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Why does it sometimes fail?



•  progress towards a QFT double copy

•  YM is itself a covariant double copy

•  closed formula for BCJ numerators

•  kinematic algebras + currents

Upshot of this Talk



Outline

1.  Biadjoint Scalar Theory

2.  Nonlinear Sigma Model

3.  Yang-Mills Theory

4.  Applications

5.  Conclusions



Biadjoint Scalar Theory



ℒBAS = 1
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2 ∂μϕaa∂μϕaa− 1

3! f abc f abcϕaaϕbbϕcc + ϕaaJaa

□ ϕaa+ 1
2 f abc f abcϕbbϕcc = Jaa ⟨ϕaa(p)⟩J

Biadjoint scalar (BAS) theory is the template for 
all future analyses.  The Lagrangian is

while the equations of motion (EOM) are
perturbative


solution

This sourced solution encodes all tree amplitudes 
(see Berends-Giele recursion, perturbiner).
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=
iδa1a2δa1a2

p2

= − if a1a2a3 f a1a2a3

⟨ϕa1a1(p1)ϕa2a2(p2)⋯ϕanan(pn)⟩J=0 = [(
n−1

∏
i=1

1
i

δ
δJaiai(pi) )⟨ϕanan(pn)⟩J]

J=0

The n-point correlator is derived from one-point,

where the associated Feynman rules are

root legleaf legs



𝒥a
α = f abcϕba↔

∂ αϕca 𝒦a
α = f abcϕab↔

∂ αϕac

ϕaa → ϕaa + f abcθbϕca ϕaa → ϕaa + f abcθbϕac

BAS theory has a color and dual color symmetry, 
as well as the corresponding currents,



𝒥a
α = f abcϕba↔

∂ αϕca 𝒦a
α = f abcϕab↔

∂ αϕac

ϕaa → ϕaa + f abcθbϕca ϕaa → ϕaa + f abcθbϕac

∂α𝒥a
α = f abcϕba ↔

□ ϕca

∼ ( f abe f ecd + f ace f edb + f ade f ebc) f abcϕdaϕbbϕcc = 0

which are conserved by the EOM and Jacobi, so

BAS theory has a color and dual color symmetry, 
as well as the corresponding currents,
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μϕca
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dual color not gauged



with covariant derivatives . Dμϕaa = ∂μϕaa + f abcAb
μϕca

ℒGBAS = 1
2 DμϕaaDμϕaa− 1

3! f abc f abcϕaaϕbbϕcc + ϕaaJaa

𝒥a
α = f abcϕba↔

Dαϕca 𝒦a
α = f abcϕab↔

Dαϕac

D2ϕaa+ 1
2 f abc f abcϕbbϕcc = Jaa

Gauged biadjoint scalar (GBAS) theory is BAS 
with color gauged.  The scalar sector is

dual color not gauged
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ℒNLSM = 1
2 ja

μ jaμ + πaJa

∂μja
μ = Ja

and the EOM says the chiral current is conserved

conserved modulo

external sources

on-shell 

external

source

ja
μ = i tr[g−1∂μg Ta]

The usual textbook Lagrangian for the NLSM is

where the chiral current is

ja
μ = i tr[g−1∂μg Ta] g = eiπ 1 + iπ/2

1 − iπ/2 ⋯or orwhere
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μ jc
ν = 0

∂μja
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μ = i tr[g−1∂μg Ta]

implicit



Let us define a first-order formulation of NLSM,

(a)

(b)

(a)  + (b)∂μ
μν ∂ν

∂[μ ja
ν] + f abc jb

μ jc
ν = 0

∂μja
μ = Ja

□ ja
μ + f abc jbν∂ν jc

μ = ∂μJa

ja
μ = i tr[g−1∂μg Ta]

implicit



Let us define a first-order formulation of NLSM,

Feynman 

propagator

chiral current sourced by 
derivative of scalar source

cubic self-

interaction

(a)

(b)

(a)  + (b)∂μ
μν ∂ν

∂[μ ja
ν] + f abc jb

μ jc
ν = 0

∂μja
μ = Ja

□ ja
μ + f abc jbν∂ν jc

μ = ∂μJa

ja
μ = i tr[g−1∂μg Ta]

implicit



∂[μ ja
ν] + f abc jb

μ jc
ν = 0

∂μja
μ = Ja

□ ja
μ + f abc jbν∂ν jc

μ = ∂μJa

Let us define a first-order formulation of NLSM,

ja
μ = i tr[g−1∂μg Ta]

implicit
(a)

