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Motivation



Why non-relativity is interesting

e Non-relativistic (NR) physics is still relevant to study!



Why non-relativity is interesting

Non-relativistic (NR) physics is still relevant to study!

Many things are effectively non-relativistic: Condensed matter
systems, throwing a ball, fluid dynamics, ... .

Crucial: Simpler causal structure - instantaneous interactions.
New corners of existing theories to be studied:

e String theory [Jaume Gomis et al. 2001], [Danielsson et al. 2001], [Jaume Gomis et al.
2005], [Andringa et al. 2012], [Batlle et al. 2017], [Harmark et al. 2017], [E. Bergshoeff et al.
2018], [Harmark et al. 2019], [Gallegos et al. 2019], [E. A. Bergshoeff et al. 2020], [Yan et al.
2020], [Roychowdhury 2020].

e AdS/CFT correspondence and generalized holography (son 2003,
[Taylor 2008], [Balasubramanian et al. 2008], [Janiszewski et al. 2013], [Griffin et al. 2013],
[Son 2013], [Christensen et al. 2014], [Hartong et al. 2015].

e Philosophically: What effects are really relativistic?
e Capacitors in electrodynamics are [Le Bellac et al. 1973].
e Einstein's three classical tests of general relativity (GR) are not.



Newton—Cartan Geometry and Gravity



Newton—Cartan geometry |

e Newton—Cartan (NC) geometry [cartan 1023, [Cartan 1924]:

7, : Clock form - proper time interval [, 7.
h*¥ " Inverse spatial metric, signature (0,+,...,+).
vk, h,, : Projective inverses - under local Galilean boosts:

537'”:(55/7“”:0, opvt =h" )\, , (53’7“,,:7'“)\,,—{—7',,)\”.
e Completeness relations:
T,h" =vFh,, =0, vir,=-1, 55:—v“7',,+h“)‘h,\l,, so

R By, XY = (81 4 vi1,) XY # XH.
e Newton—Cartan connections I}, :
e Not possible to simultaneously have metric-compatibility
(Vum, = V" =0) and torsionlessness (2rf’W] =0).
e No unique metric compatible connection.
e Any m.c. connection must satisfy 2Tp|'[pW] = 20,7,



Newton—Cartan geometry Il

Three classes of NC geometry [christensen et al. 2014], [Bekaert et al. 2014]:
dT =0: No torsion, absolute time (§,7 =0).

T AdT =0: Twistless torsion, hypersurfaces of simultaneity.

T unconstrained : Acausal spacetime [ceracie et al. 2015].

A natural, torsionful, connection:

v 1
FZV = —vp(‘),m, + Ehp“ (8uhw +0,huo — agh,w) ,
2FﬁW] = =2vPO,T,.
e Riemann tensor:
VX

[6,“ éy} Xo = R);WUPXP - 2I\Lﬁw]

Ricci tensor has an antisymmetric part:

Buw=Rop?. Ruwy 0.



1/c? expansion of Lorentzian geometry |

e Goal: Systematically NR expand Lorentzian geometry.



1/c? expansion of Lorentzian geometry |

e Goal: Systematically NR expand Lorentzian geometry.

[ ] EXpand in 1/C2 = 0'/62 = O [Dautcourt 1990], [Van den Bleeken 2017].
® See [Van den Bleeken 2019], [Ergen et al. 2020] for 1/¢ expansions.
e 'Pre-NR’ parameterisation of GR is useful (Hansen et al. 2019]:

gu=—0"TuTy+MNy, " =—cT'T"+0",
T =T, =0, THT,=-1, &=-TIT,+N*M,,.

e Einstein-Hilbert action can be written equivalently as:

1
Lo =/ —det(~Ta Ty +Mag) ;PN T, Ty
(© ) (©
+oM™ R, —?THTY RW} s T =20, Ty,
with connection from expansion of the Levi—Civita connection:

- 1 (<) 9} »
C[jl/:—Tpa‘uTy_‘_np <8(#ny)g—2agnu,,> 5 VMTI/ZV;LI_I p:o



1/c? expansion of Lorentzian geometry |l

e Expand all background fields in o (assuming analyticity):
Ty =Tu+om,+0°B,+0(0°),
TH = vk +ovivPm,+0O(d?),
n;w = h,uu + O'(D;w + U2¢,uu + 0(03) )
M = B 4 o (2070 m, — HPR 7, ) +O(0?).

