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Overall picture

Minkowski space-time
Poincare symmetry

[Jab, Jed] = MpeJaa + - -
[Jab> PC] = NMvbeLPa — NacPp
[Paa Pb] =0
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small velocities
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InonU-Wigner
contraction
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Newtonian ‘space+time’
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[Jij, Jk:l] = 5jk:JiZ + ...
[Gi, Gj] =
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Overall picture

Minkowski space-time
Poincare symmetry

[Jab, Jed] = MpeJaa + - -
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small velocities
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InonG-Wigner
contraction
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Newtonian ‘space+time’

Galilei symmetry
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curved space-time

[Vm, Vn]vp = qumnvq
e.g. AdS
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= R 2%J,
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Overall picture

Minkowski space-time
Poincaré symmetry
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curved space-time
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small curvature
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(post-)Newtonian gravity
weak fields ... = nmn + chmn
and small velocities
Newton—Cartan
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Overall picture

Minkowski space-time
Poincaré symmetry

[Jab, Jed] = MpeJaa + - -
[Jab7 PC] = NMvbeLPa — NacPp
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1/c—0

Inonu—Wigner
contraction
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[Gi,G] =
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[H,Gi]

Joi = G
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curved space-time

>

-< —_—
small curvature [V, Vi ]VP = RP gmn V4

1/R—0 e.g. AdS
[Pa, Py] = R2Jy

This talk 4 |small velocities

explore relations
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Y

(post-)Newtonian gravity
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and small velocities
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Outline

# kinematical background for systematic 1/c corrections
s Infinite- and finite-dimensional symmetries
s generalised Minkowski space

# particle dynamics
# systematic 1/ R corrections and almost flat geodesics
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From Poincaré to Galilei

Poincaré algebra iso(1, D - 1) (-+...+ signature)
[Ja,ba ch] - 2770[b<]a]d - 277cl[bJa,]c
[ Jabs Pe] = 20cpPay | Pa, Py] =0

With (z, 5, ... spatial)

~ ~ ~ ~

Jij=Jij, Gi=ct'Jy, Pi=P, H=cP
get for ¢ — oo Galilei algebra

[Jig Jua] = A0 T [Jig Gel = 205Gy [Gi, Gy = 0
| Jij, Pe) = 20458, [Gi, Pi] =0, Gi,H|=-P,

Inonu—Wigner contraction
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From Galilei to Poincaré

Making ¢ finite again? Start from Galilei algebra
i Ja] = 40T [ Gr] = 203Gy, [Gi Gi] =0
I:j’Ljapk: :25k[]p2]7 [élapj: — Y, I:é%ﬁ: :_Pi
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From Galilei to Poincaré

Making ¢ finite again? Start from Galilei algebra

[jZ]7 jkl:

| Jij P

Marked p

= 45/€][]~j¢][1 ; [jija ék - 25k[jéi] ) [é“ éj :@

=20,;P,  |Gi Py :

aces differ from Poincaré: law of ve

ocity addition
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From Galilei to Poincaré

Making ¢ finite again? Start from Galilei algebra
[ Jij T = 4oy [ Jig, Ge] = 20k;Gay . [Gi, Gy :@
g ) =20,Py. [GoP)-0)  [Gui)--P

Marked places differ from Poincaré: law of velocity addition

To go towards Poincaré put non-zero terms there. Be liberal

Sij
;

—
)
f.
)
<
|

~ ~

iN + Aj; + By

| —
)

j.

NgsL
[
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From Galilei to Poincaré

Making ¢ finite again? Start from Galilei algebra

[igs ] = 46xyi T [Jig, Gi] = 200Gy, [Gi Gi]=0 )

[jija pk: - 25k[jp7}] :

G 7] =0)) Gy i) = -P

Marked places differ from Poincaré: law of velocity addition

To go towards Poincaré put non-zero terms there. Be liberal

~ ~

Gi, Gy =

~ ~

G, Pj_

(S;; and A;; antisymmetric; B

g.. Bargmann (central)
= 5ZJN + Aij + Bz’j

;7 Symmetric traceless.)

