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about scattering amplitudes.

Why is it true?
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* at tree level, like this talk



Upshot of this Talk

* progress towards a QT double copy
* kinematic algebras + currents
* YM is itself a covariant double copy

* closed formula for BCJ numerators
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Biadjoint scalar (BAS) theory is the template for
all future analyses. The Lagrangian is

1 aa aa | rabc pabe jaa ,bb 4.cC aa yaa
LS = 20, 0 P T— [ P TPT T +

while the equations of motion (EOM) are

perturbative
solution

¢ad+%fab6fc_zgf¢b5¢cf — ]ac_t . <¢ac_l(p)>J

This sourced solution encodes all tree amplitudes
(see Berends-Giele recursion, perturbiner).
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The n-point correlator is derived from one-point,

) i ) i n—ll S5 _ ]
<¢ (p1)¢ (p2)¢ (pn)>J=O o _(g i 5Jalai(pi))<¢T (pn)>f_ .

leaf legs root leg

where the associated Feynman rules are

O,l(_ll CLQC_LQ _ i6a1a25a1a2
¢ ¢ - :
P
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— _ l’fa1aza3 f a,d,d;

¢0353
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BAS theory has a color and dual color symmetry;
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BAS theory has a color and dual color symmetry;
as well as the corresponding currents,

¢ac_1_> ¢ac‘z _|_fabc€b¢cc_l ¢ac_1_) ¢ac‘z +fc_1556)5¢a5
j fabc ¢ ba ¢ ca fabc ¢ ab ¢ ac

which are conserved by the EOM and Jacobi, so

<>

0% jg — fabc qbbcT ¢cc‘z

-~ ( fabe fecd + face fedb + fade ]CebC) fc_zEE ¢dc‘z ¢ bb ¢ cC — 0



Gauged biadjoint scalar (GBAS) theory is BAS
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Gauged biadjoint scalar (GBAS) theory is BAS

with color gauged. The scalar sector is
dual color not gauged
gGBAS — %Dﬂ¢ac_zD,u¢ac_z_ %fabc]fc_156¢ac_z¢b5¢cf + ¢ac_1Jac_z
2 raad y 1 rabc fabe 41.bb 4 cc _ jaa
D2y L pabe pabe gbhopee — g

a _ rabc bc7<_> ca a __ gabc aE(_) ac
ja_f ¢ Da¢ ‘%a_f ¢ Da¢

. . L _ T
with covariant derivatives D ¢ = 9, + f**“A .
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The usual textbook Lagrangian for the NLSM is

on-shell

]a ]a,u + 7%J% <«— external
source

QCZNLSM

where the chiral current is

1 +in/2
1 —in/2

Ji = itr[g_ldﬂg T%] where g =¢e" or

and the EOM says the chiral current is conserved

conserved modulo
external sources

00 = JU
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implicit

@ oL+ =0 —  ji=itr[g7'0,gT]

b) Mo =Je

0*(a),,, + 0,(b) i+ 0,5 =0,J°

/ T N

Feynman cubic self- chiral current sourced by
propagator interaction derivative of scalar source




Let us define a first-order formulation of NLSM,

implicit

@ oL+ =0 —  ji=it[g”'0,gT]

b) o =Je

0*(a),,, + 0,(b) i+ 0,5 =0,J°

The chiral current is agnostic about field basis
redundancy (also see Freedman-Townsend, 1981).



We want to scatter scalars, not chiral currents,

q"j,
J,=—0,7"+ - — ¢ = qa” b oo

for reference g. All nonlinear field ambiguities
vanish on-shell, so 7 = exotically polarized j;.

iq
(7(p)); = &(p)J,(p)), where &/(p )zp_;

ety s i
(Z(pDaApy)-+ 7 (Py)) =0 = (H — )5”(pn)<j,§‘”(pn)>1
\iop oJ%4(p;) | P



NLSM Feynman Rules
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Kinematic Jacobi identity holds off-shell!
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Kinematic Jacobi identity holds off-shell!