e LO are Newton—Cartan fields and NLO are gauge fields.
e For the metric we get in terms of boost-invariant fields:

g =—0 ‘1T + [hw =27, mu)} to [q’m/ — MuMmy = 2B(MTV):| +0(0?),
— ———

577;“/ Eq_)pu
g = h — g [(v" — P m,) (v — B my) + h"ph””&)pg} +0(0?).
N —

=VH



Expansion of EH Lagrangian |

e The expansion can be done in terms of 1/c?. Starts at order

6

c® as can be found by dimensional analysis.

e The expansion of the EH Lagrangian takes the form

6 (—6) (—4) 2(72) 3
LEH=C (,C toto Lnot+o” L NNLO"f‘O(J )) )

where
(=9) e 1
L = — hH*¥ pPo Vo s
Lo 167Gy 4 TupTvo
(—4) e L (—6)H (—6)HV
ENLO = 167TGN [h“ R/,w_qu—mp_Gh ¢l“’:|7

and e = \/—det(—T‘uTy + hu) and 7, = 20), 7).
(=6 (=o)H¥
e G_, G, x1Adr are LO EOMs we will see.



Expansion of EH Lagrangian Il

e At NNLO order we find

(=2)
L NNLO =

16; G l— VIV Ry — 2mu N (B2 R Ky — hY B K )

v 1 v v
PN R+ L W Fyy P — (RW — ¥V, — a3,

1 v
- Ehul/hm\RM Jrhw,e_la,g (eh“AaA)> +terms < LO EOMs,

Fu =0,my, —0,m, —a,m,+a,m,,
1
S=—vim,, a,=L7y, K= _Eﬁvh’w'

e LO and NLO EOMs are reproduced at this order by fields of
subleading order.



Equations of motion |

(-6 (-6
Gl Gh
Vi A
(-4 (-4 (-4 (-4
e G G Gh
V4 7 N A\

(=2 (=2 (=2 (-2 (-2 (-2
e T
Figure 1: Structure of vacuum EOMs.

o Define
(2n—6)
1 (2!766)015 _ 7e_16 E N"LO
167Gy " T Shas
1 o 5"
G — _e_1 N"LO
8w Gy T 0T, ’

and likewise for more subleading fields.
e EOMs are nested because of variational identities.



Equations of motion Il

e At leading order:

o’ 1w ppo af | L ua s oo
G, = —gh hoT,,Tuah +§h hE T
&= Ly oy Lo h e

T T 3 TupTvo V' + 2 u Tup

1 - 12 e
+§e 10, (eh"™ h*1,,) .

e Crucial: 7 AdrT =0 can be imposed off shell, yielding
simplifications.
e d7 =0 cannot be imposed off shell: This must be determined

dynamically by the matter sources as we shall see.

e This reveals something deep about Newtonian gravity.



Coupling to Matter and Newtonian Gravity



Coupling to matter |

Assume a matter Lagrangian L.t = Lmat(l/cz,qﬁ,ﬁugb) with
the expansion

(-N) (2-N)

N N—-2 N—4
Lmat=c" L mat,LO T C L mat,NLO 1 O(C ) :

Might begin at a different order than the EH action.

e General structure of matter coupled EOMs:
(2n—6)MV (2n—6)HV (2n—6)H (2n—6)H
G¢ :87TGN T¢ s G¢:87TGN T¢

The currents are zero if the geometric field does not appear at
the corresponding order.

S ETHzirich



Coupling to matter Il

LO currents D Le
L¢
NLO currents D Le EEM)
L¢
NNLO currents D Le

Figure 2: Structure of diffeomorphic Wis.

On-shell Ward identities (i.e. up to matter EOMs) are useful.
Energy and momentum conservation at each order from
diffeomorphisms =+ = ¢# + o (H + 025&) +0(c3).

e There are also boost and subleading boost currents.

