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Feynman integrals
• Feynman integrals are the building blocks for multi-loop 

scattering amplitudes.

➡ Connections to algebraic geometry, modular forms,…
• They exhibit a rich mathematical structure. [See talks by S. Weinzierl, 

F. Brown, R. Britto, …]

• The understanding of the case of polylogarithms and elliptic 
curves is now relatively well advanced. 

➡ Important both for collider and gravitational wave 
phenomenology.

[See talks by S. Weinzierl & C. Zhang]

➡ The spaces of special functions are (relatively) well 
understood.



Feynman integrals

• We know that elliptic curves are not the end of the story!

• This case is still poorly explored and understood.

[Brown, Schnetz; Bloch, Kerr, Vanhove; 
Bourjaily, He, McLeod, von Hippel, 

Wilhelm; Bourjaily, McLeod, von Hippel, 
Wilhelm; Bourjaily, McLeod, Vergu, Volk, 
von Hippel; Klemm, Nega, Safari; Bönisch, 

Fischbach, Klemm, Nega; … ]

• Goals of this talk:

➡ Also Calabi-Yau varieties appear.

➡ Study the simplest examples of an infinite family of   -loop 
integrals associated to Calabi-Yau            -folds. 

➡ Show how the geometric concepts generalise from the known 
elliptic cases to Calabi-Yau cases.

➡ Present an all-loop generalisation of known results for          .
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[See talk by A. Klemm]



Banana integrals in 2D
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Riemann sphere

Elliptic curve

K3 surface
~ “elliptic x elliptic” 

(only here!)
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= ‘modular form of weight      for           ’
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[See talk by S. Weinzierl]
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Calabi-Yau 
-fold
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Modular forms

•
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� ✓ SL2(Z) =
n�

a b
c d

�
: a, b, c, d 2 Z and det

�
a b
c d

�
= 1

o
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H = {⌧ 2 C : Im ⌧ > 0}
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◆
= (c⌧ + d)k hk(⌧)

• Modular of weight     for    : holomorphic function                    s.t. 
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hk : H ! C

• Modular function for     : meromorphic function                   s.t. 
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[+ holomorphicity at the cusps]
[See talk by S. Weinzierl]



Differential equations

• Master integrals for   -loop equal-mass bananas (                   ) :
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Jl,1(z; ✏) ⇠
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Jl,k(z; ✏) ⇠ @k�1
z Jl,1(z; ✏)

<latexit sha1_base64="5Jo9owPwHb/rIMJ1ymCATW/n300=">AAACDnicbZBLSgNBEIZr4ivGR6Iu3TQGwY1hJgR1IwR04TKCeUAyhJ5OTdKk50F3jxBCwCO4d6tXcCduvYI38Bj2JFmYxB8afv6qrio+LxZcadv+tjJr6xubW9nt3M7u3n6+cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hTVpvPqJUPAof9ChGN6D9kPucUW2ibiF/S65J+bzcwVhxkSZFu2RPRVaNMzdFmKvWLfx0ehFLAgw1E1SptmPH2h1TqTkTOMl1EoUxZUPax7axIQ1QuePp4RNyapIe8SNpXqjJNP37Y0wDpUaBZzoDqgdquZaG/9Xaifav3DEP40RjyGaL/EQQHZGUAulxiUyLkTGUSW5uJWxAJWXasFrYks6WyleTnEHjLINYNY1yybkoVe4rxWr1aQYpC8dwAmfgwCVU4Q5qUAcGCbzAK7xZz9a79WF9zloz1hzsESzI+voF+d2b0w==</latexit>

D = 2� 2✏
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2  k  l

• The vector of MIs satisfies a system of differential equations:

which can easily be solved by quadrature:

L(0)

r (z) = L(0)

r (z0) +
⁄ z

z
0

ÂN
(0)

r (zÕ) . (2.21)

We can iteratively solve eq. (2.17) order by order in ‘ by inserting the solution into the
expansion. This strategy was successfully applied to several complicated Feynman integrals
for which no canonical form can be reached via an algebraic transformation matrix M(x; ‘),
see, e.g., refs. [80, 104, 108–113].

The Gauss-Manin system for the equal-mass banana integrals. For the equal-
mass banana family, we can collect the master integrals from the sector (1, . . . , 1) in eq. (2.7)
into the vector J l(z; ‘) = (Jl,1(z, ‘), . . . , Jl,l(z, ‘))T . At every loop order, this vector satisfies
an inhomogeneous di�erential equation of the form (cf. eq. (2.14))

ˆzJ l(z; ‘) = Bl(z; ‘) J l(z; ‘) + N l(z, ‘) , (2.22)

with

Bl(z; ‘) = Bl,0(z) +
lÿ

k=1

Bl,k(z)‘k ,

N l(z, ‘) =
A

0, . . . , 0, (≠1)l+1(l + 1)! z

zl
r

kœ�(l)(1 ≠ kz)
�(1 + ‘)l

�(1 + l‘)

BT

,

(2.23)

where we defined

�(l) :=
Á

l≠1

2
Ë€

j=0

Ó
(l + 1 ≠ 2j)2

Ô
. (2.24)

In section 5.2 we will discuss how to derive eq. (2.23), and we will show how to obtain the
Bl,k(z) for k = 1, . . . , l.

The Wronskian of the system is given by the maximal cuts of equal-mass banana
integrals in D = 2 dimensions. They can be defined by replacing the integration contour in
eq. (2.1) by a contour � that encircles the poles of the propagators Dj = 0, 1 Æ j Æ l + 1:

Cut�I‹(p2, m2; 2) :=
j

�

Q

a
lŸ

j=1

d2kj

D
‹j

j

R

b 1
D

‹l+1

l+1

. (2.25)

Let us introduce the following notation for the maximal cuts of the master integrals in
eq. (2.7):

J�

l,1(z) = (≠1)l+1

�(1 + l‘) (m2)1+l‘ Cut�I1,...,1(p2, m2; 2) ,

J�

l,k(z) = (1 + 2‘) . . . (1 + k‘) ˆk≠1

z J�

l,1(z) , 2 Æ k Æ l .

(2.26)

The vector J�

l (z) := (J�

l,1(z), . . . , J�

l,l(z))T satisfies the homogeneous version of the di�er-
ential equation (2.22) for ‘ = 0:

ˆzJ�

l (z) = Bl,0(z)J�

l (z) . (2.27)
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Rational matrix Inhomogeneity from integrals 
with fewer propagators

which can easily be solved by quadrature:

L(0)

r (z) = L(0)

r (z0) +
⁄ z

z
0

ÂN
(0)

r (zÕ) . (2.21)

We can iteratively solve eq. (2.17) order by order in ‘ by inserting the solution into the
expansion. This strategy was successfully applied to several complicated Feynman integrals
for which no canonical form can be reached via an algebraic transformation matrix M(x; ‘),
see, e.g., refs. [80, 104, 108–113].

The Gauss-Manin system for the equal-mass banana integrals. For the equal-
mass banana family, we can collect the master integrals from the sector (1, . . . , 1) in eq. (2.7)
into the vector J l(z; ‘) = (Jl,1(z, ‘), . . . , Jl,l(z, ‘))T . At every loop order, this vector satisfies
an inhomogeneous di�erential equation of the form (cf. eq. (2.14))

ˆzJ l(z; ‘) = Bl(z; ‘) J l(z; ‘) + N l(z, ‘) , (2.22)

with

Bl(z; ‘) = Bl,0(z) +
lÿ

k=1

Bl,k(z)‘k ,

N l(z, ‘) =
A

0, . . . , 0, (≠1)l+1(l + 1)! z

zl
r

kœ�(l)(1 ≠ kz)
�(1 + ‘)l

�(1 + l‘)

BT

,

(2.23)

where we defined

�(l) :=
Á

l≠1

2
Ë€

j=0

Ó
(l + 1 ≠ 2j)2

Ô
. (2.24)

In section 5.2 we will discuss how to derive eq. (2.23), and we will show how to obtain the
Bl,k(z) for k = 1, . . . , l.

The Wronskian of the system is given by the maximal cuts of equal-mass banana
integrals in D = 2 dimensions. They can be defined by replacing the integration contour in
eq. (2.1) by a contour � that encircles the poles of the propagators Dj = 0, 1 Æ j Æ l + 1:

Cut�I‹(p2, m2; 2) :=
j

�

Q

a
lŸ

j=1

d2kj

D
‹j

j

R

b 1
D

‹l+1

l+1

. (2.25)

Let us introduce the following notation for the maximal cuts of the master integrals in
eq. (2.7):

J�

l,1(z) = (≠1)l+1

�(1 + l‘) (m2)1+l‘ Cut�I1,...,1(p2, m2; 2) ,

J�

l,k(z) = (1 + 2‘) . . . (1 + k‘) ˆk≠1

z J�

l,1(z) , 2 Æ k Æ l .

(2.26)

The vector J�

l (z) := (J�

l,1(z), . . . , J�

l,l(z))T satisfies the homogeneous version of the di�er-
ential equation (2.22) for ‘ = 0:

ˆzJ�

l (z) = Bl,0(z)J�

l (z) . (2.27)
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which can easily be solved by quadrature:

L(0)

r (z) = L(0)

r (z0) +
⁄ z

z
0

ÂN
(0)

r (zÕ) . (2.21)

We can iteratively solve eq. (2.17) order by order in ‘ by inserting the solution into the
expansion. This strategy was successfully applied to several complicated Feynman integrals
for which no canonical form can be reached via an algebraic transformation matrix M(x; ‘),
see, e.g., refs. [80, 104, 108–113].

The Gauss-Manin system for the equal-mass banana integrals. For the equal-
mass banana family, we can collect the master integrals from the sector (1, . . . , 1) in eq. (2.7)
into the vector J l(z; ‘) = (Jl,1(z, ‘), . . . , Jl,l(z, ‘))T . At every loop order, this vector satisfies
an inhomogeneous di�erential equation of the form (cf. eq. (2.14))

ˆzJ l(z; ‘) = Bl(z; ‘) J l(z; ‘) + N l(z, ‘) , (2.22)

with

Bl(z; ‘) = Bl,0(z) +
lÿ

k=1

Bl,k(z)‘k ,

N l(z, ‘) =
A

0, . . . , 0, (≠1)l+1(l + 1)! z

zl
r

kœ�(l)(1 ≠ kz)
�(1 + ‘)l

�(1 + l‘)

BT

,

(2.23)

where we defined

�(l) :=
Á

l≠1

2
Ë€

j=0

Ó
(l + 1 ≠ 2j)2

Ô
. (2.24)

In section 5.2 we will discuss how to derive eq. (2.23), and we will show how to obtain the
Bl,k(z) for k = 1, . . . , l.

The Wronskian of the system is given by the maximal cuts of equal-mass banana
integrals in D = 2 dimensions. They can be defined by replacing the integration contour in
eq. (2.1) by a contour � that encircles the poles of the propagators Dj = 0, 1 Æ j Æ l + 1:

Cut�I‹(p2, m2; 2) :=
j

�

Q

a
lŸ

j=1

d2kj

D
‹j

j

R

b 1
D

‹l+1

l+1

. (2.25)

Let us introduce the following notation for the maximal cuts of the master integrals in
eq. (2.7):

J�

l,1(z) = (≠1)l+1

�(1 + l‘) (m2)1+l‘ Cut�I1,...,1(p2, m2; 2) ,

J�

l,k(z) = (1 + 2‘) . . . (1 + k‘) ˆk≠1

z J�

l,1(z) , 2 Æ k Æ l .

(2.26)

The vector J�

l (z) := (J�

l,1(z), . . . , J�

l,l(z))T satisfies the homogeneous version of the di�er-
ential equation (2.22) for ‘ = 0:

ˆzJ�

l (z) = Bl,0(z)J�

l (z) . (2.27)

– 10 –



Differential equations

• Step 1: Solve the homogeneous system at           :
<latexit sha1_base64="h/V8f13eqrwpt53I2WY7rdLGufI=">AAACB3icbVDLSgNBEOyNrxhfUY9eFoPgKeyKqBch4MVjBPPAZAmzk95kyOzMMjMrhBDw6t2r/oI38epn+Ad+hrNJDiaxoKGo6p7uqTDhTBvP+3ZyK6tr6xv5zcLW9s7uXnH/oK5lqijWqORSNUOikTOBNcMMx2aikMQhx0Y4uMn8xiMqzaS4N8MEg5j0BIsYJcZKD21MNONSXHudYskrexO4y8SfkRLMUO0Uf9pdSdMYhaGcaN3yvcQEI6IMoxzHhXaqMSF0QHrYslSQGHUwmlw8dk+s0nUjqWwJ407UvxMjEms9jEPbGRPT14teJv7ntVITXQUjJpLUoKDTRVHKXSPd7Ptulymkhg8tIVQxe6tL+0QRamxIc1uyt5WO9Lhgo/EXg1gm9bOyf1E+vzsvVSpP05DycATHcAo+XEIFbqEKNaAg4AVe4c15dt6dD+dz2ppzZsEewhycr19PipqL</latexit>

✏ = 0

which can easily be solved by quadrature:

L(0)

r (z) = L(0)

r (z0) +
⁄ z

z
0

ÂN
(0)

r (zÕ) . (2.21)

We can iteratively solve eq. (2.17) order by order in ‘ by inserting the solution into the
expansion. This strategy was successfully applied to several complicated Feynman integrals
for which no canonical form can be reached via an algebraic transformation matrix M(x; ‘),
see, e.g., refs. [80, 104, 108–113].

The Gauss-Manin system for the equal-mass banana integrals. For the equal-
mass banana family, we can collect the master integrals from the sector (1, . . . , 1) in eq. (2.7)
into the vector J l(z; ‘) = (Jl,1(z, ‘), . . . , Jl,l(z, ‘))T . At every loop order, this vector satisfies
an inhomogeneous di�erential equation of the form (cf. eq. (2.14))

ˆzJ l(z; ‘) = Bl(z; ‘) J l(z; ‘) + N l(z, ‘) , (2.22)

with

Bl(z; ‘) = Bl,0(z) +
lÿ

k=1

Bl,k(z)‘k ,

N l(z, ‘) =
A

0, . . . , 0, (≠1)l+1(l + 1)! z

zl
r

kœ�(l)(1 ≠ kz)
�(1 + ‘)l

�(1 + l‘)

BT

,

(2.23)

where we defined

�(l) :=
Á

l≠1

2
Ë€

j=0

Ó
(l + 1 ≠ 2j)2

Ô
. (2.24)

In section 5.2 we will discuss how to derive eq. (2.23), and we will show how to obtain the
Bl,k(z) for k = 1, . . . , l.

The Wronskian of the system is given by the maximal cuts of equal-mass banana
integrals in D = 2 dimensions. They can be defined by replacing the integration contour in
eq. (2.1) by a contour � that encircles the poles of the propagators Dj = 0, 1 Æ j Æ l + 1:

Cut�I‹(p2, m2; 2) :=
j

�

Q

a
lŸ

j=1

d2kj

D
‹j

j

R

b 1
D

‹l+1

l+1

. (2.25)

Let us introduce the following notation for the maximal cuts of the master integrals in
eq. (2.7):

J�

l,1(z) = (≠1)l+1

�(1 + l‘) (m2)1+l‘ Cut�I1,...,1(p2, m2; 2) ,

J�

l,k(z) = (1 + 2‘) . . . (1 + k‘) ˆk≠1

z J�

l,1(z) , 2 Æ k Æ l .

(2.26)

The vector J�

l (z) := (J�

l,1(z), . . . , J�

l,l(z))T satisfies the homogeneous version of the di�er-
ential equation (2.22) for ‘ = 0:

ˆzJ�

l (z) = Bl,0(z)J�

l (z) . (2.27)
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<latexit sha1_base64="Jm4vH8l3Rf0wsKRQiu1ZcLv4fws=">AAACIHicbZDNSsNAFIUn/tb6V3XpZrQILqQkIupGKLhQxEUFq4UmhpvppB2cScLMRCgh4M73cO9WX8GduNQn8DGctF1Y9cLA4Zw7c+98QcKZ0rb9YU1MTk3PzJbmyvMLi0vLlZXVKxWnktAmiXksWwEoyllEm5ppTluJpCACTq+D2+Miv76jUrE4utT9hHoCuhELGQFtLL+y4QrQPQI8O899fuZnfMfJbzL3BISAHB9h269U7Zo9KPxXOCNRRaNq+JUvtxOTVNBIEw5KtR070V4GUjPCaV52U0UTILfQpW0jIxBUedngKzneMk4Hh7E0J9J44P68kYFQqi8C01ksrn5nhflf1k51eOhlLEpSTSMyHBSmHOsYF1xwh0lKNO8bAUQysysmPZBAtKE3NqV4W6pQ5WWDxvkN4q+42q05+7W9i71qvX4/hFRC62gTbSMHHaA6OkUN1EQEPaAn9IxerEfr1Xqz3oetE9YI7BoaK+vzG/cmo9A=</latexit>

LlJ
�
l,1 = 0

➡ Solution space spanned by maximal cuts: 

If we fix a basis of independent integration contours �1, . . . , �l, then the Wronskian of
the di�erential equation can be identified with the matrix of maximal cuts for the l-loop
equal-mass banana graphs:

Wl(z) :=
1
J�1

l (z), . . . , J�l
l (z)

2
. (2.28)

Any other maximal cut contour can then be written in this basis, e.g., � =
ql

i=1
–�

i �i,
and we have

J�

l (z) = Wl(z)–� , –� = (–�

1 . . . , –�

l )T . (2.29)

For l = 1, there is only one maximal cut (up to normalization), and it is simply an
algebraic function. The matrix of maximal cuts was evaluated for l = 2 in ref. [30] in terms
of complete elliptic integrals of the first and second kind:

K(z) =
⁄

1

0

dx


(1 ≠ x2)(1 ≠ zx2)
,

E(z) =
⁄

1

0

dx

Û
1 ≠ zx2

1 ≠ x2
.

(2.30)

For l = 3, the solution can be expressed in terms of products of two elliptic integrals of
the first and/or second kind [80]. For l Ø 4, it can be extremely challenging to write down
an explicit basis of contours �j or to evaluate the corresponding cut integrals in eq. (2.26).
In particular, for l Ø 4 no representation of the maximal cuts in terms of known classical
transcendental functions like elliptic integrals is known to exist.

It follows from the optical theorem (see, e.g., refs. [114–118]) that the banana integral
develops a non-zero imaginary part for p2 > (l + 1)2m2 (or equivalently 0 < z < 1/(l + 1)2)
and the value of the imaginary part is proportional to a maximal cut integral.3 In other
words, there is a maximal cut contour �Im such that

Im J l(z) ≥ J�Im

l (z) , for 0 < z <
1

(l + 1)2
. (2.31)

From the previous discussion it is clear that in order to solve eq. (2.22) order by order
in ‘ in terms of iterated integrals, we first need to understand the Wronskian matrix of the
associated homogeneous solution. From refs. [9, 71–73, 77, 119] it is known that the geom-
etry associated to the maximal cuts at l loops is a Calabi-Yau (l ≠ 1)-fold. Understanding
this geometry in some detail is needed in order to evaluate the (iterated) integrals that
arise from eq. (2.14). One of the goals of this paper is to show how the geometry associated
to the l-loop banana integrals provides new methods to solve the integrals. In section 4
we will study in some detail what these Calabi-Yau (l ≠ 1)-folds can teach us about the
solutions of the l-loop equal-mass banana integrals.

