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Introduction

» Since its discovery, color-kinematics duality and double copy have been
receiving renewed interests and wider applications in flat space amplitudes
[Talks by Carrasco, Cheung, Elvang, Keeler, Paranjape, Puhm, Vazquez-Holm]

» On more generic background spacetime,

scattering amplitudes — boundary correlators

Adamo, Casali, llderton,

Mason, Nekovar, Sharma

Alday, Behan, Ferrero, Zhou

Albayrak, Kharel, Meltzer

Armstrong, Farrow, Gomez, Jusinskas,
Lipstein, Mei, McFadden

Eberhardt, Komatsu, Mizera

Roehrig, Skinner

» Among others, anti-de Sitter (AdS) background is of particular interests:
o Maximally symmetric: SO(d+1,1) for AdSq+1
° AdS/CFT correspondence Maldacena, 9711200
» This work: we study non-trivial differential relations among position space
(color-ordered) AdS boundary correlators, as well as their connection to
C-K duality and double copy



Main goal

We propose a C-K dual for color-dressed boundary correlators,

1 ~ %_Dd,d,...,d
A=Y ¢, Hﬁ% NyDyg,...a

cubic g Ieg contact Witten diagram;

" AdS analog of §(p)

where the “kinematic numerators” satisfy the operator Jacobi identity

N,+ N, +N, =0

Consequently, the color-ordered boundary correlators satisfy the differential
BCJ relations

D%j = D; - Dj and D; is a conformal generator

n—1 J
0=D%A(L2,...,n)+ Y (D%Z+ZD§j)A(1,3,...,j,2,j+1,...,n)
=3 k=3

NLSM: both the C-K dual form and BCJ relations verified up to six points for arbitrary d
YM: differential BCJ relations verified at four points for d = 4



Embedd|ng SPACE (linearize the action of the symmetry group)

» AdSg+1 can be realized as a hypersurface in R
(XO)2 + (X1)2 R (Xd)2 o (Xd+1)2 _ 7R2
» Consider bulk point X* = (X*, X, X% in Poincaré patch

R

xoo By ye _Bloo®=2 0 an Rl4a%4 2
z

z 2 ’ z 2
» The AdS metric
2 _ 2 R ay _ 2 2,2
ds” = —dR” + ?(dz + dzadz®) = —dR” + R dsags

» Points on the conformal boundary z — 0

PA_(.’Ea 1—3}'2 1+.7)2)
o 2 72

» Polarization vector for spinning (bosonic) boundary states

ZA:(ea,—e~:r,e~x) — P-Z=0and Z2=€*=0



Propagators Penedones, 1011 1485
Balitsky, 1102.0577
Fitzpatrick, Kaplan, Penedones,
Raju, van Rees, 1107.1499
Paulos, 1107.1504
Costa, Goncalves, Penedones, 1404.5625

Scalar equation of motion
[V2AdS —AA-d)]p=1J

Bulk-boundary (embedding space)

MA_ xMp4
Naa (771 — X

Na M A
Ea(P,X)= — 22 EMA(P,X) =
scal(ar ) (72PX)A \/Aectcgr ) (72PX)A
Bulk-bulk (split representation)
Q , | Gy _/""" de 1| RXY)

GAP(X,Y) —ico 2m (A= df2)? = ¢ | QAP (x y)
Qc(XaY) 2 Ed/2+c(QaX)Ed/2fc(QaY)
BT =2 dQ T AT oo
Q77 (X,Y) dAdS NN Eqic(Q, X)Egjz—o(Q,Y)



Boundary correlators in embedding space

» A boundary correlator A is a homogeneous function in P;

APy, Zi) = A2 A(P,, Z;)
Aj;: conformal weight

and a multilinear function in Z; Li: spin
AP, 2) = 22 2 . 2" Avt i, ()

» For a boundary state with spin [;, the tensor Aps, as,.. 01, (Ps) is

e symmetric and traceless
e transverse to the boundary: PZ-M1 A, Ma..M;, (P)=0

Costa, Penedones, Poland, Rychkov, 1107.3554
Costa, Goncalves, Penedones, 1404.5625



Conformal generators

» Conformal generators in the embedding space

0 0 9] 0
DAB PA PB ZA ZB
0P, B OP; 4 ' 0Z; " 0Z; 4

» The conformal invariance of A leads to the conformal Ward identity
n
> DPA=0
i=1
» For convenience, we define

D2=Di-D-=nAanDDABD§?D, D?=D; D,

O ael(Ee) ()