Imposing 7 Ad7r = 0 off shell we write NNLO currents as:
L (Ca w2
gg =G @ |T/\d7':0 > 7:1) =T 1) |T/\d7':0 :



The Road to Newtonian (or dr = 0) gravity |

e Assuming that 7 Ad7 =0, we have WLOG
T=NdT,

where N is the lapse function describing local time dilation
and T is the time function.

e Up to boundary conditions and topology of the manifold, an
equation for N follows from the NLO EOMs:

87 Gy (—(d — 27, T + b TE) = (d —1)e 20, (eh™a,)

where h* a, = " N~19, N.

e In conclusion: A necessary condition for Newtonian gravity is
(d=2)7.Th = huTg" .



The Road to Newtonian (or dr = 0) gravity Il

EOMs sourced by a static mass density p gives d7 =0 and
> d-2 P =rp po
RﬂyzgﬂcNﬁXpTuTy, rlu/:rluj—h T(,U,FV)O"

e This is exactly the covariant Newtonian Poisson equation

[Trautman 1963] - In flat gauge:
8;8,-m0 X p.

e This equation is not compatible with Bargmann symmetry.
e Local symmetry group is larger than Bargmann: Can be
studied systematically using Lie algebra expansions [khasanov et al.

2011], [Hansen et al. 2019], [E. Bergshoeff et al. 2019], [Hansen et al. 2020].

(=2
e Thus the NRG theory described by Lxrg = £ nnNpo (with
7 Ad7 =0 off shell) is much richer than Newtonian gravity.



Solutions



Schwarzschild-like solution |

e Schwarzschild solution is canonical in GR:

!
ds? = —¢? (1—2GNm>dt +< ZGQ’m) dr’+r’dQs: .
c?r cer

e Two types of expansions: (Covariant) Post-Newtonian
expansion and Strong field expansion.

e Post-Newtonian expansion - Weak fields (m const.):

Tudxt = dt,
M GNm
mudxt = dt = odt,
hudxtdx” = dr? +r2d§252,
2G
O dxtdx = G2 2 opdr?,

.
2n v ni,2
o@Ndxtdx” = (—20)"dr?.



Schwarzschild-like solution Il

e The other possibility is a strong field expansion (m/c? const.)

e The expansion terminates immediately [van den Blecken 2017

2GyM
Tudxt = 4 [1— ’r" dt,
mudx* = 0,
2GyMN\ 1
hdxtdx” = (1—?) dr? +r?dQs.,

¢, dx*dx” = 0.

e We can reproduce GR geodesics for orbits (but they are not so
We” Understood) [Hansen et al. 2019]:

2 4
(;1;) :';2(1 2G’/YM)<(/:2 +r>, C = const.




Summary



Conclusions and Outlook

e Conclusions:
e Non-relativistic gravity is much richer than Newtonian gravity.
e 1/c? expansion of GR is naturally formulated as a torsionful
Newton—Cartan geometry.
e Newtonian gravity requires special matter sources.
e Many canonical solutions of GR are also solutions of NRG.



Conclusions and Outlook

e Conclusions:

e Non-relativistic gravity is much richer than Newtonian gravity.

e 1/c? expansion of GR is naturally formulated as a torsionful
Newton—Cartan geometry.

e Newtonian gravity requires special matter sources.

e Many canonical solutions of GR are also solutions of NRG.

e Qutlook:

e Touch base with Post-Newtonian expansion [Tichy et al. 2011].

e Apply this framework to non-relativistic holography.

e NRG in first-order formalism (work in progress).

e Backreaction in Schrédinger—Newton theory.

e Study when gravitational waves show up in the expansion.

e Ultra-relativistic expansion of GR - Carrollian geometry and
beyond (work in progress).



Thank you






Transformations of fields

0Ty = LeTu,
Ohy = Lehyw +71uM +T0A,,
Sh = Leh,
5?1#,, = 551_7#,, —TuLeTy =T LeTy,
ot = LW —hPLeT,,

60, = Le®u+Loh,
where )\, = €]\, is the Galiliean boost parameter which obeys

viA, = 0. £# generates diffeomorphisms and (¥ generates gauge
transformations.



