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Mao ZengOs talk has beautifully presented the recent progress in the
dynamics of gravitationally interacting binary systems using modern
scattering amplitudes techniques, including: generalized unitarity, the double
copy, eikonal resummation and advanced multiloop integration methods (IBP,
DE, reverse unitarity,E). (see upcoming HeissenbergOs and SolonOs talks)

Main approximation methods used for the 2-body pb:

Post-Newtonian (PN) approximation: expansion in 1/c, i.e. v/c
Post-Minkowskian (PM) approximation: expansion in G, i.e. GM/(c"2 b)
bound systems: GM/(c"2 b) ~ (v/c)"2

at low orders radiation-reaction effects involve an odd power of 1/c:
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Tall effects due to ultrasoft gravitons causing long-range interactions
(both conservative and dissipative): 4PN (1/c”"8) and 4PM (G”4=3-loop)



LIGO-Virgo data analysis
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Various levels of search and analysis of such weak signals:
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Online trigger searches:
CoherentWaveBurst Time-frequency
(Wilson, Meyer, Daubechies-Jaffard-Journe, Klimenko et al.)
Omicron-LALInference sine-Gaussians 32
Gabor-type wavelet analysis (Gabor,...,Lynch et al.)
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Frequency (Hz)

64

Matched-filter:
PyCBC (f-domain), gstLAL (t-domain)
Offline data analysis:
Generic transient searches
Binary coalescence searches |
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Here: focus on matched-filter definition Time(s)
(crucial for high SNR, significance assessment, and parameter estimation)

Matched Filtering




1.5 A
S GW 1} ﬂ
emission 05 “

Strain
o
(6] o

0 0.05 0.1 0.15

radiation-reacted Time(s)

ﬁ;i:; “ from -1.5f

binary

%ﬁ ynamies dS2 — g'u,/(xA) dxtdx”

§ ﬁ By — %RQW —~ 8:—4GT,U, R,ul/ =0
X 1

_g"vguﬂ,uv+g'wgpa(gcu.pgav.o—gcp.pgﬁo.v
+gup.pgvc.ﬂ+gpp,pgvu.u— _gup.ugw.ﬂ) =0

2




Effective One-Body (EOB) approach: H + Rad-Reac Force

Historically rooted in QM: Brezin-ltzykson-ZinnJustinO70 D N ~—

eikonal scattering amplitude in QED -+ |
g amp Q | | |+ X

Real 2-body system
(in the c.0.m. frame)
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An effective particle of mass mu in some  effective metric
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First complete waveforms
for BBH coalescences:
analytical EOB

(Buonanno-Damour000,
Buonanno-Chen-DamourOO05)
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State of the art for PN dynamics

¥ 1PN (including \2/c2) [Lorentz-Droste O17]Einstein-Infeld- Hoffmann 038

pore First complete 2PN
& 081 and 2.5PN dynamics
obtained by using 2PM (G"2)
EOM of Bel et al.081

¥ 2PN (inc. **/c#) Ohta-Okamura-Kimura-Hiida O74, DaﬁBur- € o
Damour O82SchSfer 085, Kopelkm 085~

¥ 2.5 PN (inc. v /c5) Damour-Deruelle O81Damour 082SchSfer 85,
Kopeikin @5

¥ 3 PN (inc. \ /c6) Jaranowski-SchSfer 098, Blanchet-Faye00,
Damour-Jaranowski-SchSfer OO;LItoh Futamase 03, A
Blanchet-Damour-Esposito-FareseO 04, Foffa-Sturani €1

¥ 3.5 PN (inc. v /c7) lyer-Will ©93, Jaranowski-SchSfer 097, Pati-Will 002,
KSnigsdsrffer-Faye-SchSfer O03, Nissanke-Blanchet O05, 1to90

§ 3 N 3 propagator
¥4PN (inc. v8/c8) Jaranowski-SchSfer O13, Foffa-Sturani 013,016 _
Bini-Damour O13Pamour-Jaranowski-SchSfer O14Marchand+018, Foffa+()19

