVKlJmlsOlOkR2rZm4n/ef1cJ9dhQbnINeF4sSjJGdQZnKUBB1QSrNnEEIQlNbdCPEISYW0ys00I/vLLq6TTqPuXde++UWs2yziq4BScgQvggyvQBHegBdoAgyl4Bq/gzXqyXqx362PRWrHKmWPwB9bnD498k80=</latexit>

` = ↵p1

<latexit sha1_base64="2oINXhpgt9EYJaz3fXho+n0ZuXM=">AAAB+HicbVBNS8NAEJ3Urxo/GvXoZbERPJWkIHoRKl48VrCttA1hs920Szcf7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDlTCrH+TZKa+sbm1vlbXNnd2+/Yh0ctmWSCUJbJOGJeAiwpJzFtKWY4vQhFRRHAaedYHwz8zuPVEiWxPdqklIvwsOYhYxgpSXfqti22fWv0RXq+nXTtn2r6tScOdAqcQtShQJN3/rqDxKSRTRWhGMpe66TKi/HQjHC6dTsZ5KmmIzxkPY0jXFEpZfPD5+iU60MUJgIXbFCc/X3RI4jKSdRoDsjrEZy2ZuJ/3m9TIWXXs7iNFM0JotFYcaRStAsBTRgghLFJ5pgIpi+FZERFpgonZWpQ3CXX14l7XrNPa85d/Vqo1HEUYZjOIEzcOECGnALTWgBgQye4RXejCfjxXg3PhatJaOYOYI/MD5/AFhtkEc=</latexit>

ZA = Z2
<latexit sha1_base64="X1KaPcMPwez7L9/6X9Ou8/pZF1w=">AAACBXicbVC7TsMwFHXKq4RXgBEGiwaJhSopQrAgVbAwFok+1DaKHNdprTpOZDtIVdSFhV9hYQAhVv6Bjb/BbTNAy5GudHzOvfK9J0gYlcpxvo3C0vLK6lpx3dzY3NresXb3GjJOBSZ1HLNYtAIkCaOc1BVVjLQSQVAUMNIMhjcTv/lAhKQxv1ejhHgR6nMaUoyUlnzr0LbNtn8Nr2DbP4OnsItYMkD64Zq27Vslp+xMAReJm5MSyFHzra9uL8ZpRLjCDEnZcZ1EeRkSimJGxmY3lSRBeIj6pKMpRxGRXja9YgyPtdKDYSx0cQWn6u+JDEVSjqJAd0ZIDeS8NxH/8zqpCi+9jPIkVYTj2UdhyqCK4SQS2KOCYMVGmiAsqN4V4gESCCsdnKlDcOdPXiSNStk9Lzt3lVK1msdRBAfgCJwAF1yAKrgFNVAHGDyCZ/AK3own48V4Nz5mrQUjn9kHf2B8/gBYW5Sk</latexit>

ZB = Z3 � ↵Z1

<latexit sha1_base64="cXVE4LxBUnkaE/rDaOWOI5TVrAA=">AAACBHicbZC7TsMwFIYdriXcAoxdLBokpiqphGBgKJSBsUj0IjVR5bhOa9VxIttBqqIOLLwKCwMIsfIQbLwNbpoBWn7J0qf/nKPj8wcJo1I5zrexsrq2vrFZ2jK3d3b39q2Dw7aMU4FJC8csFt0AScIoJy1FFSPdRBAUBYx0gnFjVu88ECFpzO/VJCF+hIachhQjpa2+VbZt02OIDxmBV9eNG0/kfOmYtt23Kk7VyQWXwS2gAgo1+9aXN4hxGhGuMENS9lwnUX6GhKKYkanppZIkCI/RkPQ0chQR6Wf5EVN4op0BDGOhH1cwd39PZCiSchIFujNCaiQXazPzv1ovVeGFn1GepIpwPF8UpgyqGM4SgQMqCFZsogFhQfVfIR4hgbDSuZk6BHfx5GVo16ruWdW5q1Xq9SKOEiiDY3AKXHAO6uAWNEELYPAInsEreDOejBfj3fiYt64YxcwR+CPj8wfBKJWX</latexit>

hABCDi < 0
<latexit sha1_base64="Bekqr/mu/qN3oG5Sa6RRCp7uMaQ="></latexit>

hABCDi = hCD23i+ ↵hCD12i > 0

<latexit sha1_base64="ofssXxWnYUXkHoLLwf7HvIZbdXs=">AAAB9XicbVBNS8NAEJ3Urxq/qh69BBvBU0kKoicpePFYwX5AG8tku2mXbjZhd6OU0v/hxYMiXv0v3vw3btsctPXBwOO9GWbmhSlnSnvet1VYW9/Y3Cpu2zu7e/sHpcOjpkoySWiDJDyR7RAV5UzQhmaa03YqKcYhp61wdDPzW49UKpaIez1OaRDjQLCIEdRGenBdu4s8HeK1Z7tur1T2Kt4czirxc1KGHPVe6avbT0gWU6EJR6U6vpfqYIJSM8Lp1O5miqZIRjigHUMFxlQFk/nVU+fMKH0nSqQpoZ25+ntigrFS4zg0nTHqoVr2ZuJ/XifT0VUwYSLNNBVksSjKuKMTZxaB02eSEs3HhiCRzNzqkCFKJNoEZZsQ/OWXV0mzWvEvKt5dtVyr5XEU4QRO4Rx8uIQa3EIdGkBAwjO8wpv1ZL1Y79bHorVg5TPH8AfW5w9kUpB6</latexit>

↵ > 0with

because

all positive



✤ Connected graph: each vertex connected to at least one 
other vertex — that link is the mutual negativity condition


✤ Only all lines simultaneously access collinear region

Implications of negativity

no loop line can access 

any collinear region

<latexit sha1_base64="/bIKbjLTt6pfAClBVj4s/ywMIhU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCvZSkIHqsevFYwX5gG8pmu2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBQlnSrvut1VYW9/Y3Cpu2zu7e/sHpcOjlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8e3Mbz9RqVgsHvQkoX6Eh4KFjGBtpEfHsSvXN+e24/RLZbfqzoFWiZeTMuRo9EtfvUFM0ogKTThWquu5ifYzLDUjnE7tXqpogskYD2nXUIEjqvxsfvEUnRllgMJYmhIazdXfExmOlJpEgemMsB6pZW8m/ud1Ux1e+RkTSaqpIItFYcqRjtHsfTRgkhLNJ4ZgIpm5FZERlphoE5JtQvCWX14lrVrVu6i697VyvZ7HUYQTOIUKeHAJdbiDBjSBgIBneIU3S1kv1rv1sWgtWPnMMfyB9fkDvWSOVg==</latexit>

(AB)
<latexit sha1_base64="f6H3tkTBDmJ8ZBYibmQhQmQKWN4=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCvZSkIHos1IPHCvYD21A22027dLMJuxuhhP4LLx4U8eq/8ea/cdvmoK0PBh7vzTAzL0g4U9p1v63CxubW9k5x197bPzg8Kh2ftFWcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTTBpzv/NEpWKxeNDThPoRHgkWMoK1kR4dx640bi9txxmUym7VXQCtEy8nZcjRHJS++sOYpBEVmnCsVM9zE+1nWGpGOJ3Z/VTRBJMJHtGeoQJHVPnZ4uIZujDKEIWxNCU0Wqi/JzIcKTWNAtMZYT1Wq95c/M/rpTq88TMmklRTQZaLwpQjHaP5+2jIJCWaTw3BRDJzKyJjLDHRJiTbhOCtvrxO2rWqd1V172vlej2PowhncA4V8OAa6nAHTWgBAQHP8ApvlrJerHfrY9lasPKZU/gD6/MHw4aOWg==</latexit>