Most general set of new generators allowed by Lie algebra
cohomology. (Keep P, commuting.)

New generators commute with Galilei generators (but .J; ;).
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From Galilei to Poincare (II)

Extended algebra

~

[éiaéj] = gij; [éupj] = 0ij N + Aij T Bij
New generators commute with Galilei # .J;;
Poincaré would have S;; = J;;, N = H and A;; = B;; = 0.
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From Galilei to Poincare (II)

Extended algebra

~

[éi,é]’] Zgij, [éz,p]] :5z'jN+121ij+Bij
New generators commute with Galilei # .J;;
Poincaré would have S;; = J;;, N = H and A;; = B;; = 0.
Setting the generators to these values is not consistent
since e.g. [S@j, ék] = 0 but [Jz'j, Gk] + 0
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From Galilei to Poincare (II)

Extended algebra

~

[éi,é]’] Zgij, [ész]] :5ijN+Aij+Bz’j
New generators commute with Galilei # .J;;
Poincaré would have S;; = J;;, N = H and A;; = B;; = 0.
Setting the generators to these values is not consistent
since e.g. [S@j, ék] = 0 but [Jz'j, Gk] + 0

But: Thinking of )
® (; as the boost at order 1/c: G; ~ ¢ 1.Jy; (better v/c)

® S, as the first 1/c2 correction to the Galilean addition of

~

velocities: S;; ~ ¢2J;;

= [S;;,Gr] =0+ 0O(1/c?) is the correct answer approximately
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Free Galilean algebra

Add new generators iteratively for 1/c corrections to Galilei.
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Free Galilean algebra

Add new generators iteratively for 1/c corrections to Galilei.

Allowing the most general extension at every step leads to
a free Lie algebra generated by G; and /7 [Sems: Ak]

Palmkvist

(=0|¢=1|0=2 (=3 (=4
N N N . |
m=0| Ji; | Gi ij | Yi,Yijk ot
m=1 B B | N Ay Biy| rre2l 4o
m = 2 Zz HEEs 25
m=3 [
Contains much more than corrections towards Poincaré
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Free Galilean algebra

Add new generators iteratively for 1/c corrections to Galilei.

Allowing the most general extension at every step leads to
a free Lie algebra generated by G; and /7 [Sems: Ak]

Palmkvist

(=0|¢=1|0=2 (=3 (=4
N N N . |
m=0| Ji; | Gi ij | Yi, Yk ot
m=1 H | PN g B | el
m =2 )y LT 25
m=3 [
Contains much more than corrections towards Poincaré

Take quotient to obtain only 1/c corrections predicted by
Poincaré. Reproduces algebras of |Manser. Hartong| [ozdemir, Ozkan)

Obers Tunca, Zorba
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Galilel,, algebra

Denote the quotient to all orders in 1/c by &, (m,n > 0)

(m) (n) _ (m+n) (m) ~(m)] _ ;(m+n+1)
[J’LJ i ] 45%][9“]7:][1 ) [Gi >Gj | = Jij
i Gin)‘ =20,,GE [ B = 28,20
[H(m)’ Grgn)- _ Pi(m+n) | [Ggm)’Pj(n)- _ _5in(m+n+1)

Here J(O) Jijs J(l) =S, HO =, H1) = N etc.
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Galilel,, algebra

Denote the quotient to all orders in 1/c by &, (m,n > 0)
(m) (n) _ (m+n) (m) ~(n)] _ s(m+n+1)
B 45k][-J.][ e e =)

(m) (n) 0n+n) (m) (n) 0n+n)

[H(m)’ ng) _ Pi(m+n) | [Ggm)’ Pj(n) _ _5in(m+n+1)

Here J(O) = Jij, J(l) Si;y HO = H, HY = N efc.