New feature at G"4/c"8 (4PN and 4PM) : non-locality in time  (linked to IR
divergences of formal PN-expansion) (Blanchet, TD O88)

// U_Qtf‘ 6 -
Soft
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¥ 5PN (inc. v10/c10 and G”6) Bini-Damour-GeralicoO19: completenodulo two
¥ numerical parameters; potential-graviton contrib.: Bluemlein et alO21

¥ 6PN (inc. v12/c12 and G~7) Bini-Damour-GeralicoO20: completenodulo four
¥ additional parameters

Inclusion of spin-dependent effects : Barker-OO Connell075, Faye-Blanchet- BuonannoO06,
Damour-Jaranowski-SchaeferO08, Porto Rothstein ©06, Levi 010, Steinhoff- Hergt-Schaefer
010, SteinhoffO11, Levi-Steinhoff015-18, Bini-TD, Vin&uevara-Ochirov-Vines,E.



State of the art for PN GW flux from (bound) binary system

¥ lowest order : Einstein 1918 Peters-Mathews 63
¥ 1 +(v2/c?) : Wagoner-Will 76

¥ E + (v3/c3) : Blanchet-Damour 92, Wiseman 93 | — 11712
¥ E + (v4/c?) : Blanchet-Damour-lyer Will-Wiseman 95 | * = (m. 4+ m,)2
¥ E + (v5/c5) : Blanchet 96 ( 1 2)

¥ E + (v6/c6) :

Blanchet-Damour-Esposito-Farese-lyer 2004

¥ E + (v7/c?) : Blanchet | oo m P2 H 2
( ) v 2 G(mp+my)! 3 1 G(mg+ myp)f 3
Current bottleneck X= - = =
C c3 c3
4PN quadrupole (Marchand+20)
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State of the art for PM dynamics and GW losses

PM dynamics
¥ 1PM O(G) BertottiO56, PortillaD79

¥ 2PM O(G"2) (1-loop) Westpfahl-Goller O79 Bel-Damour-Deruelle-Ibanez-
MartinO81 WestpfahIO85

¥ 3 PM O(G"3) (2-loop) massless: Amati-Ciafaloni- Vene2|anof)90masswe conservative:
¥ Bern-Cheung-Roiban-ShenSolonZengO19 Kalin-Liu-Porto020, Bjerrum- Bohr+021

¥ massive-radiation-reacted: DiVecchia-Heissenberg-Russo-Veneziano020, TDO20,

¥ DiVecchia+021, Hermann-Parra-Martinez-Ruf-ZengO21,Bjerrum-Bohr+021

¥ 4 PM O(G"4) (3-loop) conservative+ potential-graviton-only: Bern +O21; Dlapa+21

GW losses

LO 4-momentum loss  O(G"3): Kovacs-ThorneO77Hermann-Parra-Martinez-Ruf-Zeng021,
MougiakakosO21,

LO angular-momentum loss  O(G”2): TDO20



Novel Approach to Binary Dynamics: Application to the Fifth Post-Newtonian Level

_ Donato Bini ,1‘2 Thibault Damour,3 and Andrea Geralico’
Tutti Frutti: combine several efficient, complementary tools:

HEEN ) EOB EOB i 1
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vl o ° . . o OI Test Particle
Step 1: Use MPM + EFT to separate -
off the nonlocal part u'pl® WPt WPt W'yt Wt WS
Step 2: Compute z_1"SF to e”6
Step 3: Use 1st law 1o t ‘ St [x1(s1), x2(52)] = SﬁZPN[xl(Sl)sxz(sz)]
ep 3: Use 1st law to transform <nPN
: : 6 1 41 = ,
z_1°SFinto a pr6 EOB Hamit.  of =o[y+ (-5-ew)uy e300

Step 4. Determine H"oc_1SF by
subtracting the averaged H*nonloc
Step 5: Use EOB-PM theory to determine Q = q4(u;v)p7 + q6(usv) p? + qg(u;v)p? + - -
most of the nonlinear in nu dependence T ST T N