Tz (P2) Jus(P3)

n,= pfz(pl +p2)ﬂ3;7ﬂ1ﬂ4 +p§1p§¢2;7/43l¢4 — {1 PEN 2}
It (p1) Jpi(pa)
Tz (P2) Jua(ps)

n, = py3(py + p3)imtH + ppintits — {2 © 3)
gt (p1) Jp(Pa)
Tz (P2) Jus(P3)

n, = pgl,ll(p3 +p1)ﬂ2;7ﬂ3ﬂ4 +p{“‘3p§1nﬂ2//‘4 — {3 PN 1}
Jin (P1) Jus(Pa)

—  ng+n+n,=0 Why?



BAS ¢ac7+%fabc]cc_lz(7¢b5¢(f — ]ac_l

isomorphic

NLSM + 0,4y = 9,J°




Define “ ® NLSM ” double copy acting on fields,

NLSM
ve >V,

abcybyxsc NLSM U 1%
faevbwe ST v, W, — WH,V,

NLSM

J¢ — GMJ

By inspection, kinematic algebra = diff algebra!

[ V,0", W,0"] = VoW, — W,V )0~



BAS ® NLSM = NLSM

fields

EOM

BAS

¢Cl6_l

ad , 1 rabc fabc 1.bb 4 cc aa
PSSP =T

NLSM
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NLSM ® NLSM =S8G

fields EOM
| 0yl + 1 i = 0
NLSM Jy
6”j;f = J¢
: vl +]f&l7jyﬂ ~Ju 05
SG ],uﬁ
new form! aﬂjw = 0;J




YM ® NLSM = Bl

fields EOM
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YM ® NLSM = Bl

fields

EOM

a __ a abc A b A c
Fo, = 0,A% + [ AL A

U
YM
Fe, O'F, + [ APFS, = J¢
Aur Fiog = 0pAng + AﬂvaiAwY ~ AvvafAﬂﬁ
Bl
new form! FﬂVﬁT o°F, o T AMU@?FMV/T B aﬂAﬂﬁ Fﬂvy = aﬁ J,




The color current enforces color Jacobi identities.
What enforces the kinematic Jacobi identities?

fabc ¢ ab ¢ac

NLSM NLSM __ :av < -l
— A v = d,0 Jy



The color current enforces color Jacobi identities.
What enforces the kinematic Jacobi identities?

=f6756¢a5<5) ¢a6
a
NLSM

<>
- %E;SM :javay 0 aj/jl

The kinematic current is conserved on the EOM.

<>
cl

0% %NLSM ] 6 ],u

fabc[ava (]bpa )_ yj,u bpa] ] —0



The kinematic current has another name.
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The kinematic current has another name.

NLSM _ NLSM
K =T,

+ improvement terms

And the kinematic symmetry? It is trivial.

current 0°J. =0 0 = | d’x Jy(x) 0,0 =0

derivative O aﬂ Ja — 0 Q,u d3 X a,u JO(X) ao Q,u — 0

of current

— a"Q, = lim & [Jox + a) = Jy)] =0

a—0 |




Yang-Mills Theory
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Now define a first-order formulation of YM,

a
(a) D F;,=0
field strength sourced by
(b) DHtF ’Zly — JS derivative of gauge source
p 2 1A abc b cp __ a
D (a)ﬂﬂl/ +D [ﬂ(b)l/] DF 2% +f FP[MF V] D 1]
covariant propagator cubic self-

depends on gauge field A interaction



Now define a first-order formulation of YM,

(a) D Fi =0

puvl

(b)  DMFY =

D*(a),,, + Dy, (b),, D°F§, + f*°Fh F& = Dy J5,

PHV plp” v

The field strength evolves like a color charged

scalar with a cubic self-interaction.



We aim to scatter gauge fields, not field strengths.

g"Al = O(A?) q” Fa
a _— a cos — ad — Y cos

for reference g. All nonlinear field ambiguities
vanish on-shell, so Aj = exotically polarized F,.

iq
(A(p)); = &(P)XFi(p)); where &(p)= p—;

i n—1 1 5 _
A% A% oo AGn —0 = = Fy
< " (pl) " (p2) I, (pn)>J_O _(l_Hl i 5Ja"'“i(]?i) ) E (pn)< ann(pn)>J_ .