Similar construction in |"=sanev| - Algebra can also be viewed

Kuperstein]

as (parabolic part of twisted) affine algebra. Lie algebra expansion

J(m) — o 2m Jii G(m) = o 2m-1 Joi —PeﬁafieI:I [ Hatsuda ] I:Izaurieta, Salgado]

v J v | Ravera ] |[Sakaguchi Rodriguez

(m) _ -2m p, (m) _ —2m+1 de Azcarraga, Picon] [Bergshoeff, Izquierdo]
Iy =C PZ ? H =C PO | Izquierdo, Varela Ortin, Romano
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Generalised Minkowski space

What does the infinite symmetry algebra act on?
Take non-linear realisation of &, w.r.t. £, = (Jz.(jm), Gy

Coset element g = exp [ D, (t(m)H(m) + f(m)P(m))]

m>0

Infinite-dim’l space: generalised Minkowski space M.,

Post-Galilean symmetries
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Generalised Minkowski space

What does the infinite symmetry algebra act on?
Take non-linear realisation of &, w.r.t. £, = (Jz.(jm), Gy

Coset element g = exp [ D, (t(m)H(m) + f%m)P(m))]

)
m>0

Infinite-dim’l space: generalised Minkowski space M.,

Forinfin.  (3ag 75 +vj, GI™ + e(uyH™ + el PI™) €

m2>0
i _ i - (i _s.o Ak

m—1 ' .
5t(m) = €(m) + Z;) 5ijvzn)$zm—n—1)
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Relation to standard Minkowski space

Standard Minkowski space R!-”~! is a quotient of M.,

Xi _ Z C—Qmaj?ém)7 XO _ Z C_2m+1t(m)

m>0 m>0

Fixed X’ and X" describe hypersurfaces of co-dimension D
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Relation to standard Minkowski space

Standard Minkowski space R'"~1 is a quotient of M,

Xi _ Z C_Qmaj?ém)a XO _ Z C_2m+1t(m)

m>0 m>0

Fixed X’ and X" describe hypersurfaces of co-dimension D
The action of a generalised boost with parameter

92' _ Z C—Zm—lvfém)

m>0

on the quotient by the hypersurfaces is
0X'=0"'X", 60X =6;;0' X7

Standard Poincaré boost.
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Relation to standard Minkowski space

Standard Minkowski space R'"~1 is a quotient of M,

Xi _ Z C_Qmaj?ém)v XO _ Z C_2m+1t(m)

m>0 m>0

Fixed X’ and X" describe hypersurfaces of co-dimension D
The action of a generalised boost with parameter

92' _ Z C—Zm—lvfém)

m>0

on the quotient by the hypersurfaces is
0X'=0"'X", 60X =6;;0' X7
Standard Poincaré boost.
., transformations move between different hypersurfaces
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Relation to standard Minkowski space

Standard Minkowski space R!:”~1 is a quotient of M,

X’i _ Z C—Qmw’ém)’ XO _ Z C_2m+1t(m)

m>0 m>0

Fixed X’ and X" describe hypersurfaces of co-dimension D

2m+1 .

9o Choose /Uzm) — gm+1n’& — (9@ — artanh% ni (‘WlOg,)
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Relation to standard Minkowski space

Standard Minkowski space R!:P-1 is a quotient of M,

X’i _ Z C_2m$fém)7 XO _ Z C_2m+1t(m)

m>0 m>0

Fixed X’ and X" describe hypersurfaces of co-dimension D

2m+1

® Choose v! . =4-—n' = @ =artanh®n’ (‘wlog’)

(m)  2m+l

o Effective symmetry acting on quotient space is quotient
algebra &.,/J =iso(1, D — 1) (Poincaré).

ldeal J generated by relations
Jg”) _ JZ.(;L) G pm o pM) o gm) o )

Undoes the expansion.
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Relation to standard Minkowski space

Standard Minkowski space R!:P-1 is a quotient of M,

X’i _ Z C_Qmajfém)a XO _ Z C_2m+1t(m)

m>0 m>0

Fixed X’ and X" describe hypersurfaces of co-dimension D

2m+1

® Choose v! . =4-—n' = @ =artanh®n’ (‘wlog’)

(m)  2m+l

o Effective symmetry acting on quotient space is quotient
algebra &.,/J =iso(1, D — 1) (Poincaré).

ldeal J generated by relations
Jigm) _ Ji(f)v Ggm) _ G,fm, Pi(m) _ Pi(n), gm) — pr(n)
Undoes the expansion.