(b)

(a)  + (b)∂μ
μν ∂ν

The chiral current is agnostic about field basis 
redundancy (also see Freedman-Townsend, 1981).



ja
μ = − ∂μπa + ⋯ πa = −

qμ ja
μ

q∂
+ ⋯

⟨πa(p)⟩J = ε̃μ(p)⟨ja
μ(p)⟩J ε̃μ(p) =

iqμ

pq

⟨πa1(p1)πa2(p2)⋯πan(pn)⟩J=0 = [(
n−1

∏
i=1

1
i

δ
δJai(pi) ) ε̃μ(pn)⟨jan

μ (pn)⟩J]
J=0

We want to scatter scalars, not chiral currents,

for reference .  All nonlinear field ambiguities 
vanish on-shell, so  = exotically polarized .

q
πa ja

μ

where



=
iδa1a2ημ1μ2

p2

= − if a1a2a3(ipμ1
2 ημ2μ3 − ipμ2

1 ημ1μ3)

= εμ = ipμ

= ε̃μ =
iqμ

pq

NLSM Feynman Rules



ns = pμ2
1 (p1 + p2)μ3ημ1μ4 + pμ1

2 pμ2
3 ημ3μ4 − {1 ↔ 2}

nt = pμ3
2 (p2 + p3)μ1ημ2μ4 + pμ2

3 pμ3
1 ημ1μ4 − {2 ↔ 3}

nu = pμ1
3 (p3 + p1)μ2ημ3μ4 + pμ3

1 pμ1
2 ημ2μ4 − {3 ↔ 1}

Kinematic Jacobi identity holds off-shell!



ns = pμ2
1 (p1 + p2)μ3ημ1μ4 + pμ1

2 pμ2
3 ημ3μ4 − {1 ↔ 2}

nt = pμ3
2 (p2 + p3)μ1ημ2μ4 + pμ2

3 pμ3
1 ημ1μ4 − {2 ↔ 3}

nu = pμ1
3 (p3 + p1)μ2ημ3μ4 + pμ3

1 pμ1
2 ημ2μ4 − {3 ↔ 1}

ns + nt + nu = 0

Kinematic Jacobi identity holds off-shell!

Why?



□ ϕaa+ 1
2 f abc f abcϕbbϕcc = Jaa

□ ja
μ + f abc jbν∂ν jc

μ = ∂μJa

isomorphic

BAS

NLSM



Va NLSM→ Vμ

f abcVbWc NLSM→ Vν∂νWμ − Wν∂νVμ

Ja NLSM→ ∂μJ

[ Vμ∂μ, Wν∂ν ] = (Vν∂νWμ − Wν∂νVμ)∂μ

Define “  NLSM ” double copy acting on fields,⊗

By inspection, kinematic algebra = diff algebra!
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fields EOM

NLSM

SG

NLSM  NLSM = SG⊗

ja
μ

jμμ

∂[μ ja
ν] + f abc jb

μ jc
ν = 0

∂μja
μ = Ja

∂[μ jν]μ + j ν
μ ∂ν jνμ − j ν

ν ∂ν jμμ = 0

∂μjμν = ∂νJnew form!
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YM

BI

Fa
μν = ∂[μAa

ν] + f abcAb
μ Ac

ν

∂μFa
μν + f abcAbμFc
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ν
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μ
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fields EOM

YM

BI

Fa
μν = ∂[μAa

ν] + f abcAb
μ Ac

ν

Fμνμ = ∂[μAν]μ + A ν
μ ∂νAνμ − A ν

ν ∂νAμμ

∂μFa
μν + f abcAbμFc

μν = Ja
ν

∂μFμνμ + Aμν∂νFμνμ − ∂νAμ
μF ν

μν = ∂μ Jν

Aa
μ

Aμμ

YM  NLSM = BI⊗

new form!

Fa
μν

Fμνμ



𝒦a
α = f abcϕab↔

∂ αϕac

The color current enforces color Jacobi identities.   
What enforces the kinematic Jacobi identities?