3Note that for Feynman integrals with more propagators, the imaginary part is given by a combination
of non-maximal cuts.
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• Step 2: Change basis:
<latexit sha1_base64="lnlWn/Bi+Sp57fNssB6v0YmTo2k="></latexit>

J l(z, ✏) = Wl(z)Ll(z, ✏)
<latexit sha1_base64="KHgVXmQTMLGmegEh5zuKpvUZgpc="></latexit>

@zLl(z, ✏) = eBl(z, ✏)Ll(z, ✏) + eN l(z, ✏)

<latexit sha1_base64="JEfRTfLvC2rD+814Qmg0pR+4luo="></latexit>

eBl(z, ✏) = Wl(z)
�1[Bl(z, ✏)�Bl,0(z)]Wl(z)

Polynomial of degree          and     
in the entries of    

<latexit sha1_base64="zTyGjgqskX1OwtrlNz+A9+djNMI=">AAACAHicdVDLSgMxFL1TX7W+qi7dBIvgxmFGatVdwY3LivYB7VAyaaYNzWSGJCOUoSDu3eovuBO3/ol/4GeYaSta0QOBwzk393H8mDOlHefdyi0sLi2v5FcLa+sbm1vF7Z2GihJJaJ1EPJItHyvKmaB1zTSnrVhSHPqcNv3hReY3b6lULBI3ehRTL8R9wQJGsDbSNT9yu8WSYzsTIMc+cdzzivtN3JlVghlq3eJHpxeRJKRCE46VartOrL0US80Ip+NCJ1E0xmSI+7RtqMAhVV46WXWMDozSQ0EkzRMaTdSfP1IcKjUKfVMZYj1Qv71M/MtrJzo481Im4kRTQaaDgoQjHaHsbtRjkhLNR4ZgIpnZFZEBlphok87clKy3VIEaF0w0X/ej/0nj2HYrdvmqXKpW76Yh5WEP9uEQXDiFKlxCDepAoA8P8AhP1r31bL1Yr9PSnDULdhfmYL19Arqwl3g=</latexit>

l � 1
<latexit sha1_base64="aWB1aSpzBFiiQ2Qqt8gzmecs+QI="></latexit>

eN l(z, ✏) = Wl(z)N l(z, ✏)

<latexit sha1_base64="zTyGjgqskX1OwtrlNz+A9+djNMI=">AAACAHicdVDLSgMxFL1TX7W+qi7dBIvgxmFGatVdwY3LivYB7VAyaaYNzWSGJCOUoSDu3eovuBO3/ol/4GeYaSta0QOBwzk393H8mDOlHefdyi0sLi2v5FcLa+sbm1vF7Z2GihJJaJ1EPJItHyvKmaB1zTSnrVhSHPqcNv3hReY3b6lULBI3ehRTL8R9wQJGsDbSNT9yu8WSYzsTIMc+cdzzivtN3JlVghlq3eJHpxeRJKRCE46VartOrL0US80Ip+NCJ1E0xmSI+7RtqMAhVV46WXWMDozSQ0EkzRMaTdSfP1IcKjUKfVMZYj1Qv71M/MtrJzo481Im4kRTQaaDgoQjHaHsbtRjkhLNR4ZgIpnZFZEBlphok87clKy3VIEaF0w0X/ej/0nj2HYrdvmqXKpW76Yh5WEP9uEQXDiFKlxCDepAoA8P8AhP1r31bL1Yr9PSnDULdhfmYL19Arqwl3g=</latexit>

l � 1
<latexit sha1_base64="l3LDhEZnu2U7EhnxEiEZb+6XhDY="></latexit>

eN l(z, ✏) = Wl(z)
�1N l(z, ✏)

<latexit sha1_base64="L25zBQ/CUOw0sD923aRJGWiPrjk=">AAACFXicbVDLSgMxFM34rPU1KrhxEyxC3ZQZKepGKLhxZwX7gM5QMmmmDc0kQ5IRyjjgX7h3q7/gTty69g/8DDNtF7b1QOBwzs29hxPEjCrtON/W0vLK6tp6YaO4ubW9s2vv7TeVSCQmDSyYkO0AKcIoJw1NNSPtWBIUBYy0guF17rceiFRU8Hs9iokfoT6nIcVIG6lrH155EdIDjFh6m5U9EivKBD/t2iWn4owBF4k7JSUwRb1r/3g9gZOIcI0ZUqrjOrH2UyQ1xYxkRS9RJEZ4iPqkYyhHEVF+Os6fwROj9GAopHlcw7H690eKIqVGUWAm87Bq3svF/7xOosNLP6U8TjTheHIoTBjUAuZlwB6VBGs2MgRhSU1WiAdIIqxNZTNX8t1ShSormmrc+SIWSfOs4p5XqnfVUq32NCmpAI7AMSgDF1yAGrgBddAAGDyCF/AK3qxn6936sD4no0vWtNgDMAPr6xczPZ/S</latexit>

= O(✏)



Differential equations

• Step 3: The new system can easily be solved order by order in    . <latexit sha1_base64="7brDHhQqkElMXiQ2uYZeB8Rm3bg=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48RzAOSJcxOepMhs7PLzKwQloA37171F7yJV7/DP/AznE1yMIkFDUVV93RPBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbnO/9YhK81g+mHGCfkQHkoecUWOldhcTzUUse+WKW3WnIKvEm5MKzFHvlX+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n03vnZAzq/RJGCtb0pCp+ncio5HW4yiwnRE1Q73s5eJ/Xic14Y2fcZmkBiWbLQpTQUxM8s+TPlfIjBhbQpni9lbChlRRZmxEC1vyt5UO9aRko/GWg1glzYuqd1W9vL+s1GpPs5CKcAKncA4eXEMN7qAODWAg4AVe4c15dt6dD+dz1lpw5sEewwKcr19P7poK</latexit>✏

➡ Example: 
<latexit sha1_base64="r0tRNfS133bozEkDZFGuu+J6jqM=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMFHUjFNy4rGAv0BlKJj3ThmYyIckIZSi4d+9WX8GduPUpfAMfw0zbhW39IfDzn5NzDl8oOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrpJFUUmjThieqERANnApqGGQ4dqYDEIYd2OLrN6+1HUJol4sGMJQQxGQgWMUqMjXwfpGY8EfgGu71yxa26U+FV481NBc3V6JV//H5C0xiEoZxo3fVcaYKMKMMoh0nJTzVIQkdkAF1rBYlBB9n05gk+s0kfR4myTxg8Tf/+yEis9TgObWdMzFAv1/Lwv1o3NdF1kDEhUwOCzhZFKccmwTkA3GcKqOFjawhVzN6K6ZAoQo3FtLAln610pCcli8ZbBrFqWhdV77Jau69V6vWnGaQiOkGn6Bx56ArV0R1qoCaiSKIX9IrenGfn3flwPmetBWcO9hgtyPn6BQecmt8=</latexit>

✏ = 0

<latexit sha1_base64="qtmZ1sw/jl6RblXfecLhi6icpS4="></latexit>

= Ll(0, 0) +

Z z

0
dz0 Wl(z

0)�1N l(z
0, 0)

<latexit sha1_base64="F5mYOAuVxXShHuRPzWHm+Jed1IU="></latexit>

Ll(z, 0) = Ll(0, 0) +

Z z

0
dz0 eN l(z

0, 0) Integrand involves polynomials of 
degree           in the entries of    

<latexit sha1_base64="zTyGjgqskX1OwtrlNz+A9+djNMI=">AAACAHicdVDLSgMxFL1TX7W+qi7dBIvgxmFGatVdwY3LivYB7VAyaaYNzWSGJCOUoSDu3eovuBO3/ol/4GeYaSta0QOBwzk393H8mDOlHefdyi0sLi2v5FcLa+sbm1vF7Z2GihJJaJ1EPJItHyvKmaB1zTSnrVhSHPqcNv3hReY3b6lULBI3ehRTL8R9wQJGsDbSNT9yu8WSYzsTIMc+cdzzivtN3JlVghlq3eJHpxeRJKRCE46VartOrL0US80Ip+NCJ1E0xmSI+7RtqMAhVV46WXWMDozSQ0EkzRMaTdSfP1IcKjUKfVMZYj1Qv71M/MtrJzo481Im4kRTQaaDgoQjHaHsbtRjkhLNR4ZgIpnZFZEBlphok87clKy3VIEaF0w0X/ej/0nj2HYrdvmqXKpW76Yh5WEP9uEQXDiFKlxCDepAoA8P8AhP1r31bL1Yr9PSnDULdhfmYL19Arqwl3g=</latexit>

l � 1
<latexit sha1_base64="aWB1aSpzBFiiQ2Qqt8gzmecs+QI="></latexit>

eN l(z, ✏) = Wl(z)N l(z, ✏)

• Questions:
➡ What are the entries of             ? 

➡ What are their properties, relations, etc.?

➡ Why do we get modular forms for 2 (and 3) loops?

<latexit sha1_base64="zX+xONijx+fIj857vbLPuQZ0ZXs=">AAACCXicbZDLSsNAFIZP6q3WW9Wlm8Ei1E1JpKjLghuXFewFmlAm00k7dDIJMxOhhoB79271FdyJW5/CN/AxnLRd2NYfBn7+c+acw+fHnClt299WYW19Y3OruF3a2d3bPygfHrVVlEhCWyTikez6WFHOBG1ppjntxpLi0Oe0449v8nrngUrFInGvJzH1QjwULGAEaxO5qesHqJP1efXxvF+u2DV7KrRqnLmpwFzNfvnHHUQkCanQhGOleo4day/FUjPCaVZyE0VjTMZ4SHvGChxS5aXTmzN0ZpIBCiJpntBomv79keJQqUnom84Q65FaruXhf7VeooNrL2UiTjQVZLYoSDjSEcoBoAGTlGg+MQYTycytiIywxEQbTAtb8tlSBSorGTTOMohV076oOZe1+l290mg8zSAV4QROoQoOXEEDbqEJLSAQwwu8wpv1bL1bH9bnrLVgzcEew4Ksr19DLpsF</latexit>

Wl(z)

➡ What about the integrals we get?



2-loop banana integrals 
and 

elliptic curves
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<latexit sha1_base64="/96Fycz8Xgfa8fnKjsJso7OOcDM=">AAACEHicdVDdSsMwGE39nfOv00tvgkPwarRz2Hk3EMHLCe4HtlLSLN3C0rQkqTJLwWfw3lt9Be/EW9/AN/AxTLcJTvRA4HDOl3wnx48ZlcqyPoyl5ZXVtfXCRnFza3tn1yzttWWUCExaOGKR6PpIEkY5aSmqGOnGgqDQZ6Tjj89zv3NDhKQRv1aTmLghGnIaUIyUljyz1A+RGmHE0ovMS+88O/PMslVxHNupnkGrYk2RE9s5qVvQnitlMEfTMz/7gwgnIeEKMyRlz7Zi5aZIKIoZyYr9RJIY4TEakp6mHIVEuuk0egaPtDKAQST04QpO1Z83UhRKOQl9PZkHlb+9XPzL6yUqqLsp5XGiCMezRUHCoIpg3gMcUEGwYhNNEBZUZ4V4hATCSre1sCV/W8hAZkVdzff/4f+kXa3Yp5XaVa3caNzPSiqAA3AIjoENHNAAl6AJWgCDW/AInsCz8WC8GK/G22x0yZgXuw8WYLx/ASwHnkc=</latexit>

Ez1
<latexit sha1_base64="nJmt4HjDsGY3XbP77jsIsRAqjUA="></latexit>

Ez2

<latexit sha1_base64="wYHg2uNXRjAt/i7W9brstyOBNHk="></latexit>

Ez3<latexit sha1_base64="W48/Ynl2jXlahvA2BOvvbqRcoC8=">AAACAnicdVDLSgMxFM3UV62vqks3wSK4GjJ2bO2u4MZlBacttEPJpJk2NPMgyQh1GHDh3q3+gjtx64/4B36GmbaCFT0QOJxzcx/HizmTCqEPo7Cyura+UdwsbW3v7O6V9w/aMkoEoQ6JeCS6HpaUs5A6iilOu7GgOPA47XiTy9zv3FIhWRTeqGlM3QCPQuYzgpWWnPRuUM0G5QoyURVZNoLItBpVq97QxK41zqs2tEw0QwUs0BqUP/vDiCQBDRXhWMqehWLlplgoRjjNSv1E0hiTCR7RnqYhDqh009myGTzRyhD6kdAvVHCm/vyR4kDKaeDpygCrsfzt5eJfXi9R/oWbsjBOFA3JfJCfcKgimF8Oh0xQovhUE0wE07tCMsYCE6XzWZqS9xbSl1lJR/N9P/yftM9Mq2ba13al2byfh1QER+AYnAIL1EETXIEWcAABDDyCJ/BsPBgvxqvxNi8tGItgD8ESjPcvJUuY3w==</latexit>z3

<latexit sha1_base64="+VPudcAQgP8J9fWyYNZ5RZKH9A8=">AAACAnicdVDLSsNAFJ3UV62vqks3g0VwFRKNTbsruHFZwbSFtpTJdNIOnUzCzESoIeDCvVv9BXfi1h/xD/wMJ20FK3pg4HDOnfs4fsyoVJb1YRRWVtfWN4qbpa3tnd298v5BS0aJwMTDEYtEx0eSMMqJp6hipBMLgkKfkbY/ucz99i0Rkkb8Rk1j0g/RiNOAYqS05KV3AzsblCuW6dbqF9VzaJmW4zqOnZN69dy1oG1aM1TAAs1B+bM3jHASEq4wQ1J2bStW/RQJRTEjWamXSBIjPEEj0tWUo5DIfjpbNoMnWhnCIBL6cQVn6s8fKQqlnIa+rgyRGsvfXi7+5XUTFdT6KeVxogjH80FBwqCKYH45HFJBsGJTTRAWVO8K8RgJhJXOZ2lK3lvIQGYlHc33/fB/0joz7arpXDuVRuN+HlIRHIFjcAps4IIGuAJN4AEMKHgET+DZeDBejFfjbV5aMBbBHoIlGO9fOO6Y6w==</latexit>z1
<latexit sha1_base64="r3k3HNk2CMXCovyOXZl2XJVX9ow=">AAACAnicdVBNS8MwGE79nPNr6tFLcAieStfNdd4GXjxOsNtgKyPN0i0sTUuSCrMUPHj3qn/Bm3j1j/gP/Bmm2wQn+kDIw/O8yfu+jx8zKpVlfRgrq2vrG5uFreL2zu7efungsC2jRGDi4ohFousjSRjlxFVUMdKNBUGhz0jHn1zmfueWCEkjfqOmMfFCNOI0oBgpLbnp3cDOBqWyZVrnTtW2oWVW9WXXNbHtC8dpwIppzVAGC7QGpc/+MMJJSLjCDEnZq1ix8lIkFMWMZMV+IkmM8ASNSE9TjkIivXQ2bAZPtTKEQST04QrO1J8vUhRKOQ19XRkiNZa/vVz8y+slKmh4KeVxogjH80ZBwqCKYL45HFJBsGJTTRAWVM8K8RgJhJXOZ6lL/reQgcyKOprv/eH/pG2blbpZu66Vm837eUgFcAxOwBmoAAc0wRVoARdgQMEjeALPxoPxYrwab/PSFWMR7BFYgvH+BSh6mOE=</latexit>z2

Elliptic curves

• The 2-loop (equal-mass) banana 
family is associated to a (1-parameter) 
family of elliptic curves

• Elliptic curve: Riemann surface of genus 1 = Torus
➡ There is a unique holomorphic 

differential 1-form     .
<latexit sha1_base64="8CB7JvLjdhewmOq/H9tS0RtMilE=">AAACFHicbZDLSsNAFIYn9VbrLSqu3ASL4KokUtRlwY3LCvYCbSiTyaQdOpOEmRNpCAGfwr1bfQV34ta9b+BjOGm7sK0/DPz858w5h8+LOVNg299GaW19Y3OrvF3Z2d3bPzAPj9oqSiShLRLxSHY9rChnIW0BA067saRYeJx2vPFtUe88UqlYFD5AGlNX4GHIAkYw6GhgnvQDiUnWBzoBKTI/n+RZmg/Mql2zp7JWjTM3VTRXc2D+9P2IJIKGQDhWqufYMbgZlsAIp3mlnygaYzLGQ9rTNsSCKjebnp9b5zrxrSCS+oVgTdO/PzIslEqFpzsFhpFarhXhf7VeAsGNm7EwToCGZLYoSLgFkVWwsHwmKQGeaoOJZPpWi4yw5gGa2MKWYrZUgcorGo2zDGLVtC9rzlWtfl+vNhpPM0hldIrO0AVy0DVqoDvURC1EUIZe0Ct6M56Nd+PD+Jy1low52GO0IOPrF2HPoJw=</latexit>

dx

y

➡ Characterised by its periods:
<latexit sha1_base64="l+wte2OayfrZFcV6eChR2x2hZjY="></latexit>

⇧↵ =

Z

↵

dx

y

<latexit sha1_base64="5kCt/ZOKrtj7TfqFLeokfyJzIFM="></latexit>

⇧� =

Z

�

dx

y

➡ For every               there is 
a (possibly degenerate) elliptic 
curve      .

<latexit sha1_base64="9ExoBVre5e0BAFBL9SeWmxsQR1s=">AAACEHicbVDLSsNAFL2pr1pfqS7dBIvgqiRS1GWhG5cV7AOaWCbTSTt0MgkzE6WGgN/g3q3+gjtx6x/4B36Gk7YL23pg4HDOnXsPx48Zlcq2v43C2vrG5lZxu7Szu7d/YJYP2zJKBCYtHLFIdH0kCaOctBRVjHRjQVDoM9Lxx43c79wTIWnEb9UkJl6IhpwGFCOlpb5ZfnQpd0OkRr6fNprZndM3K3bVnsJaJc6cVGCOZt/8cQcRTkLCFWZIyp5jx8pLkVAUM5KV3ESSGOExGpKephyFRHrpNHpmnWplYAWR0I8ra6r+/ZGiUMpJ6OvJPKRc9nLxP6+XqODKSymPE0U4nh0KEmapyMp7sAZUEKzYRBOEBdVZLTxCAmGl21q4ku8WMpBZSVfjLBexStrnVeeiWrupVer1p1lJRTiGEzgDBy6hDtfQhBZgeIAXeIU349l4Nz6Mz9lowZgXewQLML5+AXDMndA=</latexit>

z 2 CP1

<latexit sha1_base64="oZfpspdRrKOdvm3RVFPHW3VmxEI=">AAACCnicbVDLSsNAFL2pr1pfUZduBovgqiRS1GVBBJcV7APaUCbTSTt0MokzE6GGgB/g3q3+gjtx60/4B36Gk7YL23pg4HDOnXsPx485U9pxvq3Cyura+kZxs7S1vbO7Z+8fNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj65yv/VApWKRuNPjmHohHggWMIK1kbxuiPWQYJ5eZ73Hnl12Ks4EaJm4M1KGGeo9+6fbj0gSUqEJx0p1XCfWXoqlZoTTrNRNFI0xGeEB7RgqcEiVl05CZ+jEKH0URNI8odFE/fsjxaFS49A3k3lItejl4n9eJ9HBpZcyESeaCjI9FCQc6QjlDaA+k5RoPjYEE8lMVkSGWGKiTU9zV/LdUgUqK5lq3MUilknzrOKeV6q31XKt9jQtqQhHcAyn4MIF1OAG6tAAAvfwAq/wZj1b79aH9TkdLVizYg9hDtbXL0FKnDI=</latexit>

Ez

\
,

I

.

-

"
"

<latexit sha1_base64="xK9sT45hYBlMZrgWq+QGWhWn10o=">AAACA3icdVDLSgMxFM3UV62vqks3wSK4GmZqcequ4MZlBfuAdih30kwbm8kMSUYopeDGvVv9BXfi1g/xD/wMM20FK3ogcDjn5j5OkHCmtON8WLmV1bX1jfxmYWt7Z3evuH/QVHEqCW2QmMeyHYCinAna0Exz2k4khSjgtBWMLjO/dUelYrG40eOE+hEMBAsZAW2kZhd4MoReseTYnud65Qvs2M4MGXG9s6qD3YVSQgvUe8XPbj8maUSFJhyU6rhOov0JSM0Ip9NCN1U0ATKCAe0YKiCiyp/Mtp3iE6P0cRhL84TGM/XnjwlESo2jwFRGoIfqt5eJf3mdVIdVf8JEkmoqyHxQmHKsY5ydjvtMUqL52BAgkpldMRmCBKJNQEtTst5ShWpaMNF834//J82y7Z7bletKqVa7n4eUR0foGJ0iF3mohq5QHTUQQbfoET2hZ+vBerFerbd5ac5aBHuIlmC9fwHJqZk2</latexit>↵

<latexit sha1_base64="MDhKU6BeTroJ/KKeA7hOKO02ZcM=">AAACAnicdVDLSsNAFJ34rPVVdelmsAiuQlLTpt0V3LisYNpCG8pkOmmHTiZhZiKUUHDh3q3+gjtx64/4B36Gk7aCFT0wcDjnzn2cIGFUKsv6MNbWNza3tgs7xd29/YPD0tFxW8apwMTDMYtFN0CSMMqJp6hipJsIgqKAkU4wucr9zh0Rksb8Vk0T4kdoxGlIMVJa8voBUWhQKlumVXWrTgVa5qXbqLl1TSo1p9KwoW1ac5TBEq1B6bM/jHEaEa4wQ1L2bCtRfoaEopiRWbGfSpIgPEEj0tOUo4hIP5svO4PnWhnCMBb6cQXn6s8fGYqknEaBroyQGsvfXi7+5fVSFdb9jPIkVYTjxaAwZVDFML8cDqkgWLGpJggLqneFeIwEwkrnszIl7y1kKGdFHc33/fB/0q6Yds10bpxys3m/CKkATsEZuAA2cEETXIMW8AAGFDyCJ/BsPBgvxqvxtihdM5bBnoAVGO9fLfiY5Q==</latexit>

�



Picard-Fuchs equation
• Here: Periods will be functions of    :

➡   -dependence governed by Picard-Fuchs equation (             ):
<latexit sha1_base64="iZ/WASLI6jhadLFNQrTPAP8G4+0=">AAACHXicbZDNSsNAFIUn/lv/qi4FGSxC3ZSkFHUjFNy4cFHB2kITws10UgdnkjAzEWoIuPA93LvVV3AnbsU38DGctF2o9cLA4Zw7c+98QcKZ0rb9ac3Mzs0vLC4tl1ZW19Y3yptbVypOJaFtEvNYdgNQlLOItjXTnHYTSUEEnHaCm9Mi79xSqVgcXephQj0Bg4iFjIA2ll/edQXoawI8O8/9uttivjsAIaB6d4BPsO2XK3bNHhWeFs5EVNCkWn75y+3HJBU00oSDUj3HTrSXgdSMcJqX3FTRBMgNDGjPyAgEVV42+keO943Tx2EszYk0Hrk/b2QglBqKwHQWW6u/WWH+l/VSHR57GYuSVNOIjAeFKcc6xgUU3GeSEs2HRgCRzOyKyTVIINqg+zWleFuqUOUlg8b5C2JaXNVrzmGtcdGoNJv3Y0hLaAftoSpy0BFqojPUQm1E0AN6Qs/oxXq0Xq03633cOmNNwG6jX2V9fAPNkaIX</latexit>

L2⇧�(z) = 0
<latexit sha1_base64="fg5cMjSc8fKtWgezpPpbTQU9QPg="></latexit>

L2 = (1� z)(1� 9z)✓2 � 2(1� 5z)✓ + (1� 3z)

<latexit sha1_base64="NTb5bzYcMlW5nFJOWOwVINBh0WY=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48JmAckS5id9CZDZmeXmVkhhkDuXvUXvIlXf8U/8DOcTXIwiQUNRVX3dE8FieDauO63k9vY3Nreye8W9vYPDo+KxycNHaeKYZ3FIlatgGoUXGLdcCOwlSikUSCwGQzvM7/5hErzWD6aUYJ+RPuSh5xRY6Xac7dYcsvuDGSdeAtSggWq3eJPpxezNEJpmKBatz03Mf6YKsOZwEmhk2pMKBvSPrYtlTRC7Y9nh07IhVV6JIyVLWnITP07MaaR1qMosJ0RNQO96mXif147NeGdP+YySQ1KNl8UpoKYmGS/Jj2ukBkxsoQyxe2thA2ooszYbJa2ZG8rHepJwUbjrQaxThpXZe+mfF27LlUq03lIeTiDc7gED26hAg9QhTowQHiBV3hzps678+F8zltzziLYU1iC8/ULrNyW6A==</latexit>z
<latexit sha1_base64="NTb5bzYcMlW5nFJOWOwVINBh0WY=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48JmAckS5id9CZDZmeXmVkhhkDuXvUXvIlXf8U/8DOcTXIwiQUNRVX3dE8FieDauO63k9vY3Nreye8W9vYPDo+KxycNHaeKYZ3FIlatgGoUXGLdcCOwlSikUSCwGQzvM7/5hErzWD6aUYJ+RPuSh5xRY6Xac7dYcsvuDGSdeAtSggWq3eJPpxezNEJpmKBatz03Mf6YKsOZwEmhk2pMKBvSPrYtlTRC7Y9nh07IhVV6JIyVLWnITP07MaaR1qMosJ0RNQO96mXif147NeGdP+YySQ1KNl8UpoKYmGS/Jj2ukBkxsoQyxe2thA2ooszYbJa2ZG8rHepJwUbjrQaxThpXZe+mfF27LlUq03lIeTiDc7gED26hAg9QhTowQHiBV3hzps678+F8zltzziLYU1iC8/ULrNyW6A==</latexit>z

<latexit sha1_base64="LMyK1I9nRmmgagGfQuUiKtEuZgg=">AAACEXicbZDLSsNAFIYn9VbrLdalm2ARXJVEiroRCm5cVrAXaEKYTCft0MkkzJyIbSj4Du7d6iu4E7c+gW/gYzhpu7CtBwZ+/v/MOYcvSDhTYNvfRmFtfWNzq7hd2tnd2z8wD8stFaeS0CaJeSw7AVaUM0GbwIDTTiIpjgJO28HwJs/bD1QqFot7GCXUi3BfsJARDNryzbILAwr4euwmWALD3B/7ZsWu2tOyVoUzFxU0r4Zv/ri9mKQRFUA4Vqrr2Al4WT6PcDopuamiCSZD3KddLQWOqPKy6e0T61Q7PSuMpX4CrKn790eGI6VGUaA7IwwDtZzl5n9ZN4XwysuYSFKggswWhSm3ILZyEFaPSUqAj7TARDJ9q0UGWGICGtfClny2VKGalDQaZxnEqmidV52Lau2uVqnXn2aQiugYnaAz5KBLVEe3qIGaiKBH9IJe0ZvxbLwbH8bnrLVgzMEeoYUyvn4BxeyelA==</latexit>

✓ = z@z

➡ Same differential operator that annihilates maximal cuts!

