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e Feynman integrals 22

¥ Feynman integrals are the building blocks for multi-los
scattering amplitudes.

I Important both for collider and gravitational wave
phenomenology.

lo] ' ' See talks by S. Weinzierl,
¥ They exhibit a rich mathematical structur [See ko by  eirzler

I Connections to algebraic geometry, modular forms,E

¥ The understanding of the case of polylogarithms and ellj)
curves Is now relatively well advanced. (see talks by s. Weinzierl & C. Zhang]

I The spaces of special functions are (relatively) well
understood.



e Feynman integrals 22

¥ We know that elliptic curves are not the end of the sto

[Brown, Schnetz; Bloch, Kerr, Vanhove;
Bourjaily, He, McLeod, von Hippel,

I Also Calabi-Yau varieties appear. Wihelm; Bourjaily, McLeod, von Hippe!,
Wilhelm; Bourjaily, McLeod, Vergu, Volk,

[See talk by A. Klemm] von Hippel; Klemm, Nega, Safari;, BSnisch,
Fischbach, Klemm, Nega; E ]

¥ This case is still poorly explored and understo

¥ Goals of this talk

I Study the simplest examples of an inPnite familylof -loop
Integrals associated to Calabi-Yai! 1) -folds.

I Show how the geometric concepts generalise from the knov
elliptic cases to Calabi-Yau cases.

I Present an all-loop generalisation of known results for 3



Banana integrals in 2D #2¢
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[See talk by S. Weinzierl]
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7N
octp) Modular forms L

e o

. " o
¥ I'1 SlyZ)= 23 :ab,c,d" Z and det 25 =1
H={!1 C:Im! > 0}

¥ Modular function for T' :meromorphicfunctionf : H — C  s.t.

() = oo

cT + d

¥ Modular of weight & forT" holomorphicfunctionhy, : H — C  s.t.

“al +b

i cl +d

= (!l + d)hi(!)

[+ holomorphicity at the cusps]
[See talk by S. Weinzierl]



@ Differential equations 22

¥ Master integrals forl -loop equal-mass banands £ 2 — 2¢

Ji1(z5€) ~ ©— Jik(zi€) ~ 05 T 1 (25 €) 2<k<lI

¥ The vector of Mls satisbes a system of differential equatit

0:J)(2; €) = Bi(z;€) J,(z; €) + Ny(2, €)

Inhomogeneity from integrals
with fewer propagators

Rational matrix

#I
Bi(z;!) = Bjo(z)+ Bk (2)!¥

k=1
P

— | + WA Z !(1+ !)|0LT
Ni@ )= 0.0t )+ D % o T 1)




@ Differential equations 22

¥ Step 1:Solve the homogeneous system!at 0
"3/ (2) = Blo(@d; (2) ! L1J;1=0

| Solution space spanned by maximal cuts: __janeredh Primo;

Frellesvig, Papadopoulos;
Bosma, Larsen, Zhang]

Wi2) = 3'@),....3)' (2
¥ Step 2:Change basisJ,(z,!) = W (2)L,(z,!)
,L(z,") = Bi(z,")Ly(z,") + Ny(z,")

B|(Z1€) — W|(Z)_1[B|(Z,€) — Bl,O(Z)]W|(Z) — O(l)

— 11 .
&| (z,!')= W, (z)" "N,(z,!) Polynomial of degre¢! 1 ani
in the entries of W |(z)



@ Differential equations #&

¥ Step 3:The new system can easily be solved order by order in
| Example:! =0

. L
— I N ! Integrand involves polynomials of
L(z,0)= L,(0,0) + 0 dz'N,(z’, 0) degreel | 1 inthe entries &V (2)

= L,(0,0) + | Ldz!W|(z!)" IN,(z',0)
0

¥ Questions:
' What are the entries oW (z) ?

I What are their properties, relations, etc.?

I Why do we get modular forms for 2 (and 3) loops?

- What about the integrals we get?