(CD)                     is violated if the 

line           accesses the collinear region

<latexit sha1_base64="PMY9Q//wKzOVfVmcQB1Xcci3+QY=">AAACBXicbZC7SgNBFIbPeo3rbdVSi8FEsAq7AdHCIhoLywjmAtkQZiezyZDZ2WVmVgghjY2vYmOhiK3vYOfbOEm20MQfBj7+cw5nzh8knCntut/W0vLK6tp6bsPe3Nre2XX29usqTiWhNRLzWDYDrChngtY005w2E0lxFHDaCAaVSb3xQKVisbjXw4S2I9wTLGQEa2N1nKNCwfY5Fj1O0dV15caXM7507UKh4+TdojsVWgQvgzxkqnacL78bkzSiQhOOlWp5bqLbIyw1I5yObT9VNMFkgHu0ZVDgiKr2aHrFGJ0Yp4vCWJonNJq6vydGOFJqGAWmM8K6r+ZrE/O/WivV4UV7xESSairIbFGYcqRjNIkEdZmkRPOhAUwkM39FpI8lJtoEZ5sQvPmTF6FeKnpnRfeulC+XszhycAjHcAoenEMZbqEKNSDwCM/wCm/Wk/VivVsfs9YlK5s5gD+yPn8AHq6VwQ==</latexit>

hABCDi < 0
<latexit sha1_base64="/bIKbjLTt6pfAClBVj4s/ywMIhU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCvZSkIHqsevFYwX5gG8pmu2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBQlnSrvut1VYW9/Y3Cpu2zu7e/sHpcOjlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8e3Mbz9RqVgsHvQkoX6Eh4KFjGBtpEfHsSvXN+e24/RLZbfqzoFWiZeTMuRo9EtfvUFM0ogKTThWquu5ifYzLDUjnE7tXqpogskYD2nXUIEjqvxsfvEUnRllgMJYmhIazdXfExmOlJpEgemMsB6pZW8m/ud1Ux1e+RkTSaqpIItFYcqRjtHsfTRgkhLNJ4ZgIpm5FZERlphoE5JtQvCWX14lrVrVu6i697VyvZ7HUYQTOIUKeHAJdbiDBjSBgIBneIU3S1kv1rv1sWgtWPnMMfyB9fkDvWSOVg==</latexit>

(AB)

<latexit sha1_base64="Y1mwcqzsr5s/OFSARDOOUFuZHyU=">AAACDnicbVC7TsMwFHXKq4RXgJHFoq1UliqphGBBKrAwFok+pCaqHNdpTR0nsh2kKuoXsPArLAwgxMrMxt/gphmg5Uj36uice2Xf48eMSmXb30ZhZXVtfaO4aW5t7+zuWfsHbRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen44+uZ33kgQtKI36lJTLwQDTkNKEZKS32rUi6bLkN8yAisXl6d9GnW710x1y6gbZbLfatk1+wMcJk4OSmBHM2+9eUOIpyEhCvMkJQ9x46VlyKhKGZkarqJJDHCYzQkPU05Con00uycKaxoZQCDSOjiCmbq740UhVJOQl9PhkiN5KI3E//zeokKzr2U8jhRhOP5Q0HCoIrgLBs4oIJgxSaaICyo/ivEIyQQVjpBU4fgLJ68TNr1mnNas2/rpUYjj6MIjsAxqAIHnIEGuAFN0AIYPIJn8ArejCfjxXg3PuajBSPfOQR/YHz+AD7BmGs=</latexit>

h(AB)i(AB)ji = 0all



IR finite object



IR divergences

✤ IR divergences: caused by singularities of the integrand in 
the collinear (and soft) regions


✤ For N=4 SYM: no collinear support = no IR divergences


✤ IR finite integrals: either no massless corners or special 
numerators 


Example:

chiral pentagons

<latexit sha1_base64="ocarYv7tc9xG2jeZMZvJAqxkZos="></latexit>

=
dµABhAB(123)\(456)ih1256i

hAB45ihAB56ihAB16ihAB12ihAB23i

numerator cancels all collinear regions
(Arkani-Hamed, Bourjaily, Cachazo, Trnka 2010)



✤ Connected graph with negative links: integrate the form — 
only very mild IR divergence


✤ Simplest examples:


<latexit sha1_base64="pswfpGD+kmlCdVB6eJNIh97Pnfw="></latexit>Z
⌦� =

1

✏2
(. . . ) +O

✓
1

✏

◆

<latexit sha1_base64="/bIKbjLTt6pfAClBVj4s/ywMIhU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCvZSkIHqsevFYwX5gG8pmu2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBQlnSrvut1VYW9/Y3Cpu2zu7e/sHpcOjlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8e3Mbz9RqVgsHvQkoX6Eh4KFjGBtpEfHsSvXN+e24/RLZbfqzoFWiZeTMuRo9EtfvUFM0ogKTThWquu5ifYzLDUjnE7tXqpogskYD2nXUIEjqvxsfvEUnRllgMJYmhIazdXfExmOlJpEgemMsB6pZW8m/ud1Ux1e+RkTSaqpIItFYcqRjtHsfTRgkhLNJ4ZgIpm5FZERlphoE5JtQvCWX14lrVrVu6i697VyvZ7HUYQTOIUKeHAJdbiDBjSBgIBneIU3S1kv1rv1sWgtWPnMMfyB9fkDvWSOVg==</latexit>

(AB)
<latexit sha1_base64="f6H3tkTBDmJ8ZBYibmQhQmQKWN4=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCvZSkIHos1IPHCvYD21A22027dLMJuxuhhP4LLx4U8eq/8ea/cdvmoK0PBh7vzTAzL0g4U9p1v63CxubW9k5x197bPzg8Kh2ftFWcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTTBpzv/NEpWKxeNDThPoRHgkWMoK1kR4dx640bi9txxmUym7VXQCtEy8nZcjRHJS++sOYpBEVmnCsVM9zE+1nWGpGOJ3Z/VTRBJMJHtGeoQJHVPnZ4uIZujDKEIWxNCU0Wqi/JzIcKTWNAtMZYT1Wq95c/M/rpTq88TMmklRTQZaLwpQjHaP5+2jIJCWaTw3BRDJzKyJjLDHRJiTbhOCtvrxO2rWqd1V172vlej2PowhncA4V8OAa6nAHTWgBAQHP8ApvlrJerHfrY9lasPKZU/gD6/MHw4aOWg==</latexit>

(CD)<latexit sha1_base64="JIxfx50O/DmS1zG+1FYoNAM/E/M=">AAACBnicbVDLSsNAFJ34rPEVdSnCYCO4KklBdCMU3Lizgn1AU8pkctMOnTyYmSgldOXGX3HjQhG3foM7/8Zpm4W2HrhwOOde7r3HTzmTynG+jaXlldW19dKGubm1vbNr7e03ZZIJCg2a8ES0fSKBsxgaiikO7VQAiXwOLX94NfFb9yAkS+I7NUqhG5F+zEJGidJSzzqybdN7YAEoxgPIvZsI+mTcq+JLbNp2zyo7FWcKvEjcgpRRgXrP+vKChGYRxIpyImXHdVLVzYlQjHIYm14mISV0SPrQ0TQmEchuPn1jjE+0EuAwEbpihafq74mcRFKOIl93RkQN5Lw3Ef/zOpkKL7o5i9NMQUxni8KMY5XgSSY4YAKo4iNNCBVM34rpgAhClU7O1CG48y8vkma14p5VnNtquVYr4iihQ3SMTpGLzlENXaM6aiCKHtEzekVvxpPxYrwbH7PWJaOYOUB/YHz+AOt4ltM=</latexit>

e⌦2 =

<latexit sha1_base64="qkbUE/nErm6ey0a+Z+RZIpfM8nQ=">AAACBnicbVDLSsNAFJ3UV42vqksRBlvBVUkqohuh4MadFewDmlAmk9t26GQSZiZKCV258VfcuFDErd/gzr9x+lho64ELh3Pu5d57goQzpR3n28otLa+sruXX7Y3Nre2dwu5eQ8WppFCnMY9lKyAKOBNQ10xzaCUSSBRwaAaDq7HfvAepWCzu9DABPyI9wbqMEm2kTuGwVLK9BxaCZjyEzLuJoEdGnVN8ie1SqVMoOmVnArxI3BkpohlqncKXF8Y0jUBoyolSbddJtJ8RqRnlMLK9VEFC6ID0oG2oIBEoP5u8McLHRglxN5amhMYT9fdERiKlhlFgOiOi+2reG4v/ee1Udy/8jIkk1SDodFE35VjHeJwJDpkEqvnQEEIlM7di2ieSUG2Ss00I7vzLi6RRKbtnZee2UqxWZ3Hk0QE6QifIReeoiq5RDdURRY/oGb2iN+vJerHerY9pa86azeyjP7A+fwDtApbU</latexit>

e⌦3 =

each graph generates only 
<latexit sha1_base64="WKUW68RrPMCT02doIhS5CJJbmYQ=">AAACA3icbVBNS8NAEN3Urxq/ot70stgInkpSED0WvHisYFuhiWWz3bRLN7thdyOUEPDiX/HiQRGv/glv/hu3bQ7a+mDg8d4MM/OilFGlPe/bqqysrq1vVDftre2d3T1n/6CjRCYxaWPBhLyLkCKMctLWVDNyl0qCkoiRbjS+mvrdByIVFfxWT1ISJmjIaUwx0kbqO0euawexRDj3izwgqaJM8PtGYbtu36l5dW8GuEz8ktRAiVbf+QoGAmcJ4RozpFTP91Id5khqihkp7CBTJEV4jIakZyhHCVFhPvuhgKdGGcBYSFNcw5n6eyJHiVKTJDKdCdIjtehNxf+8XqbjyzCnPM004Xi+KM4Y1AJOA4EDKgnWbGIIwpKaWyEeIZOINrHZJgR/8eVl0mnU/fO6d9OoNZtlHFVwDE7AGfDBBWiCa9ACbYDBI3gGr+DNerJerHfrY95ascqZQ/AH1ucPyjyWUg==</latexit>