+ Csu;, + Ceu$ + o(u?,)] + 0(1?),

gs(u;v) = uq’g;uz - uq’g;u3 + 0(u7/2) + 0(1/2)



Inclusion of conservative nonlocal

radiation-graviton effects u?rta
So
Use Delaunay-averaging expansions in e or p_r YlariTy
(TD-Jaranowski-Schaefer®15,Bini-TD-GeralicoE)
l
Starting at GA4/cA8, dynamics contains a nonlocal action
2M split . G /1 (3 (4)
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For elliptic motions, the 4PN nonlocal EOB Hamiltonian reads
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SIXTH POST-NEWTONIAN LOCAL-IN-TIME DYNAMIC (Bini-TD-Geralico’20)
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FIG. 1. Schematic representation of the irreducible information
contained, at each post-Minkowskian level (keyed by a power of
u = GM/r), in the local dynamics. Each vertical column of dots
describes the post-Newtonian expansion (keyed by powers of p?)
of an energy-dependent function parametrizing the scattering
angle. The various columns at a given post-Minkowskian level
correspond to increasing powers of the symmetric mass-ratio v.

See text for details. 12



Conservative Radiative Contributions to the
Classical Scattering at 5PN and G4+ GA5

Recent amplitude computation of potential-graviton contribution to
conservative 4PM (G”™4) dynamics (Bern et al O21)
Need to add several types of radiation-related contributions:

radiation-graviton conservative nonlocal contribution
radiation-reaction contributions

(relevant works: Foffa-SturaniO19, Bluemlein et al 021,
Hermann-Parra-Martinez-Ruf-ZengO21,Bini-TD-GeralicoO21)

only missing 5PN parameters with rational terms R6,R5:
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A tale of many Green’s functions

1
(t! = i sign(k®)" (K2
Gret (X) = ( rr/C) Gret = Pk2+|!5|gn(k) (k?)
1
SNt rle)+ L(t+ ric) Goym =P i3
UM 1 1z
o= D Lrnras ol = S o+ as
G (X) = ! _p 1ok
F(X) = | (t21 12+ i0) Cr =Pz + 1M (K)

+ issues of: <in,out>; <in,in>, FWF, Schwinger-Keldysh,E

+ issue of scattering effects quadratic in radiation-reaction



Conservative vs Radiation-reacted
Classical Gravitational Scattering

— ] — — —

\

Radiation-reaction effects enter scattering at G*3/c"5 (Bini-TDd12)

2 5¢5 J3

Radiation-reaction effects in scattering play a crucial role at high-energy
(DiVecchia-Heissenberg-Russo-Veneziano021, TDO21, Hermann-Parra-Martinez-Ruf-Zeng021,E.)

yv? 4 -
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Simple Map: ConservativeScattering angle <-> EOB dynamics

1

Q! cIass(EvJ) = j_! 1(@6! ’")"'

Q2(£eff’ V) =

qB(EAeff’V) = A

1 TDO16-18
E)( — q)(Ereal’ J’ my, mj, G)' Bini-TD-GeralicoO20
1 1 -
j—2! 2(Be , ") O(GS*l , )
! 2 , 3
Oer = M aEm+ M gE)+ oY
Schwarzschild
metric M=m1+m2
2 2 2
4 n A (greal) — mip — m;
_ _ »,Schw E . =
p L‘(2(8effvy) X2 (gcff)]‘ eff 2(m1 + m2)
425%& Schw 5 _Ee! = | =1 P1 @P2
T 82 (IZ(EGH’ ) (geff)) - -
off — M mi;ms;
_2'3(86&”’ ) Schw(ge ) 3 5 - 1
. ,"y= (1“1 1) 11!
S B 2E0D
I ") = (11
Linear combinations of the scattering coefbcients! ") 1+2"( 16 b




Application to the ACV eikonal scattering phase
(massless or ultra-relativistic scattering)

Amati-Ciafaloni-VenezjanoO90 Ciafaloni-Colferai®14+ Bern et al®20+ DiVecchia et al®20

| elkonal - — =(1% + it") + quantum corr .