2-lo0p banana integrals
and
elliptic curves
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octp) Elliptic curves v
¥ The 2-loop(equal-mass)banana @ ]

family is associated to @-parameter) _—< =
family of elliptic curves B @
| For everyz! CP' thereis T

a (possibly degenerate@lliptic - E,.
curve & . -\

¥ Elliptic curve: Riemann surface of genus 1 = Tor

I There Is a unigue holomorphic

differential 1-formd7X .
(( )) I Characterised by its periods:
!

dx d_x

y | Y




@ Picard-Fuchs equation 2

¥ Here: Periods will be functions ok
' «z-dependence governed ®icard-Fuchs equatior{! = z", ):

Lo! 1 (2)=0 Lo=(1! z)(1! 92)!%1 2(1! 5z)! +(1! 32)

I Same differential operator that annihilates maximal cuts!

I Maximal cuts at two-loop can be associated to the periods
the family of elliptic curves.

I Singular points ofL, :0,1/9,1,!

¥ We get multi-valued functions oX, = CP*\{ 0,1/9,1,! }

log z

1 (2)=21iz+0(z%) 1,(2)=" (25

+ ¢y 2% + O(23)



bctp) Monodromy group 22

¥ Analytic continuation around O

X 0 v (2) 1 1 !,(2)
2 v (z) 0O 1 1I.(2)

¥ We can compute such a matrix for every small loop aroun
singular poiNt(N.B. ToT 1T T, =1 )

11 10 72
To= ¢ 1 Ta= Tve= 118 15

I These matrices generate tim@onodromy groupof L,

[1(6) = { (24) € SLa(Z) : a,d =1 mod 6,c = 0 mod 6



bctp) Monodromy group 22

¥ Debne: 7= L5 (=) q= e =z +42° + O(2°)
| Can be inverted:z(7) = ¢ — 4¢° + O(¢°)

¥ Action of the monodromy group

al (z)+ b «(z) ar+b

T F =
cl,(z)+d -(z) cr+d
| al +b |
z() "z —5 =z(!)  Modular function for ! 1(6)

Modular form of

hi(P)="1,(z(t)F (c +d)hy(!) weight 1 for ! 1(6)



2-loop banana integral ¥

I

o ‘dz

il ! ! T !
N I ha(h) 2 ha(!)! ! L(2) !> ! o2 ' (z)
@ O @ @0 @)
=maximal cut of the sunrise - |
d! 20z lp= !01(1)

T 64(1! 2)(1! 92)!, (2)2

I Matches structure from differential equations:

J,(z,0)! W|(z)-04 dz'W(z) *N,(z,0)

I Also valid at 1-loop (and also 3-loop, but this is specialE

I 11 Z . Z 1 dz!
- 1# 4z , Z' 1# 47

Maximal cut; Monodromy group =2,




@ Summary: 2 loops  ¥¢

¥ Maximal cuts of J; 1 ¢ periods of the elliptic curve

¥ Maximal cuts are annihilated by Picard-Fuchs operatdr
' Monodromy group:! 1(6)
¥ Closetoz=0 : 1 holomorphic and 1 single-log solution:

1, (2)=21iz+ 0O(z%) ! ,(2)= !--(z)loziiz+ C, 2% + O(Z2%)
¥ General structure of the full Feynman integral.
I .y dz" "
L@ 5 L(2)

i !

¥ For 2 loops:Period is a modular form.



Higher-loop banana
Integrals
and
Calabi-Yau varieties
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@ Calabi-Yau varieties #°

¥ Thel -loop(equal-mass)pbanana family is characterised by a
parameter)family of Calabi-Yau (! 1 )-folds:

, ] ’ & CY22

¥ Calabi-Yaun -fold:n-dim. KShler manifold with a uniqu
holomorphic differentialin -form! (z)

| Characterised by its periods! (z) = (! 1(2),...,! ((2))'

Li(z) = " (2) |, = Basis of independent cycles.

I For the equal-mass banana:= | = #Mls



@ Picard-Fuchs equation 2

¥ The periods provide a basis for the maximal cuts in 2 dimensi:

¥ They are annihilated by the PF-operatdr; of degiee

. . BSnisch, Fischbach
| They can be constructed explicitly for all .  iemm Nega. Safari

S )
¥ Set of singular points " O := (1+11 2)2
j=0
¥ Structure of the solutionsclose toz = 0

1,1(2) = O(2) Lk (@)D 1 1(2) (k..l 1) log"' *z + O(z%)

' Point of maximal unipotent monodromyMUM-point).