The analogy to flat space amplitudes  evne komsis visers 2007 06570

Flat space amplitudes AdS boundary correlators

Momentum conservation Conformal Ward identity
Zpl70:>51:51- ZDABNO:>D2ND2
i=1
1
27r)d6d i /dda: eiPi® Da. A = ax —_
Z H e AdS ];-[ (—2P;-X)Ai
Massless condition Massless condition (current conservation®)
p;i=0 D20
Linearized gauge invariance Transversality condition
A(pi, €i) =0 A(P;, Zy;) =0
€i—Pi Zi— Py




The analogy to flat space amplitudes  evne komsis visers 2007 06570

Flat space amplitudes AdS boundary correlators

Momentum conservation Conformal Ward
=Dg,4,....d
Zpl =0 = Sy =St ZDAB 2 0 contact Witten diagram;
iz AdS analog of §(p)
1
27r)d6d Di /dda: ePi® DA, A = axJ/—
Z H e AdS H (=2P;- X)Ai
Massless condition Massless condition (current conservation®)
p; =0 D=0
Linearized gauge invariance Transversality condition
A(pi, €i) =0 A(P;, Zy;) =0
€i—Pi Zi— Py




Non-commutativity Eberhard, Komatas, Mizer, 200706574

» In general, D7 and D? do not commute. For example,
[D?MD?/Q] = [D; - Dy, Dj - Di] = _477BC7]DE7]FADZABD]~CDD;CEF

» [D7, D3] =0if IN.J =0 or one contains another

> If D? and D? are associated to the internal edges of a Witten (Feynman)
diagram, they always commute.

» The inverse operators are bulk-bulk propagators:

1 1
= —5Daga,a,4 5

P} ,d,d, = —5—+5 Dd,d,d,dd
D Dz,D
12 124734

1

(Here we suppress the normalization NAi for each boundary state)



The derivation Eberhardt, Komatsu, Mizera, 2007.06574

1 1 1 1
G(X1, X
(—2P;-X1)? (—=2P3-X1)d (X 2)(—2P3~X2)d (—2P;-X5)4

= dX1dX2
AdS

First use the fact that the bulk-bulk propagator is the inverse of the Laplacian
1.2

1
G(X1,X2) = ﬁ5‘1‘“()(1 - X5) Ox = §DX
1

and then the integration-by-parts

1 1 1 1 1
= ax —_—
adas  (=2P3-X)4 (=2P;-X)? Ox [(—2P1'X)‘i (—2P2'X)d}

1
=_—D
D2, d,d,d,d

The last identity is obtained by noticing that the action of Lx is the same as the
action of D3, on the two bulk-boundary propagators in the bracket



BCJ form in flat space

N LN JEEIN JEEIN PEEIN PN

. S ) N . . ' .
{12 ) s} al LI2 ) ey a )
SI,15 SI1y14 SIy13
o= = N o= M-
l‘Q-Il f" I‘~I4 'II l‘QI:L f" l‘QIgfll l‘le f" "QIZ"I
T s o T gt 0" T Gu 0T
flat C Ng d
A = Z H 6 sz Z CQH DQNng,d,..A,d
cubic g IEg i=1 cubic g Ieg -
Color-kinematics duality: Proposal for color-kinematics duality:
Bern, Carrasco, Johansson, 0805.3993
Cgs‘i'ogt +Cgu:O Ngs+Ngt +N“:0

)

as an operator relation
Ny, + Ng, + Ng,, =

(cf. celestial amplitudes; talk by Puhm)

Supporting evidence from YM+CS in AdSs and NLSM (six points and arbitrary d)

Roehrig, Skinner, 2007.07234 Diwakar, Herderschee, Roiban, FT, 2106.10822



Differential (fundamental) BCJ relations

» The BCJ form leads to differential BCJ relations among AdS boundary correlators

» The derivation is identical to the one for flat space amplitudes

A(1,2,3,4) = (LNG — L]\775)1761,(:1,(1,¢1

D2, T D2,
1.1 .
A(1,3,2,4) = (—N - —Nu)D
( 3 ) D§3 t D%S d,d,d,d

N5+Nt+N1L:0

2 . )
conformal Ward identity = Di2A(1,2,3,4) = Di5A(1,3,2,4)

» More generally, we can go to the DDM basis pel buca, Dixon, Maltoni, 9910563

A(@)= > m(alB)N(B)Daa,..a

BESy—2

and the differential (fundamental) BCJ relations are a consequence of the
bi-adjoint scalar correlator 7m(a|3) having null vectors on the support of CWI