" n 3
1| eikonal — 16 2 valid in the HE limit

2 j 3 j 3 gamma-> infty

Using the chiN> Q dictionary CEI -
this corresponds to the HE limits: 2

i.e. an HE limit forthe EOB () — ggf’f/ (X)P,P, + ,u2 + Q(X, P)
mass-shell condition (TDO18)

_ -
15 GM GM
0= kPPt 5 Rt R B
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3PM computation (Bern-Cheung-Roiban-Shen-Solon-Zeng’19)

using a combination of techniques: generalized unitarity; BCJ double-copy; 2-loop amplitude of
quasi-classical diagrams; EFT transcription (Cheung-Rothstein-SolonO18);
resummation of PN-expanded integrals for potential-gravitons

2" ) #2 I
! gons = | gchw ! (# ") @cons(#)

3(2121 1)(5! 2! 1 o

cons — 1 1 + cons (1

13 2 121 1 Al ™) h2(!,")@ ()

—cons 2 o !

C (v) = 57(1472+25) h(1,")! —2 = 1+2°(1 # 1)

A v —

+ 2(4’)'4 — 12’)’2 —3) \/% A(v) = arctanh(v) = %ln i i_v — 2arcsinhy/ 2 5 1‘

puzzling HE limits when compared to ACV and Akcay et al’12

1 " ) n3
é! cons — 9 j_ + (12! 8In(2")) J_3 + O(G4)
" | +8In(21)12  insteadof  fCY | +112

confirmations: 5PN (Bini-TD-Geralico®19) 6PN (8IYmiein-Maier-Marquard-Sch3fer20,
Bini-TD-Geralico®20)3P M (Cheung-Solon®20, Kih-Porto'20) 18



Radiation-Reaction Contribution to the Transverse
Classical Scattering Angle at GA3 (b 2010.01641)

‘ | tot — j cons | rad
where, to brst order in Rad-Reac, one has (Bini-TDO12)
0(G*2)
1 aXcons 1 axcons Ez [TD-Deruelle081]

rad E J Erad Jrad

2 07 B TIT _ fij(t—1,0,9) +O(l\
chircons—’ﬂfﬁ;q \__/_ N r %)
O(GA3 | rad _ _kis_ [ g 40

1.
']k = =L [fiaauf'a — =2'0; favOu fab
O(G A3) 167G A R |

O( GA4) DeWittO71, ThorneO80
2 Y Kovacs-ThorneO77, Bel et alO81
I('U) _ _13_6 n 1)2_2 n 2(3'UU3 1).4(7)) A(v) = arctanh(v) = %lni_v Westpfah|©85
X0 0,0) = s (277 — 1) Z(0) + O(GY
2 Th2 (3, 0)3 |
n n3
1‘(| cons |rad)_ 2 _ + 1_6_: | ACV

o35 v



Radiation-Reaction Contributions to the
Classical Scattering Angle at GA3 (Bini-TD-Geralico 2107.08896)

In the incoming c.m frame: impulses Delta p_1, Delta p_2 to O(rad-reac”1)

... effect of recoil

~(ie momentum loss)

effectof Eand J
losses in the

incoming c.m. frame

At order GA3 reproduces the KMOC-derived result of Hermann +O21

rr,3PM
Ap, =

| e transverse
301202 2 2 | ~
G i [_2((272 _—11)) Z(w)h impulse (TDO20)
i 7 longitudinal
€0, - N [V W T impulse

At order G4 and G5 we predict the rad-reac
contributions to scattering (with PN-accuracy

1 1 1

radreaC~ —+ =+ — + — -

cc ¢ 8
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6PN evaluation of GA6 and GA7 classical radiative scattering integrals

(Bini-TD-Geralico-Laporta-Mastroliad 21)

Scattering coefbcients:

iJ (x)

+1 +1 deT'
mnk / / T,I amnk(T T,)

Qpnie(T,T') = Y RU(T, T")Ath(T, T')PAt(T, T')4

- %7;4 —21In(2)¢(3) + 7% In(2) — In*(2) — 24a, + 22—111_1 x)Z(3) - %Ho(x)C(3) + %H 1(0)6(3