I Not true for other singular points!

' (Expected to be)genuinely new transcendental functions.
I Can be evaluated in a fast and efbcient way for all




octp) General expectation %

¥ General expected forn

4 ! . .
| (Z)T' | dz ! (Z!) Linear In
©o IR TS the periods

Maximal cuts
11 1s uniquely determined from the geometry (must be
iInvariant under action of the monodromy group):

1
®
!|=% 1.1

[eg, Ml .M =1, forall ! SLy(Z) ]

¥ But it does not yet match what we (seem to) get from
differential equationskE.

l R "1 Polynomial of degree
(200" M 0 dz Wi(z) "N, (2.0) |1 1 in the periods

Maximal cuts



octp) Quadratic relations 2

¥ Are there relations among the period [See talk by A. Klemm]

L@ L@ @ (@)=0
M

I This I1s a quadratic relation among maximal cuts!

¥ Are there more of these relation

L@ L@ = @) (@)= 0
M

I This I1s a quadratic relation among maximal cuts of
different Mls.

¥ What is their origin? How can we Pnd these relatior



@ Grifbths transversality 22

¥ The cohomology grouH s (M) comes witiHadge Pltration

(n=11 1) .
ﬂ! F' 2\! F' 3|! aab F! FO=HIL(M)
| 1,012 112 A
P - Hapr"a HPY =cohomology class of p, g)-forms
ol gl 1" 1 e.g. dzy! aakhdz,! dm! aahkdg

¥ Grifbths transversality: !,FP! FP'?

o I‘dx_'dx - xdx
| cf. for the ellipticcase: 'z —=A —+B =~

' F* | F! | FO



Quadratic relations

L@ L@ ") " (@)=0
M=o, 0)1 (n, 0)

L@ z_|(Z)— () 1" (2)=0

M 06,001 (n" 1, 1)

L@ 2@ @ 1Y (@)= 0
M 06,01 (1,n" 1)
L@ L@ @ (@)= G
i O, 0) ! (0, n)(
—_ | 1
Ci(z) = 23 . (@ kz)




octp) Quadratic relations 2

¥ We obtain a matrix of quadratic relations among maximal cl

()" 2 IL(2) - I(2)" 200 ()
Zl(z): : :

\ LML, (2)T B 0 (2) -+ 0L (2)T 2, 0L ML (2)

— WZ(Z)EZWZ(Z)T
I All entries are explicitly calculable rational functions, e.g.,

=5 —10+64z 1 —20z 4 6427
Z3(z) "t = —10+642z —1+ 20z — 6422 0
1 — 20z + 6422 0 0

I We have searched for more quadratic relations, but we
could not Pnd any (for generie ).

I We conjecture that these are the only quadratic relations
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oct) Banana integrals 2

¥ It is now easy to show the
Wi(2)' ' =S Wi () Z)(2) !
I The inverse idinear in the periods

¥ Putting it all together, solution of the differential equation tak
the form:

@ =1L, @TLY +(1+1) (2 ) SV—V;’!_l(w)

] _ [BSnisch, CD, Fischbach
I Compact formula valid for arbitrary loops! Klemm, Negal

' We still need the Initial condition (related ta! 0 ):
L@ = LI(’O_{ ..... Lfﬁ)))T



Banana integrals ~ ®2¢

@ = L@TLO (L@ SV—VZV!_mw)

¥ The initial condition can be obtained as a generating series L
teChniqueS fr()m mirror Symmetry: [BSnisch, Fischbach Klemm, Nega, Safari]

!’ (1! %)
0) — | I Xk =1 - .

¥ Compact analytic formula for arbitrary number of loog

I Integrals that appear In it are the natural generalisation
the integrals for| ! 3

I Ingredients are of geometric origimeriods, intersection pairing,
initial condition from mirror symmetry)



Banana integrals in 2D #2¢

ya e dz’
Riemann sphere | = !
. P 1#dz o 22 1F 47

I

g

O Elliptic curve hy()  hg(t)!
| |
_ K3 surface , SRR -
—@— ~ Oelliptic x ellipticO ! hy(!) ——ha(!)! 7
(only herel!) i 20
- “dw
Calabi-Yau L (@2 —1 (W)
(I 1)-fold 1, W



@ 3-loop banana integral ¥

¥ The three-loop case is speci

¥ The geometry is a 1-parameter family of K3 surfacesy 2-folds).