1

✏2
divergence

IR divergences



Logarithm of the amplitude

✤ From amplitudes point of view:


expand the logarithm

the IR divergence has simple structure to all loops



Frozen loop

✤ IR divergence in connected graphs, and hence in 


✤ Freeze one of the lines, and integrate over all others: 
no collinear support — IR finite object


<latexit sha1_base64="F589k2eW4O0HGRr5YxEg6T4qnK0=">AAAB83icbVBNS8NAEJ3Urxq/qh69LDaCp5IURI8FL16ECvYDmlA22027dLMbdjdCKf0bXjwo4tU/481/47bNQVsfDDzem2FmXpxxpo3vfzuljc2t7Z3yrru3f3B4VDk+aWuZK0JbRHKpujHWlDNBW4YZTruZojiNOe3E49u533miSjMpHs0ko1GKh4IljGBjpdDz3JDLIbp3Pa9fqfo1fwG0ToKCVKFAs1/5CgeS5CkVhnCsdS/wMxNNsTKMcDpzw1zTDJMxHtKepQKnVEfTxc0zdGGVAUqksiUMWqi/J6Y41XqSxrYzxWakV725+J/Xy01yE02ZyHJDBVkuSnKOjETzANCAKUoMn1iCiWL2VkRGWGFibEyuDSFYfXmdtOu14KrmP9SrjUYRRxnO4BwuIYBraMAdNKEFBDJ4hld4c3LnxXl3PpatJaeYOYU/cD5/AOeQj6E=</latexit>

logM

from all lines simultaneously in collinear region

which is a part of the integration region

<latexit sha1_base64="3vMiafZQ4WEgIknNemT3galzohA="></latexit>

F�(AB0) =

Z
dµAB1 . . . dµABL�1⌦�

for each connected graph



Definition of IR finite object

✤ Define the same object for the logarithm of the 
amplitude (= sum over all connected graphs)


frozen loop
negative link



✤ This is IR finite function of one cross ratio


✤ This object is also natural from the dual Wilson loop picture


Definition of IR finite object

<latexit sha1_base64="D5GN9eAiyY4CeEQe4/YxAF+QgO0=">AAAB/HicbVDLSsNAFL2prxpf0S7dDDZCBSlJQXRZEMRlBfuANpTJdNoOnTyYmQgx1F9x40IRt36IO//GaZuFth64cDjnXu69x485k8pxvo3C2vrG5lZx29zZ3ds/sA6PWjJKBKFNEvFIdHwsKWchbSqmOO3EguLA57TtT65nfvuBCsmi8F6lMfUCPArZkBGstNS3SrZtZj2CObqZVkbnj2embfetslN15kCrxM1JGXI0+tZXbxCRJKChIhxL2XWdWHkZFooRTqdmL5E0xmSCR7SraYgDKr1sfvwUnWplgIaR0BUqNFd/T2Q4kDINfN0ZYDWWy95M/M/rJmp45WUsjBNFQ7JYNEw4UhGaJYEGTFCieKoJJoLpWxEZY4GJ0nmZOgR3+eVV0qpV3Yuqc1cr1+t5HEU4hhOogAuXUIdbaEATCKTwDK/wZjwZL8a78bFoLRj5TAn+wPj8Aea5klU=</latexit>

F(g, z)

<latexit sha1_base64="zE+7+w26ayr/m+W4SxHstE7rs2k=">AAACUHicbVG7TsMwFL0p7/AKMLJYtEhMVdIWwYJUYGEEiUKlpqoc1ykWjhPZDlKJ+ESWbnwHCwMInNJKfV3J8vE55/pxHCScKe26H1ZhaXlldW19w97c2t7Zdfb2H1ScSkIbJOaxbAZYUc4EbWimOW0mkuIo4PQxeL7O9ccXKhWLxb3uJ7Qd4Z5gISNYG6rj9Eol+xVdID+UmGQ+x6LHKbq86rhexZfD1SRZrY3It2lvbYG3Uh177VKp4xTdsjssNA+8ESjCqG47zsDvxiSNqNCEY6VanpvodoalZiTf0k8VTTB5xj3aMlDgiKp2NgzkDR0bpovCWJohNBqykx0ZjpTqR4FxRlg/qVktJxdprVSH5+2MiSTVVJD/g8KUIx2jPF3UZZISzfsGYCKZuSsiT9hEq80f2CYEb/bJ8+ChUvZOy+5dpVivj+JYh0M4ghPw4AzqcAO30AAC7/AJ3/BjDawv67dg/VvHMxzAVBXsP2+xsSI=</latexit>

z =
hAB012ihAB034i
hAB014ihAB023i

Wilson loop with Lagrangian 

insertion at point <latexit sha1_base64="nxi/DybrPA+xZRNcNMPYvyZwMxk=">AAAB8HicbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LHgxWMF+yFtKJvtpl26uwm7G7GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSjnTxve/nbX1jc2t7dKOu7u3f3BYPjpu6SRThDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++5EqzRJ5byYpDQUeShYzgo2VHjzPfer7ruf1yxW/6s+BVklQkAoUaPTLX71BQjJBpSEca90N/NSEOVaGEU6nbi/TNMVkjIe0a6nEguownx88RedWGaA4UbakQXP190SOhdYTEdlOgc1IL3sz8T+vm5n4OsyZTDNDJVksijOOTIJm36MBU5QYPrEEE8XsrYiMsMLE2IxcG0Kw/PIqadWqwWXVv6tV6vUijhKcwhlcQABXUIdbaEATCAh4hld4c5Tz4rw7H4vWNaeYOYE/cD5/AOYWjn8=</latexit>x0 <latexit sha1_base64="FPTAcXv9jjEAXf+LHQI7RB91e+c=">AAACAHicbVDLSsNAFL2prxpfURcu3Aw2ghtLUhDdCEWhuKxgH9DGMplO2qGTBzMToYRs/BU3LhRx62e482+cPhZaPXDhcM693HuPn3AmleN8GYWl5ZXVteK6ubG5tb1j7e41ZZwKQhsk5rFo+1hSziLaUExx2k4ExaHPacsfXU/81gMVksXRnRon1AvxIGIBI1hpqWcd2LZZQ5foFA3uK1mXYI5quWnbPavklJ0p0F/izkkJ5qj3rM9uPyZpSCNFOJay4zqJ8jIsFCOc5mY3lTTBZIQHtKNphEMqvWz6QI6OtdJHQSx0RQpN1Z8TGQ6lHIe+7gyxGspFbyL+53VSFVx4GYuSVNGIzBYFKUcqRpM0UJ8JShQfa4KJYPpWRIZYYKJ0ZqYOwV18+S9pVsruWdm5rZSqV/M4inAIR3ACLpxDFW6gDg0gkMMTvMCr8Wg8G2/G+6y1YMxn9uEXjI9vhd2TKA==</latexit>

F = �g2F

(Alday, Buchbinder, Tseytlin, 2011) (Englund, Roiban, 2011)