NLSM→ 𝒦NLSM
μα = jaν∂ν

↔
∂ α ja

μ



∂α𝒦NLSM
μα = jaν∂ν

↔
□ ja

μ

𝒦a
α = f abcϕab↔

∂ αϕac

= − f abc [jaν∂ν( jbρ∂ρ jc
μ) − ∂ν ja

μ jbρ∂ρ jcν] = 0

The color current enforces color Jacobi identities.   
What enforces the kinematic Jacobi identities?

The kinematic current is conserved on the EOM.

NLSM→ 𝒦NLSM
μα = jaν∂ν

↔
∂ α ja

μ
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The kinematic current has another name.

𝒦NLSM
μα = − □ TNLSM

μα + improvement terms

current

derivative

of current

∂αJα = 0

∂α∂μJα = 0

Q = ∫ d3x J0(x) ∂0Q = 0

Qμ = ∫ d3x ∂μJ0(x) ∂0Qμ = 0

aμQμ = lim
a→0 ∫ d3x [J0(x + a) − J0(x)] = 0

And the kinematic symmetry?  It is trivial.
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Now define a first-order formulation of YM,

(a)

(b)

D[ρFa
μν] = 0

DμFa
μν = Ja

ν

D2Fa
μν + f abcFb

ρ[μFcρ
ν] = D[μJa

ν](a)  + (b)Dρ
ρμν D[μ ν]



Now define a first-order formulation of YM,

(a)

(b)

D[ρFa
μν] = 0

DμFa
μν = Ja

ν

D2Fa
μν + f abcFb

ρ[μFcρ
ν] = D[μJa

ν]

covariant propagator

depends on gauge field  Aa

μ

field strength sourced by 
derivative of gauge source

cubic self-

interaction

(a)  + (b)Dρ
ρμν D[μ ν]



Now define a first-order formulation of YM,

(a)

(b)

D[ρFa
μν] = 0

DμFa
μν = Ja

ν

D2Fa
μν + f abcFb

ρ[μFcρ
ν] = D[μJa

ν](a)  + (b)Dρ
ρμν D[μ ν]

The field strength evolves like a color charged 
scalar with a cubic self-interaction.



ε̃μ(p) =
iqμ

pq

We aim to scatter gauge fields, not field strengths.

for reference .  All nonlinear field ambiguities 
vanish on-shell, so  = exotically polarized .

q
Aa

μ Fa
μν

where

Fa
μν = ∂[μAa

ν] + ⋯
qμAa

μ = 𝒪(A2)

⟨Aa
μ(p)⟩J = ε̃ν(p)⟨Fa

μν(p)⟩J

⟨Aa1
μ1

(p1)A
a2
μ2

(p2)⋯Aan
μn

(pn)⟩J=0 = [(
n−1

∏
i=1

1
i

δ
δJaiμi(pi) ) ε̃νn(pn)⟨Fan

μnνn
(pn)⟩J]

J=0

Aa
μ = −

qνFa
μν

q∂
+ ⋯



YM Feynman Rules

=
iδa1a2Πμ1ν1μ2ν2

p2

= 4 if a1a2a3Πμ1ν1α
βΠμ2ν2β

γΠ
μ3ν3γ

α

= εμν = ip[μεν]

= ε̃μν =
iq[μεν]

pq

field strength 

vertices only !





field strength Fa
μν

gauge field Aa
μ



 branch to other 
via standard YM EOM
Aa

μ Aa
μ emits  via minimal


coupling kinetic term 
Fa

μν Aa
μ

D2Fa
μν

field strength Fa
μν

gauge field Aa
μ



field strength Fa
μν

gauge field Aa
μ

 sourced 

by 

Fa
μν

D[μJa
ν]

 sourced 

by 

Aa
μ

Ja
μ

 branch to other 
via standard YM EOM
Aa

μ Aa
μ emits  via minimal


coupling kinetic term 
Fa

μν Aa
μ

D2Fa
μν



Consider an off-shell four-point subdiagram with 
only field strength vertices included.