NLSM correlators at four points

The color-ordered correlators are 1 4

4
A(1,2,3,4) = TAD%DA,A,A,A

4
A(1,3,2,4) = =2 DiDasaa

They do satisfy the differential BCJ relation

4
D3,A(1,2,3,4) — D}5A(1,3,2,4) = TA[D%Q’ D33]Daaan =0

Note that although [D?k, ka] # 0, it annihilates the D-function

(D}, D3]Da,aa,... =0



Differential BCJ representation

It is also straightforward to put the color-dressed correlator into the BCJ form

4
Asozasas _ Na (C SN+ Ci
12

1 Nt+C

D
Das ng ) sass
where N5+Nt+Nu:0

N, =Di,Dis Ny =—[Di,,Dis]  N,=-D33Di,

Can we obtain the numerators from the formalism in 2108.02276 (talk by Cheung)?

BCJ numerators in the flat space amplitude

Ns = 512813 Nt =0 Ny = —s12513

Du, Fu, 1606.05846
Carrasco, Mafra, Schlotterer, 1612.06446



NLSM correlator at six points

3 4 45 2 3 34
Agr?e = 2@5 + 3@6 + 1@4 + 2@5
176 21 6 5 176

Color-ordered correlator (massless case A = d)

NS 3

A(1,2,3,4,5,6) = — =L | =
96 | D2,,

2 2 2 .
D13Dis — Diss + cyclic| Da,d,d,d,d.d

Differential BCJ relations

O = D%QA(L 27 37 47 57 6) + (D%2+D§3)A(17 37 27 47 57 6)
+ (D%y+D33+D3,)A(1,3,4,2,5,6) + (Di+D3s+D34+D3s) A1, 3,4, 5,2, 6)

DDM basis numerators (through the replacement s;; — D?j)

2 3 4 5
N( J_‘_‘_‘; ) === D%2(D%3 + D§3)D§6(Dis + Die‘)
1 6



Yang-Mills correlator at three points

2
Kharel, Siopsis, 1308.2515
1
ajazaz __ _ pajazag
Aragag = —F Z1,my Z2,05 Z3, M5 /Ads dX :

x [EfllAl(Pl,X)nAQAS (8A1EXI;A2(P2,X)EXI;A3(P3,X) 2o 3)) n cyclic]

Strategy:

> Write EXIA in terms of the scalar bulk-boundary propagator

E¥AP X)= 2 DMARL(PX) DNA=gMAy

1 _4 0
A—-1 P

A 0Py

» Integrate over the bulk point X to obtain
3
M; A; AL AA
AN RSA, = — e (H Zim; DA 1) Pajacay (P, P2, Ps)
i=1

where the tensor P is a linear combination of three-point D-functions



Yang-Mills correlator at three points

. . AiHD;—A
The three-point D-function has a closed formula (6;; = %)

72D (AR A= d ) (5 V(85,5 )T(615)
20(ANT(A2)T(As) — Pz PG Py

Day,ap,05 =

The massless boundary correlator (A; = d — 1)

dT(d - 2) N3
81 (d — 2) (P12 PagP13)%/?

Agla2a3 — _fa1a2a3

N3

6
(4N, — V1V Vs) — EAI

Using differential operators (48 = pAZB — pBz4)

_ R Eberhardt, K , Mi
F(d 2) 3 1 Qcd ests ;r;vaiﬁiuzozézm
1674 (d — 2 d/2 pd/2 pd/2
6 ( ) P12 P23 P13

AgIGZGS — fa1a2a3

Ny = [(51 - &)(Es - D1) + eyclic(1, 2, 3)] —6(d — 2)Tr(E16:2E3)



Yang-Mills correlator at three points

-

The three-point D-function has a closed formu| |, _ (Bj-Zi)(Pi - Pp)—(Py-Z)(P;-Py) _
bk PPy -
D T 2T (BB BL Hyy = —2((2,-25)(Py Py (2 Py)(Z;Po)]
AL A2A3 = STTA T A T 1
Do 2I( A1) (A)T( Ay = ViVaVat o (ViHas + eyelio)

.
The massless boundary correlator (A; = d — 1)

dT(d - 2) N3
81 (d — 2) (P12 PagP13)%/?