Low loop order results

<latexit sha1_base64="bTMzIZitZ4bpGSSQvtLiMSP4VHE=">AAAB8HicbVA9SwNBEJ3zM55fUUubxZxgFe4Coo0QtLGwiGA+JDnC3mYvWbK7d+zuCSHkV9hYKGLrz7Hz37hJrtDEBwOP92aYmRelnGnj+9/Oyura+sZmYcvd3tnd2y8eHDZ0kilC6yThiWpFWFPOJK0bZjhtpYpiEXHajIY3U7/5RJVmiXwwo5SGAvclixnBxkqPnufeXVVcz+sWS37ZnwEtkyAnJchR6xa/Or2EZIJKQzjWuh34qQnHWBlGOJ24nUzTFJMh7tO2pRILqsPx7OAJOrVKD8WJsiUNmqm/J8ZYaD0Ske0U2Az0ojcV//PamYkvwzGTaWaoJPNFccaRSdD0e9RjihLDR5Zgopi9FZEBVpgYm5FrQwgWX14mjUo5OC/795VS9TqPowDHcAJnEMAFVOEWalAHAgKe4RXeHOW8OO/Ox7x1xclnjuAPnM8fciKONQ==</latexit>

L = 2

<latexit sha1_base64="JiUtpCFrZFUz896iaow8XVXMDQQ=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LDaCp5JURC9C0YsHDxXsh7ShbLabduluEnY3Qgn9FV48KOLVn+PNf+O2zUFbHww83pthZl6QcKa0635bhZXVtfWN4qa9tb2zu1faP2iqOJWENkjMY9kOsKKcRbShmea0nUiKRcBpKxjdTP3WE5WKxdGDHifUF3gQsZARrI306Dj23dWZ7Ti9UtmtuDOgZeLlpAw56r3SV7cfk1TQSBOOlep4bqL9DEvNCKcTu5sqmmAywgPaMTTCgio/mx08QSdG6aMwlqYijWbq74kMC6XGIjCdAuuhWvSm4n9eJ9XhpZ+xKEk1jch8UZhypGM0/R71maRE87EhmEhmbkVkiCUm2mRkmxC8xZeXSbNa8c4r7n21XLvO4yjCERzDKXhwATW4hTo0gICAZ3iFN0taL9a79TFvLVj5zCH8gfX5A3OpjjY=</latexit>

L = 3

We can find the dlog forms for all graphs        and integrate 
<latexit sha1_base64="fB/venGXIlWRRCedOrGv0aIavB8=">AAAB/HicbVDLSsNAFJ3UV42vapdugo3gqiQF0WXRhe6sYB/QhHAznbZDZyZhZiKUUH/FjQtF3Poh7vwbp4+Fth64cDjnXu69J04ZVdrzvq3C2vrG5lZx297Z3ds/KB0etVSSSUyaOGGJ7MSgCKOCNDXVjHRSSYDHjLTj0fXUbz8SqWgiHvQ4JSGHgaB9ikEbKSqVXdcO7jgZQBTcAOdgu25UqnhVbwZnlfgLUkELNKLSV9BLcMaJ0JiBUl3fS3WYg9QUMzKxg0yRFPAIBqRrqABOVJjPjp84p0bpOf1EmhLamam/J3LgSo15bDo56KFa9qbif1430/3LMKcizTQReL6onzFHJ840CadHJcGajQ0BLKm51cFDkIC1ycs2IfjLL6+SVq3qn1e9+1qlfrWIo4iO0Qk6Qz66QHV0ixqoiTAao2f0it6sJ+vFerc+5q0FazFTRn9gff4A1ROS8g==</latexit>

⌦�



Trees and ladders



✤ We see in L=3 that “tree” graphs are much simpler 
than “loop” graph


✤ In fact, we can find the dlog form for all tree graphs 


 

Trees vs loops in the loop space

linksvertices

<latexit sha1_base64="aKfHPksiMy3EjY+c02OXRZyEVpg=">AAACSXicbZDNT8IwGMY78APn19Sjl0Yw8UQ20OjFBNGDR0zkIwEyu1KgWdctbWdCCP+eF2/e/B+8eNAYT5YxEwWepMnT3/u+edvHixiVyrZfjUx2ZXVtPbdhbm5t7+xae/sNGcYCkzoOWShaHpKEUU7qiipGWpEgKPAYaXr+9bTefCRC0pDfq1FEugEacNqnGCmNXOuhUDBvXB9ewg5DfMAIvKq6vlPqiOT2F5bKS2D5dAl0fqFZKLhW3i7aieCicVKTB6lqrvXS6YU4DghXmCEp244dqe4YCUUxIxOzE0sSIeyjAWlry1FAZHecJDGBx5r0YD8U+nAFE/p3YowCKUeBpzsDpIZyvjaFy2rtWPUvumPKo1gRjmeL+jGDKoTTWGGPCoIVG2mDsKD6rRAPkUBY6fBNHYIz/+VF0ygVnbOifVfKV6ppHDlwCI7ACXDAOaiAW1ADdYDBE3gDH+DTeDbejS/je9aaMdKZA/BPmewP6gevdQ==</latexit>

Dk = hABk12ihABk23ihABk34ihABk14i
<latexit sha1_base64="ZoI9ouvZWtflHB+UZwcRkQBLUcU="></latexit>

n(ij) = hABi13ihABj24i+ hABi24ihABj13i



✤ We also have closed formula for all one-loop graphs but 
they are more complicated


✤ Note that both tree and loop graphs have the same 
number of standard loops 


Trees vs loops in the loop space

These are all L=4 graphs, but the forms and integrated formulas 

get more complicated with more graph loops



✤ Tree approximation: only tree graphs are considered 


✤ There is even more special class of tree graphs: “ladders”


✤ Because of the simple structure of the dlog form, we can 
find the Laplace operator which acts on graphs as


Ladders

<latexit sha1_base64="tpEguoO/Dzgu42V71FwpRCi9Q2I=">AAAB83icbVBNS8NAEJ3Urxq/qh69LDZCPViSguix6MVjBfsBbSyb7aZdutmE3Y1QQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFyScKe2631ZhbX1jc6u4be/s7u0flA6PWipOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoOxrczv/1EpWKxeNCThPoRHgoWMoK1kXqOY1cuho+1c9tx+qWyW3XnQKvEy0kZcjT6pa/eICZpRIUmHCvV9dxE+xmWmhFOp3YvVTTBZIyHtGuowBFVfja/eYrOjDJAYSxNCY3m6u+JDEdKTaLAdEZYj9SyNxP/87qpDq/9jIkk1VSQxaIw5UjHaBYAGjBJieYTQzCRzNyKyAhLTLSJyTYheMsvr5JWrepdVt37Wrl+k8dRhBM4hQp4cAV1uIMGNIFAAs/wCm9War1Y79bHorVg5TPH8AfW5w8A+I8N</latexit>

(�g2)
<latexit sha1_base64="GtGmJr2pr3nomDjRFAZ1jxv30gQ=">AAAB+HicbVDLSsNAFJ3UV42PRl26GWyEiliSgOiy6MZlBfuANi2T6aQdOpmEmYlQQ7/EjQtF3Pop7vwbp20W2nrgwuGce7n3niBhVCrH+TYKa+sbm1vFbXNnd2+/ZB0cNmWcCkwaOGaxaAdIEkY5aSiqGGkngqAoYKQVjG9nfuuRCElj/qAmCfEjNOQ0pBgpLfWtkm2b55WLYc8763mmbfetslN15oCrxM1JGeSo962v7iDGaUS4wgxJ2XGdRPkZEopiRqZmN5UkQXiMhqSjKUcRkX42P3wKT7UygGEsdHEF5+rviQxFUk6iQHdGSI3ksjcT//M6qQqv/YzyJFWE48WiMGVQxXCWAhxQQbBiE00QFlTfCvEICYSVzsrUIbjLL6+Spld1L6vOvVeu3eRxFMExOAEV4IIrUAN3oA4aAIMUPINX8GY8GS/Gu/GxaC0Y+cwR+APj8wcK8pAX</latexit>

+(�g2)2

<latexit sha1_base64="M40iXRnoumGu5aqc4RYimUPjWxM=">AAAB+HicbVBNS8NAEJ3Urxo/GvXoJdgIFbEkFdFj0YvHCvYD2rRsttu6dLMJuxuhhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL4gZlcp1v43cyura+kZ+09za3tktWHv7DRklApM6jlgkWgGShFFO6ooqRlqxICgMGGkGo5up33wkQtKI36txTPwQDTkdUIyUlnpWwXHM09LZsFs56Z6bjtOzim7ZncFeJl5GipCh1rO+Ov0IJyHhCjMkZdtzY+WnSCiKGZmYnUSSGOERGpK2phyFRPrp7PCJfayVvj2IhC6u7Jn6eyJFoZTjMNCdIVIPctGbiv957UQNrvyU8jhRhOP5okHCbBXZ0xTsPhUEKzbWBGFB9a02fkACYaWzMnUI3uLLy6RRKXsXZfeuUqxeZ3Hk4RCOoAQeXEIVbqEGdcCQwDO8wpvxZLwY78bHvDVnZDMH8AfG5w8MeZAY</latexit>