YM Feynman Rules 05005

1O G102 TH V12,
Flcll 11 V1 F;ll 22 V2 — 9)
P
F;lllll/l
: — LA A TTH 1O 1523 12%1%Y4
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P
-« . .
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YM
A3

YM
A4

field strength F;

/

gauge field Aj

™,

_<
.
&

o

F, emits A/ via minimal

coupling kinetic term D*F,

N
\

SERS

RSN

N

Alj’ branch to other A/j’
via standard YM EOM



field strength F, gauge field A
e

SERS

YM —
AN =

X

Al sourced
by J;

F}, sourced
by Dy, J

YM —
AN =

NI

f}\ />\1

s \T

F, emits A/ via minimal A/l branch to other A/
coupling kinetic term D*F b via standard YM EOM



Covariant color-kinematics duality is identical to
the usual story but with 1/[]replaced with 1/D~.

Consider an off-shell four-point subdiagram with
only field strength vertices included.

n,= Q Hﬂﬂ/la ﬁnﬂszﬁ yHM3V37’ 51‘[#4”45 y— {3 PR 4}
n, = § I1#** ﬂnﬂsvsﬂ yHﬂﬂ/ﬂ/ 51—[#4”45 —{1 & 4}

n,= 8 Hﬂ3V3a ﬂnﬂﬂ/lﬂ yHﬂzyzi’ 51‘[/441/45 .= {2 PEN 4}

n+n,=0



(BAS D2¢dﬁ+%fab0f556¢b5¢cé — Jac_l

isomorphic
2ra abcb pcp _ a
M D Fﬂ” +/F p[uF vl D [,MJV]



Define “ ® F~ ” covariant double copy on fields,

ye L Vi
fabeybyye LV WP—W VP
pH TV puv
a F3
J — a[ﬂj V]

So, covariant kinematic algebra = LLorentz algebra!

[V, S, W87 =(V, W/ =W,V "HSH



The kinematic structure constants are Feynman
vertices of an /'~ theory of antisymmetric tensors.

Fo

H1y
Fas - tensorial generalization
e N of cubic BAS vertex
F(I

pLol2

In this context F° is a renormalizable coupling.

dimensionless 2 a abc b cp __ a
couplings F f Fp[,qu] D[//t v

These antisymmetric tensors are simultaneously
field strengths and Lorentz generators.



GBAS ® F°=YM

fields

EOM

GBAS

¢Cl6_l
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fields EOM
GBAS ¢ac_l D2¢ad+%fab0fﬁgf¢bz¢cf — Jac_z
YM F;
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GBAS ® F°=YM

fields EOM
GBAS ¢ac_l D2¢a5+%fab6fﬁgf¢b5¢cf — Jac_z
M Fu D*Fy, +["F ,f[ﬂF 1 = Dy




EYM ® F° =GR

fields EOM
a a __ a abc A b A c
Aﬂ F pv a[ﬂAv] +f AuAv
EYM
a a abc Aburc _ ja
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GR
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EYM ® F° =GR

fields

EOM

EYM

a
rF,,

a __ a abc A b A c
Fo, = 0,A% + [ AL A

VEFS + fCAPFS, = J¢

GR

tetrad!

UPV

UV




EYM ® F° =GR

fields

EOM

a _ abc A b A c
A, = o, AL +fAJA
EYM
bc A b —
F, VAFS, + fibeAbHES = Jo
_ p_ p
Oupo RMV/“/ a[u ir T Oupp®,p — Oy @,
GR
p _
tetrad! Rﬂl///717 \ R,m/pa _ V[p Ta]y




“ field strengths evolve like charged

self-interacting biadjoint scalars ”

YM

“ spacetime curvatures evolve like
field strengths in curved space ”

GR



Covariant color-kinematics duality enforces a
trivial “tetradic” variant of classical double copy.

Every GR solution is a YM solution in the same
curved background, e.g. Euclidean black hole has

. 0
0 0

0 ] — fs 0 0
0 Rg

0 \/1-— sin 6 cos b /

So a black hole is a “chromo-gravitational” atom
where proton/electron = background/gauge field.