ns + nt + nu = 0

ns = 8 Πμ1ν1α
βΠμ2ν2β

γΠ
μ3ν3γ

δΠ
μ4ν4δ

α − {3 ↔ 4}

nt = 8 Πμ2ν2α
βΠμ3ν3β

γΠ
μ1ν1γ

δΠ
μ4ν4δ

α − {1 ↔ 4}

nu = 8 Πμ3ν3α
βΠμ1ν1β

γΠ
μ2ν2γ

δΠ
μ4ν4δ

α − {2 ↔ 4}

ns + nt + nu = 0

Covariant color-kinematics duality is identical to 
the usual story but with replaced with .1/ □ 1/D2



GBAS

YM

D2ϕaa+ 1
2 f abc f abcϕbbϕcc = Jaa

D2Fa
μν + f abcFb

ρ[μFcρ
ν] = D[μJa

ν]

isomorphic



Define “  ” covariant double copy on fields,⊗ F3

So, covariant kinematic algebra = Lorentz algebra!

Va F3

→ Vμν

f abcVbWc F3

→ VρμW ρ
ν − WρμV ρ

ν

Ja F3

→ ∂[μJν]

[ VμνSμν, WρσSρσ] = (VρμW ρ
ν − WρμV ρ

ν )Sμν



In this context  is a renormalizable coupling.F3

The kinematic structure constants are Feynman 
vertices of an  theory of antisymmetric tensors.F3

D2Fa
μν + f abcFb

ρ[μFcρ
ν] = D[μJa

ν]

= tensorial generalization

of cubic BAS vertex

dimensionless

couplings

These antisymmetric tensors are simultaneously 
field strengths and Lorentz generators.
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Fa
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D2ϕaa+ 1
2 f abc f abcϕbbϕcc = Jaa

D2Fa
μν + f abcFb

ρ[μFcρ
ν] = D[μJa

ν]



fields EOM

EYM

GR

EYM  = GR⊗ F3

Aa
μ Fa

μν = ∂[μAa
ν] + f abcAb

μ Ac
ν
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tetrad!



fields EOM

EYM
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EYM  = GR⊗ F3

ωμμν

Aa
μ Fa

μν = ∂[μAa
ν] + f abcAb

μ Ac
ν
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μν + f abcAbμFc

μν = Ja
νFa

μν
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fields EOM

EYM

GR

EYM  = GR⊗ F3

Rμνμν = ∂[μων]μν + ωμρμω ρ
νν − ωνρμω ρ

μν
ωμμν

Aa
μ

∇μRμνρσ = ∇[ρTσ]ν

Fa
μν = ∂[μAa

ν] + f abcAb
μ Ac

ν

∇μFa
μν + f abcAbμFc

μν = Ja
νFa

μν

Rμνμνtetrad!



YM

GR

“ field strengths evolve like charged 

self-interacting biadjoint scalars ”

“ spacetime curvatures evolve like

field strengths in curved space ”



Covariant color-kinematics duality enforces a 
trivial “tetradic” variant of classical double copy.

Every GR solution is a YM solution in the same 
curved background, e.g. Euclidean black hole has

So a black hole is a “chromo-gravitational” atom 
where proton/electron = background/gauge field.



We derive the covariant kinematic current of YM 
from the dual color current of BAS,

F3

→ 𝒦YM
μνα = Fa

ρμ
↔
DαFaρ

ν

𝒦a
α = f abcϕab↔

Dαϕac



which is conserved on the EOM,

F3

→ 𝒦YM
μνα = Fa

ρμ
↔
DαFaρ

ν

∂α𝒦YM
μνα = Fa

ρμ
↔
D2Faρ

ν

𝒦a
α = f abcϕab↔

Dαϕac

= − f abc(Faρ
μFb

σ[νF
cσ
ρ] − Faρ

ν Fb
σ[ρFcσ

μ] ) = 0

We derive the covariant kinematic current of YM 
from the dual color current of BAS,



The current is again related to the stress tensor.

𝒦YM
μνα = − ∂[μTYM

ν]α + improvement terms

The charge is the change in energy-momentum.
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The current is again related to the stress tensor.
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The current is again related to the stress tensor.