➡ Maximal cuts at two-loop can be associated to the periods of 
the family of elliptic curves.

• We get multi-valued functions on                                         . 

➡ Singular points of       :                     .
<latexit sha1_base64="llzdzS/QmLPQYfDBaQu4vYKPzSU=">AAACCnicbVDLSsNAFL2pr1pfUZduBovgqiSlqMuCGxcuKtgHtKFMppN26GQSZyZCCQE/wL1b/QV34taf8A/8DCdtF7b1wMDhnDv3Ho4fc6a043xbhbX1jc2t4nZpZ3dv/8A+PGqpKJGENknEI9nxsaKcCdrUTHPaiSXFoc9p2x9f5377kUrFInGvJzH1QjwULGAEayN5vRDrEcE8vc361b5ddirOFGiVuHNShjkaffunN4hIElKhCcdKdV0n1l6KpWaE06zUSxSNMRnjIe0aKnBIlZdOQ2fozCgDFETSPKHRVP37I8WhUpPQN5N5SLXs5eJ/XjfRwZWXMhEnmgoyOxQkHOkI5Q2gAZOUaD4xBBPJTFZERlhiok1PC1fy3VIFKiuZatzlIlZJq1pxLyq1u1q5Xn+alVSEEziFc3DhEupwAw1oAoEHeIFXeLOerXfrw/qcjRasebHHsADr6xfZNpvx</latexit>

L2
<latexit sha1_base64="5s2vlhCx113t4oVqG55WnylpybU=">AAACC3icbZDLSsNAFIZP6q3WW9Wlm8EiuCg1keJlV3DjsoK9QBvLZDpph04mYWYihFDwBdy71VdwJ259CN/Ax3DSdmFbfxj4+c+Zcw6fF3GmtG1/W7mV1bX1jfxmYWt7Z3evuH/QVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3usnqrUcqFQvFvU4i6gZ4IJjPCNYmerDLztl12Sl3mfB10iuW7Io9EVo2zsyUYKZ6r/jT7YckDqjQhGOlOo4daTfFUjPC6bjQjRWNMBnhAe0YK3BAlZtOrh6jE5P0kR9K84RGk/TvjxQHSiWBZzoDrIdqsZaF/9U6sfav3JSJKNZUkOkiP+ZIhyhDgPpMUqJ5YgwmkplbERliiYk2oOa2ZLOl8tW4YNA4iyCWTfO84lxUqnfVUq32NIWUhyM4hlNw4BJqcAt1aAABCS/wCm/Ws/VufVif09acNQN7CHOyvn4BTdGa9A==</latexit>

0, 1/9, 1,1

<latexit sha1_base64="/W/h/9AxO1ETh3AOKNHpiQcFk8s="></latexit>

⇧�(z) = ⇧↵(z)
log z

2⇡i
+ c2 z

2 +O(z3)
<latexit sha1_base64="TxvtGd9cBQtU2J4DaxWwuzX1rpM="></latexit>

⇧↵(z) = 2⇡i z +O(z2)

<latexit sha1_base64="/sev+tqlRf4dGZ+Qfwzj+qVyZW4="></latexit>

X2 = CP1 \ {0, 1/9, 1,1}



Monodromy group
• Analytic continuation around 0:

<latexit sha1_base64="mNz9ZvNA2nJushuZ9415Lqv2rME="></latexit>✓
⇧�(z)
⇧↵(z)

◆
<latexit sha1_base64="tg51nWKCgcGhtgVE/MK/YGMHVfo=">AAACDnicbZDLSgMxFIYz9VbrpaMu3QSL4KrMiKjLghuXFewF2qFk0sw0NJMMyRmlDAUfwb1bfQV34tZX8A18DNPLwrb+EPj5z8k5hy9MBTfged9OYW19Y3OruF3a2d3bL7sHh02jMk1ZgyqhdDskhgkuWQM4CNZONSNJKFgrHN5M6q0Hpg1X8h5GKQsSEksecUrARj233BVKxprHAyBaq8eeW/Gq3lR41fhzU0Fz1XvuT7evaJYwCVQQYzq+l0KQEw2cCjYudTPDUkKHJGYdayVJmAny6eFjfGqTPo6Utk8CnqZ/f+QkMWaUhLYzITAwy7VJ+F+tk0F0HeRcphkwSWeLokxgUHhCAfe5ZhTEyBpCNbe3YjogmlCwrBa2TGZrE5lxyaLxl0GsmuZ51b+sXtxdVGq1pxmkIjpGJ+gM+egK1dAtqqMGoihDL+gVvTnPzrvz4XzOWgvOHOwRWpDz9Qu6g52A</latexit>�!

<latexit sha1_base64="+DyM0IKPX/51UnLLADRRkscEM4w="></latexit>✓
1 1
0 1

◆✓
⇧�(z)
⇧↵(z)

◆

• We can compute such a matrix for every small loop around a 
singular point (N.B.                                    ) :

<latexit sha1_base64="hmSgHFlvh/qhBiTXTn016BS74KA="></latexit>

T0 =

✓
1 1
0 1

◆ <latexit sha1_base64="O8+FPr8C3oD0LnPsAcqGkNUnr9o="></latexit>

T1 =

✓
1 0
�6 1

◆ <latexit sha1_base64="YSktGR35t0l31NB02RoY2791L8A="></latexit>

T1/9 =

✓
7 2

�18 �5

◆

<latexit sha1_base64="ITYi754CM5rOK9hRCkMdZ8ejbKU=">AAACOXicbZBNS8MwGMfT+TbnW9Wjl+AQPM1Whm8gDLx4nLA3WMtIs3QLS9OSpEIpBT+K38O7V7169Da8+gVMtyHb9IHAL///kzzJ34sYlcqyPozCyura+kZxs7S1vbO7Z+4ftGQYC0yaOGSh6HhIEkY5aSqqGOlEgqDAY6Ttje5yv/1IhKQhb6gkIm6ABpz6FCOlpZ55kzqeDxtZL7Uy+Mv22fX8bo4dyn2VZPAW2j2zbFWsScG/YM+gDGZV75ljpx/iOCBcYYak7NpWpNwUCUUxI1nJiSWJEB6hAelq5Cgg0k0nf8zgiVb60A+FXlzBiTp/IkWBlEng6c4AqaFc9nLxP68bK//KTSmPYkU4ng7yYwZVCPPAYJ8KghVLNCAsqH4rxEMkEFY61oUp+d1C+jIr6Wjs5SD+Quu8Yl9Uqg/Vcq32NA2pCI7AMTgFNrgENXAP6qAJMHgGr+ANvBsvxqcxNr6mrQVjFuwhWCjj+wdDw60D</latexit>

T0T1/9T1T1 = 1

➡ These matrices generate the monodromy group of       :
<latexit sha1_base64="llzdzS/QmLPQYfDBaQu4vYKPzSU=">AAACCnicbVDLSsNAFL2pr1pfUZduBovgqiSlqMuCGxcuKtgHtKFMppN26GQSZyZCCQE/wL1b/QV34taf8A/8DCdtF7b1wMDhnDv3Ho4fc6a043xbhbX1jc2t4nZpZ3dv/8A+PGqpKJGENknEI9nxsaKcCdrUTHPaiSXFoc9p2x9f5377kUrFInGvJzH1QjwULGAEayN5vRDrEcE8vc361b5ddirOFGiVuHNShjkaffunN4hIElKhCcdKdV0n1l6KpWaE06zUSxSNMRnjIe0aKnBIlZdOQ2fozCgDFETSPKHRVP37I8WhUpPQN5N5SLXs5eJ/XjfRwZWXMhEnmgoyOxQkHOkI5Q2gAZOUaD4xBBPJTFZERlhiok1PC1fy3VIFKiuZatzlIlZJq1pxLyq1u1q5Xn+alVSEEziFc3DhEupwAw1oAoEHeIFXeLOerXfrw/qcjRasebHHsADr6xfZNpvx</latexit>

L2

*

<latexit sha1_base64="oFIA+8qnAO3IINLJuOra8V1hqio=">AAAB/nicdVDLSgMxFL1TX7W+qi7dBIvgapipxam7ghuXLdgHtEPJpJk2NJMZkoxQSqF7t/oL7sStv+If+Blm2gpW9EDgcM7NfZwg4Uxpx/mwchubW9s7+d3C3v7B4VHx+KSl4lQS2iQxj2UnwIpyJmhTM81pJ5EURwGn7WB8m/ntByoVi8W9niTUj/BQsJARrI3UcPrFkmN7nuuVb5BjOwtkxPWuqg5yV0oJVqj3i5+9QUzSiApNOFaq6zqJ9qdYakY4nRV6qaIJJmM8pF1DBY6o8qeLRWfowigDFMbSPKHRQv35Y4ojpSZRYCojrEfqt5eJf3ndVIdVf8pEkmoqyHJQmHKkY5RdjQZMUqL5xBBMJDO7IjLCEhNtslmbkvWWKlSzgonm+370P2mVbffarjQqpVptvgwpD2dwDpfgggc1uIM6NIEAhUd4gmdrbr1Yr9bbsjRnrYI9hTVY71+Gh5bS</latexit>

0
<latexit sha1_base64="NTb5bzYcMlW5nFJOWOwVINBh0WY=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48JmAckS5id9CZDZmeXmVkhhkDuXvUXvIlXf8U/8DOcTXIwiQUNRVX3dE8FieDauO63k9vY3Nreye8W9vYPDo+KxycNHaeKYZ3FIlatgGoUXGLdcCOwlSikUSCwGQzvM7/5hErzWD6aUYJ+RPuSh5xRY6Xac7dYcsvuDGSdeAtSggWq3eJPpxezNEJpmKBatz03Mf6YKsOZwEmhk2pMKBvSPrYtlTRC7Y9nh07IhVV6JIyVLWnITP07MaaR1qMosJ0RNQO96mXif147NeGdP+YySQ1KNl8UpoKYmGS/Jj2ukBkxsoQyxe2thA2ooszYbJa2ZG8rHepJwUbjrQaxThpXZe+mfF27LlUq03lIeTiDc7gED26hAg9QhTowQHiBV3hzps678+F8zltzziLYU1iC8/ULrNyW6A==</latexit>z

<latexit sha1_base64="jueemS6j3cACcj50QwlRDQ6hQH8="></latexit>

�1(6) =
n�

a b
c d

�
2 SL2(Z) : a, d = 1 mod 6, c = 0 mod 6

o



Monodromy group

• Define: 
<latexit sha1_base64="Hds2VyNqIJIPVWrj1UrtKhy9PvM=">AAACLHicbZDLSgMxFIYzXmu9VV26CRZBF5YZKepGKLhxWcFeoDMMZ9KMDWYuJGeEOgz4Dr6He7f6Cm5E3IqPYXpZeDsQ+PP/JznJF6RSaLTtV2tmdm5+YbG0VF5eWV1br2xstnWSKcZbLJGJ6gaguRQxb6FAybup4hAFkneC67NR3rnhSoskvsRhyr0IrmIRCgZoLL9y4CJk9JS6oQKWu03h527AEYq92/1iugeZDiaGX6naNXtc9K9wpqJKptX0K59uP2FZxGNkErTuOXaKXg4KBZO8KLuZ5imwa7jiPSNjiLj28vG3CrprnD4NE2VWjHTsfj+RQ6T1MApMZwQ40L+zkflf1sswPPFyEacZ8phNBoWZpJjQESPaF4ozlEMjgClh3krZAAwgNCR/TBndrXSoi7JB4/wG8Ve0D2vOUa1+Ua82GncTSCWyTXbIHnHIMWmQc9IkLcLIPXkkT+TZerBerDfrfdI6Y03BbpEfZX18ASlqqSo=</latexit>

⌧ =
⇧�(z)

⇧↵(z)

<latexit sha1_base64="be/8o5yHv4zKqBuqg4GSAk4bshY="></latexit>

q = e2⇡i⌧ = z + 4z2 +O(z3)

➡ Can be inverted:
<latexit sha1_base64="G49T+iOyWz3RBnIhgXCcK4xb7+k="></latexit>

z(⌧) = q � 4q2 +O(q3)

• Action of the monodromy group: 
<latexit sha1_base64="jYgQxhJ/DVfdsjtEE++xu88ARhs="></latexit>

⌧ �! a⇧�(z) + b⇧↵(z)

c⇧�(z) + d⇧↵(z)
=

a⌧ + b

c⌧ + d

<latexit sha1_base64="shZFZ0fz4q8LpLUipVFCbMf7jXI="></latexit>

h1(⌧) = ⇧↵(z(⌧)) �! (c⌧ + d)h1(⌧)

<latexit sha1_base64="i3g7HJGk3EOaP5x9RVDDxYa23dk="></latexit>

z(⌧) �! z

✓
a⌧ + b

c⌧ + d

◆
= z(⌧) Modular function for 

<latexit sha1_base64="Xq1tdn4p582f3Ihz0psJ+o6Ying=">AAACCHicdVDLSgMxFM34rPVVdekmWIS6KTMyrboruNBlBfuA6VAyaaYNTTJDkhHKUHDt3q3+gjtx61/4B36GmU4FK3ogcDjn5j5OEDOqtG1/WEvLK6tr64WN4ubW9s5uaW+/raJEYtLCEYtkN0CKMCpIS1PNSDeWBPGAkU4wvsz8zh2RikbiVk9i4nM0FDSkGGkjeb0rxDnqO5X6Sb9Utqv2DDAnbkbcC7dm16Azt8pgjma/9NkbRDjhRGjMkFKeY8faT5HUFDMyLfYSRWKEx2hIPEMF4kT56WzlKTw2ygCGkTRPaDhTf/5IEVdqwgNTyZEeqd9eJv7leYkOz/2UijjRROB8UJgwqCOY3Q8HVBKs2cQQhCU1u0I8QhJhbVJamJL1lipU06KJ5vt++D9pn1adetW9ccuNxn0eUgEcgiNQAQ44Aw1wDZqgBTCIwCN4As/Wg/VivVpveemSNQ/2ACzAev8C9WeaRw==</latexit>

�1(6)

Modular form of
weight 1 for 

<latexit sha1_base64="Xq1tdn4p582f3Ihz0psJ+o6Ying=">AAACCHicdVDLSgMxFM34rPVVdekmWIS6KTMyrboruNBlBfuA6VAyaaYNTTJDkhHKUHDt3q3+gjtx61/4B36GmU4FK3ogcDjn5j5OEDOqtG1/WEvLK6tr64WN4ubW9s5uaW+/raJEYtLCEYtkN0CKMCpIS1PNSDeWBPGAkU4wvsz8zh2RikbiVk9i4nM0FDSkGGkjeb0rxDnqO5X6Sb9Utqv2DDAnbkbcC7dm16Azt8pgjma/9NkbRDjhRGjMkFKeY8faT5HUFDMyLfYSRWKEx2hIPEMF4kT56WzlKTw2ygCGkTRPaDhTf/5IEVdqwgNTyZEeqd9eJv7leYkOz/2UijjRROB8UJgwqCOY3Q8HVBKs2cQQhCU1u0I8QhJhbVJamJL1lipU06KJ5vt++D9pn1adetW9ccuNxn0eUgEcgiNQAQ44Aw1wDZqgBTCIwCN4As/Wg/VivVpveemSNQ/2ACzAev8C9WeaRw==</latexit>

�1(6)



2-loop banana integral
<latexit sha1_base64="YMksOx8+VubHD5fmAZQccoBn19o=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4TMA9IQpid9CZDZnaXmVkhLIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z7yY8G1cd1vJ7e1vbO7l98vHBweHZ8UT8+aOkoUwwaLRKTaPtUoeIgNw43AdqyQSl9gyx8/ZH7rGZXmUfhkJjH2JB2GPOCMGivVZb9YcsvuHGSTeEtSgiVq/eJPdxCxRGJomKBadzw3Nr2UKsOZwGmhm2iMKRvTIXYsDalE3Uvnh07JlVUGJIiUrdCQufp3IqVS64n0baekZqTXvUz8z+skJrjvpTyME4MhWywKEkFMRLJfkwFXyIyYWEKZ4vZWwkZUUWZsNitbsreVDvS0YKPx1oPYJM2bsndbrtQrpWp1tggpDxdwCdfgwR1U4RFq0AAGCC/wCm/OzHl3PpzPRWvOWQZ7Ditwvn4BmAqW2w==</latexit>m

<latexit sha1_base64="YMksOx8+VubHD5fmAZQccoBn19o=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4TMA9IQpid9CZDZnaXmVkhLIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z7yY8G1cd1vJ7e1vbO7l98vHBweHZ8UT8+aOkoUwwaLRKTaPtUoeIgNw43AdqyQSl9gyx8/ZH7rGZXmUfhkJjH2JB2GPOCMGivVZb9YcsvuHGSTeEtSgiVq/eJPdxCxRGJomKBadzw3Nr2UKsOZwGmhm2iMKRvTIXYsDalE3Uvnh07JlVUGJIiUrdCQufp3IqVS64n0baekZqTXvUz8z+skJrjvpTyME4MhWywKEkFMRLJfkwFXyIyYWEKZ4vZWwkZUUWZsNitbsreVDvS0YKPx1oPYJM2bsndbrtQrpWp1tggpDxdwCdfgwR1U4RFq0AAGCC/wCm/OzHl3PpzPRWvOWQZ7Ditwvn4BmAqW2w==</latexit>m

<latexit sha1_base64="YMksOx8+VubHD5fmAZQccoBn19o=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4TMA9IQpid9CZDZnaXmVkhLIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z7yY8G1cd1vJ7e1vbO7l98vHBweHZ8UT8+aOkoUwwaLRKTaPtUoeIgNw43AdqyQSl9gyx8/ZH7rGZXmUfhkJjH2JB2GPOCMGivVZb9YcsvuHGSTeEtSgiVq/eJPdxCxRGJomKBadzw3Nr2UKsOZwGmhm2iMKRvTIXYsDalE3Uvnh07JlVUGJIiUrdCQufp3IqVS64n0baekZqTXvUz8z+skJrjvpTyME4MhWywKEkFMRLJfkwFXyIyYWEKZ4vZWwkZUUWZsNitbsreVDvS0YKPx1oPYJM2bsndbrtQrpWp1tggpDxdwCdfgwR1U4RFq0AAGCC/wCm/OzHl3PpzPRWvOWQZ7Ditwvn4BmAqW2w==</latexit>m

=maximal cut of the sunrise

<latexit sha1_base64="4yNg1D9PkbBSUzfSOQdrbOF6Csw=">AAACD3icdVDLSsNAFJ3UV62vqEs3g0Wom5JI6mMhFNy4rGAf0IQwmU7aoZMHM5NCDQF/wb1b/QV34tZP8A/8DCdNBSt64MLhnHvn3jlezKiQhvGhlZaWV1bXyuuVjc2t7R19d68jooRj0sYRi3jPQ4IwGpK2pJKRXswJCjxGut74Kve7E8IFjcJbOY2JE6BhSH2KkVSSq+uXdou6qY1YPEJZ7e7Y1atG3ZgBFsTKiXVhNYwGNOdWFczRcvVPexDhJCChxAwJ0TeNWDop4pJiRrKKnQgSIzxGQ9JXNEQBEU46uzyDR0oZQD/iqkIJZ+rPiRQFQkwDT3UGSI7Eby8X//L6ifTPnZSGcSJJiItFfsKgjGAeAxxQTrBkU0UQ5lTdCvEIcYSlCmthS/42F77IKiqa7//D/0nnpG6e1q0bq9ps3hchlcEBOAQ1YIIz0ATXoAXaAIMJeARP4Fl70F60V+2taC1p82D3wQK09y9Dlp0q</latexit>