+(�g2)3
<latexit sha1_base64="VmrKH13F9BiA1ZtVyOYUZCBy5q4=">AAAB+HicbVBNS8NAEJ3Urxo/GvXoJdgIFbEkRdFj0YvHCvYD2rRsttu6dLMJuxuhhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL4gZlcp1v43cyura+kZ+09za3tktWHv7DRklApM6jlgkWgGShFFO6ooqRlqxICgMGGkGo5up33wkQtKI36txTPwQDTkdUIyUlnpWwXHM09LZsFs56Z6bjtOzim7ZncFeJl5GipCh1rO+Ov0IJyHhCjMkZdtzY+WnSCiKGZmYnUSSGOERGpK2phyFRPrp7PCJfayVvj2IhC6u7Jn6eyJFoZTjMNCdIVIPctGbiv957UQNrvyU8jhRhOP5okHCbBXZ0xTsPhUEKzbWBGFB9a02fkACYaWzMnUI3uLLy6RRKXsXZfeuUqxeZ3Hk4RCOoAQeXEIVbqEGdcCQwDO8wpvxZLwY78bHvDVnZDMH8AfG5w8OAJAZ</latexit>

+(�g2)4 <latexit sha1_base64="Z9cDnAJGoNJy+Ta91h9TbcsSpzs=">AAAB83icbVDLSsNAFL3xWeOr6tLNYCMIQkkKosuiG5cV7APaUCbTSTt08mDmRiihv+HGhSJu/Rl3/o3TNgttPTBwOOce7p0TpFJodN1va219Y3Nru7Rj7+7tHxyWj45bOskU402WyER1Aqq5FDFvokDJO6niNAokbwfju5nffuJKiyR+xEnK/YgOYxEKRtFIPcexL3uDBLXtOP1yxa26c5BV4hWkAgUa/fKXibIs4jEySbXuem6Kfk4VCib51O5lmqeUjemQdw2NacS1n89vnpJzowxImCjzYiRz9Xcip5HWkygwkxHFkV72ZuJ/XjfD8MbPRZxmyGO2WBRmkmBCZgWQgVCcoZwYQpkS5lbCRlRRhqYm25TgLX95lbRqVe+q6j7UKvXboo4SnMIZXIAH11CHe2hAExik8Ayv8GZl1ov1bn0sRtesInMCf2B9/gA5wY/Z</latexit>

+ . . .

<latexit sha1_base64="oGgu3hp8n3MgZDKNOgglq6b16LU=">AAACCnicbVDLSsNAFJ3UV42vqEs3o41QQUpSEN0IRUFcVrAPaEKYTKbt0MmDmYlQQ9Zu/BU3LhRx6xe482+ctllo9cCFwzn3cu89fsKokJb1pZUWFpeWV8qr+tr6xuaWsb3TFnHKMWnhmMW86yNBGI1IS1LJSDfhBIU+Ix1/dDnxO3eECxpHt3KcEDdEg4j2KUZSSZ6xb5p65mDE4FXuZQ4PIUNBQHheHRzfH53rpukZFatmTQH/ErsgFVCg6RmfThDjNCSRxAwJ0bOtRLoZ4pJiRnLdSQVJEB6hAekpGqGQCDebvpLDQ6UEsB9zVZGEU/XnRIZCIcahrzpDJIdi3puI/3m9VPbP3IxGSSpJhGeL+imDMoaTXGBAOcGSjRVBmFN1K8RDxBGWKj1dhWDPv/yXtOs1+6Rm3dQrjYsijjLYAwegCmxwChrgGjRBC2DwAJ7AC3jVHrVn7U17n7WWtGJmF/yC9vENiiuYPg==</latexit>

Fladder(g, z) =



Closed formula for ladders

✤ We have a function of single cross ratio, rewrite the 
differential operator as


which is solved by
<latexit sha1_base64="3WGPNly9NNTqUcZ/ch2Y6qB/Omg="></latexit>

Fladder(g, z) =
cos(

p
2g log z)

cosh(
p
2g⇡)

<latexit sha1_base64="wN/1FwaRTgfDUbqH1U16WQMC6PI="></latexit>

1

2
(z@z)2Fladder(g, z) + g2Fladder(g, z) = 0

(satisfying certain boundary conditions)



All trees

✤ Next, we consider the sum over all trees


✤ For that it is useful to define the generating function for all 
trees with special link


<latexit sha1_base64="QSS+hEsLxZ3Cw2znWjgarn5liXs=">AAACCnicbVDLSgNBEJyNr7i+oh69jGaFCBJ2A6IXISiIxwjmAUlYZie9yZDZBzOzQlxy9uKvePGgiFe/wJt/4yTZg0YLGoqqbrq7vJgzqWz7y8gtLC4tr+RXzbX1jc2twvZOQ0aJoFCnEY9EyyMSOAuhrpji0IoFkMDj0PSGlxO/eQdCsii8VaMYugHph8xnlCgtuYV9yzLTDiUcX43dtCMCrATAuNQ/vj/C59i0LLdQtMv2FPgvcTJSRBlqbuGz04toEkCoKCdSth07Vt2UCMUoh7HZSSTEhA5JH9qahiQA2U2nr4zxoVZ62I+ErlDhqfpzIiWBlKPA050BUQM5703E/7x2ovyzbsrCOFEQ0tkiP+FYRXiSC+4xAVTxkSaECqZvxXRABKFKp2fqEJz5l/+SRqXsnJTtm0qxepHFkUd76ACVkINOURVdoxqqI4oe0BN6Qa/Go/FsvBnvs9ackc3sol8wPr4By9OXwg==</latexit>

Ftree(g, z) =
<latexit sha1_base64="y6V41eKEFTgswnQaO7NtLrnsShM=">AAACCnicbVDJSgNBEO2JWxy3qEcvrRkhgoSZgOhFCHrJMYJZIAlDT6cmadKz0N0jxGHOXvwVLx4U8eoXePNv7CwHjT4oeLxXRVU9L+ZMKtv+MnJLyyura/l1c2Nza3unsLvXlFEiKDRoxCPR9ogEzkJoKKY4tGMBJPA4tLzR9cRv3YGQLApv1TiGXkAGIfMZJUpLbuHQssy0SwnHtcxNuyLASgBkpcHp/Qm+xKZluYWiXbanwH+JMydFNEfdLXx2+xFNAggV5UTKjmPHqpcSoRjlkJndREJM6IgMoKNpSAKQvXT6SoaPtdLHfiR0hQpP1Z8TKQmkHAee7gyIGspFbyL+53US5V/0UhbGiYKQzhb5CccqwpNccJ8JoIqPNSFUMH0rpkMiCFU6PVOH4Cy+/Jc0K2XnrGzfVIrVq3kceXSAjlAJOegcVVEN1VEDUfSAntALejUejWfjzXifteaM+cw++gXj4xvPCZfE</latexit>

Htree(g, z) =

<latexit sha1_base64="5y+bbi7VWtaHUE8juJxzNAOeVps=">AAACJnicbVDLSgNBEJz1GdfXqkcvg4kQQcJuQPQSCAqSYwTzgCSG2UknGTL7YGZWiMt+jRd/xYuHiIg3P8VJsgdNLGgoqrrp7nJDzqSy7S9jZXVtfWMzs2Vu7+zu7VsHh3UZRIJCjQY8EE2XSODMh5piikMzFEA8l0PDHd1M/cYjCMkC/16NQ+h4ZOCzPqNEaalrlXI5M25TwvFt0o3bwsNKACT5wfnTGS5heIjnbmXJTcxcrmtl7YI9A14mTkqyKEW1a03avYBGHviKciJly7FD1YmJUIxySMx2JCEkdEQG0NLUJx7ITjx7M8GnWunhfiB0+QrP1N8TMfGkHHuu7vSIGspFbyr+57Ui1b/qxMwPIwU+nS/qRxyrAE8zwz0mgCo+1oRQwfStmA6JIFTpZE0dgrP48jKpFwvORcG+K2bL12kcGXSMTlAeOegSlVEFVVENUfSMXtEEvRsvxpvxYXzOW1eMdOYI/YHx/QNgc6NB</latexit>

Ftree(g, z) = eHtree(g,z)