𝒦YM
μνα = − ∂[μTYM

ν]α + improvement terms

trivial charge

no symmetry

no violation of Coleman-Mandula

The charge is the change in energy-momentum.
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AYM ∼ ∑ AGBAS F⋯F

AGBAS ∼ 𝒯⋯𝒯AYM

AYM ∼ ∑ ABAS 𝒯⋯𝒯 F⋯F

Deriving BCJ Numerators

field strength decomposition

( more gluons from fewer gluons )

amplitudes transmutation

( fewer gluons from more gluons )

BCJ numerators



f a1a2a3
F3

→ (−i) tr[[F1, F2] F̃ 3]

f a1a2a3a4
F3

→ (−i)2 tr[[[F1, F2], F3] F̃ 4]

f a1a2a3⋯an
F3

→ (−i)n−2 tr[[⋯[[F1, F2], F3], ⋯, Fn−1] F̃ n]

⋮

[Fi]μν
= piμεiν − piμεiν for i ≠ n

[ F̃ n]μν =
1

pnq (qμεnν − qμεnν)

To begin, apply “  ” covariant double copy to 
more complicated half-ladder color topologies,

⊗ F3

where the linearized field strengths are



⋮

The field strengths are literally generators of the 
covariant kinematic algebra in the fundamental.

For , define the field strength trace,σ = σ1σ2σ3⋯σℓ

tr [Ta1Ta2Ta3] F3

→ tr[F1F2 F̃ 3]

tr [Ta1Ta2Ta3Ta4] F3

→ tr[F1F2F3 F̃ 4]

tr [Ta1Ta2Ta3⋯Tan−1Tan] F3

→ tr[F1F2F3⋯Fn−1 F̃ n]

F[σn] = tr[Fσ F̃ n]
Fσ =

|σ|

∏
i

Fσi

Fσ =
|σ|

∏
i

Fσi





AGBAS
ϕn = ∑

σ∈S(ϕ)

A[σn] tr [Taσ1⋯TaσℓTan]

From the color decomposed GBAS amplitude,

dressed with 

the non-gauged

biadjoint color 




AGBAS
ϕn = ∑

σ∈S(ϕ)

A[σn] tr [Taσ1⋯TaσℓTan]

∑
ϕ∈ℙ+(1⋯n−1)

AGBAS
ϕn

F3

→ AYM
n = ∑

ϕ∈ℙ+(1⋯n−1)
∑

σ∈S(ϕ)

A[σn] F[σn]

covariant double copy generates the formulas,

From the color decomposed GBAS amplitude,

dressed with 

the non-gauged

biadjoint color 




AGBAS
ϕn = ∑

σ∈S(ϕ)

A[σn] tr [Taσ1⋯TaσℓTan]

∑
ϕ∈ℙ+(1⋯n−1)

AGBAS
ϕn

F3

→ AYM
n = ∑

ϕ∈ℙ+(1⋯n−1)
∑

σ∈S(ϕ)

A[σn] F[σn]

AGR
n = ∑

ϕ ∈ ℙ+(1⋯n − 1)
ϕ̄ ∈ ℙ+(1⋯n − 1)

∑
σ ∈ S(ϕ)
σ̄ ∈ S(ϕ̄)

A[σn | σ̄n] F[σn] F̄[σ̄n]

covariant double copy generates the formulas,

From the color decomposed GBAS amplitude,

dressed with 

the non-gauged

biadjoint color 




We derive GBAS from YM via transmutation,

𝒯i j =
∂

∂(εiεj)

A[123⋯ℓn] = 𝒯[123⋯ℓn] AYM
n = (𝒯1 n

ℓ−1

∏
i=1

𝒯i i+1 n) AYM
n

𝒯i j k =
∂

∂(pkεj)
−

∂
∂(piεj)

andwhere

fewer gluons more gluons



We derive GBAS from YM via transmutation,

Applying transmutation to the field strength 
decomposition, we derive inverse transmutation

𝒯i j =
∂

∂(εiεj)

A[123⋯ℓn] = 𝒯[123⋯ℓn] AYM
n = (𝒯1 n

ℓ−1

∏
i=1

𝒯i i+1 n) AYM
n

𝒯i j k =
∂

∂(pkεj)
−

∂
∂(piεj)

andwhere

more 

gluons

fewer 

gluons

fewer gluons more gluons

A[123⋯ℓn] = ∑
θ∈ℙ+(ℓ+1⋯n−1)

∑
τ∈S(θ)

ℓ

∑
i=1

∑
ρ∈τ∧(i+1⋯ℓ)

A[1⋯iρn]{−
piFτq

p123⋯ℓnq }



AYM
n = ∑

σ∈S(1⋯n−1)

A[σn] K[σn]

Eliminating gluons one by one, we express YM 
purely in terms of BAS, i.e. the BCJ construction!