= ⇧↵(z)
<latexit sha1_base64="mR9HSStEr4pDFcxGdkr7SL7Wcs4=">AAACFHicdVDLSsNAFJ3UV62vqLhyM1iEugmJ1qq7ghuXFewDmhgm00k7dPJgZiLUEPAr3LvVX3Anbt37B36Gk7aiFT1w4XDOvXPvHC9mVEjTfNcKc/MLi0vF5dLK6tr6hr651RJRwjFp4ohFvOMhQRgNSVNSyUgn5gQFHiNtb3ie++0bwgWNwis5iokToH5IfYqRVJKr79iCBnaDuqmNWDxAWeX24PrI1cumYY4BTePYtM5q1jexplYZTNFw9Q+7F+EkIKHEDAnRtcxYOinikmJGspKdCBIjPER90lU0RAERTjo+P4P7SulBP+KqQgnH6s+JFAVCjAJPdQZIDsRvLxf/8rqJ9E+dlIZxIkmIJ4v8hEEZwTwL2KOcYMlGiiDMqboV4gHiCEuV2MyW/G0ufJGVVDRf/4f/k9ahYdWM6mW1XK/fTUIqgl2wByrAAiegDi5AAzQBBil4AI/gSbvXnrUX7XXSWtCmwW6DGWhvn2Epn2I=</latexit>

⇠ ⇧↵(z)
3

<latexit sha1_base64="n+sMW3/tnisFeJoG+/E+VoXFEXA="></latexit>

d⌧ =
z dz

64(1� z)(1� 9z)⇧↵(z)2

➡ Matches structure from differential equations:
<latexit sha1_base64="TeA7cm3mdht+dWY/mfrYe2XL4E0="></latexit>

J l(z, 0) ⇠ Wl(z)

Z z

0
dz0 Wl(z)

�1 N l(z, 0)

➡ Also valid at 1-loop (and also 3-loop, but this is special…)
<latexit sha1_base64="YMksOx8+VubHD5fmAZQccoBn19o=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4TMA9IQpid9CZDZnaXmVkhLIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z7yY8G1cd1vJ7e1vbO7l98vHBweHZ8UT8+aOkoUwwaLRKTaPtUoeIgNw43AdqyQSl9gyx8/ZH7rGZXmUfhkJjH2JB2GPOCMGivVZb9YcsvuHGSTeEtSgiVq/eJPdxCxRGJomKBadzw3Nr2UKsOZwGmhm2iMKRvTIXYsDalE3Uvnh07JlVUGJIiUrdCQufp3IqVS64n0baekZqTXvUz8z+skJrjvpTyME4MhWywKEkFMRLJfkwFXyIyYWEKZ4vZWwkZUUWZsNitbsreVDvS0YKPx1oPYJM2bsndbrtQrpWp1tggpDxdwCdfgwR1U4RFq0AAGCC/wCm/OzHl3PpzPRWvOWQZ7Ditwvn4BmAqW2w==</latexit>m

<latexit sha1_base64="YMksOx8+VubHD5fmAZQccoBn19o=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4TMA9IQpid9CZDZnaXmVkhLIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z7yY8G1cd1vJ7e1vbO7l98vHBweHZ8UT8+aOkoUwwaLRKTaPtUoeIgNw43AdqyQSl9gyx8/ZH7rGZXmUfhkJjH2JB2GPOCMGivVZb9YcsvuHGSTeEtSgiVq/eJPdxCxRGJomKBadzw3Nr2UKsOZwGmhm2iMKRvTIXYsDalE3Uvnh07JlVUGJIiUrdCQufp3IqVS64n0baekZqTXvUz8z+skJrjvpTyME4MhWywKEkFMRLJfkwFXyIyYWEKZ4vZWwkZUUWZsNitbsreVDvS0YKPx1oPYJM2bsndbrtQrpWp1tggpDxdwCdfgwR1U4RFq0AAGCC/wCm/OzHl3PpzPRWvOWQZ7Ditwvn4BmAqW2w==</latexit>m

<latexit sha1_base64="hazYiagp0EU1pMBL+MLcU41Fl7A="></latexit>

⇠ zp
1� 4z

Z z

0

dz0

z0
p
1� 4z0

Maximal cut; Monodromy group = 
<latexit sha1_base64="CGTLh8YDNCyr5fWKOA8qbCefghs=">AAACCXicdVDLSgMxFL1TX7W+qi7dBIvgqsyUqY9dwY3LCrYVO0PJpJk2NPMgyQhlGHDv3q3+gjtx61f4B36GmU4FK3ogcDjnJvfkeDFnUpnmh1FaWl5ZXSuvVzY2t7Z3qrt7XRklgtAOiXgkbjwsKWch7SimOL2JBcWBx2nPm1zkfu+OCsmi8FpNY+oGeBQynxGstOQ4AVZjz0tvs0FjUK2ZdXMGVBA7J/a53TSbyJpbNZijPah+OsOIJAENFeFYyr5lxspNsVCMcJpVnETSGJMJHtG+piEOqHTTWeYMHWlliPxI6BMqNFN/3khxIOU08PRknlH+9nLxL6+fKP/MTVkYJ4qGpFjkJxypCOUFoCETlCg+1QQTwXRWRMZYYKJ0TQtb8reF9GVW0dV8/x/9T7qNunVSt6/sWqt1X5RUhgM4hGOw4BRacAlt6ACBGB7hCZ6NB+PFeDXeitGSMS92HxZgvH8BR3abqA==</latexit>

Z2

<latexit sha1_base64="UvlZfVQ5BGf0ShKJuVyuHwAKKac="></latexit>

⇠ ⇧(z)T⌃2

Z z

1

dz0

z02
⇧(z0)

<latexit sha1_base64="QLMD0g0i4YB7WJX28H0ekPpKrhY="></latexit>

⇧(z) = (⇧↵(z),⇧�(z))
T

<latexit sha1_base64="y/TZLCdF93m8lOwAV2XURbLVHVY="></latexit>

⌃2 =
�

0 1
�1 0

�

<latexit sha1_base64="YX8FLB1xnGlXkgLPS1qpyGG6oEU="></latexit>

⇠ h1(⌧)

Z ⌧

i1

d⌧ 0

2⇡i
h3(⌧

0) ⌧ 0



Summary: 2 loops

<latexit sha1_base64="YMksOx8+VubHD5fmAZQccoBn19o=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4TMA9IQpid9CZDZnaXmVkhLIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z7yY8G1cd1vJ7e1vbO7l98vHBweHZ8UT8+aOkoUwwaLRKTaPtUoeIgNw43AdqyQSl9gyx8/ZH7rGZXmUfhkJjH2JB2GPOCMGivVZb9YcsvuHGSTeEtSgiVq/eJPdxCxRGJomKBadzw3Nr2UKsOZwGmhm2iMKRvTIXYsDalE3Uvnh07JlVUGJIiUrdCQufp3IqVS64n0baekZqTXvUz8z+skJrjvpTyME4MhWywKEkFMRLJfkwFXyIyYWEKZ4vZWwkZUUWZsNitbsreVDvS0YKPx1oPYJM2bsndbrtQrpWp1tggpDxdwCdfgwR1U4RFq0AAGCC/wCm/OzHl3PpzPRWvOWQZ7Ditwvn4BmAqW2w==</latexit>m

<latexit sha1_base64="YMksOx8+VubHD5fmAZQccoBn19o=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4TMA9IQpid9CZDZnaXmVkhLIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z7yY8G1cd1vJ7e1vbO7l98vHBweHZ8UT8+aOkoUwwaLRKTaPtUoeIgNw43AdqyQSl9gyx8/ZH7rGZXmUfhkJjH2JB2GPOCMGivVZb9YcsvuHGSTeEtSgiVq/eJPdxCxRGJomKBadzw3Nr2UKsOZwGmhm2iMKRvTIXYsDalE3Uvnh07JlVUGJIiUrdCQufp3IqVS64n0baekZqTXvUz8z+skJrjvpTyME4MhWywKEkFMRLJfkwFXyIyYWEKZ4vZWwkZUUWZsNitbsreVDvS0YKPx1oPYJM2bsndbrtQrpWp1tggpDxdwCdfgwR1U4RFq0AAGCC/wCm/OzHl3PpzPRWvOWQZ7Ditwvn4BmAqW2w==</latexit>m

<latexit sha1_base64="YMksOx8+VubHD5fmAZQccoBn19o=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4TMA9IQpid9CZDZnaXmVkhLIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z7yY8G1cd1vJ7e1vbO7l98vHBweHZ8UT8+aOkoUwwaLRKTaPtUoeIgNw43AdqyQSl9gyx8/ZH7rGZXmUfhkJjH2JB2GPOCMGivVZb9YcsvuHGSTeEtSgiVq/eJPdxCxRGJomKBadzw3Nr2UKsOZwGmhm2iMKRvTIXYsDalE3Uvnh07JlVUGJIiUrdCQufp3IqVS64n0baekZqTXvUz8z+skJrjvpTyME4MhWywKEkFMRLJfkwFXyIyYWEKZ4vZWwkZUUWZsNitbsreVDvS0YKPx1oPYJM2bsndbrtQrpWp1tggpDxdwCdfgwR1U4RFq0AAGCC/wCm/OzHl3PpzPRWvOWQZ7Ditwvn4BmAqW2w==</latexit>m

• Maximal cuts are annihilated by Picard-Fuchs operator       .

• Maximal cuts of                 periods of the elliptic curve.
<latexit sha1_base64="pZPqcHrhNGX8ae7wVJBgfP0jOMk=">AAACBHicbVDLSgMxFL3js9ZX1aWbYBFcSJmRoi4LbsRVBfuAdiiZNNOGZpIhyQhlGHDl3q3+gjtx63/4B36GmbYL23rgwuGce3NvThBzpo3rfjsrq2vrG5uFreL2zu7efungsKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG5yv/VIlWZSPJhxTP0IDwQLGcHGSq27XsrPvaxXKrsVdwK0TLwZKcMM9V7pp9uXJImoMIRjrTueGxs/xcowwmlW7CaaxpiM8IB2LBU4otpPJ+dm6NQqfRRKZUsYNFH/TqQ40nocBbYzwmaoF71c/M/rJCa89lMm4sRQQaaLwoQjI1H+d9RnihLDx5Zgopi9FZEhVpgYm9DclvxtpUOdFW003mIQy6R5UfEuK9X7arlWe5qGVIBjOIEz8OAKanALdWgAgRG8wCu8Oc/Ou/PhfE5bV5xZsEcwB+frF6zCmRQ=</latexit>

Jl,1
<latexit sha1_base64="PhRk8U6cG4HoE17CInQwgITZrC8=">AAACEnicbZDLSsNAFIYn9VbrLdqlm2ARXJVERF0W3LisYC/QhjKZTtKhk5kwc6KEUPAh3LvVV3Anbn0B38DHcNJ2YVt/GPj5z5lzDl+QcKbBdb+t0tr6xuZWebuys7u3f2AfHrW1TBWhLSK5VN0Aa8qZoC1gwGk3URTHAaedYHxT1DsPVGkmxT1kCfVjHAkWMoLBRAO72udSRJyGoFg0AqyUfBzYNbfuTuWsGm9uamiu5sD+6Q8lSWMqgHCsdc9zE/BzrIARTieVfqppgskYR7RnrMAx1X4+PX7inJpk6IRSmSfAmaZ/f+Q41jqLA9MZYxjp5VoR/lfrpRBe+zkTSQpUkNmiMOUOSKcg4QyZogR4ZgwmiplbHTLCChMwvBa2FLOVDvWkYtB4yyBWTfu87l3WL+4uao3G0wxSGR2jE3SGPHSFGugWNVELEZShF/SK3qxn6936sD5nrSVrDraKFmR9/QIWz59T</latexit> !

<latexit sha1_base64="llzdzS/QmLPQYfDBaQu4vYKPzSU=">AAACCnicbVDLSsNAFL2pr1pfUZduBovgqiSlqMuCGxcuKtgHtKFMppN26GQSZyZCCQE/wL1b/QV34taf8A/8DCdtF7b1wMDhnDv3Ho4fc6a043xbhbX1jc2t4nZpZ3dv/8A+PGqpKJGENknEI9nxsaKcCdrUTHPaiSXFoc9p2x9f5377kUrFInGvJzH1QjwULGAEayN5vRDrEcE8vc361b5ddirOFGiVuHNShjkaffunN4hIElKhCcdKdV0n1l6KpWaE06zUSxSNMRnjIe0aKnBIlZdOQ2fozCgDFETSPKHRVP37I8WhUpPQN5N5SLXs5eJ/XjfRwZWXMhEnmgoyOxQkHOkI5Q2gAZOUaD4xBBPJTFZERlhiok1PC1fy3VIFKiuZatzlIlZJq1pxLyq1u1q5Xn+alVSEEziFc3DhEupwAw1oAoEHeIFXeLOerXfrw/qcjRasebHHsADr6xfZNpvx</latexit>

L2

<latexit sha1_base64="/W/h/9AxO1ETh3AOKNHpiQcFk8s="></latexit>

⇧�(z) = ⇧↵(z)
log z

2⇡i
+ c2 z

2 +O(z3)
<latexit sha1_base64="TxvtGd9cBQtU2J4DaxWwuzX1rpM="></latexit>

⇧↵(z) = 2⇡i z +O(z2)

• Close to           : 1 holomorphic and 1 single-log solution:<latexit sha1_base64="ML/Zh8pKOIVny+XC/n6pdoqDqzQ=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUTdCwY3LivYB7VAyaaYNzSRDkhHqUBD3bvUX3Ilb/8Q/8DPMtF3Y1gMXDufcm3tzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2DhpaJIrROJJeqFWBNORO0bpjhtBUriqOA02YwvM785gNVmklxb0Yx9SPcFyxkBBsr3T1eud1iyS27E6Bl4s1ICWaodYs/nZ4kSUSFIRxr3fbc2PgpVoYRTseFTqJpjMkQ92nbUoEjqv10cuoYnVilh0KpbAmDJurfiRRHWo+iwHZG2Az0opeJ/3ntxISXfspEnBgqyHRRmHBkJMr+jXpMUWL4yBJMFLO3IjLAChNj05nbkr2tdKjHBRuNtxjEMmmclb3zcuW2UqpWn6Yh5eEIjuEUPLiAKtxADepAoA8v8ApvzrPz7nw4n9PWnDML9hDm4Hz9Aqakl2k=</latexit>

z = 0

• General structure of the full Feynman integral:

• For 2 loops: Period is a modular form.

➡ Monodromy group: 
<latexit sha1_base64="jVW8s7pWaiVOTCubWGSuTr8YtPM=">AAACCHicbVDLSgMxFM34rPVVdekmWIS6KTNSqsuCC11WsA+YDuVOmmlDk8mQZIRSCq7du9VfcCdu/Qv/wM8w03ZhWw9cOJxzb+7NCRPOtHHdb2dtfWNzazu3k9/d2z84LBwdN7VMFaENIrlU7RA05SymDcMMp+1EURAhp61weJP5rUeqNJPxgxklNBDQj1nECBgr+Z1bEAK6Xql60S0U3bI7BV4l3pwU0Rz1buGn05MkFTQ2hIPWvucmJhiDMoxwOsl3Uk0TIEPoU9/SGATVwXh68gSfW6WHI6lsxQZP1b8TYxBaj0RoOwWYgV72MvE/z09NdB2MWZykhsZktihKOTYSZ//HPaYoMXxkCRDF7K2YDEABMTalhS3Z20pHepK30XjLQayS5mXZq5Yr95VirfY0CymHTtEZKiEPXaEaukN11EAESfSCXtGb8+y8Ox/O56x1zZkHe4IW4Hz9AsbOmig=</latexit>

�1(6)

<latexit sha1_base64="UvlZfVQ5BGf0ShKJuVyuHwAKKac="></latexit>

⇠ ⇧(z)T⌃2

Z z

1

dz0

z02
⇧(z0)
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<latexit sha1_base64="W48/Ynl2jXlahvA2BOvvbqRcoC8=">AAACAnicdVDLSgMxFM3UV62vqks3wSK4GjJ2bO2u4MZlBacttEPJpJk2NPMgyQh1GHDh3q3+gjtx64/4B36GmbaCFT0QOJxzcx/HizmTCqEPo7Cyura+UdwsbW3v7O6V9w/aMkoEoQ6JeCS6HpaUs5A6iilOu7GgOPA47XiTy9zv3FIhWRTeqGlM3QCPQuYzgpWWnPRuUM0G5QoyURVZNoLItBpVq97QxK41zqs2tEw0QwUs0BqUP/vDiCQBDRXhWMqehWLlplgoRjjNSv1E0hiTCR7RnqYhDqh009myGTzRyhD6kdAvVHCm/vyR4kDKaeDpygCrsfzt5eJfXi9R/oWbsjBOFA3JfJCfcKgimF8Oh0xQovhUE0wE07tCMsYCE6XzWZqS9xbSl1lJR/N9P/yftM9Mq2ba13al2byfh1QER+AYnAIL1EETXIEWcAABDDyCJ/BsPBgvxqvxNi8tGItgD8ESjPcvJUuY3w==</latexit>z3

<latexit sha1_base64="+VPudcAQgP8J9fWyYNZ5RZKH9A8=">AAACAnicdVDLSsNAFJ3UV62vqks3g0VwFRKNTbsruHFZwbSFtpTJdNIOnUzCzESoIeDCvVv9BXfi1h/xD/wMJ20FK3pg4HDOnfs4fsyoVJb1YRRWVtfWN4qbpa3tnd298v5BS0aJwMTDEYtEx0eSMMqJp6hipBMLgkKfkbY/ucz99i0Rkkb8Rk1j0g/RiNOAYqS05KV3AzsblCuW6dbqF9VzaJmW4zqOnZN69dy1oG1aM1TAAs1B+bM3jHASEq4wQ1J2bStW/RQJRTEjWamXSBIjPEEj0tWUo5DIfjpbNoMnWhnCIBL6cQVn6s8fKQqlnIa+rgyRGsvfXi7+5XUTFdT6KeVxogjH80FBwqCKYH45HFJBsGJTTRAWVO8K8RgJhJXOZ2lK3lvIQGYlHc33/fB/0joz7arpXDuVRuN+HlIRHIFjcAps4IIGuAJN4AEMKHgET+DZeDBejFfjbV5aMBbBHoIlGO9fOO6Y6w==</latexit>z1
<latexit sha1_base64="r3k3HNk2CMXCovyOXZl2XJVX9ow=">AAACAnicdVBNS8MwGE79nPNr6tFLcAieStfNdd4GXjxOsNtgKyPN0i0sTUuSCrMUPHj3qn/Bm3j1j/gP/Bmm2wQn+kDIw/O8yfu+jx8zKpVlfRgrq2vrG5uFreL2zu7efungsC2jRGDi4ohFousjSRjlxFVUMdKNBUGhz0jHn1zmfueWCEkjfqOmMfFCNOI0oBgpLbnp3cDOBqWyZVrnTtW2oWVW9WXXNbHtC8dpwIppzVAGC7QGpc/+MMJJSLjCDEnZq1ix8lIkFMWMZMV+IkmM8ASNSE9TjkIivXQ2bAZPtTKEQST04QrO1J8vUhRKOQ19XRkiNZa/vVz8y+slKmh4KeVxogjH80ZBwqCKYL45HFJBsGJTTRAWVM8K8RgJhJXOZ6lL/reQgcyKOprv/eH/pG2blbpZu66Vm837eUgFcAxOwBmoAAc0wRVoARdgQMEjeALPxoPxYrwab/PSFWMR7BFYgvH+BSh6mOE=</latexit>z2

<latexit sha1_base64="7Dw93vY71xHl0iH/SrIc1k65CTo="></latexit>

CYz1

<latexit sha1_base64="Xz/cl4MtL1whVGTy8Ykn5OgwX7U="></latexit>

CYz2

<latexit sha1_base64="hgteUf2NteF1aPBJdopeRaDWf6I="></latexit>

CYz3

Calabi-Yau varieties
• The  -loop (equal-mass) banana family is characterised by a (1-

parameter) family of Calabi-Yau (        )-folds:

• Calabi-Yau    -fold:    -dim. Kähler manifold with a unique 
holomorphic differential    -form          .  