We can check that both functions are related



All trees

✤ We can apply the same differential operator on any 
tree graph 


✤ From that we can read off an equation for 

<latexit sha1_base64="JPAmmrj3MY69v+QII27t/n5OBkU=">AAACB3icbVDJSgNBEO2JWxy3UY+CNCZCBAkzAdFj0EuOEcwCmWHo6VSSJj0L3T1CHHLz4q948aCIV3/Bm39jZzlo4oOCx3tVVNULEs6ksu1vI7eyura+kd80t7Z3dves/YOmjFNBoUFjHot2QCRwFkFDMcWhnQggYcChFQxvJn7rHoRkcXSnRgl4IelHrMcoUVryreNi0cxcSjiujf3MFSFWAmBc6p8/nJnFom8V7LI9BV4mzpwU0Bx13/pyuzFNQ4gU5UTKjmMnysuIUIxyGJtuKiEhdEj60NE0IiFIL5v+McanWuniXix0RQpP1d8TGQmlHIWB7gyJGshFbyL+53VS1bvyMhYlqYKIzhb1Uo5VjCeh4C4TQBUfaUKoYPpWTAdEEKp0dKYOwVl8eZk0K2XnomzfVgrV63kceXSETlAJOegSVVEN1VEDUfSIntErejOejBfj3fiYteaM+cwh+gPj8weE25cp</latexit>

Htree(g, z)

<latexit sha1_base64="7gDip2/ODjuLy8ZHo2Gh4p3RVc8=">AAAB+XicbVDLSsNAFJ3UV42vqEs3g43gqiQF0WWpG5cV7APaECbTSTt0MhNmJqUl9E/cuFDErX/izr9x2mahrQcuHM65l3vviVJGlfa8b6u0tb2zu1fetw8Oj45PnNOzthKZxKSFBROyGyFFGOWkpalmpJtKgpKIkU40vl/4nQmRigr+pGcpCRI05DSmGGkjhY7juna/IaZhPg29ue26oVPxqt4ScJP4BamAAs3Q+eoPBM4SwjVmSKme76U6yJHUFDMyt/uZIinCYzQkPUM5SogK8uXlc3hllAGMhTTFNVyqvydylCg1SyLTmSA9UuveQvzP62U6vgtyytNME45Xi+KMQS3gIgY4oJJgzWaGICypuRXiEZIIaxOWbULw11/eJO1a1b+peo+1Sr1RxFEGF+ASXAMf3II6eABN0AIYTMAzeAVvVm69WO/Wx6q1ZBUz5+APrM8f0emR1A==</latexit>⇤x0
<latexit sha1_base64="XPA+ug5ODALtS0P1zkX7W2263xk=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJKC6EUoevFYwX5AG8pmu2mXbnbD7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b2dtfWNza7u04+7u7R8clo+OW1pmitAmkVyqToQ15UzQpmGG006qKE4iTtvR+G7mt5+o0kyKRzNJaZjgoWAxI9hYqe157o3ref1yxa/6c6BVEhSkAgUa/fJXbyBJllBhCMdadwM/NWGOlWGE06nbyzRNMRnjIe1aKnBCdZjPz52ic6sMUCyVLWHQXP09keNE60kS2c4Em5Fe9mbif143M/F1mDORZoYKslgUZxwZiWa/owFTlBg+sQQTxeytiIywwsTYhFwbQrD88ipp1arBZdV/qFXqt0UcJTiFM7iAAK6gDvfQgCYQGMMzvMKbkzovzrvzsWhdc4qZE/gD5/MHZkaNow==</latexit>=

<latexit sha1_base64="nsT0GzIz4/SIWv089n5mmr1ddtg=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCF0tSKHosevFYwX5gG8tmu2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBQlnSrvut1VYW9/Y3Cpu2zu7e/sHpcOjlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8c3Mbz9RqVgs7vUkoX6Eh4KFjGBtpAfHsS+Gj1Xbcfqlsltx50CrxMtJGXI0+qWv3iAmaUSFJhwr1fXcRPsZlpoRTqd2L1U0wWSMh7RrqMARVX42v3iKzowyQGEsTQmN5urviQxHSk2iwHRGWI/UsjcT//O6qQ6v/IyJJNVUkMWiMOVIx2j2PhowSYnmE0MwkczcisgIS0y0Cck2IXjLL6+SVrXi1SruXbVcv87jKMIJnMI5eHAJdbiFBjSBgIBneIU3S1kv1rv1sWgtWPnMMfyB9fkDOLSOqA==</latexit>

�g2

<latexit sha1_base64="X70qxHw7P63Kh6qD6btcmG3qeho="></latexit>

1

2
(z@z)

2
Htree(g, z) + g2eHtree(g,z) = 0



All trees

✤ With proper boundary conditions we can solve this 
equation


✤ We can use our formulas for 
 <latexit sha1_base64="AGoBxAVXUPskLG24X2fND1PbxhY=">AAACB3icbVDLSgNBEJyNr7i+oh4FGcwKESTsBkSPQUE8RjAPyIYwO+lNhsw+mJkV4pKbF3/FiwdFvPoL3vwbJ8keNLGgoajqprvLizmTyra/jdzS8srqWn7d3Njc2t4p7O41ZJQICnUa8Ui0PCKBsxDqiikOrVgACTwOTW94NfGb9yAki8I7NYqhE5B+yHxGidJSt3BoWWbqUsLx9bibuiLASgCMS/3ThxPTsrqFol22p8CLxMlIEWWodQtfbi+iSQChopxI2XbsWHVSIhSjHMamm0iICR2SPrQ1DUkAspNO/xjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3ntRPkXnZSFcaIgpLNFfsKxivAkFNxjAqjiI00IFUzfiumACEKVjs7UITjzLy+SRqXsnJXt20qxepnFkUcH6AiVkIPOURXdoBqqI4oe0TN6RW/Gk/FivBsfs9ackc3soz8wPn8AgauXJw==</latexit>

Ftree(g, z)
<latexit sha1_base64="KRXdVy4yTSYF/Sw70sQKi8VZXhE=">AAACCXicbVDLSsNAFJ3UV42vqEs3g41QQUpSEF0WBXFZwT6gCWEymbRDJw9mJkIN2brxV9y4UMStf+DOv3HaZqHVAxcO59zLvff4KaNCWtaXVllaXlldq67rG5tb2zvG7l5XJBnHpIMTlvC+jwRhNCYdSSUj/ZQTFPmM9Pzx5dTv3REuaBLfyklK3AgNYxpSjKSSPAOapp47GDF4VXi5wyPIUBAQXtSHJ/fHuml6Rs1qWDPAv8QuSQ2UaHvGpxMkOItILDFDQgxsK5VujrikmJFCdzJBUoTHaEgGisYoIsLNZ58U8EgpAQwTriqWcKb+nMhRJMQk8lVnhORILHpT8T9vkMnw3M1pnGaSxHi+KMwYlAmcxgIDygmWbKIIwpyqWyEeIY6wVOHpKgR78eW/pNts2KcN66ZZa12UcVTBATgEdWCDM9AC16ANOgCDB/AEXsCr9qg9a2/a+7y1opUz++AXtI9v/fiX9w==</latexit>

Fladder(g, z) and
to go to strong coupling and also find 


contributions to cusp anomalous dimension



Strong coupling



Strong coupling of ladders

✤ At strong coupling the ladder contribution is 
exponentially suppressed 


This is similar as what we would get from summing 

actual        ladder diagrams  

<latexit sha1_base64="g3q90o3iO2F3cum/apEUxoEfmSs=">AAAB83icbVBNS8NAEJ3Urxq/qh69BBvBU0kqoseiF48V7Ac0sWy2m3bpZrPsboQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8SDCqtOd9W6W19Y3NrfK2vbO7t39QOTxqqzSTmLRwylLZjZAijHLS0lQz0hWSoCRipBONb2d+54lIRVP+oCeChAkachpTjLSRAte1AzGijxe26/YrVa/mzeGsEr8gVSjQ7Fe+gkGKs4RwjRlSqud7Qoc5kppiRqZ2kCkiEB6jIekZylFCVJjPb546Z0YZOHEqTXHtzNXfEzlKlJokkelMkB6pZW8m/uf1Mh1fhznlItOE48WiOGOOTp1ZAM6ASoI1mxiCsKTmVgePkERYm5hsE4K//PIqaddr/mXNu69XGzdFHGU4gVM4Bx+uoAF30IQWYBDwDK/wZmXWi/VufSxaS1Yxcwx/YH3+AB3rj8Y=</latexit>