1 1 3 3 3 3
+ EﬂzHo,-l(x) + iﬂzHo,l(x) - E”ZH-I,—l(x) - 5”21'1-1,1(3‘) - 5”2H1,-1(x) - EﬂzHl,l(x)
+ 12Hy ;1 (x) In(2) + 12H( 11 (x) In(2) — 12H( ;-1 —1(x) + 6Ho 1 -1 0(x) = 12H 11,1 (x)
+6H,_y0(x) —12Hy; _; _1(x) +6Hy, _10(x) = 12H ;1 1 (x) +6Hgy,0(x) —6H_; _; _10(x)
—6H_ _110(x) —6H_ _10(x) —6H_;0(x) —6H 1 _10(x) —6H; _1,10(x) —6H} 1 _10(x)
—6H,,0(x) + 12H;_; _;(x) In(2) + 12H, _; ;(x) In(2).

At(T,T') = arctan(T) — arctan(7"),
Ath(T,T') = arctanh(T") — arctanh(7"),

J(x) Ei/oldT(l _ %)

TABLE 1. Analytical results for the O(G®) scattering coeffi-
cients A,,;.

Coefficient Value

”-IAZOO 99 2079 6(3)

x Ay — 4297 _ 92‘61n(2) +49%417(3)
ﬂ—lAZZI 1937 _+_ 3303 c(3)

”_1A240 1(?5335649 + 10704 10704 ln(2) 4(1);131 (3)
7 Ay 8%0&1471 +7552°1n(2) 662056675 ¢(3)
7 Ay _ 588367451 _ 100935 t(3)

—2In’(157) - 3Lis[({5 R4 )’)

2%(T + %) (T + 1/x)
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Challenges in translating quantum scattering amplitudes
into classical dynamical information

M(s, 1) = M® (s,1) + M(g_z)(s, £) 4 - -

’ 7 —t ' % A

Problem: The domain of validity of the
Born-Feynman expansion is

GE_1 E_2/(hbar v) << 1, while 2 3
the domain of validity of the classical M ~ @ @ + % + ..
scattering is GE_1 E_2/(hbar v) >> 1! h h h

(Bohr 1948)
NEEERVYNEN]

Ways of recovering the classical information from M(s,t) ?
Focus on non-analytic terms in q =sqrt(-t) in the g-> limit ?
(DonoghueO94,E.,Neill-RothsteinO13,E,Cachazo-GuevaraO17,DamourO17, Cheung et alO18,Bern et al.O1!
Control and resum the exponentiated terms in an eikonal-like approximation?
(OtHooft086, ACV086-90,E,Akhoury et alO13,Bjerrum-Bohr et al018,Koemans-Collado et)al019
Compute the quasi-classical impulse Delta p from amplitude ?
(Kosower-Maybee-OOConnell019)
Not very efficient way of including radiation-reaction effects?

The G”4 scattering includes several subtleties that will put to the test the hope
that modern amplitude techniques can efficiently provide LIGO-useful resulfts

2 3
~ ozg—i—ozg—i—ozg—i—...




Conclusions

¥ Analytical approaches to GW signals have played a crucial role (in conjunction with
Numerical Relativity simulations) for the detection, interpretation and parameter

estimation of coalescing binary systems (BBH and BNS). It is important to further
improve our analytical knowledge for future GW detectors: second generation ground-
based detectors, space detectors, second generation ground-based detectors.

¥ The development of new analytical approaches (quantum (and classical) scattering, EFT,
Tutti-Frutti,E) has started to bring new results of interest for GW detection and must
be pursued vigorously in parallel. Discrepancies must be resolved to complete the
determination of the 5PN dynamics (of direct utility for LIGO-Virgo)

Henri Poincareé

Cll nOy a pas de problemes rZsolus,
Il y a seulement des problemes
plus ou moins rZsolus E

CThere are no (definitely) solved
problems, there are only

more or less solved problems E
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