<latexit sha1_base64="COmtp/A+shp8yHnwJxfSBrCoGUE=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4TMA9IQpid9CZDZmeXmVkhLIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z7yY8G1cd1vJ7e1vbO7l98vHBweHZ8UT8+aOkoUwwaLRKTaPtUouMSG4UZgO1ZIQ19gyx8/ZH7rGZXmkXwykxh7IR1KHnBGjZXqol8suWV3DrJJvCUpwRK1fvGnO4hYEqI0TFCtO54bm15KleFM4LTQTTTGlI3pEDuWShqi7qXzQ6fkyioDEkTKljRkrv6dSGmo9ST0bWdIzUive5n4n9dJTHDfS7mME4OSLRYFiSAmItmvyYArZEZMLKFMcXsrYSOqKDM2m5Ut2dtKB3pasNF460FskuZN2bstV+qVUrU6W4SUhwu4hGvw4A6q8Ag1aAADhBd4hTdn5rw7H87nojXnLIM9hxU4X7+WcJba</latexit>

l
<latexit sha1_base64="r1Y95UKXgq2UhnEawlXNi0sdSSA=">AAACAHicbVDLSgNBEOz1GeMr6tHLYBC8GHYlqMeAF48RzQOSJcxOepMhs7PLzKwQQkC8e9Vf8CZe/RP/wM9wNsnBJBY0FFXd0z0VJIJr47rfzsrq2vrGZm4rv72zu7dfODis6zhVDGssFrFqBlSj4BJrhhuBzUQhjQKBjWBwk/mNR1Sax/LBDBP0I9qTPOSMGivdi3OvUyi6JXcCsky8GSnCDNVO4afdjVkaoTRMUK1bnpsYf0SV4UzgON9ONSaUDWgPW5ZKGqH2R5NTx+TUKl0SxsqWNGSi/p0Y0UjrYRTYzoiavl70MvE/r5Wa8NofcZmkBiWbLgpTQUxMsn+TLlfIjBhaQpni9lbC+lRRZmw6c1uyt5UO9Thvo/EWg1gm9YuSd1kq35WLlcrTNKQcHMMJnIEHV1CBW6hCDRj04AVe4c15dt6dD+dz2rrizII9gjk4X794BpdM</latexit>

l � 1

<latexit sha1_base64="ZP2fSOanXmNpKjV+uGf701KZsJE=">AAAB/nicdVDLSsNAFJ3UV62vqks3g0VwVRJJfewKbly2YB/QhjKZ3rRDJ5MwMxFKKHTvVn/Bnbj1V/wDP8NJU8GKHhg4nHPnPo4fc6a0bX9YhbX1jc2t4nZpZ3dv/6B8eNRWUSIptGjEI9n1iQLOBLQ00xy6sQQS+hw6/uQ28zsPIBWLxL2exuCFZCRYwCjRRmqKQbliV+0FcE7cjLg3bs2uYWdpVdASjUH5sz+MaBKC0JQTpXqOHWsvJVIzymFW6icKYkInZAQ9QwUJQXnpYtEZPjPKEAeRNE9ovFB//khJqNQ09E1lSPRY/fYy8S+vl+jg2kuZiBMNguaDgoRjHeHsajxkEqjmU0MIlczsiumYSEK1yWZlStZbqkDNSiaa7/vx/6R9UXUuq27TrdTr8zykIjpBp+gcOegK1dEdaqAWogjQI3pCz9bcerFerbe8tGAtgz1GK7DevwDIPZb7</latexit>n <latexit sha1_base64="AvLjVo4p+a1UaOqJyV5k7U0GKh4=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4TMA9IQpid9CZDZmeXmVkhLIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z7yY8G1cd1vJ7e1vbO7l98vHBweHZ8UT8+aOkoUwwaLRKTaPtUouMSG4UZgO1ZIQ19gyx8/ZH7rGZXmkXwykxh7IR1KHnBGjZXqsl8suWV3DrJJvCUpwRK1fvGnO4hYEqI0TFCtO54bm15KleFM4LTQTTTGlI3pEDuWShqi7qXzQ6fkyioDEkTKljRkrv6dSGmo9ST0bWdIzUive5n4n9dJTHDfS7mME4OSLRYFiSAmItmvyYArZEZMLKFMcXsrYSOqKDM2m5Ut2dtKB3pasNF460FskuZN2bstV+qVUrU6W4SUhwu4hGvw4A6q8Ag1aAADhBd4hTdn5rw7H87nojXnLIM9hxU4X7+ZpJbc</latexit>n
<latexit sha1_base64="AvLjVo4p+a1UaOqJyV5k7U0GKh4=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4TMA9IQpid9CZDZmeXmVkhLIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z7yY8G1cd1vJ7e1vbO7l98vHBweHZ8UT8+aOkoUwwaLRKTaPtUouMSG4UZgO1ZIQ19gyx8/ZH7rGZXmkXwykxh7IR1KHnBGjZXqsl8suWV3DrJJvCUpwRK1fvGnO4hYEqI0TFCtO54bm15KleFM4LTQTTTGlI3pEDuWShqi7qXzQ6fkyioDEkTKljRkrv6dSGmo9ST0bWdIzUive5n4n9dJTHDfS7mME4OSLRYFiSAmItmvyYArZEZMLKFMcXsrYSOqKDM2m5Ut2dtKB3pasNF460FskuZN2bstV+qVUrU6W4SUhwu4hGvw4A6q8Ag1aAADhBd4hTdn5rw7H87nojXnLIM9hxU4X7+ZpJbc</latexit>n

➡ Characterised by its periods:
<latexit sha1_base64="SR0QLmIdZfggcnf+ekgMmzVmkFU="></latexit>

⇧(z) = (⇧1(z), . . . ,⇧r(z))
T

<latexit sha1_base64="/i00eJWdCYjRRoyPXAap14Knp0c="></latexit>

⇧i(z) =

Z

�i

⌦(z)

<latexit sha1_base64="OJbQyMk0RJg/BMtTdYryg0FSXmQ=">AAACBnicbVDLTgIxFL2DL8QX6tJNIzHBDZkxRF2SuHEnJvIwQEindKCh7UzajglOSFy6d6u/4M649Tf8Az/DDrAQ8CQ3OTnn3t7b40ecaeO6305mZXVtfSO7mdva3tndy+8f1HUYK0JrJOShavpYU84krRlmOG1GimLhc9rwh1ep33igSrNQ3plRRDsC9yULGMHGSvftG0H7uPh42s0X3JI7AVom3owUYIZqN//T7oUkFlQawrHWLc+NTCfByjDC6TjXjjWNMBniPm1ZKrGgupNMDh6jE6v0UBAqW9Kgifp3IsFC65HwbafAZqAXvVT8z2vFJrjsJExGsaGSTBcFMUcmROnvUY8pSgwfWYKJYvZWRAZYYWJsRnNb0reVDvQ4Z6PxFoNYJvWzkndeKt+WC5XK0zSkLBzBMRTBgwuowDVUoQYEBLzAK7w5z8678+F8TlszzizYQ5iD8/ULBpOZzg==</latexit>

⌦(z)

<latexit sha1_base64="9DZ9l/xs8lO2nmbW225uZJdgGNg=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4KjNS1I1QcKHLCvYh7VDupJk2NMkMSUYoQ8Gle7f6C+7Erb/hH/gZZtoubOuBC4dz7s29OUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVYAmnImad0ww2krVhREwGkzGF5nfvORKs0ieW9GMfUF9CULGQFjpYfODQgBXXbVLZbcsjsBXibejJTQDLVu8afTi0giqDSEg9Ztz42Nn4IyjHA6LnQSTWMgQ+jTtqUSBNV+Ojl4jE+s0sNhpGxJgyfq34kUhNYjEdhOAWagF71M/M9rJya89FMm48RQSaaLwoRjE+Hs97jHFCWGjywBopi9FZMBKCDGZjS3JXtb6VCPCzYabzGIZdI4K3vn5cpdpVStPk1DyqMjdIxOkYcuUBXdohqqI4IEekGv6M15dt6dD+dz2ppzZsEeojk4X79Z+JoC</latexit>

�i = Basis of independent cycles.

➡ For the equal-mass banana: 
<latexit sha1_base64="/2qLcBn9PfUHphspV19yc/0h4uE=">AAACEXicbZDLSsNAFIYn9VbrLdalm2AQXJVEiropFNzoQqhgL9CEMplO2qGTCzMn0hICvoN7t/oK7sStT+Ab+BhO2i5s6w8DP/85c87h82LOJFjWt1ZYW9/Y3Cpul3Z29/YP9MNyS0aJILRJIh6Jjocl5SykTWDAaScWFAcep21vdJ3X249USBaFDzCJqRvgQch8RjCoqKeXRY3XHNMBOgYRpHe3MuvpplWxpjJWjT03Jpqr0dN/nH5EkoCGQDiWsmtbMbgpFsAIp1nJSSSNMRnhAe0qG+KASjed3p4ZpyrpG34k1AvBmKZ/f6Q4kHISeKozwDCUy7U8/K/WTcC/clMWxgnQkMwW+Qk3IDJyEEafCUqAT5TBRDB1q0GGWGACCtfClny2kL7MSgqNvQxi1bTOK/ZFpXpfNev1pxmkIjpGJ+gM2egS1dENaqAmImiMXtAretOetXftQ/uctRa0OdgjtCDt6xcHlp4h</latexit>

r = l = #MIs



Picard-Fuchs equation
• The periods provide a basis for the maximal cuts in 2 dimensions.

• They are annihilated by the PF-operator      of degree   . 
<latexit sha1_base64="R1nt3Lltu8Kc4ZiR38He9rKiJWY=">AAACCnicbVDLSgMxFL2pr1pfVZdugkVwVWZE1GXBjQsXFewD2qFk0kwbmsmMSUYow4Af4N6t/oI7cetP+Ad+hpm2C9t6IHA45+bew/FjwbVxnG9UWFldW98obpa2tnd298r7B00dJYqyBo1EpNo+0UxwyRqGG8HasWIk9AVr+aPr3G89MqV5JO/NOGZeSAaSB5wSYyWvGxIzpESkt1lP9MoVp+pMgJeJOyMVmKHeK/90+xFNQiYNFUTrjuvExkuJMpwKlpW6iWYxoSMyYB1LJQmZ9tJJ6AyfWKWPg0jZJw2eqH9/pCTUehz6djIPqRe9XPzP6yQmuPJSLuPEMEmnh4JEYBPhvAHc54pRI8aWEKq4zYrpkChCje1p7kq+W+lAZyVbjbtYxDJpnlXdi+r53XmlVnuallSEIziGU3DhEmpwA3VoAIUHeIFXeEPP6B19oM/paAHNij2EOaCvXzYpnCs=</latexit>

Ll
<latexit sha1_base64="COmtp/A+shp8yHnwJxfSBrCoGUE=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4TMA9IQpid9CZDZmeXmVkhLIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z7yY8G1cd1vJ7e1vbO7l98vHBweHZ8UT8+aOkoUwwaLRKTaPtUouMSG4UZgO1ZIQ19gyx8/ZH7rGZXmkXwykxh7IR1KHnBGjZXqol8suWV3DrJJvCUpwRK1fvGnO4hYEqI0TFCtO54bm15KleFM4LTQTTTGlI3pEDuWShqi7qXzQ6fkyioDEkTKljRkrv6dSGmo9ST0bWdIzUive5n4n9dJTHDfS7mME4OSLRYFiSAmItmvyYArZEZMLKFMcXsrYSOqKDM2m5Ut2dtKB3pasNF460FskuZN2bstV+qVUrU6W4SUhwu4hGvw4A6q8Ag1aAADhBd4hTdn5rw7H87nojXnLIM9hxU4X7+WcJba</latexit>

l
<latexit sha1_base64="COmtp/A+shp8yHnwJxfSBrCoGUE=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4TMA9IQpid9CZDZmeXmVkhLIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z7yY8G1cd1vJ7e1vbO7l98vHBweHZ8UT8+aOkoUwwaLRKTaPtUouMSG4UZgO1ZIQ19gyx8/ZH7rGZXmkXwykxh7IR1KHnBGjZXqol8suWV3DrJJvCUpwRK1fvGnO4hYEqI0TFCtO54bm15KleFM4LTQTTTGlI3pEDuWShqi7qXzQ6fkyioDEkTKljRkrv6dSGmo9ST0bWdIzUive5n4n9dJTHDfS7mME4OSLRYFiSAmItmvyYArZEZMLKFMcXsrYSOqKDM2m5Ut2dtKB3pasNF460FskuZN2bstV+qVUrU6W4SUhwu4hGvw4A6q8Ag1aAADhBd4hTdn5rw7H87nojXnLIM9hxU4X7+WcJba</latexit>

l

➡ They can be constructed explicitly for all   . 
<latexit sha1_base64="COmtp/A+shp8yHnwJxfSBrCoGUE=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4TMA9IQpid9CZDZmeXmVkhLIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z7yY8G1cd1vJ7e1vbO7l98vHBweHZ8UT8+aOkoUwwaLRKTaPtUouMSG4UZgO1ZIQ19gyx8/ZH7rGZXmkXwykxh7IR1KHnBGjZXqol8suWV3DrJJvCUpwRK1fvGnO4hYEqI0TFCtO54bm15KleFM4LTQTTTGlI3pEDuWShqi7qXzQ6fkyioDEkTKljRkrv6dSGmo9ST0bWdIzUive5n4n9dJTHDfS7mME4OSLRYFiSAmItmvyYArZEZMLKFMcXsrYSOqKDM2m5Ut2dtKB3pasNF460FskuZN2bstV+qVUrU6W4SUhwu4hGvw4A6q8Ag1aAADhBd4hTdn5rw7H87nojXnLIM9hxU4X7+WcJba</latexit>

l
[Bönisch, Fischbach 

Klemm, Nega, Safari] 

• Structure of the solutions: close to          :<latexit sha1_base64="ML/Zh8pKOIVny+XC/n6pdoqDqzQ=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUTdCwY3LivYB7VAyaaYNzSRDkhHqUBD3bvUX3Ilb/8Q/8DPMtF3Y1gMXDufcm3tzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2DhpaJIrROJJeqFWBNORO0bpjhtBUriqOA02YwvM785gNVmklxb0Yx9SPcFyxkBBsr3T1eud1iyS27E6Bl4s1ICWaodYs/nZ4kSUSFIRxr3fbc2PgpVoYRTseFTqJpjMkQ92nbUoEjqv10cuoYnVilh0KpbAmDJurfiRRHWo+iwHZG2Az0opeJ/3ntxISXfspEnBgqyHRRmHBkJMr+jXpMUWL4yBJMFLO3IjLAChNj05nbkr2tdKjHBRuNtxjEMmmclb3zcuW2UqpWn6Yh5eEIjuEUPLiAKtxADepAoA8v8ApvzrPz7nw4n9PWnDML9hDm4Hz9Aqakl2k=</latexit>

z = 0
<latexit sha1_base64="AHXbHKwDis9SyDKVd+9GOpgHHu4=">AAACHHicbZBNS8MwGMfT+TbnW9WjCMEhTJDRylAvwsCLNye4F1hLSbN0C0vTkqTCLAXB7+Hdq34Fb+JV8Bv4MUy3Hdz0gcCf//9Jnic/P2ZUKsv6MgoLi0vLK8XV0tr6xuaWub3TklEiMGniiEWi4yNJGOWkqahipBMLgkKfkbY/vMzz9h0Rkkb8Vo1i4oaoz2lAMVLa8sx9p0G9lB3bWeX+CF5AJ0RqgBFLr3PDM8tW1RoX/CvsqSiDaTU889vpRTgJCVeYISm7thUrN0VCUcxIVnISSWKEh6hPulpyFBLppuNvZPBQOz0YREIfruDY/X0jRaGUo9DXnfmWcj7Lzf+ybqKCczelPE4U4XgyKEgYVBHMmcAeFQQrNtICYUH1rhAPkEBYaXIzU/K3hQxkVtJo7HkQf0XrpGqfVms3tXK9/jCBVAR74ABUgA3OQB1cgQZoAgwewTN4Aa/Gk/FmvBsfk9aCMQW7C2bK+PwBoaehfA==</latexit>

⇧l,1(z) = O(z)

➡ Point of maximal unipotent monodromy (MUM-point).
➡ Not true for other singular points!

• Set of singular points:

which can easily be solved by quadrature:

L(0)

r (z) = L(0)

r (z0) +
⁄ z

z
0

ÂN
(0)

r (zÕ) . (2.21)

We can iteratively solve eq. (2.17) order by order in ‘ by inserting the solution into the
expansion. This strategy was successfully applied to several complicated Feynman integrals
for which no canonical form can be reached via an algebraic transformation matrix M(x; ‘),
see, e.g., refs. [80, 104, 108–113].

The Gauss-Manin system for the equal-mass banana integrals. For the equal-
mass banana family, we can collect the master integrals from the sector (1, . . . , 1) in eq. (2.7)
into the vector J l(z; ‘) = (Jl,1(z, ‘), . . . , Jl,l(z, ‘))T . At every loop order, this vector satisfies
an inhomogeneous di�erential equation of the form (cf. eq. (2.14))

ˆzJ l(z; ‘) = Bl(z; ‘) J l(z; ‘) + N l(z, ‘) , (2.22)

with

Bl(z; ‘) = Bl,0(z) +
lÿ

k=1

Bl,k(z)‘k ,

N l(z, ‘) =
A

0, . . . , 0, (≠1)l+1(l + 1)! z

zl
r

kœ�(l)(1 ≠ kz)
�(1 + ‘)l

�(1 + l‘)

BT

,

(2.23)

where we defined

�(l) :=
Á

l≠1

2
Ë€

j=0

Ó
(l + 1 ≠ 2j)2

Ô
. (2.24)

In section 5.2 we will discuss how to derive eq. (2.23), and we will show how to obtain the
Bl,k(z) for k = 1, . . . , l.

The Wronskian of the system is given by the maximal cuts of equal-mass banana
integrals in D = 2 dimensions. They can be defined by replacing the integration contour in
eq. (2.1) by a contour � that encircles the poles of the propagators Dj = 0, 1 Æ j Æ l + 1:

Cut�I‹(p2, m2; 2) :=
j

�

Q

a
lŸ

j=1

d2kj

D
‹j

j

R

b 1
D

‹l+1

l+1

. (2.25)

Let us introduce the following notation for the maximal cuts of the master integrals in
eq. (2.7):

J�

l,1(z) = (≠1)l+1

�(1 + l‘) (m2)1+l‘ Cut�I1,...,1(p2, m2; 2) ,

J�

l,k(z) = (1 + 2‘) . . . (1 + k‘) ˆk≠1

z J�

l,1(z) , 2 Æ k Æ l .

(2.26)

The vector J�

l (z) := (J�

l,1(z), . . . , J�

l,l(z))T satisfies the homogeneous version of the di�er-
ential equation (2.22) for ‘ = 0:

ˆzJ�

l (z) = Bl,0(z)J�

l (z) . (2.27)

– 10 –

➡ (Expected to be) genuinely new transcendental functions.
➡ Can be evaluated in a fast and efficient way for all    .<latexit sha1_base64="NTb5bzYcMlW5nFJOWOwVINBh0WY=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48JmAckS5id9CZDZmeXmVkhhkDuXvUXvIlXf8U/8DOcTXIwiQUNRVX3dE8FieDauO63k9vY3Nreye8W9vYPDo+KxycNHaeKYZ3FIlatgGoUXGLdcCOwlSikUSCwGQzvM7/5hErzWD6aUYJ+RPuSh5xRY6Xac7dYcsvuDGSdeAtSggWq3eJPpxezNEJpmKBatz03Mf6YKsOZwEmhk2pMKBvSPrYtlTRC7Y9nh07IhVV6JIyVLWnITP07MaaR1qMosJ0RNQO96mXif147NeGdP+YySQ1KNl8UpoKYmGS/Jj2ukBkxsoQyxe2thA2ooszYbJa2ZG8rHepJwUbjrQaxThpXZe+mfF27LlUq03lIeTiDc7gED26hAg9QhTowQHiBV3hzps678+F8zltzziLYU1iC8/ULrNyW6A==</latexit>z

<latexit sha1_base64="v7XKdj9hyDS8lj3gL1trWDA5a0Q="></latexit>

⇧l,k(z) ⇠ ⇧l,1(z)
1

(k � 1)!
logk�1 z +O(z2)



General expectation
• General expected form:

<latexit sha1_base64="+gDyYhiiyRAYy3R/AXPr62D98oc=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG5cV7APaoWQymTY2kwxJplCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgoQzbVz32ymsrW9sbhW3Szu7e/sH5cOjppapIrRBJJeqHWBNORO0YZjhtJ0oiuOA01YwvM391ogqzaR4MOOE+jHuCxYxgo2Vmt1RKI3ulStu1Z0CrRJvTiowR71X/umGkqQxFYZwrHXHcxPjZ1gZRjidlLqppgkmQ9ynHUsFjqn2s+m1E3RmlRBFUtkSBk3VvxMZjrUex4HtjLEZ6GUvF//zOqmJbvyMiSQ1VJDZoijlyEiUfx2FTFFi+NgSTBSztyIywAoTYwNa2JK/rXSkJyUbjbccxCppXlS9q+rl/WWlVnuahVSEEziFc/DgGmpwB3VoAIFHeIFXeHOenXfnw/mctRacebDHsADn6xe9BJks</latexit>...

➡      is uniquely determined from the geometry (must be 
invariant under action of the monodromy group):

<latexit sha1_base64="GVhFQPQF04ENMTVFvHR7ItE/RsA=">AAACC3icbZDLSgMxFIbP1Futt6pLN8EiuCozIuqy4MZlRXuBzlgyaaYNTTJDkhHKUPAF3LvVV3Anbn0I38DHMNN2YVt/CPz85+ScwxcmnGnjut9OYWV1bX2juFna2t7Z3SvvHzR1nCpCGyTmsWqHWFPOJG0YZjhtJ4piEXLaCofXeb31SJVmsbw3o4QGAvclixjBxkYPmR9GyL9jfYHHXd4tV9yqOxFaNt7MVGCmerf84/dikgoqDeFY647nJibIsDKMcDou+ammCSZD3KcdayUWVAfZ5OoxOrFJD0Wxsk8aNEn//siw0HokQtspsBnoxVoe/lfrpCa6CjImk9RQSaaLopQjE6McAeoxRYnhI2swUczeisgAK0yMBTW3JZ+tdKTHJYvGWwSxbJpnVe+ien57XqnVnqaQinAEx3AKHlxCDW6gDg0goOAFXuHNeXbenQ/nc9pacGZgD2FOztcvdZOcRA==</latexit>

⌃l

4.2 Bilinear relations among maximal cuts from Gri�ths transversality

In section 3, in particular in eq. (3.54), we have explained that the Calabi-Yau periods
and their derivatives satisfy bilinear relations as a result of Gri�ths transversality. Since
the periods and their derivatives are nothing but the maximal cuts for the master integrals
in eq. (2.7), Gri�ths transversality leads to a set of bilinear relations among maximal
cuts. The goal of this section is to describe these relations in the equal-mass case and to
write them down explicitly for the first few loop orders, and to highlight some of their
consequences for Feynman integrals.