# More quotients of M., possible = other symmetries?
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Particle dynamics

Generalised Minkowski space M., has invariant metric

ds® = dX*dX, = Z ¢~ 2(m+n) (—CZdt(m)dt(n) +dT () -df(n))

m,n>0
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Particle dynamics

Generalised Minkowski space M., has invariant metric

ds® = dX*dX, = Z ¢~ 2(m+n) (—Cth(m)dt(n) +dT () -df(n))

m,n>0

Probe geometry of M., by considering geodesics

S = —mcf dT\/—X&Xa = S(()) + S(l) + S(Q) + ...
l.e.

S(()) =—-m 62 f dt Li(o)

“ - L2 = 4
HOMIONI OO0

(o) 2t 8ty

S(Q) = — d7'|: — t(g) +
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Particle dynamics

Generalised Minkowski space M., has invariant metric

ds® = dX*dX, = Z ¢~ 2(m+n) (—Cth(m)dt(n) +dT () -df(n))

m,n>0

Probe geometry of M., by considering geodesics

S = —mcf dT\/—X&Xa = S(()) + S(l) + S(Q) + ...
l.e.
S(0) =—mc’ f dﬂi(o) <«— total der.

X .
S(l)mde[g(l)Jr @] <«— Bargmann inv.

“ - L2 = 4
HOMIONI OO0

(o) 2t 8ty

S(Q) = — d7'|: — t(g) +
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Particle dynamics (II)

Action
S = —mc[ dT\/—XaXa = S(O) + 5(1) + S(Q) + ...

has full ., symmetry (even every individual 5(,,))

Dynamical system with oo variables. Truncate at m < v
To analyse fix gauge & reparam. invariance ¢ "t =t =7
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Particle dynamics (II)

Action
S = —mc[ dT\/—XaXa = S(O) + 5(1) + S(Q) + ...

has full &., symmetry (even every individual 5,,))
Dynamical system with oo variables. Truncate at m < v

To analyse fix gauge & reparam. invariance ¢ "t =t =7

Project c—zmxim) = 2'. Breaks ®., symmetry

= S - farf-me s it i

Associated conserved energy and momentum

m - 3m - = .
E:m62+—x2+—2x4, P=mz+ 5
8c 2¢
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Non-relativistic gravity




Non-relativistic gravity

Same philosophy also applies to (A)dS and its contractions
Newton—Hooke and Carroll. (A)dS starting point

[Jab> ch] = 477@][b<]a][d7 [Jab> Pc] = 2776[bPa] ; [Paa Pb] = 0Jab

(0 = +1: AdS, o = —1: dS.) Newton—Hooke ¢ — oo contraction

[Gi, H] = P, [Jij, Pr] = 20k P [Jij, Gi] = 2005Gy
[Jij, Jk] = 45k][jjz'][z . [P, H]=0G,
T effect of curvature

Choose AdS for definiteness.
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Non-relativistic gravity

Same philosophy also applies to (A)dS and its contractions
Newton—Hooke and Carroll. (A)dS starting point

[Jab> ch] = 477@][b<]a][d7 [Jab> Pc] = 2776[bPa] ; [Paa Pb] = 0Jab

(0 = +1: AdS, o = —1: dS.) Newton—Hooke ¢ — oo contraction

[Gi, H] = P, [Jij, Pr] = 20k P [Jij, Gi] = 2005Gy
[Jij, Jk] = 45k][jjz'][z . [P, H]=0G,
T effect of curvature

Choose AdS for definiteness.