�3

(Broadhurst, Davydychev, 2010)



Strong coupling of ladders

✤ Our ladders are very different, but the only thing they 
have in common is the number of internal 


<latexit sha1_base64="wGsUtu7HljbLvMozTE3rkIGfDeg=">AAACD3icbVC7TsMwFHXKq4RXgJHFogGVpUoqIZhQgYWxSPQhNVHkuG5r6jiR7SBVVf+AhV9hYQAhVlY2/ga3yQAtR7q6R+fcK/ueMGFUKsf5NgpLyyura8V1c2Nza3vH2t1ryjgVmDRwzGLRDpEkjHLSUFQx0k4EQVHISCscXk/91gMRksb8To0S4keoz2mPYqS0FFjHtm16DPE+I7B8eXUS0KzdeyITL6Bj2nZglZyKMwNcJG5OSiBHPbC+vG6M04hwhRmSsuM6ifLHSCiKGZmYXipJgvAQ9UlHU44iIv3x7J4JPNJKF/ZioYsrOFN/b4xRJOUoCvVkhNRAzntT8T+vk6reuT+mPEkV4Th7qJcyqGI4DQd2qSBYsZEmCAuq/wrxAAmElY7Q1CG48ycvkma14p5WnNtqqVbL4yiCA3AIysAFZ6AGbkAdNAAGj+AZvII348l4Md6Nj2y0YOQ7++APjM8fnXKYlg==</latexit>

h(AB)i(AB)ji > 0

propagators in the integrand form 

both have (L-1) propagators but very different numerators



✤ The exponential suppression is in contrast with the 
full gamma cusp result


✤ In comparison the sum over trees is 


Strong coupling of ladders

which is linear at strong coupling

But still has 1/g expansion unlike ladders!

Missing g term



Gamma cusp



From F to gamma cusp

✤ Recall the expression for the logarithm of the amplitude


✤ The cusp anomalous dimension is 

<latexit sha1_base64="49LTOgIIrrxPGheHcxKDnOrAm4o="></latexit>

�cusp(g) =
X

L�1

g2L�(L)
cusp

and can be obtained from function                  
<latexit sha1_base64="JQBwj7TUaSm2ZYuE1HdqUtDjF8c=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDZCBSlJQfRYFMRjBfsBbSib7aZdutnE3U2hlv4OLx4U8eqP8ea/cdvmoNUHA4/3ZpiZFyScKe26X1ZuZXVtfSO/aW9t7+zuFfYPGipOJaF1EvNYtgKsKGeC1jXTnLYSSXEUcNoMhtczvzmiUrFY3OtxQv0I9wULGcHaSL7j2Del/tnjKbIdp1soumV3DvSXeBkpQoZat/DZ6cUkjajQhGOl2p6baH+CpWaE06ndSRVNMBniPm0bKnBElT+ZHz1FJ0bpoTCWpoRGc/XnxARHSo2jwHRGWA/UsjcT//PaqQ4v/QkTSaqpIItFYcqRjtEsAdRjkhLNx4ZgIpm5FZEBlphok5NtQvCWX/5LGpWyd1527yrF6lUWRx6O4BhK4MEFVOEWalAHAg/wBC/wao2sZ+vNel+05qxs5hB+wfr4BqD3j2Y=</latexit>

F (g, z)

<latexit sha1_base64="PpEBI1nJhOgQpeSS8swmTPOJ6Ww="></latexit>

g
@

@g
�cusp(g) = �2I[F (g, z)]

<latexit sha1_base64="XeaysNCDYSpRwCK6sw/idAgZcGY=">AAACGHicbVDLSgMxFM3UVx1fVZdugq1QN3WmILoRim50V8E+oDOWTJppQzOZkGSEOsxnuPFX3LhQxG13/o3pY6HVA5d7OOdeknsCwajSjvNl5ZaWV1bX8uv2xubW9k5hd6+p4kRi0sAxi2U7QIowyklDU81IW0iCooCRVjC8mvitByIVjfmdHgniR6jPaUgx0kbqFk5KJTv1MGLwJus83gsfXkAvlAinnqK87AkKxXGWTntml0rdQtGpOFPAv8SdkyKYo94tjL1ejJOIcI0ZUqrjOkL7KZKaYkYy20sUEQgPUZ90DOUoIspPp4dl8MgoPRjG0hTXcKr+3EhRpNQoCsxkhPRALXoT8T+vk+jw3E8pF4kmHM8eChMGdQwnKcEelQRrNjIEYUnNXyEeIBOLNlnaJgR38eS/pFmtuKcV57ZarF3O48iDA3AIysAFZ6AGrkEdNAAGT+AFvIF369l6tT6sz9lozprv7INfsMbfKYmd+g==</latexit>

I[zp] = sin(⇡p)

⇡p
where

(Alday, Henn, Sikorowski, 2013) (Henn, Korchemsky, Mistlberger 2019)



✤ For the sum of ladders we can finish the calculation


From F to gamma cusp

which is very close to 
<latexit sha1_base64="cw+efHFBE7vBTt4/Y4RoTXpDIjY=">AAACBnicbVA9SwNBEN2L3+fXqaUIi4kQm3AXEC2DFloqGBNIQpjbbJIl+3Hs7gnhSGXjX7GxUMTW32Dnv3ETU2jig4HHezPMzIsTzowNwy8vt7C4tLyyuuavb2xubQc7u3dGpZrQKlFc6XoMhnImadUyy2k90RREzGktHlyM/do91YYpeWuHCW0J6EnWZQSsk9rBQaHgNy9BCGhnTS2wIhZ6So6KvWO/UGgH+bAUToDnSTQleTTFdTv4bHYUSQWVlnAwphGFiW1loC0jnI78ZmpoAmQAPdpwVIKgppVN3hjhI6d0cFdpV9Liifp7IgNhzFDErlOA7ZtZbyz+5zVS2z1rZUwmqaWS/CzqphxbhceZ4A7TlFg+dASIZu5WTPqggViXnO9CiGZfnid35VJ0UgpvyvnK+TSOVbSPDlERRegUVdAVukZVRNADekIv6NV79J69N+/9pzXnTWf20B94H98zjpcH</latexit>

�octagon(g)

the six-point remainder function in particular limit
which controls

(Basso, Dixon, Papathanasiou, 2020) (Caron-Huot, Coronado, 2021)(Kostov, Petkova, Serban, 2019)



✤ We just need to expand 


From F to gamma cusp

<latexit sha1_base64="9OKU9mFLPy5KPQNC38lf355A/9s=">AAACAHicbVBNS8NAEN3Urxq/oh48eFlshQpSkoLosSiIxwr2A9pSNttpu3Q3CbsboYZc/CtePCji1Z/hzX/jts1Bqw8GHu/NMDPPjzhT2nW/rNzS8srqWn7d3tjc2t5xdvcaKowlhToNeShbPlHAWQB1zTSHViSBCJ9D0x9fTf3mPUjFwuBOTyLoCjIM2IBRoo3Ucw6KRfu6l3SkwFoCpKXh6cOJXSz2nIJbdmfAf4mXkQLKUOs5n51+SGMBgaacKNX23Eh3EyI1oxxSuxMriAgdkyG0DQ2IANVNZg+k+NgofTwIpalA45n6cyIhQqmJ8E2nIHqkFr2p+J/XjvXgopuwIIo1BHS+aBBzrEM8TQP3mQSq+cQQQiUzt2I6IpJQbTKzTQje4st/SaNS9s7K7m2lUL3M4sijQ3SESshD56iKblAN1RFFKXpCL+jVerSerTfrfd6as7KZffQL1sc3PTGUPQ==</latexit>

Ftree(g, z) in powers of z
<latexit sha1_base64="S8iEeasCYeuVP7U2Ar9Nh/IkRzA="></latexit>

Ftree(g, z) = A
1X

m=0

(mA)(�1)mzmA

<latexit sha1_base64="5dAkfD+mox37vYMkVuhz8CwcRZI="></latexit>

g@g�tree(g) = �2A

⇡

1X

m=0

(�1)m sin(⇡mA)