Recall from section 3 that there is a bilinear pairing – the intersection pairing � – on
the entries of Wl(z). If we work with the Frobenius basis �l(z), Gri�ths transversality in
eq. (3.54) takes the form

�l(z)T �l ˆk
z �l(z) =

Y
]

[
0 , k < l ≠ 1 ,

Cl≠1(z) , k = l ≠ 1 ,
(4.9)

where the intersection matrix �l is given by

�l =

Q

ccccca

1
≠1

1

. .
.

R

dddddb
. (4.10)

We now use this to derive a di�erential equation satisfied by Cl(z). First note that for any
0 Æ k Æ l ≠ 1 we have

Cl(z) = �l(z)T �l ˆl≠1

z �l(z) = ˆz(�l(z)T �l ˆl≠2

z �l(z)
¸ ˚˙ ˝

=0

) ≠ ˆz�l(z)T �l ˆl≠2

z �l(z)

= ... = (≠1)kˆk
z �l(z)T �l ˆl≠1≠k

z �l(z) ,

(4.11)

and thus

ˆk
z �l(z)T �l ˆl≠1≠k

z �l(z) = (≠1)kCl(k) . (4.12)

Using this successively, we get

�l(z)T �l ˆl
z�l(z) = ˆzCl(z) ≠ ˆz�l(z)T �l ˆl≠1

z �l(z)
= 2ˆzCl(z) + ˆ2

z �l(z)T �l ˆl≠2

z �l(z)
= ... = lˆzCl(z) + (≠1)lˆl

z�l(z)T �l �l(z) .

(4.13)

The (≠1)l+1-symmetry of �l then implies

�l(z)T �l ˆl
z�l(z) = l

2ˆzCl(z) . (4.14)

Finally using this together with the Picard-Fuchs equation we find that

0 = �l(z)T �l Ll�l(z)
= Bl,l≠1(z)�l(z)T �l ˆl≠1

z �l(z) + Bl,l(z)�l(z)T �l ˆl
z�l(z)

= Bl,l≠1(z)Cl(z) + l

2Bl,l(z)ˆzCl(z) ,

(4.15)
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• But it does not yet match what we (seem to) get from the 
differential equations….

<latexit sha1_base64="TeA7cm3mdht+dWY/mfrYe2XL4E0="></latexit>

J l(z, 0) ⇠ Wl(z)

Z z

0
dz0 Wl(z)

�1 N l(z, 0)
Polynomial of degree               

in the periods<latexit sha1_base64="zTyGjgqskX1OwtrlNz+A9+djNMI=">AAACAHicdVDLSgMxFL1TX7W+qi7dBIvgxmFGatVdwY3LivYB7VAyaaYNzWSGJCOUoSDu3eovuBO3/ol/4GeYaSta0QOBwzk393H8mDOlHefdyi0sLi2v5FcLa+sbm1vF7Z2GihJJaJ1EPJItHyvKmaB1zTSnrVhSHPqcNv3hReY3b6lULBI3ehRTL8R9wQJGsDbSNT9yu8WSYzsTIMc+cdzzivtN3JlVghlq3eJHpxeRJKRCE46VartOrL0US80Ip+NCJ1E0xmSI+7RtqMAhVV46WXWMDozSQ0EkzRMaTdSfP1IcKjUKfVMZYj1Qv71M/MtrJzo481Im4kRTQaaDgoQjHaHsbtRjkhLNR4ZgIpnZFZEBlphok87clKy3VIEaF0w0X/ej/0nj2HYrdvmqXKpW76Yh5WEP9uEQXDiFKlxCDepAoA8P8AhP1r31bL1Yr9PSnDULdhfmYL19Arqwl3g=</latexit>

l � 1

Linear in 
the periods

Maximal cuts

Maximal cuts

[e.g.,                           for all                      ]
<latexit sha1_base64="VqEx2c65fGvcUopy4rPDrj8Duz0="></latexit>

MT⌃2M = ⌃2

<latexit sha1_base64="nnrs8QYJIGj4LsF6FVpYauEm/ho="></latexit>

M 2 SL2(Z)

<latexit sha1_base64="TvrZ1VowSGgpxuTqeD+TmARE37E="></latexit>

⇠ ⇧l(z)
T⌃l

Z z

0

dz0

z02
⇧l(z

0)



Quadratic relations
• Are there relations among the periods?

<latexit sha1_base64="iJLFcQslv31EcUXABaw4lA8N28Y="></latexit>

⇧l(z)
T⌃l⇧l(z) =

Z

M
⌦(z) ^ ⌦(z) = 0!

➡ This is a quadratic relation among maximal cuts!

• Are there more of these relations?
<latexit sha1_base64="O67zTLT7CkDFLCigJsUHApsL4K4="></latexit>

⇧l(z)
T⌃l@z⇧l(z) =

Z

M
⌦(z) ^ @z⌦(z) = 0

➡ This is a quadratic relation among maximal cuts of 
different MIs.

• What is their origin? How can we find these relations?

[See talk by A. Klemm]



Griffiths transversality

<latexit sha1_base64="ehgmAP6lpMB2AG0sFxxE8062/Sk="></latexit>

F
p =

M

pql�1

H
q,p�q

<latexit sha1_base64="Lohwj1KPA8UN6qvt0gEar0Q2iHQ="></latexit>

H
p,q = cohomology class of (p, q)-forms

<latexit sha1_base64="8XCyteaFv1BHvdpWEssn7e3c4ms="></latexit>

e.g. dz1 ^ · · · ^ dzp ^ dz̄1 ^ · · · ^ dz̄q

• Griffiths transversality: 

<latexit sha1_base64="WXpJI4UWOUegLoDJY9LFhtdww0E=">AAACBHicdVDLSgMxFM34rPVVdekmWARXQ6a2tcuCG3dWsA9oh5JJM21okhmSjFCGgiv3bvUX3Ilb/8M/8DPMtBWs6IHA4Zyb+zhBzJk2CH04K6tr6xubua389s7u3n7h4LClo0QR2iQRj1QnwJpyJmnTMMNpJ1YUi4DTdjC+zPz2HVWaRfLWTGLqCzyULGQEGyu1e9eCDjHsF4rIrSCvdF6ByEWogqq1jHio5FWhZ5UMRbBAo1/47A0ikggqDeFY666HYuOnWBlGOJ3me4mmMSZjPKRdSyUWVPvpbN0pPLXKAIaRsk8aOFN//kix0HoiAlspsBnp314m/uV1ExPW/JTJODFUkvmgMOHQRDC7HQ6YosTwiSWYKGZ3hWSEFSbGJrQ0JeutdKineRvN9/3wf9IquV7VLd+Ui/X6/TykHDgGJ+AMeOAC1MEVaIAmIGAMHsETeHYenBfn1Xmbl644i2CPwBKc9y/qOpk8</latexit>

⌦

<latexit sha1_base64="MaxyR2jZkrjwNCFRKgwT99GqQo4=">AAACHnicbVDNSgMxGMzWv1r/Vj16MFgEL5ZdKeqxIIjHCvYH2lqy6bdtaHY3JlmhLgUvvod3r/oK3sSrvoGPYbbtwbYOBCYzXzLJeIIzpR3n28osLC4tr2RXc2vrG5tb9vZOVUWxpFChEY9k3SMKOAuhopnmUBcSSOBxqHn9i9Sv3YNULApv9EBAKyDdkPmMEm2ktr3fFERqRnj7AV/eiqaKPQUa7swmEcfusG3nnYIzAp4n7oTk0QTltv3T7EQ0DiDUlBOlGq4jdCtJQyiHYa4ZKxCE9kkXGoaGJADVSkYfGeJDo3SwH0mzQo1H6t8TCQmUGgSemQyI7qlZLxX/8xqx9s9bCQtFrCGk4yA/5lhHOG0Fd5gEqvnAEEIlM2/FtEckodp0N5WS3i2Vr4Y5U407W8Q8qZ4U3NNC8bqYL5UexyVl0R46QEfIRWeohK5QGVUQRU/oBb2iN+vZerc+rM/xaMaaFLuLpmB9/QIfIKNz</latexit>

@zF
p ✓ F p�1

<latexit sha1_base64="yTwfmSS/p+RI6/Bcaq0Z9AbvbwE="></latexit>

F
l�1 ✓ F

l�2 ✓ F
l�3 ✓ · · · ✓ F

1 ✓ F
0 = H

n
dR(M)

<latexit sha1_base64="FsMFszuonj3FJ+rSPn7eQU9xPgs="></latexit>

@z⌦
<latexit sha1_base64="pqkLVGoVFwi/Q+afe9f+RvLlaZk="></latexit>

@2
z⌦

<latexit sha1_base64="UNJaZI8ED2prQI3XfiHBUU9KTtg="></latexit>

@l�2
z ⌦

<latexit sha1_base64="X41msqXqizF2dHhzDW8gorT45rg="></latexit>

@l�1
z ⌦

➡ cf. for the elliptic case:
<latexit sha1_base64="nfaAT+fo+pe3ec+kh8U1/p189kY="></latexit>

@z

Z

↵

dx

y
= A

Z

↵

dx

y
+B

Z

↵

x dx

y
+
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2 F 1
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2 F 1
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2 F 0

• The cohomology group                comes with a Hodge filtration 
            .     

<latexit sha1_base64="ECPoC0BCUjzzwzycCf+paz91yjo=">AAACCHicbVDLSgMxFM34rPVVdekmWIS6KTNS1GXBTTdCFfuA6VgymUwbmkmGJCOUYcC1e7f6C+7ErX/hH/gZZtoubOuBC4dz7s29OX7MqNK2/W2trK6tb2wWtorbO7t7+6WDw7YSicSkhQUTsusjRRjlpKWpZqQbS4Iin5GOP7rO/c4jkYoKfq/HMfEiNOA0pBhpI7mNB95Pg7uscnPWL5Xtqj0BXCbOjJTBDM1+6acXCJxEhGvMkFKuY8faS5HUFDOSFXuJIjHCIzQgrqEcRUR56eTkDJ4aJYChkKa4hhP170SKIqXGkW86I6SHatHLxf88N9HhlZdSHieacDxdFCYMagHz/8OASoI1GxuCsKTmVoiHSCKsTUpzW/K3pQpVVjTROItBLJP2edW5qNZua+V6/WkaUgEcgxNQAQ64BHXQAE3QAhgI8AJewZv1bL1bH9bntHXFmgV7BOZgff0CcD6akQ==</latexit>

H
n
dR(M)
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(n = l � 1)



Quadratic relations
<latexit sha1_base64="iJLFcQslv31EcUXABaw4lA8N28Y="></latexit>

⇧l(z)
T⌃l⇧l(z) =

Z

M
⌦(z) ^ ⌦(z) = 0!

<latexit sha1_base64="ZdA1MNj2GssK+gOlT/gI2QAvyk4="></latexit>

‘(n, 0) ^ (n, 0)’
<latexit sha1_base64="O67zTLT7CkDFLCigJsUHApsL4K4="></latexit>

⇧l(z)
T⌃l@z⇧l(z) =

Z

M
⌦(z) ^ @z⌦(z) = 0

<latexit sha1_base64="rmm593s8Yo7EtnGekxwmhnyr6nw="></latexit>

‘(n, 0) ^ (n� 1, 1)’

<latexit sha1_base64="qwFuflqEj+RKmlmQGCOyPXoEgrw="></latexit>

⇧l(z)
T⌃l@

l�2
z ⇧l(z) =

Z

M
⌦(z) ^ @l�2

z ⌦(z) = 0
<latexit sha1_base64="1U37sOwWRuvhXs6w1opOVxuT/LE="></latexit>

‘(n, 0) ^ (1, n� 1)’

<latexit sha1_base64="G7oHv5FjZy4KBG9+UuMprr3dyU4="></latexit>

‘(n, 0) ^ (0, n)’

<latexit sha1_base64="jC3CT5ugLm/oQpD5Hsi4lznOMtY="></latexit>

⇧l(z)
T⌃l@

l�1
z ⇧l(z) =

Z

M
⌦(z) ^ @l�1

z ⌦(z) = Cl(z)

and so we have (cf. eq. (3.56)):

ˆzCl(z) + 2
l

Bl,l≠1(z)
Bl,l(z) Cl(z) = 0 . (4.16)

Comparing with eq. (4.8) and fixing the constant of proportionality from our normalization
of the Frobenius basis (cf. eq. (2.45)), we can find an explicit expression for the Yukawa
coupling:

Cl(z) = 1
zl≠3

r
kœ�(l)(1 ≠ kz) . (4.17)

Equation (4.9) can be interpreted as a collection of bilinear relations between the max-
imal cuts of Jl,1(z; 0) and Jl,k(z; 0) for k > 1. We obtain more relations by di�erentiation,
e.g.,

ˆzCl(z) = ˆz�l(z)T �l ˆl≠1

z �l(z) + �l(z)T �l ˆl
z�l(z)

= ˆz�l(z)T �l ˆl≠1

z �l(z) ≠
l≠1ÿ

j=0

Bl,j(z)
Bl,l(z) �l(z)T �l ˆj

z�l(z)

= ˆz�l(z)T �l ˆl≠1

z �l(z) ≠ Bl,l≠1(z)
Bl,l(z) Cl(z) ,

(4.18)

where in the second step we used the fact that Ll�l(z) = 0 and in the third step we used
eq. (4.9). We can proceed in this way to compute all the entries of the matrix

Zl(z) =

Q

cca

�l(z)T �l �l(z) · · · �l(z)T �l ˆl≠1
z �l(z)

...
. . .

...

ˆl≠1
z �l(z)T �l �l(z) · · · ˆl≠1

z �l(z)T �l ˆl≠1
z �l(z)

R

ddb . (4.19)

It follows from the previous considerations that all entries are rational functions. Note that
Zl(z)T = (≠1)l+1 Zl(z).

Let us work out these relations, or equivalently the matrix Zl(z), for the first few loop
orders. It turns out that the matrix Zl(z)≠1 has a more compact form, so we give examples
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Quadratic relations
• We obtain a matrix of quadratic relations among maximal cuts!

➡ All entries are explicitly calculable rational functions, e.g.,

for this matrix for l Æ 4:

Z1(z)≠1 = 1
z2

≠ 4
z

(4.20)

Z2(z)≠1 =
A

0 ≠1

z + 10 ≠ 9z
1

z ≠ 10 + 9z 0

B

Z3(z)≠1 =

Q

ca

1

z2 ≠ 8

z ≠10 + 64z 1 ≠ 20z + 64z2

≠10 + 64z ≠1 + 20z ≠ 64z2 0
1 ≠ 20z + 64z2 0 0

R

db

Z4(z)≠1 =

Q

cccca

0 ≠1

z + 28 ≠ 285z + 450z2

1

z ≠ 28 + 285z ≠ 450z2 0
1 ≠ 70z + 777z2 ≠ 900z3 ≠z + 35z2 ≠ 259z3 + 225z4

z ≠ 35z2 + 259z3 ≠ 225z4 0

≠1 + 70z ≠ 777z2 + 900z3 ≠z + 35z2 ≠ 259z3 + 225z4

z ≠ 35z2 + 259z3 ≠ 225z4 0
0 0
0 0

R

ddddb
.

For l = 1 this just shows that the period is an algebraic function; for l = 2 we get the
well-known Legendre relation for the periods of an elliptic curve; for l = 3 we find that
the Picard-Fuchs operator is a symmetric square. Also note that, while for low loop orders
the entries of the antidiagonals of Zl(z)≠1 are equal (up to a possible alternating sign and
zeroes on the diagonal), this pattern does not hold in general for higher-loop orders. The
only non-trivial exception for this is the middle antidiagonal (see eq. (4.11)).

The procedure that we have just described to derive bilinear relations works for ar-
bitrary values of l. An important question is if and how many of these relations are
independent (at least for generic values of z), and if there are bilinear relations that are
not captured by Gri�ths transversality. The symmetry properties of Zl(z) imply that
there are l(l+1)

2
independent entries for l odd and l(l≠1)

2
for l even. For loop orders l Æ 4

we have searched for additional relations by evaluating the Wronskian matrix at a generic
rational point z0 and using a floating point LLL algorithm to find linear dependencies be-
tween bilinear products of elements of the Wronski matrix and Cl(z0). Within the used
precision all of the resulting relations follow from Gri�ths transversality. Based on these
observations, we conjecture that all global bilinear relations among the maximal cuts for
l-loop banana integrals follow from Gri�ths transversality.

The bilinear relations from Gri�ths transversality have important consequences for
the inverse Wronskian Wl(z)≠1. In terms of the matrix Zl(z) defined in eq. (4.19), one
can express the inverse Wronskian as

Wl(z)≠1 = �lWl(z)T Zl(z)≠1 . (4.21)
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➡ We have searched for more quadratic relations, but we 
could not find any (for generic   ).<latexit sha1_base64="NTb5bzYcMlW5nFJOWOwVINBh0WY=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48JmAckS5id9CZDZmeXmVkhhkDuXvUXvIlXf8U/8DOcTXIwiQUNRVX3dE8FieDauO63k9vY3Nreye8W9vYPDo+KxycNHaeKYZ3FIlatgGoUXGLdcCOwlSikUSCwGQzvM7/5hErzWD6aUYJ+RPuSh5xRY6Xac7dYcsvuDGSdeAtSggWq3eJPpxezNEJpmKBatz03Mf6YKsOZwEmhk2pMKBvSPrYtlTRC7Y9nh07IhVV6JIyVLWnITP07MaaR1qMosJ0RNQO96mXif147NeGdP+YySQ1KNl8UpoKYmGS/Jj2ukBkxsoQyxe2thA2ooszYbJa2ZG8rHepJwUbjrQaxThpXZe+mfF27LlUq03lIeTiDc7gED26hAg9QhTowQHiBV3hzps678+F8zltzziLYU1iC8/ULrNyW6A==</latexit>z

➡ We conjecture that these are the only quadratic relations.

and so we have (cf. eq. (3.56)):

ˆzCl(z) + 2
l

Bl,l≠1(z)
Bl,l(z) Cl(z) = 0 . (4.16)

Comparing with eq. (4.8) and fixing the constant of proportionality from our normalization
of the Frobenius basis (cf. eq. (2.45)), we can find an explicit expression for the Yukawa
coupling:

Cl(z) = 1
zl≠3

r
kœ�(l)(1 ≠ kz) . (4.17)

Equation (4.9) can be interpreted as a collection of bilinear relations between the max-
imal cuts of Jl,1(z; 0) and Jl,k(z; 0) for k > 1. We obtain more relations by di�erentiation,
e.g.,

ˆzCl(z) = ˆz�l(z)T �l ˆl≠1

z �l(z) + �l(z)T �l ˆl
z�l(z)

= ˆz�l(z)T �l ˆl≠1

z �l(z) ≠
l≠1ÿ

j=0

Bl,j(z)
Bl,l(z) �l(z)T �l ˆj

z�l(z)

= ˆz�l(z)T �l ˆl≠1

z �l(z) ≠ Bl,l≠1(z)
Bl,l(z) Cl(z) ,

(4.18)

where in the second step we used the fact that Ll�l(z) = 0 and in the third step we used
eq. (4.9). We can proceed in this way to compute all the entries of the matrix

Zl(z) =

Q

cca

�l(z)T �l �l(z) · · · �l(z)T �l ˆl≠1
z �l(z)

...
. . .

...

ˆl≠1
z �l(z)T �l �l(z) · · · ˆl≠1

z �l(z)T �l ˆl≠1
z �l(z)

R

ddb . (4.19)

It follows from the previous considerations that all entries are rational functions. Note that
Zl(z)T = (≠1)l+1 Zl(z).

Let us work out these relations, or equivalently the matrix Zl(z), for the first few loop
orders. It turns out that the matrix Zl(z)≠1 has a more compact form, so we give examples
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<latexit sha1_base64="8rogqTqsBlkUSuNOkH+IzKy5YoU=">AAACKHicbZDLSsNAFIYn9VbrLerSzWAR2k1JpKgboeDGZcXeoIlhMp20QycXZiZCDQHfwPdw71ZfwZ1068rHcJJ2YVsPDHz8/5lzZn43YlRIw5hqhbX1jc2t4nZpZ3dv/0A/POqIMOaYtHHIQt5zkSCMBqQtqWSkF3GCfJeRrju+yfzuI+GChkFLTiJi+2gYUI9iJJXk6NXrxHI92E0dVnmq5mzd06GPlPDXeWg5etmoGXnBVTDnUAbzajr6jzUIceyTQGKGhOibRiTtBHFJMSNpyYoFiRAeoyHpKwyQT4Sd5F9K4ZlSBtALuTqBhLn690aCfCEmvqs6fSRHYtnLxP+8fiy9KzuhQRRLEuDZIi9mUIYwywcOKCdYsokChDlVb4V4hDjCUqW4sCWbzYUn0pKKxlwOYhU65zXzola/q5cbjedZSEVwAk5BBZjgEjTALWiCNsDgBbyBd/ChvWqf2pc2nbUWtHmwx2ChtO9ftFSmxA==</latexit>

= Wl(z)⌃lWl(z)
T



Banana integrals
• It is now easy to show that

for this matrix for l Æ 4:

Z1(z)≠1 = 1
z2

≠ 4
z

(4.20)

Z2(z)≠1 =
A

0 ≠1

z + 10 ≠ 9z
1

z ≠ 10 + 9z 0

B

Z3(z)≠1 =

Q

ca

1

z2 ≠ 8

z ≠10 + 64z 1 ≠ 20z + 64z2

≠10 + 64z ≠1 + 20z ≠ 64z2 0
1 ≠ 20z + 64z2 0 0

R

db

Z4(z)≠1 =

Q

cccca

0 ≠1

z + 28 ≠ 285z + 450z2

1

z ≠ 28 + 285z ≠ 450z2 0
1 ≠ 70z + 777z2 ≠ 900z3 ≠z + 35z2 ≠ 259z3 + 225z4

z ≠ 35z2 + 259z3 ≠ 225z4 0

≠1 + 70z ≠ 777z2 + 900z3 ≠z + 35z2 ≠ 259z3 + 225z4

z ≠ 35z2 + 259z3 ≠ 225z4 0
0 0
0 0

R

ddddb
.