BCJ numerator in trace basis

BAS amplitude



AYM
n = ∑

σ∈S(1⋯n−1)

A[σn] K[σn]

K[123⋯n] = ∑
τ∈part(1⋯n−1)

F[τ1n]
|τ|

∏
i=2

G[(τ1⋯τi−1)<τi
, τi, (τ1⋯τi−1)>τi

n]

F[σn] = tr[Fσ F̃ n] G[σ, τ, ρn] = −
pσFτqσρ

pσρnqσρ

Eliminating gluons one by one, we express YM 
purely in terms of BAS, i.e. the BCJ construction!

andwhere

BCJ numerator in trace basis

BAS amplitude



AYM
n = ∑

σ∈S(1⋯n−1)

A[σn] K[σn]

K[123⋯n] = ∑
τ∈part(1⋯n−1)

F[τ1n]
|τ|

∏
i=2

G[(τ1⋯τi−1)<τi
, τi, (τ1⋯τi−1)>τi

n]

F[σn] = tr[Fσ F̃ n] G[σ, τ, ρn] = −
pσFτqσρ

pσρnqσρ

AGR
n = ∑

σ∈S(1⋯n−1)
∑

σ̄∈S(1⋯n−1)

A[σn | σ̄n] K[σn] K̄[σ̄n]

Eliminating gluons one by one, we express YM 
purely in terms of BAS, i.e. the BCJ construction!

Via standard double copy, we obtain gravity,

andwhere

BCJ numerator in trace basis

BAS amplitude



•  no implicit algorithms, diagrammatics, integrals

•  gauge invariant on  legsn − 1

•  reference dependent, but can be made local

•  permutation invariant on  legsn − 1

Properties of our BCJ Numerators



The BCJ numerators for a few examples are

Our arXiv ancillary files, BCJ_numerators.m and 
Examples.nb, implement this formula.



F[σn] d=4→
PT(σ−q)PT(σ+)

⟨qn⟩2

G[σ, τ, ρn] d=4→ −
1

⟨r |pσρn |r]

|σ|

∑
i=1

PT(σiτ−r)PT(σiτ+r)
⟨r |pσi

|r]

and map to NLSM by sending  to Fiμν Πiμν = piμpiν

F[σn] NLSM→ tr[Πσ Π̃ n]

G[σ, τ, ρn] NLSM→ −
pσΠτqσρ

pσρnqσρ

inverse Parke-Taylor

denominator factor

manifest Adler zero

The BCJ numerators for YM evaluate in  tod = 4



BCJ numerators 

for YM, NLSM

standard

double

copy

tree-level amplitudes for

YM, GR, NLSM, SG, BI



Conclusions



•  BAS  NLSM via color algebra  diff algebra.  
Implies new formulations of SG, BI. 

→ →

•  GBAS  YM via color algebra  Lorentz 
algebra.  Implies tetrad classical double copy.

→ →

•  Closed formula for BCJ numerators in YM and 
NLSM at any point in general dimensions.

•  Double copy on fields and EOM for currents 
and field strengths.  No field basis redundancy.



Thank You!



Backup Slides



f abc → f abc + δf abc

= − f abc [jaν∂ν( jbρ∂ρ jc
μ) − ∂ν ja

μ jbρ∂ρ jcν] = 0

To implement this directly on EOM, we define

δf abcVbVc = ϵaδbcVb ↔
□ Wc

δf abc f abcϕbbϕcc = ϵa∂α𝒦a
α = 0

The EOM of BAS is invariant!

Fundamental BCJ follows from a color factor 
symmetry of amplitudes (Brown + Naculich).

dual color

conservation



YM has a non-covariant first-order formulation,

□ Fa
μν + f abc [∂ρ(Ab

[ρFc
μν]) − ∂[μ(AbρFc

ν]ρ)] = ∂[μJa
ν]

Feynman 

propagator Aa

μ = −
qνFa

μν

q∂
where lightcone


gauge


which is cubic with no aux fields.  Kinematic 
Jacobi fails but three-point encodes all scattering,