We derive the covariant kinematic current of YM
from the dual color current of BAS,

_ T - €> _
%g =fabc¢abDa¢ac

F? YM a N ra
_ p
— ‘%/wa =F,,D,F,



We derive the covariant kinematic current of YM
from the dual color current of BAS,

_ T - €> _
%g =fabc¢abDa¢ac

F3 \g

- Hyw=F D)

Ura

which is conserved on the EOM,

HM = Fu D2 Fes
pH 2

uva

_ __gabcipap b rco  paprb rceoy _—
= -/ MFG[VFP] F FG[PFM] =0
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The current is again related to the stress tensor.

K ;% = — 0 MT,}]“O\[/I + 1mprovement terms

The charge is the change in energy-momentum.

trivial charge

l

no symmetry

l

no violation of Coleman-Mandula
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Deriving BCJ Numerators

AYM ZAGBASFWF

AGBAS  g...gAYM

AYM ZABAS T T FF

field strength decomposition
( more gluons from fewer gluons )

amplitudes transmutation
( fewer gluons from more gluons )

BCJ numerators



To begin, apply “ ® F~ ” covariant double copy to
more complicated half-ladder color topologies,

fhets  — (=) tr[[FD FZ] 73]

fasasts Lo (=) u[[[F, F,], F3] F ]

famtsay I (Y2 [ [[Fy, Byl Fy), oo F,_ (1 F )]
where the linearized field strengths are

[Fi] w = Pin€iv ~ Pifiv for 1#n
—~ 1

[Fn],uv — D.q (q,u o q/,tgny)




The field strengths are literally generators of the
covariant kinematic algebra in the fundamental.

tr [TOTT%|  —  t[F\F, F,]

tr [TOT9TST%| = tr[F\F,Fy F 4]

tr [TalTazTas ces Tan—lTCln] N tr[F1F2F3 . .Fn_1 Fn]

For ¢ = 0,0,05:-:6,, define the field strength trace,

Flon) = tr[F,F ]

o]

F,=]]F.
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From the color decomposed GBAS amplitude,

dressed with
Agf AS = Z Alon]tr [TaalmTa%”Tan] «— the non-gauged
cES() biadjoint color

covariant double copy generates the formulas,

Yooagms Lo NS Afen] Flon)

HEPT(1--n—1) HpeEP*(1---n—1) c€S(¢h)

AR =Y Y Alon|6n] Flon] Flén)
¢ €PH(1--n—1)0 € S()
$ € Pt1--.n—1)6 € S(¢)



We derive GBAS from YM via transmutation,

fewer gluons more gluons

£—1
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i=1

0 0 0
where 7= and 7, = _
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We derive GBAS from YM via transmutation,

fewer gluons more gluons

£—1
A[123---¢n) = T[123---¢n)A™M = <9lnH=‘7ii+1n) AM
i=1

0 0 0
where 7= and 7, = _
d(gE)) apre)  d(pigy)

Applying transmutation to the field strength
decomposition, we derive inverse transmutation

Al123-¢nl= Y Y i y A[l,,,i[m]{_ piF.q }

+ o . 1. P123...¢n4
more OEP*(£+1---n=1) 7€S(0) i=1 pETA(i+1-€)  fuver

gluons gluons



Eliminating gluons one by one, we express YM
purely in terms of BAS, i.e. the BCJ construction!
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Eliminating gluons one by one, we express YM
purely in terms of BAS, i.e. the BCJ construction!