For l = 1 this just shows that the period is an algebraic function; for l = 2 we get the
well-known Legendre relation for the periods of an elliptic curve; for l = 3 we find that
the Picard-Fuchs operator is a symmetric square. Also note that, while for low loop orders
the entries of the antidiagonals of Zl(z)≠1 are equal (up to a possible alternating sign and
zeroes on the diagonal), this pattern does not hold in general for higher-loop orders. The
only non-trivial exception for this is the middle antidiagonal (see eq. (4.11)).

The procedure that we have just described to derive bilinear relations works for ar-
bitrary values of l. An important question is if and how many of these relations are
independent (at least for generic values of z), and if there are bilinear relations that are
not captured by Gri�ths transversality. The symmetry properties of Zl(z) imply that
there are l(l+1)

2
independent entries for l odd and l(l≠1)

2
for l even. For loop orders l Æ 4

we have searched for additional relations by evaluating the Wronskian matrix at a generic
rational point z0 and using a floating point LLL algorithm to find linear dependencies be-
tween bilinear products of elements of the Wronski matrix and Cl(z0). Within the used
precision all of the resulting relations follow from Gri�ths transversality. Based on these
observations, we conjecture that all global bilinear relations among the maximal cuts for
l-loop banana integrals follow from Gri�ths transversality.

The bilinear relations from Gri�ths transversality have important consequences for
the inverse Wronskian Wl(z)≠1. In terms of the matrix Zl(z) defined in eq. (4.19), one
can express the inverse Wronskian as

Wl(z)≠1 = �lWl(z)T Zl(z)≠1 . (4.21)
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➡ The inverse is linear in the periods!

• Putting it all together, solution of the differential equation takes 
the form:

<latexit sha1_base64="+gDyYhiiyRAYy3R/AXPr62D98oc=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG5cV7APaoWQymTY2kwxJplCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgoQzbVz32ymsrW9sbhW3Szu7e/sH5cOjppapIrRBJJeqHWBNORO0YZjhtJ0oiuOA01YwvM391ogqzaR4MOOE+jHuCxYxgo2Vmt1RKI3ulStu1Z0CrRJvTiowR71X/umGkqQxFYZwrHXHcxPjZ1gZRjidlLqppgkmQ9ynHUsFjqn2s+m1E3RmlRBFUtkSBk3VvxMZjrUex4HtjLEZ6GUvF//zOqmJbvyMiSQ1VJDZoijlyEiUfx2FTFFi+NgSTBSztyIywAoTYwNa2JK/rXSkJyUbjbccxCppXlS9q+rl/WWlVnuahVSEEziFc/DgGmpwB3VoAIFHeIFXeHOenXfnw/mctRacebDHsADn6xe9BJks</latexit>...

<latexit sha1_base64="iwVuLu46CkAn6U4N4QvnNllnW5Q="></latexit>

= ⇧l(z)
TL(0)

l + (l + 1)!⇧l(z)
T⌃l

Z z

~10

dw

w2
⇧l(w)

➡ Compact formula valid for arbitrary loops! 

➡ We still need the initial condition (related to           ): 
<latexit sha1_base64="B3hUOj4FRmZyhJTR+uqNWcF3bdE="></latexit>

L(0)
l = (L(0)

l,1 , . . . , L
(0)
l,l )

T

<latexit sha1_base64="a0u/0HJF6wYVv276VvapidoMkKI=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG5cV7APaUjLpnTY2kxmSjFCHghv3bvUX3IlbP8Q/8DPMtF3Y1gOBwzk393H8WHBtXPfbya2srq1v5DcLW9s7u3vF/YO6jhLFsMYiEammTzUKLrFmuBHYjBXS0BfY8IfXmd94QKV5JO/MKMZOSPuSB5xRY6X6Y9tExO0WS27ZnYAsE29GSjBDtVv8afciloQoDRNU65bnxqaTUmU4EzgutBONMWVD2seWpZKGqDvpZNsxObFKjwSRsk8aMlH//khpqPUo9G1lSM1AL3qZ+J/XSkxw1Um5jBODkk0HBYkg9sTsdNLjCpkRI0soU9zuStiAKsqMDWhuStZb6UCPCzYabzGIZVI/K3sX5fPb81Kl8jQNKQ9HcAyn4MElVOAGqlADBvfwAq/w5jw7786H8zktzTmzYA9hDs7XL+sxmKk=</latexit>

z ! 0

[Bönisch, CD, Fischbach 
Klemm, Nega] 



<latexit sha1_base64="+gDyYhiiyRAYy3R/AXPr62D98oc=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG5cV7APaoWQymTY2kwxJplCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgoQzbVz32ymsrW9sbhW3Szu7e/sH5cOjppapIrRBJJeqHWBNORO0YZjhtJ0oiuOA01YwvM391ogqzaR4MOOE+jHuCxYxgo2Vmt1RKI3ulStu1Z0CrRJvTiowR71X/umGkqQxFYZwrHXHcxPjZ1gZRjidlLqppgkmQ9ynHUsFjqn2s+m1E3RmlRBFUtkSBk3VvxMZjrUex4HtjLEZ6GUvF//zOqmJbvyMiSQ1VJDZoijlyEiUfx2FTFFi+NgSTBSztyIywAoTYwNa2JK/rXSkJyUbjbccxCppXlS9q+rl/WWlVnuahVSEEziFc/DgGmpwB3VoAIFHeIFXeHOenXfnw/mctRacebDHsADn6xe9BJks</latexit>...

<latexit sha1_base64="iwVuLu46CkAn6U4N4QvnNllnW5Q="></latexit>

= ⇧l(z)
TL(0)

l + (l + 1)!⇧l(z)
T⌃l

Z z

~10

dw

w2
⇧l(w)

[Bönisch, Fischbach Klemm, Nega, Safari] 
• The initial condition can be obtained as a generating series using 

techniques from mirror symmetry:

<latexit sha1_base64="fXuIG2FLErAdrTlRpgH7fkgdAds="></latexit>

L(0)
l,k = (l + 1)! rk

<latexit sha1_base64="cB2VyuxSxY4kOCqbtg2W+3o8oxc="></latexit> 1X

k=0

rk x
k = ��(1� x)

�(1 + x)

• Compact analytic formula for arbitrary number of loops!

➡ Integrals that appear in it are the natural generalisation of 
the integrals for           .

<latexit sha1_base64="aKJ5PiA3ezSdlzWUdZimgq8YXGE=">AAACA3icbVDLSgNBEOz1GeMr6tHLYBA8hV0N6jHgxWME84BkCbOT3mTM7OwyMyuEEPDi3av+gjfx6of4B36Gs0kOJrGgoajqnu6pIBFcG9f9dlZW19Y3NnNb+e2d3b39wsFhXcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASDm8xvPKLSPJb3ZpigH9Ge5CFn1FipLtoCyUWnUHRL7gRkmXgzUoQZqp3CT7sbszRCaZigWrc8NzH+iCrDmcBxvp1qTCgb0B62LJU0Qu2PJteOyalVuiSMlS1pyET9OzGikdbDKLCdETV9vehl4n9eKzXhtT/iMkkNSjZdFKaCmJhkXyddrpAZMbSEMsXtrYT1qaLM2IDmtmRvKx3qcd5G4y0GsUzq5yXvslS+KxcrladpSDk4hhM4Aw+uoAK3UIUaMHiAF3iFN+fZeXc+nM9p64ozC/YI5uB8/QK8TZiM</latexit>

l  3

➡ Ingredients are of geometric origin (periods, intersection pairing, 
initial condition from mirror symmetry).

Banana integrals



Banana integrals in 2D

<latexit sha1_base64="+gDyYhiiyRAYy3R/AXPr62D98oc=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG5cV7APaoWQymTY2kwxJplCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgoQzbVz32ymsrW9sbhW3Szu7e/sH5cOjppapIrRBJJeqHWBNORO0YZjhtJ0oiuOA01YwvM391ogqzaR4MOOE+jHuCxYxgo2Vmt1RKI3ulStu1Z0CrRJvTiowR71X/umGkqQxFYZwrHXHcxPjZ1gZRjidlLqppgkmQ9ynHUsFjqn2s+m1E3RmlRBFUtkSBk3VvxMZjrUex4HtjLEZ6GUvF//zOqmJbvyMiSQ1VJDZoijlyEiUfx2FTFFi+NgSTBSztyIywAoTYwNa2JK/rXSkJyUbjbccxCppXlS9q+rl/WWlVnuahVSEEziFc/DgGmpwB3VoAIFHeIFXeHOenXfnw/mctRacebDHsADn6xe9BJks</latexit>...

<latexit sha1_base64="+gDyYhiiyRAYy3R/AXPr62D98oc=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG5cV7APaoWQymTY2kwxJplCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgoQzbVz32ymsrW9sbhW3Szu7e/sH5cOjppapIrRBJJeqHWBNORO0YZjhtJ0oiuOA01YwvM391ogqzaR4MOOE+jHuCxYxgo2Vmt1RKI3ulStu1Z0CrRJvTiowR71X/umGkqQxFYZwrHXHcxPjZ1gZRjidlLqppgkmQ9ynHUsFjqn2s+m1E3RmlRBFUtkSBk3VvxMZjrUex4HtjLEZ6GUvF//zOqmJbvyMiSQ1VJDZoijlyEiUfx2FTFFi+NgSTBSztyIywAoTYwNa2JK/rXSkJyUbjbccxCppXlS9q+rl/WWlVnuahVSEEziFc/DgGmpwB3VoAIFHeIFXeHOenXfnw/mctRacebDHsADn6xe9BJks</latexit>...

<latexit sha1_base64="YMksOx8+VubHD5fmAZQccoBn19o=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4TMA9IQpid9CZDZnaXmVkhLIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z7yY8G1cd1vJ7e1vbO7l98vHBweHZ8UT8+aOkoUwwaLRKTaPtUoeIgNw43AdqyQSl9gyx8/ZH7rGZXmUfhkJjH2JB2GPOCMGivVZb9YcsvuHGSTeEtSgiVq/eJPdxCxRGJomKBadzw3Nr2UKsOZwGmhm2iMKRvTIXYsDalE3Uvnh07JlVUGJIiUrdCQufp3IqVS64n0baekZqTXvUz8z+skJrjvpTyME4MhWywKEkFMRLJfkwFXyIyYWEKZ4vZWwkZUUWZsNitbsreVDvS0YKPx1oPYJM2bsndbrtQrpWp1tggpDxdwCdfgwR1U4RFq0AAGCC/wCm/OzHl3PpzPRWvOWQZ7Ditwvn4BmAqW2w==</latexit>m

<latexit sha1_base64="YMksOx8+VubHD5fmAZQccoBn19o=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4TMA9IQpid9CZDZnaXmVkhLIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z7yY8G1cd1vJ7e1vbO7l98vHBweHZ8UT8+aOkoUwwaLRKTaPtUoeIgNw43AdqyQSl9gyx8/ZH7rGZXmUfhkJjH2JB2GPOCMGivVZb9YcsvuHGSTeEtSgiVq/eJPdxCxRGJomKBadzw3Nr2UKsOZwGmhm2iMKRvTIXYsDalE3Uvnh07JlVUGJIiUrdCQufp3IqVS64n0baekZqTXvUz8z+skJrjvpTyME4MhWywKEkFMRLJfkwFXyIyYWEKZ4vZWwkZUUWZsNitbsreVDvS0YKPx1oPYJM2bsndbrtQrpWp1tggpDxdwCdfgwR1U4RFq0AAGCC/wCm/OzHl3PpzPRWvOWQZ7Ditwvn4BmAqW2w==</latexit>m

<latexit sha1_base64="YMksOx8+VubHD5fmAZQccoBn19o=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4TMA9IQpid9CZDZnaXmVkhLIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z7yY8G1cd1vJ7e1vbO7l98vHBweHZ8UT8+aOkoUwwaLRKTaPtUoeIgNw43AdqyQSl9gyx8/ZH7rGZXmUfhkJjH2JB2GPOCMGivVZb9YcsvuHGSTeEtSgiVq/eJPdxCxRGJomKBadzw3Nr2UKsOZwGmhm2iMKRvTIXYsDalE3Uvnh07JlVUGJIiUrdCQufp3IqVS64n0baekZqTXvUz8z+skJrjvpTyME4MhWywKEkFMRLJfkwFXyIyYWEKZ4vZWwkZUUWZsNitbsreVDvS0YKPx1oPYJM2bsndbrtQrpWp1tggpDxdwCdfgwR1U4RFq0AAGCC/wCm/OzHl3PpzPRWvOWQZ7Ditwvn4BmAqW2w==</latexit>m

<latexit sha1_base64="YMksOx8+VubHD5fmAZQccoBn19o=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4TMA9IQpid9CZDZnaXmVkhLIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z7yY8G1cd1vJ7e1vbO7l98vHBweHZ8UT8+aOkoUwwaLRKTaPtUoeIgNw43AdqyQSl9gyx8/ZH7rGZXmUfhkJjH2JB2GPOCMGivVZb9YcsvuHGSTeEtSgiVq/eJPdxCxRGJomKBadzw3Nr2UKsOZwGmhm2iMKRvTIXYsDalE3Uvnh07JlVUGJIiUrdCQufp3IqVS64n0baekZqTXvUz8z+skJrjvpTyME4MhWywKEkFMRLJfkwFXyIyYWEKZ4vZWwkZUUWZsNitbsreVDvS0YKPx1oPYJM2bsndbrtQrpWp1tggpDxdwCdfgwR1U4RFq0AAGCC/wCm/OzHl3PpzPRWvOWQZ7Ditwvn4BmAqW2w==</latexit>m

<latexit sha1_base64="YMksOx8+VubHD5fmAZQccoBn19o=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4TMA9IQpid9CZDZnaXmVkhLIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z7yY8G1cd1vJ7e1vbO7l98vHBweHZ8UT8+aOkoUwwaLRKTaPtUoeIgNw43AdqyQSl9gyx8/ZH7rGZXmUfhkJjH2JB2GPOCMGivVZb9YcsvuHGSTeEtSgiVq/eJPdxCxRGJomKBadzw3Nr2UKsOZwGmhm2iMKRvTIXYsDalE3Uvnh07JlVUGJIiUrdCQufp3IqVS64n0baekZqTXvUz8z+skJrjvpTyME4MhWywKEkFMRLJfkwFXyIyYWEKZ4vZWwkZUUWZsNitbsreVDvS0YKPx1oPYJM2bsndbrtQrpWp1tggpDxdwCdfgwR1U4RFq0AAGCC/wCm/OzHl3PpzPRWvOWQZ7Ditwvn4BmAqW2w==</latexit>m

Riemann sphere

Elliptic curve

K3 surface
~ “elliptic x elliptic” 

(only here!)

<latexit sha1_base64="hazYiagp0EU1pMBL+MLcU41Fl7A="></latexit>

⇠ zp
1� 4z

Z z

0

dz0

z0
p
1� 4z0

<latexit sha1_base64="YX8FLB1xnGlXkgLPS1qpyGG6oEU="></latexit>

⇠ h1(⌧)

Z ⌧

i1

d⌧ 0

2⇡i
h3(⌧

0) ⌧ 0

<latexit sha1_base64="0ITRfjwGS51YcdiPYskS0XtHqu4="></latexit>

⇠ h2(⌧)

Z ⌧

i1

d⌧ 0

2⇡i
h4(⌧

0) ⌧ 02

Calabi-Yau 
-fold

<latexit sha1_base64="HVgV111DNYxCSs21+8J7c9k4k/g=">AAACAnicdVDLSsNAFL2pr1pfVZduBotQF5ZEUh+7ghuXFUxbaEOZTCft0MmDmYlQQsGFe7f6C+7ErT/iH/gZTpoKVvTAwOGcO/dxvJgzqUzzwygsLa+srhXXSxubW9s75d29lowSQahDIh6Jjocl5SykjmKK004sKA48Ttve+Crz23dUSBaFt2oSUzfAw5D5jGClJafKT6zjfrli1swZUE7sjNiXdt2sI2tuVWCOZr/82RtEJAloqAjHUnYtM1ZuioVihNNpqZdIGmMyxkPa1TTEAZVuOlt2io60MkB+JPQLFZqpP3+kOJByEni6MsBqJH97mfiX102Uf+GmLIwTRUOSD/ITjlSEssvRgAlKFJ9ogolgeldERlhgonQ+C1Oy3kL6clrS0Xzfj/4nrdOadVazb+xKo3Gfh1SEAziEKlhwDg24hiY4QIDBIzzBs/FgvBivxlteWjDmwe7DAoz3L3PQl9A=</latexit>

(l � 1)

<latexit sha1_base64="pu+eA0xUS0KYSg9sbTWYYWt3E8c="></latexit>

⇠ ⇧l(z)
T⌃l

Z z

~10

dw

w2
⇧l(w)



• The three-loop case is special!

• The geometry is a 1-parameter family of K3 surfaces (=CY 2-folds).

➡ We get the same class of functions as at 2 loops!

3-loop banana integral

• The Picard-Fuchs operator       has degree 3, but it is the 
symmetric square of       (after a suitable change of variables).

<latexit sha1_base64="5tWNPCZPUeo/vNXtn5k3ExD9+Ao=">AAACC3icbVDLSsNAFL2prxpfVZduBovgqiRa1GXBjQsXFewD2lgm00k7dDIJMxOhhIA/4N6t/oI7cetH+Ad+hpO2C9t6YOBwzp17D8ePOVPacb6twsrq2vpGcdPe2t7Z3SvtHzRVlEhCGyTikWz7WFHOBG1opjltx5Li0Oe05Y+uc7/1SKVikbjX45h6IR4IFjCCtZEe7G6I9ZBgnt5mvfNeqexUnAnQMnFnpAwz1Huln24/IklIhSYcK9VxnVh7KZaaEU4zu5soGmMywgPaMVTgkCovnaTO0IlR+iiIpHlCo4n690eKQ6XGoW8m85Bq0cvF/7xOooMrL2UiTjQVZHooSDjSEcorQH0mKdF8bAgmkpmsiAyxxESbouau5LulClRmm2rcxSKWSfOs4l5UqnfVcq32NC2pCEdwDKfgwiXU4Abq0AACEl7gFd6sZ+vd+rA+p6MFa1bsIczB+voFEHecBg==</latexit>

L3
<latexit sha1_base64="kGxja1htbLQ9bJ6V7W860dFJmxY=">AAACC3icbVDLSsNAFL2prxpfVZduBovgqiSlqMuCGxcuKtgHtLFMppN26GQSZiZCCQF/wL1b/QV34taP8A/8DCdtF7b1wMDhnDv3Ho4fc6a043xbhbX1jc2t4ra9s7u3f1A6PGqpKJGENknEI9nxsaKcCdrUTHPaiSXFoc9p2x9f5377kUrFInGvJzH1QjwULGAEayM92L0Q6xHBPL3N+tV+qexUnCnQKnHnpAxzNPqln94gIklIhSYcK9V1nVh7KZaaEU4zu5coGmMyxkPaNVTgkCovnabO0JlRBiiIpHlCo6n690eKQ6UmoW8m85Bq2cvF/7xuooMrL2UiTjQVZHYoSDjSEcorQAMmKdF8YggmkpmsiIywxESbohau5LulClRmm2rc5SJWSatacS8qtbtauV5/mpVUhBM4hXNw4RLqcAMNaAIBCS/wCm/Ws/VufVifs9GCNS/2GBZgff0CDt2cBQ==</latexit>

L2

➡ Solution of      are products of 2 solutions of      :
<latexit sha1_base64="5tWNPCZPUeo/vNXtn5k3ExD9+Ao=">AAACC3icbVDLSsNAFL2prxpfVZduBovgqiRa1GXBjQsXFewD2lgm00k7dDIJMxOhhIA/4N6t/oI7cetH+Ad+hpO2C9t6YOBwzp17D8ePOVPacb6twsrq2vpGcdPe2t7Z3SvtHzRVlEhCGyTikWz7WFHOBG1opjltx5Li0Oe05Y+uc7/1SKVikbjX45h6IR4IFjCCtZEe7G6I9ZBgnt5mvfNeqexUnAnQMnFnpAwz1Huln24/IklIhSYcK9VxnVh7KZaaEU4zu5soGmMywgPaMVTgkCovnaTO0IlR+iiIpHlCo4n690eKQ6XGoW8m85Bq0cvF/7xOooMrL2UiTjQVZHooSDjSEcorQH0mKdF8bAgmkpmsiAyxxESbouau5LulClRmm2rcxSKWSfOs4l5UqnfVcq32NC2pCEdwDKfgwiXU4Abq0AACEl7gFd6sZ+vd+rA+p6MFa1bsIczB+voFEHecBg==</latexit>

L3
<latexit sha1_base64="kGxja1htbLQ9bJ6V7W860dFJmxY=">AAACC3icbVDLSsNAFL2prxpfVZduBovgqiSlqMuCGxcuKtgHtLFMppN26GQSZiZCCQF/wL1b/QV34taP8A/8DCdtF7b1wMDhnDv3Ho4fc6a043xbhbX1jc2t4ra9s7u3f1A6PGqpKJGENknEI9nxsaKcCdrUTHPaiSXFoc9p2x9f5377kUrFInGvJzH1QjwULGAEayM92L0Q6xHBPL3N+tV+qexUnCnQKnHnpAxzNPqln94gIklIhSYcK9V1nVh7KZaaEU4zu5coGmMyxkPaNVTgkCovnabO0JlRBiiIpHlCo6n690eKQ6UmoW8m85Bq2cvF/7xuooMrL2UiTjQVZHYoSDjSEcorQAMmKdF8YggmkpmsiIywxESbohau5LulClRmm2rc5SJWSatacS8qtbtauV5/mpVUhBM4hXNw4RLqcAMNaAIBCS/wCm/Ws/VufVifs9GCNS/2GBZgff0CDt2cBQ==</latexit>

L2

[Verrill; Bloch, Kerr, Vanhove; Amadeo, Primo]

<latexit sha1_base64="0SwrrVKlJTIuZIvY+fQSBKpTy4U="></latexit>�
⇧3,1,⇧3,2,⇧3,3

�
⇠

�
⇧2

2,1,⇧2,1⇧2,2,⇧
2
2,2

�

Modular forms

➡ One can check this explicitly for 
• This is only true at 3 loops in 2D for equal masses!