Agla2a3 — _fa1a2a3

N3

6
(4N, — V1V Vs) — EAI

Using differential operators (48 = pAZB — pBz4)

_ R Eberhardt, K , Mi
F(d 2) 3 1 Qcd ests ;r;vaiﬁiuzozézm
1674 (d — 2 d/2 pd/2 pd/2
6 ( ) P12 P23 P13

AgIGZGS — fa1a2a3

Ny = [(51 - &)(Es - D1) + eyclic(1, 2, 3)] —6(d — 2)Tr(E16:2E3)



Yang-Mills correlator at four points

Kharel, Siopsis, 1308.2515

A%1020304

» Write the vector bulk-boundary propagators in terms of the scalar ones

4
M;A; s
H Zim, Dy ’] PaiAs Az Ay

=1

Aa1a2a3a4 _ ngalanga3a4z
s

P Use the split representation of the vector bulk-bulk propagator

> Trade the integral over (Q with the one over the Melin space variables §;;. Then
the contour integral over ¢ can be worked out analytically



Yang-Mills correlator at four points

> Use inverse Melin transformations to write Pa, 4,454, as a linear combination of
the four-point D-functions

(3+24)
S 3 | P1sRa a,454, D PiuRy Ay a5,
AL A Ag A =-— |——F——"""D3243— ———F"""D3234
1288 gy 278 Pio P2
P R(3<—>4)
P13Ra,A5454, 147 4 Ap As Ay
————5 " D2143— ——F57>"D2134
Py, P,

where R, 4,454, is a tensor of P; 4 and naB

> The action of DX* on P can still be expressed in terms of D-functions

ODA,, Ay, A5,A, _ VAN
0P, 4 A1+As+A3+As—d

A A
+ AsPs Day+1,85,85+1,84 + Aa Py DA1+1,A2,A3,A4+1)

A
(A2P2 Day+1,80+1,03,44

» |BP relations among the D-functions can make the weights more uniform



BCJ relations

The four-point boundary correlator is a linear combination of D-functions

A(L,2,3,4) = ZCAl,Az,A37A4 (Pi; Zi)Day,n0,03,04
A

The differential BCJ relation
D%QA(lv 27 37 4) = D%SA(lv 37 27 4)

holds at d = 4 for the four-point color-ordered Yang-Mills correlators with mass-
less boundary states. Note that the Z dependence in the conformal generator
is crucial.



Einstein gravity

Einstein-Hilbert Lagrangian in the embedding space (from the Gauss' equation for

extrinsic curvature)

e 'L =Rpqs —2A = R—20Rap X X® 4+ 0(K* — KapK*?) —2A

Massless three-point correlator (A; = d)

Ms

d*>T(d)

[0:71 A=—-1Ldd-1)

Kap=VaXp—oXaXVeXp

)

- 167l'd(d + 1)3 (P12P13P23)1+d/2

My = fihi+ foMiViVeVs + f3(ViVals)?
+ faHi2Ho3Hs1 + f5(ViVaHi13Has + cyclic)

16 8

:1‘————

h=10="3 -3
4 4 16

=14+ =
=l+5-F" @

Zhiboedov, 1206.6370
Arutyunov, Frolov, 9901121

8,116

N d d* a3
8 4 8
fi=3 =2t®

6
[note that N3 = (4A1—V1 Vo V3)— EAIJ




Double copy in large dimensions

» The double copy of position-space correlators holds in the d — oo limit

: — 1 2 Eberhardt, Komatsu, Mi
Jim Ms = lim (Ns) QCD meeis graviy 3020
M 1 RS 1
lim ———— = - lim N3gNg3-——————
d—r o0 (P12P23P13)d/2+1 4 d—oo (P12P23P13)d/2+1

» |t also trivially holds in d = 2 since the only independent structure in gauge and
gravity correlators is V1 V2 V3 and (V1V2V3)2 respectively

Attempts using other formalisms
» Melin space: super-conformal primaries

» Momentum space: flat space limit

Alday, Behan, Ferrero, Zhou, 2103.15830 Farrow, Lipstein, McFadden, 1812.11129
Zhou, 2106.07651 Lipstein, McFadden, 1912.10046
Albayrak, Kharel, Meltzer, 2012.10460



Summary

» We propose a form of color-kinematics duality in the position-space AdS
boundary correlators.

» The C-K duality implies differential BCJ relations among color-ordered boundary
correlators.

» For NLSM, we find the explicit BCJ representation of the “kinematic
numerators” up to six points, and prove the differential BCJ relations

» For Yang-Mills, we compute the color-ordered boundary correlators at four points,
and check that the differential BCJ relations hold in d = 4.

Future directions:
» Find the operator form BCJ numerators for Yang-Mills correlators

» Have a better understanding on the connection between color-kinematics duality
and double copy

v

Heterotic double copy? [Talk by Elvang]

v

Is SUSY a secret sauce for double copy to work?

v

Similar construction on dS background comez, jusinskas, Lipstein, 210611903



Thanks for listening!
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