¥ The Picard-Fuchs operatoL; has degree 3, but it is
symmetric square ol , (after a suitable change of variables)

[Verrill; Bloch, Kerr, Vanhove; Amadeo, Primo]

I Solution ofL3 are products of 2 solutions bt

1 1 2 | | 2
3,3 - 2.1 2,1 2,2, 22

Modular forms

| l 35,1

- 3,1y -

I We get the same class of functions as at 2 loop:

¥ This isonly true at 3 loops in 2D for equal masse

I One can check this explicitly fot = 4,5, ...
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¥ Question X What aboutD =2 ! 2!

I We can get the differential equations and the initial
conditions for arbitrary loops. [B3nisch, CD, Fischbach Klemm, Negal

Il We can write down similar all-loop formulas for higher
terms In the expansion.

Il We getiteratedintegrals involving Calabi-Yau periods,
and their derivatives.

| ZLl (21") - B|(21")LI(Z1") + & (21")
&|(Z, = W,(2)' 'N,(z,!) linear in periods

Bi(z,€) = W (2) '[Bi(z,€) — By,0(2)]W(2) = O(!)

bilinear in periods
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®  Interesting questions P&

¥ The resulting integrals may even be structurally differen
Example;

At 2 loops we get iterated integrals of Eisenstein series
for ! 1(6) , to all orders in . [Adams, Weinzier|

I At 31loops in 2Dwe get iterated integrals of Eisenstein
series for! 1(6) _ [Bloch, Kerr, Vanhove; Brédel, CD, Dulat, Penante, Tancredi]

I At 3 loops we get iterated integrals afieromorphic
modular formsfor ! 1(6) , to all order In [8rsdel, cD, Matthes, to appear]

¥ lterated integrals of meromorphic modular forms f&L,(2)
were very recently (2021!) introduced by Nils Matthes.

I The theory can be generalised to subgroups SL,(Z)

|
(Where ! has genus O) [Brsdel, CD, Matthes, to appear]
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¥ Question 2 Is there a unique Calabi-Yau variety attached t
Feynman integral, and what Is It?

I There are different families of Calabi-Yau varieties that
describe the banana integrals: [B3nisch, Fischbach Klemm, Nega, Safari]

M @'Sl {x" P IBE(E;Z3X) =0}  F-polynomial from Feynman parameter integral
$

s % R (
ME= wi)swy) LR i aOwlH 0wy = cOwl + dOwy) =:P,=0
i=1 =1
' For| =2 they are the same, but for highker they are
distinct (e.g., they have distinct Euler characteristic)

| But they do debne the santéalabi-Yau motive

I Calabl-Yau motive ~ linear subspace of a cohomology
group (+other conditions)
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®  Interesting questions &

¥ Question 3 Which Feynman integrals can be attached to fami
of Calabi-Yau varieties/motives? All of them?

I There are examples of Feynman integrals whose maxir
cuts give rise to Riemann surfaces of gerqs 1

[Huang, Zhang; Hauenstein, Huang, Mehta, Zhang]

I They cannot be Calabi-Yawarietied (because they haveg > 1
holomorphic differentials)

I There are examples of Calabi-Yauotivesthat describe
Riemann surfaces of higher genus.

¥ Interesting question for the futureAre the examples of highe

genus curves from Feynman integrals associated to Calabi
motives?



7 \N .
@ Conclusions L

¥ After elliptic curves Calabi-Yau varieties are the next fronti

¥ We have shown how results from the elliptic case gener:
nicely to all loops for equal-mass banana integrals.

I Compact analytic formula valid for arbitrary number of loop:

¥ Interesting questions for the futur

' What about other integrals (e.g., with more scales)?
I Which integrals are associated to Calabi-Yau motives’

I What are the properties of the (iterated) integrals of
Calabi-Yau periods?