Plugging back into the formula for gamma cusp

<latexit sha1_base64="ZnFZrss89kPaQlDHisiM+fwcsSY=">AAACH3icbZDLSsNAFIYn9R5vUZduBluhbkpSvG2EqhuXFWwrNKVMppN2cDIJMydCCXkTN76KGxeKiLu+jdPLQqsHBn6+/xzOnD9IBNfguiOrsLC4tLyyumavb2xubTs7u00dp4qyBo1FrO4DopngkjWAg2D3iWIkCgRrBQ/XY7/1yJTmsbyDYcI6EelLHnJKwKCuc1oq2RfYDxWh2fFlnvkJz30g0hcshPKUG4aNVc19xfsDOLJLpa5TdCvupPBf4c1EEc2q3nW+/F5M04hJoIJo3fbcBDoZUcCpYLntp5olhD6QPmsbKUnEdCeb3JfjQ0N6OIyVeRLwhP6cyEik9TAKTGdEYKDnvTH8z2unEJ53Mi6TFJik00VhKjDEeBwW7nHFKIihEYQqbv6K6YCYTMBEapsQvPmT/4pmteKdVNzbarF2NYtjFe2jA1RGHjpDNXSD6qiBKHpCL+gNvVvP1qv1YX1OWwvWbGYP/Spr9A2ik6F9</latexit>

=
4A

⇡
tan

✓
⇡A

2

◆ <latexit sha1_base64="rXgawEtkWPpBTM9F5sclCTXbiBs=">AAACH3icbVDLSsNAFJ34rPEVdelmsBXqpiQFHxuh6sZlBfuAppTJdNIOnTyYuRFKyJ+48VfcuFBE3PVvnLRdaOuBC4dz7uXee7xYcAW2PTFWVtfWNzYLW+b2zu7evnVw2FRRIilr0EhEsu0RxQQPWQM4CNaOJSOBJ1jLG93lfuuJScWj8BHGMesGZBByn1MCWupZF6WS6fqS0PQmS6sDl0bKFcyH8kx0Y45zI3MlHwzhLMPX2DFLpZ5VtCv2FHiZOHNSRHPUe9a3249oErAQqCBKdRw7hm5KJHAqWGa6iWIxoSMyYB1NQxIw1U2n/2X4VCt97EdSVwh4qv6eSEmg1DjwdGdAYKgWvVz8z+sk4F91Ux7GCbCQzhb5icAQ4Tws3OeSURBjTQiVXN+K6ZDoYEBHauoQnMWXl0mzWnHOK/ZDtVi7ncdRQMfoBJWRgy5RDd2jOmogip7RK3pHH8aL8WZ8Gl+z1hVjPnOE/sCY/ADwvqEA</latexit>

A

2g cos
�
⇡A
2

� = 1where

Can not solve it analytically but we will 

extract strong coupling data



✤ Now we look at the weak and strong coupling 
asymptotic of gamma cusp 


Asymptotics of gamma cusp

for ladders

radius of convergence
<latexit sha1_base64="QqvJOPcZ8R1JfwPORCuI3upUYYw=">AAAB/HicbVDLSsNAFJ3UV42vaJduBhvBVUgKRTdC0Y3LCvYBbQiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnLZZaOuBC4dz7uXee8KUUalc99uobGxube9Ud829/YPDI+v4pCuTTGDSwQlLRD9EkjDKSUdRxUg/FQTFISO9cHo793uPREia8AeVp8SP0ZjTiGKktBRYNds2x8EQSQWvoes0mqZtB1bdddwF4DrxSlIHJdqB9TUcJTiLCVeYISkHnpsqv0BCUczIzBxmkqQIT9GYDDTlKCbSLxbHz+C5VkYwSoQuruBC/T1RoFjKPA51Z4zURK56c/E/b5Cp6MovKE8zRTheLooyBlUC50nAERUEK5ZrgrCg+laIJ0ggrHRepg7BW315nXQbjtd03PtGvXVTxlEFp+AMXAAPXIIWuANt0AEY5OAZvII348l4Md6Nj2VrxShnauAPjM8f90KRuw==</latexit>

g⇤ = 0.25

<latexit sha1_base64="Bp8tXtUDoEipgjRk2GyF/Zmne1Q=">AAAB/HicbVBNS8NAEN3Urxq/oj16WWwETyGpFL0IRS8eK9haaEPYbDft0s0m7G6EEOpf8eJBEa/+EG/+G7dtDtr6YODx3gwz88KUUalc99uorK1vbG5Vt82d3b39A+vwqCuTTGDSwQlLRC9EkjDKSUdRxUgvFQTFISMP4eRm5j88EiFpwu9VnhI/RiNOI4qR0lJg1WzbHAUDJBW8gq5z3jRtO7DqruPOAVeJV5I6KNEOrK/BMMFZTLjCDEnZ99xU+QUSimJGpuYgkyRFeIJGpK8pRzGRfjE/fgpPtTKEUSJ0cQXn6u+JAsVS5nGoO2OkxnLZm4n/ef1MRZd+QXmaKcLxYlGUMagSOEsCDqkgWLFcE4QF1bdCPEYCYaXzMnUI3vLLq6TbcLym49416q3rMo4qOAYn4Ax44AK0wC1ogw7AIAfP4BW8GU/Gi/FufCxaK0Y5UwN/YHz+APjKkbw=</latexit>

g⇤ = 0.35

less non-perturbative
no 1/g terms

(Beisert, Eden, Staudacher, 2005)



✤ Now we look at the weak and strong coupling 
asymptotic of gamma cusp 


Asymptotics of gamma cusp

while for trees

radius of convergence

<latexit sha1_base64="Lu15TomYYr1bvxM+kafKHxPzel4=">AAAB/HicbVBNS8NAEN3Urxq/oj16WWwETyUpiF6EohePFWwttCFstpt26eaD3YkQQv0rXjwo4tUf4s1/47bNQVsfDDzem2FmXpAKrsBxvo3K2vrG5lZ129zZ3ds/sA6PuirJJGUdmohE9gKimOAx6wAHwXqpZCQKBHsIJjcz/+GRScWT+B7ylHkRGcU85JSAlnyrZtvmyB8QBfgKO42ma9q2b9WdhjMHXiVuSeqoRNu3vgbDhGYRi4EKolTfdVLwCiKBU8Gm5iBTLCV0Qkasr2lMIqa8Yn78FJ9qZYjDROqKAc/V3xMFiZTKo0B3RgTGatmbif95/QzCS6/gcZoBi+liUZgJDAmeJYGHXDIKIteEUMn1rZiOiSQUdF6mDsFdfnmVdJsN97zh3DXrresyjio6RifoDLnoArXQLWqjDqIoR8/oFb0ZT8aL8W58LForRjlTQ39gfP4A8SaRtw==</latexit>

g⇤ = 0.21

<latexit sha1_base64="QqvJOPcZ8R1JfwPORCuI3upUYYw=">AAAB/HicbVDLSsNAFJ3UV42vaJduBhvBVUgKRTdC0Y3LCvYBbQiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnLZZaOuBC4dz7uXee8KUUalc99uobGxube9Ud829/YPDI+v4pCuTTGDSwQlLRD9EkjDKSUdRxUg/FQTFISO9cHo793uPREia8AeVp8SP0ZjTiGKktBRYNds2x8EQSQWvoes0mqZtB1bdddwF4DrxSlIHJdqB9TUcJTiLCVeYISkHnpsqv0BCUczIzBxmkqQIT9GYDDTlKCbSLxbHz+C5VkYwSoQuruBC/T1RoFjKPA51Z4zURK56c/E/b5Cp6MovKE8zRTheLooyBlUC50nAERUEK5ZrgrCg+laIJ0ggrHRepg7BW315nXQbjtd03PtGvXVTxlEFp+AMXAAPXIIWuANt0AEY5OAZvII348l4Md6Nj2VrxShnauAPjM8f90KRuw==</latexit>

g⇤ = 0.25

All the correct qualitative behavior

(Beisert, Eden, Staudacher, 2005)



Comparison at weak coupling

✤ Compare numerically weak coupling coefficients


better numerical approximation



Summary/Outlook



Summary

✤ Logarithm of the amplitude: expansion in terms of 
dlog forms on negative geometries, manifest IR


✤ Freeze one loop: IR finite object


✤ Summing ladders and all trees, strong coupling, 
gamma cusp — trees give correct qualitative behavior


✤ The function of z — no g term: need “loops of loops”



Outlook

✤ Calculate geometric “loop” corrections: forms and 
integrals, new differential operators needed


✤ Strong coupling: see how the correct behavior for F(z) 
emerges


✤ Extension to five points - more cross ratios
(Arkani-Hamed, Chicherin, Henn, JT, in progress)



Thank you!