<latexit sha1_base64="Sq7s/+GzkhHO49lpJk9n/HkSu2s=">AAACCnicbZDLSsNAFIYn9VbrrerSzWARXJSSSL1shIIblxXsBdpQJpNJO3SSiTMnQgkFH8C9W30Fd+LWl/ANfAwnbRe29YeBn/+cOefwebHgGmz728qtrK6tb+Q3C1vbO7t7xf2DppaJoqxBpZCq7RHNBI9YAzgI1o4VI6EnWMsb3mT11iNTmsvoHkYxc0PSj3jAKQETuQVxXS2fl7vCl6B7xZJdsSfCy8aZmRKaqd4r/nR9SZOQRUAF0brj2DG4KVHAqWDjQjfRLCZ0SPqsY2xEQqbddHL0GJ+YxMeBVOZFgCfp3x8pCbUehZ7pDAkM9GItC/+rdRIIrtyUR3ECLKLTRUEiMEicEcA+V4yCGBlDqOLmVkwHRBEKhtPclmy20oEeFwwaZxHEsmmeVZyLSvWuWqrVnqaQ8ugIHaNT5KBLVEO3qI4aiKIH9IJe0Zv1bL1bH9bntDVnzcAeojlZX78RT5rc</latexit>

l = 4, 5, . . .



• Question 1: What about                    ?

Interesting questions
<latexit sha1_base64="4uE38sXt8QQJdBl8H+gNntbH2ao=">AAACCnicbZDLSgMxFIYz9VbrrerSTbAIbiwzpagboaALlxXsBdqhZNIzbWgmGZOMUErBB3DvVl/Bnbj1JXwDH8NM24Vt/SHw85+Tcw5fEHOmjet+O5mV1bX1jexmbmt7Z3cvv39Q1zJRFGpUcqmaAdHAmYCaYYZDM1ZAooBDIxhcp/XGIyjNpLg3wxj8iPQECxklxkb+zVXprNSGWDMuRSdfcIvuRHjZeDNTQDNVO/mfdlfSJAJhKCdatzw3Nv6IKMMoh3GunWiICR2QHrSsFSQC7Y8mR4/xiU26OJTKPmHwJP37Y0QirYdRYDsjYvp6sZaG/9VaiQkv/RETcWJA0OmiMOHYSJwSwF2mgBo+tIZQxeytmPaJItRYTnNb0tlKh3qcs2i8RRDLpl4qeufF8l25UKk8TSFl0RE6RqfIQxeogm5RFdUQRQ/oBb2iN+fZeXc+nM9pa8aZgT1Ec3K+fgHLBJtO</latexit>

D = 2� 2✏

➡ We can get the differential equations and the initial 
conditions for arbitrary loops. [Bönisch, CD, Fischbach Klemm, Nega] 

➡ We can write down similar all-loop formulas for higher 
terms in the expansion.

➡ We get iterated integrals involving Calabi-Yau periods, 
and their derivatives.

<latexit sha1_base64="KHgVXmQTMLGmegEh5zuKpvUZgpc="></latexit>

@zLl(z, ✏) = eBl(z, ✏)Ll(z, ✏) + eN l(z, ✏)

<latexit sha1_base64="JEfRTfLvC2rD+814Qmg0pR+4luo="></latexit>

eBl(z, ✏) = Wl(z)
�1[Bl(z, ✏)�Bl,0(z)]Wl(z)

<latexit sha1_base64="l3LDhEZnu2U7EhnxEiEZb+6XhDY="></latexit>

eN l(z, ✏) = Wl(z)
�1N l(z, ✏)

<latexit sha1_base64="L25zBQ/CUOw0sD923aRJGWiPrjk=">AAACFXicbVDLSgMxFM34rPU1KrhxEyxC3ZQZKepGKLhxZwX7gM5QMmmmDc0kQ5IRyjjgX7h3q7/gTty69g/8DDNtF7b1QOBwzs29hxPEjCrtON/W0vLK6tp6YaO4ubW9s2vv7TeVSCQmDSyYkO0AKcIoJw1NNSPtWBIUBYy0guF17rceiFRU8Hs9iokfoT6nIcVIG6lrH155EdIDjFh6m5U9EivKBD/t2iWn4owBF4k7JSUwRb1r/3g9gZOIcI0ZUqrjOrH2UyQ1xYxkRS9RJEZ4iPqkYyhHEVF+Os6fwROj9GAopHlcw7H690eKIqVGUWAm87Bq3svF/7xOosNLP6U8TjTheHIoTBjUAuZlwB6VBGs2MgRhSU1WiAdIIqxNZTNX8t1ShSormmrc+SIWSfOs4p5XqnfVUq32NCmpAI7AMSgDF1yAGrgBddAAGDyCF/AK3qxn6936sD4no0vWtNgDMAPr6xczPZ/S</latexit>

= O(✏)

bilinear in periods

linear in periods



Example: 
• The resulting integrals may even be structurally different.

<latexit sha1_base64="7brDHhQqkElMXiQ2uYZeB8Rm3bg=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48RzAOSJcxOepMhs7PLzKwQloA37171F7yJV7/DP/AznE1yMIkFDUVV93RPBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbnO/9YhK81g+mHGCfkQHkoecUWOldhcTzUUse+WKW3WnIKvEm5MKzFHvlX+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n03vnZAzq/RJGCtb0pCp+ncio5HW4yiwnRE1Q73s5eJ/Xic14Y2fcZmkBiWbLQpTQUxM8s+TPlfIjBhbQpni9lbChlRRZmxEC1vyt5UO9aRko/GWg1glzYuqd1W9vL+s1GpPs5CKcAKncA4eXEMN7qAODWAg4AVe4c15dt6dD+dz1lpw5sEewwKcr19P7poK</latexit>✏
➡ At 2 loops we get iterated integrals of Eisenstein series  

for          , to all orders in   . 
<latexit sha1_base64="jVW8s7pWaiVOTCubWGSuTr8YtPM=">AAACCHicbVDLSgMxFM34rPVVdekmWIS6KTNSqsuCC11WsA+YDuVOmmlDk8mQZIRSCq7du9VfcCdu/Qv/wM8w03ZhWw9cOJxzb+7NCRPOtHHdb2dtfWNzazu3k9/d2z84LBwdN7VMFaENIrlU7RA05SymDcMMp+1EURAhp61weJP5rUeqNJPxgxklNBDQj1nECBgr+Z1bEAK6Xql60S0U3bI7BV4l3pwU0Rz1buGn05MkFTQ2hIPWvucmJhiDMoxwOsl3Uk0TIEPoU9/SGATVwXh68gSfW6WHI6lsxQZP1b8TYxBaj0RoOwWYgV72MvE/z09NdB2MWZykhsZktihKOTYSZ//HPaYoMXxkCRDF7K2YDEABMTalhS3Z20pHepK30XjLQayS5mXZq5Yr95VirfY0CymHTtEZKiEPXaEaukN11EAESfSCXtGb8+y8Ox/O56x1zZkHe4IW4Hz9AsbOmig=</latexit>

�1(6)

➡ At 3 loops in 2D we get iterated integrals of Eisenstein 
series for          . 

<latexit sha1_base64="jVW8s7pWaiVOTCubWGSuTr8YtPM=">AAACCHicbVDLSgMxFM34rPVVdekmWIS6KTNSqsuCC11WsA+YDuVOmmlDk8mQZIRSCq7du9VfcCdu/Qv/wM8w03ZhWw9cOJxzb+7NCRPOtHHdb2dtfWNzazu3k9/d2z84LBwdN7VMFaENIrlU7RA05SymDcMMp+1EURAhp61weJP5rUeqNJPxgxklNBDQj1nECBgr+Z1bEAK6Xql60S0U3bI7BV4l3pwU0Rz1buGn05MkFTQ2hIPWvucmJhiDMoxwOsl3Uk0TIEPoU9/SGATVwXh68gSfW6WHI6lsxQZP1b8TYxBaj0RoOwWYgV72MvE/z09NdB2MWZykhsZktihKOTYSZ//HPaYoMXxkCRDF7K2YDEABMTalhS3Z20pHepK30XjLQayS5mXZq5Yr95VirfY0CymHTtEZKiEPXaEaukN11EAESfSCXtGb8+y8Ox/O56x1zZkHe4IW4Hz9AsbOmig=</latexit>

�1(6)

➡ At 3 loops we get iterated integrals of meromorphic 
modular forms for          , to all order in   . 

<latexit sha1_base64="jVW8s7pWaiVOTCubWGSuTr8YtPM=">AAACCHicbVDLSgMxFM34rPVVdekmWIS6KTNSqsuCC11WsA+YDuVOmmlDk8mQZIRSCq7du9VfcCdu/Qv/wM8w03ZhWw9cOJxzb+7NCRPOtHHdb2dtfWNzazu3k9/d2z84LBwdN7VMFaENIrlU7RA05SymDcMMp+1EURAhp61weJP5rUeqNJPxgxklNBDQj1nECBgr+Z1bEAK6Xql60S0U3bI7BV4l3pwU0Rz1buGn05MkFTQ2hIPWvucmJhiDMoxwOsl3Uk0TIEPoU9/SGATVwXh68gSfW6WHI6lsxQZP1b8TYxBaj0RoOwWYgV72MvE/z09NdB2MWZykhsZktihKOTYSZ//HPaYoMXxkCRDF7K2YDEABMTalhS3Z20pHepK30XjLQayS5mXZq5Yr95VirfY0CymHTtEZKiEPXaEaukN11EAESfSCXtGb8+y8Ox/O56x1zZkHe4IW4Hz9AsbOmig=</latexit>

�1(6)
<latexit sha1_base64="7brDHhQqkElMXiQ2uYZeB8Rm3bg=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48RzAOSJcxOepMhs7PLzKwQloA37171F7yJV7/DP/AznE1yMIkFDUVV93RPBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbnO/9YhK81g+mHGCfkQHkoecUWOldhcTzUUse+WKW3WnIKvEm5MKzFHvlX+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n03vnZAzq/RJGCtb0pCp+ncio5HW4yiwnRE1Q73s5eJ/Xic14Y2fcZmkBiWbLQpTQUxM8s+TPlfIjBhbQpni9lbChlRRZmxEC1vyt5UO9aRko/GWg1glzYuqd1W9vL+s1GpPs5CKcAKncA4eXEMN7qAODWAg4AVe4c15dt6dD+dz1lpw5sEewwKcr19P7poK</latexit>✏

[Adams, Weinzierl] 

[Bloch, Kerr, Vanhove; Brödel, CD, Dulat, Penante, Tancredi] 

[Brödel, CD, Matthes, to appear] 

• Iterated integrals of meromorphic modular forms for              
were very recently (2021!) introduced by Nils Matthes.  

<latexit sha1_base64="rT/J78ZZuNL4GMOM3yjRE9eIiMc=">AAACGHicbZC7TsMwFIadcivlFmBCLBEVUlmqpKqAsRILA0MR9CKaqHJcp7XqXGSfIKoogudgZ4VXYEOsbLwBj4HTdqAtR7L06/+PfY4/N+JMgml+a7ml5ZXVtfx6YWNza3tH391ryjAWhDZIyEPRdrGknAW0AQw4bUeCYt/ltOUOL7K8dU+FZGFwC6OIOj7uB8xjBIOyuvqBDfQBhJ/cXKXdSsn2MQxcN7lLT7p60Syb4zIWhTUVRTStelf/sXshiX0aAOFYyo5lRuAkWAAjnKYFO5Y0wmSI+7SjZIB9Kp1k/IXUOFZOz/BCoU4Axtj9eyPBvpQj31Wd2YpyPsvM/7JODN65k7AgioEGZDLIi7kBoZHxMHpMUAJ8pAQmgqldDTLAAhNQ1GamZG8L6cm0oNBY8yAWRbNStk7L1etqsVZ7mkDKo0N0hErIQmeohi5RHTUQQY/oBb2iN+1Ze9c+tM9Ja06bgt1HM6V9/QKu06Ek</latexit>

SL2(Z)

<latexit sha1_base64="oztmWY0eu5zRvNpoXXPP08w4BNU="></latexit>

� ✓ SL2(Z)➡ The theory can be generalised to subgroups                         
(where      has genus 0)

<latexit sha1_base64="aFPUgfEEB+tXIvaJxl1YWAYOoUQ=">AAACA3icdVDLSgMxFM3UV62vqks3wSK4Gma0D90VXOiygn1AO5RMmmljk8yQZIQyFNy4d6u/4E7c+iH+gZ9hZlrBih4IHM65uY/jR4wq7TgfVm5peWV1Lb9e2Njc2t4p7u61VBhLTJo4ZKHs+EgRRgVpaqoZ6USSIO4z0vbHF6nfviNS0VDc6ElEPI6GggYUI22kVu8ScY76xZJjlyuV6rkDU+KcVmsZqbhGcW0nQwnM0egXP3uDEMecCI0ZUqrrOpH2EiQ1xYxMC71YkQjhMRqSrqECcaK8JNt2Co+MMoBBKM0TGmbqzx8J4kpNuG8qOdIj9dtLxb+8bqyDMy+hIoo1EXg2KIgZ1CFMT4cDKgnWbGIIwpKaXSEeIYmwNgEtTEl7SxWoacFE830//J+0Tmy3apevy6V6/X4WUh4cgENwDFxQA3VwBRqgCTC4BY/gCTxbD9aL9Wq9zUpz1jzYfbAA6/0LuKWZLQ==</latexit>

� [Brödel, CD, Matthes, to appear] 

Interesting questions



• Question 2: Is there a unique Calabi-Yau variety attached to a 
Feynman integral, and what is it?

Interesting questions

➡ There are different families of Calabi-Yau varieties that 
describe the banana integrals:

where we defined ‹i = 1 + ”i and Ê :=
ql+1

i=1
‹i ≠ lD

2
≠ 1 + l‘ +

q
i ”i. The two Symanzik

polynomials for the banana graph are given by:

U =
A

l+1Ÿ

i=1

xi

B A
l+1ÿ

i=1

1
xi

B

=
l+1ÿ

i=1

l+1Ÿ

j=1

j ”=i

xj , (3.37)

F(p2, m2) = ≠p2

A
l+1Ÿ

i=1

xi

B

+
A

l+1ÿ

i=1

m2

i xi

B

U . (3.38)

The edge variables xi form a set of homogeneous coordinates for the projective space Pl,
and the l-real-dimensional integration domain ‡l is defined as:

‡l = {[x1 : . . . : xl+1] œ Pl | xi œ RØ0 for all 1 Æ i Æ l + 1} . (3.39)

Let us briefly illustrate how we can identify the Calabi-Yau geometry associated to
the l-loop banana graphs. Following ref. [71], a maximal cut of the banana integral in
D = 2 dimensions can be obtained by replacing the integration contour in eq. (3.39) by
the l-dimensional torus

T l := {[x1 : . . . : xl+1] œ Pl | |xi| = 1 for all 1 Æ i Æ l + 1} . (3.40)

Using the notation introduced in eq. (2.26), there is a cycle �T (in loop momentum space)
which corresponds to the cycle T l in Feynman parameter space, so that

J�T
l,0 (z; 0) =

⁄

T l

µl

F(1, z) =
⁄

T l≠1

j

“

µl

F(1, z) = 2fii
⁄

T l≠1

�l≠1(z) . (3.41)

Now we note that one S1 cycle of T l in eq. (3.41) can be identified with “ in eq. (3.19), so
that the resulting form �l≠1(z) can be identified as the holomorphic (l ≠ 1, 0)-form of the
Calabi-Yau hypersurface, defined as the vanishing locus

MHS

l≠1 = {x œ Pl|F(1, z; x) = 0} . (3.42)

This hypersurface geometry is singular in the physical sub-slice. Nevertheless all l residua
of the S1 contours in eq. (3.41) can be formally performed and one gets

J�T
l,0 (z; 0) = (2fii)l

Œÿ

n=0

ÿ

|k|=n

3
n

k1 . . . kl+1

4
2 l+1Ÿ

i=1

zki
i , (3.43)

with |k| =
ql+1

i=1
ki.

The period integral in eq. (3.41) is only one possible maximal cut of Jl,0(z; 0), and this
period can easily be evaluated explicitly (cf. eq. (3.43)), even in the singular geometry in
eq. (3.42). However, as we have seen in section 2, we would like to know the complete
Wronskian W(z), or equivalently the vector of period functions �(z), preferrably in an
integral basis that allows us to identify the periods with the maximal cuts. For this it is
convenient to have a smooth model. For example, the geometric invariants that enter the

– 30 –

‚�-class evaluation, can be properly defined only for a smooth model. In ref. [72] the smooth
model was obtained in eq. (3.42) by considering the reflexive Newton polytope associated to
eq. (3.38). The smooth model is a deformation of the singular configuration in eq. (3.38),
and its toric ambient space as well as its mirror manifold could then be obtained using
Batyrev’s toric mirror construction. For example, for the two-loop case (l = 2), this yields
the elliptic curve studied in ref. [78]. The three-loop integral geometry with ‰(MHS

2
) = 24

is a K3 with 9 complex structure deformations and a Picard group of rank 11. For the four-
loop integral one gets a Calabi-Yau threefold with Euler number ‰(MHS

3
) = 20, h21 = 16

and h11 = 26, while for the five-loop integral the Calabi-Yau fourfold has ‰(MHS
4

) = 540,
h31 = 25 and h11 = 57, h21 = 0 and h22 = 422. It is easy to see that the complex
structure deformations grow like hl≠2,1 = l2. Even though these complex deformations
grow much faster than the l + 1 physical parameters z, the GKZ system induced from the
toric ambient space and the large radius coordinates made it possible to construct from
the toric description of eq. (3.43) the Picard-Fuchs di�erential ideal in ref. [72] for three
and four loops, and for general masses in ref. [73]. This was done by restricting the GKZ
system to the physical sub-slice and determining the inhomogeneous term by an ansatz
confirmed by extensive numerical integration of eq. (3.36). Clearly, this method becomes
more cumbersome at higher loops, because the physical parameter space becomes an ever
tinier subspace in the complex moduli space of the higher-dimensional hypersurfaces in
eq. (3.42), with an even more redundant middle homology and cohomology.

A very elegant way to circumvent this problem was proposed in ref. [73]. One considers
the complete intersection of two polynomials of degree (1, . . . , 1) in

Pl+1 :=
l+1p

i=1

P1

(i) , (3.44)

i.e., we have

MCI

l≠1 =
I1

w(i)
1

: w(i)
2

2
œ P1

(i), ’i

----P1 :=
l+1ÿ

i=1

a(i)w(i)
1

+b(i)w(i)
2

=
l+1ÿ

i=1

c(i)w(i)
1

+d(i)w(i)
2

=:P2 =0
J

.

(3.45)
Such a complete intersection manifold in a product of manifolds is denoted in short as

MCI

l≠1 =

Q
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1
...

1
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__̂

__\
l + 1

R

ddb = Fl µ Pl+1 . (3.46)

To be a transversal complete intersection, i.e., dP1 · dP2 ”= 0 when P1 = P2 = 0, we have
to have det
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b

(i)

c
(i)

d
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4
”= 0 for all i = 1, . . . , l + 1. Moreover, on every P1

(i) there is a natural

SLi(2,C) action which allows one to eliminate three of the four deformation parameters
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➡ For          they are the same, but for higher    they are 
distinct (e.g., they have distinct Euler characteristic).
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F-polynomial from Feynman parameter integral

➡ But they do define the same Calabi-Yau motive!

➡ Calabi-Yau motive ~ linear subspace of a cohomology 
group (+other conditions).

[Bönisch, Fischbach Klemm, Nega, Safari] 



• Question 3: Which Feynman integrals can be attached to families 
of Calabi-Yau varieties/motives? All of them?

Interesting questions

➡ There are examples of Calabi-Yau motives that describe 
Riemann surfaces of higher genus.

➡ There are examples of Feynman integrals whose maximal 
cuts give rise to Riemann surfaces of genus          . 
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g > 1

➡ They cannot be Calabi-Yau varieties! (because they have         
holomorphic differentials)
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[Huang, Zhang; Hauenstein, Huang, Mehta, Zhang] 

• Interesting question for the future: Are the examples of higher-
genus curves from Feynman integrals associated to Calabi-Yau 
motives?



• After elliptic curves Calabi-Yau varieties are the next frontier.

Conclusions

➡ Compact analytic formula valid for arbitrary number of loops!

• Interesting questions for the future:

• We have shown how results from the elliptic case generalise 
nicely to all loops for equal-mass banana integrals.

➡ What about other integrals (e.g., with more scales)?

➡ Which integrals are associated to Calabi-Yau motives?

➡ What are the properties of the (iterated) integrals of 
Calabi-Yau periods?