Local non-relativistic algebra

[H.Ga] = Pa, [Pa, Gb] = Néap,

[N,Ga]=Ts,  [H,Ba]=Tas,  [Sab,Pc]l=06acTh—0bcTa,
[Sab s Ge] = dacBp — OpcBa, [Ga, Gp] = —Sab,

[Jab, Xc] = 0acXb — 0pcXa,

[Jab» Jed] = OacIbd — ObcJad — OadJbe + IbdJac

[Jab» Scd] = dacSbd — ObeSad — 0ad Sbe + Obd Sac ,

where X, denotes P,, T,, G,, B,.



Equations of motion (boost inv. formulation) |

1 —
Gy = Eh’“’R,W
_ _ 1 _ 1
gg” = HW'Ph" (Rpo — apas — Vpao ) — Eh’w (hpg Ros —2e™ 78, (ehpaag)> ,
WGy = PP 0Y Ry
201Gy, = 20EE — & LY + 0"V S e 10, (eh a0 ) — WP H Sy (Vpao +apac)

+ (W7 Koo )? = W7 WX R R — 10 [WP077 (B — V0 ®p0)]



Equations of motion (boost inv. formulation) II

Gof =14 (h““h”%w - %ho‘ﬂh“”@,w) (eflap (eh”” ag) — Eg)
+ %ho‘ﬁ‘ing‘” — hHO®,,ELY — hP S, ELY + %hf"’épg EXP 4 dESP
+ %h“ﬁ {(h“”i(,w)2 —WPH R, R,M} -v, [ophﬂa WP Ky — 07 P R,W}
— W WP 10, — WP (2,000 + 2,0, ®) + K .0, + 207 B 2,0,
_ %h""gh“”hp" (Vptau) (Fp+2p) Buo
+ pHa pvB peo (Vo+ap) (@(,ﬂ)y)a - %?gé,ﬂ,>

1

— Eh"ah”ﬁhf"’?ﬁ,,ém.

1 _ -
+ Eho‘ﬁh"”hp" (Vitau) Vidpo



Expansion generalities

e Expand fields

¢! (x;9) = B(g)(x) + 7(2) (x) + 72 G(4) (x) + O(c°).

e Expansion of Lagrangians:

F(o) = £(0)+o£'(0) + %U%r:”(o) +0(c%).

e So:
i oL 0¢dL 00,0 OL
L(o) = L(0)+o (8 + ¢a¢+ 8Z¢68M¢>‘
o oF 0£(0) 0L(0)
- c(0>+0<a =000 H “¢‘2)88u¢(o>>+



e We can also derive the TOV equation in this framework.

e Consider a static, spherical symmetric Ansatz:

T = N(r)élﬂ:eo‘(’)éz,

e —e— gt
MY = diag (0,efzﬁ(r),1/r2,1/(r2sin29)> ,

hu = diag(0,e+25(r),r2,rzsin20).

e We source by a perfect fluid beginning at order O(c*) of
pressure P and energy E.

e With total mass M(r) we then obtain the TOV equation:

-1
P = —% (P+E) (M(r)+4rric™*P) (1 - QM(:)G"’> .



FLRW Cosmology

e Consider a d-dimensional maximally symmetric space with
metric oj; and scale factor a(t). Then our Ansatz is:

a

§,, vyielding a,=0, K, = gh/“,.

TN:(SIIJ h/U/: a(t)zo-ijéﬁit zlja

e We source by a perfect fluid beginning with non-zero energies
and pressures E(,4), P(,4), E(,2) and P(—2)-

e After resumming pressures and energies it is then easy to see

that one obtains the Friedmann equations:

(é)2 _ 87TGNE_ c2k

a 3¢? a(t)?’
d /a a\? 41 Gy
dt (a)+<a) 3c2 (E+3P), 0,



Perfect fluid

e Expansion of fluid velocity:

1 1-
UF =ut + ?”?2) +0(c™), Tuut =1, Tuué) = Ehur/”“”y-

e EM tensor:
_E+P

THY
C2

UMUY + Pt

e Expansion of energy and pressure:

E = C4E(,4)+62E(,2)+E(0)+(9(C72),
P = C4P(_4)—|—C2P(_2)+P(0)—|—O(C_2).
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