To go from this non-relativistic algebra to a relativistic one,

again expand generators [Soms. K. Palmkvisi

JE =y HO = g GY = Gy, P = P,
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Non-relativistic gravity (I1I)

Truncate at a finite order in 1/c. E.g. ¢3, new generators

Jz(]l) 7 H(l) ’ Gz(l) ’ Pz(l)
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Non-relativistic gravity (I1I)

Truncate at a finite order in 1/c. E.g. ¢3, new generators

Jz(]l) 7 H(l) ’ fol) ’ Pz(l)
ansen, Harton

Sz' ' N Bz Tz [H Obers g]
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Non-relativistic gravity (I1I)

Truncate at a finite order in 1/c. E.g. ¢3, new generators

Jz(]l) 7 H(l) ’ G,El) ’ Pz(l)

Sii N B; T;

[Hansen, Hartong]
Obers

Can be done in any dimension D and to any order in 1/c.
Post-Newtonian gravity

Post-Galilean symmetries — p.15



Non-relativistic gravity (I1I)

Truncate at a finite order in 1/c. E.g. ¢3, new generators

J’I,(jl) 7 H(l) | Ggl) | Pz(l)

Sii N B; T;

[Hansen, Hartong]
Obers

Can be done in any dimension D and to any order in 1/c.
Post-Newtonian gravity

Obtain again an infinite-dimensional algebra nh
# quotient to Newton—Hooke

# quotient to AdS

# relation to affine Kac—Moody algebras

Can repeat steps for particle model with cosmological
constant
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Non-relativistic Chern—-Simons

For gravity theory consider Chern—-Simons in D = 3
2
ScslA] = f dx (AdA+ gA/\A/\A =Sy + 51y +S@2) + ..
with connection one-form A in nf_

_ i plm) | i ~(m) m) | L ij (m)
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Non-relativistic Chern—-Simons

For gravity theory consider Chern—Simons in D =3
2
Scs|A] = f Az (AdA+ §A/\A/\A =Sy + 51y +S@2) + ..

with connection one-form A in nf_

_ i p(m) | i ~(m) (m) , 1 i  (m)
A—Tnzz:o (e(m)Pz +Cd(m)Gz +7_(m)H + 2(,(}(37%)&72] )
Expanded action
® S Galilei gravity

# 5 extended Newton—Hooke gravity > extended Bargmann

[Papageorgiou] [Bergshoeff] [ Hartong
Schroers Rosseel |lLei, Ober

® S5 generalises [%ziemn 0zen to A + 0

Tunca, Zorba

- Also other choices of invariant form since so(2,2) =sl(2) @& s[(2)

X 4
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Small curvatures

Apply the same idea to 1/R expansion? [Sifg";‘jé_’;';g;’,gjg]

Go from [P,, P, =010 [P,, P,] #0...

Introduce generators J\/") = R=2m ], and P\ = R-2m-1
(expansion of AdS algebra)
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Small curvatures

Apply the same idea to 1/R expansion? [;7;5;_/;{';33;;;]

Go from [P,, P, =010 [P,, P,] #0...

Introduce generators J\/") = R=2m ], and P\ = R-2m-1
(expansion of AdS algebra)

# construct infinite coset space, with quotients to
Minkowski and AdS space

# geodesic particle action on this space, truncated to
finite order gives expansion of AdS geodesics

same for dS

°

o embedded in larger formalism of free Lie algebras
(Maxwell,,) that also occurs in electro-magnetism

[Schrader] [ Bacry ] [Bonanos] [Gomis]
Levy-Leblond]| | Gomis AK
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Summary and outlook

systematic kinematics for small correction 1/c or 1/R

simplest quotients recover directly corrections for
particles and gravity

Other quotients — direct constructions of new NR
theories?

Kinematics also applicable to extended objects (brane
algebras)

Applications to post-Newtonian GR and gravitational
waves?
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Summary and outlook

systematic kinematics for small correction 1/c or 1/R

simplest quotients recover directly corrections for
particles and gravity

Other quotients — direct constructions of new NR
theories?

Kinematics also applicable to extended objects (brane
algebras)

Applications to post-Newtonian GR and gravitational
waves?

Thank you for your attention!
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