% BAS amplitude

A; M — 2 Alon]| K|lon] <— BCJ numerator in trace basis
ceS(l---n—1)

7]

K[123---n] = 2 F[Tln]HG[(T1°°°Ti_1)<Tl_, Tps (T T )5 1]

r€part(l---n—1) =2

—~ Poti90p
where Flon]=u[F,F,] and Glo,7,pn]=—

P opn qu

Via standard double copy, we obtain gravity;

ASR — 2 2 Alon|én] K[on] K[on]

ceS(l---n—1) ceS(1---n—1)



Properties of our BCJ Numerators

no implicit algorithms, diagrammatics, integrals
permutation invariant on n — 1 legs
gauge invariant on n — 1 legs

reference dependent, but can be made local



The BCJ numerators for a few examples are

K[123] = F[123] + F[13] G[1,2, 3]
K[1234] = F[1234] + F[124] G[12, 3, 4] + F[134] G[1, 2, 34]

+ F[14) G[1,23,4] + F[14] G[1,2,4] G[12,3,4] + F[14] G[1, 3, 4] G[1, 2, 34]

K[12345] =  F[12345] 4+ F[1345| G[1,2, 345] + F[1245] G[12, 3, 45] + F[1235] G[123,4, 5]
+ F[145] G[1,2, 345] G[1, 3, 45] + F[145] G[1,2, 45 G[12, 3,45 + F|[145] G[1, 23, 45]
+ F[135] G[1,2, 345] G[13,4, 5] + F[135] G[1,2, 35] G[123,4, 5] + F[135] G[1, 24, 35]
+ F[125] G[12, 3,45] G[12, 4, 5] + F[125] G[12, 3, 5] G[123,4, 5] + F[125] G[12, 34, 5]
+ F[15] G[1,2, 345| G[1, 3,45] G[1, 4, 5] + F[15] G[1,2,45] G[1,4, 5] G[12, 3, 45]
+ F[15] G[1,2, 345] G[1, 3, 5] G[13, 4, 5] + F[15] G[1,2,35] G[1, 3, 5] G[123, 4, 5]
+ F[15] G[1,2, 5] G[12,3,45] G[12,4, 5] + F[15] G[1,2,5] G[12, 3, 5] G[123, 4, 5]
+ F[15] G[1,2, 345] G[1, 34, 5] + F[15] G[1, 24, 5] G[12, 3, 45]
+ F[15] G[1,23,5] G[123,4, 5] + F[15] G[1,4, 5] G[1, 23, 45]
+ F[15] G[1,3, 5] G[1, 24, 35] + F[15] G[1,2,5] G[12, 34, 5] + F[15| G[1,234, 5],

Our arXiv ancillary files, BCJ numerators.mand
Examples.nb, implement this formula.



The BCJ numerators for YM evaluate in d = 4 to

d=4 PT(6 q)PT(c™")

Flon] > inverse Parke-Taylor
(gn) denominator factor
“
d=4 ol PT(o;z7r)PT (o7 1)
Glo,t,pn] - —
(rlpapnlr] - (rlps|r]

and map to NLSM by sending F o1l =pup,

Flon] =" I 11,]

manifest Adler zero

v

NLSM pGHTqu

Glo, t, pn]
Popnop



BCJ numerators

for YM, NLSM

standard
double

copy

tree-level amplitudes for

YM, GR, NLSM, SG, BI



Conclusions



* Double copy on fields and EOM for currents
and field strengths. No field basis redundancy.

* BAS - NLSM via color algebra — dift algebra.

Implies new formulations of SG, BI.

* GBAS — YM via color algebra — Lorentz
algebra. Implies tetrad classical double copy.

* Closed formula for BCJ numerators in YM and
NLSM at any point in general dimensions.



Thank You!



Backup Slides



Fundamental BCJ follows from a color factor
symmetry of amplitudes (Brown + Naculich).

To implement this directly on EOM, we define

fabc N fabc + 5fabc

<>

6fabc Vb V¢ = ¢ 5bc Vb W<

dual color

The EOM Of BAS 1s invariant! conservation
|

5fabCfJEE¢bE¢CE _ eaaa%Z — 0



YM has a non-covariant first-order formulation,

abc C bp -c _ a
+F [aP(A ' FE ) — (A PFy]p)] W

q'F* .
Feynman a 224 lightcone
where A’ = —
propagator 2 q 0 gauge

which is cubic with no aux fields. Kinematic
Jacobi fails but three-point encodes all scattering,

F 1

H1Vy
ifala20»3q#l 77#2#3 1 v o 1% U3V 1% 140 %
Fiivs = [ 1 (5193177 w = py T 4 pyn +{1 & 2},
a qpP1 antisym
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