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Why non-relativity is interesting

• Non-relativistic (NR) physics is still relevant to study!

• Many things are effectively non-relativistic: Condensed matter
systems, throwing a ball, fluid dynamics, ... .

• Crucial: Simpler causal structure - instantaneous interactions.
• New corners of existing theories to be studied:

• String theory [Jaume Gomis et al. 2001], [Danielsson et al. 2001], [Jaume Gomis et al.

2005], [Andringa et al. 2012], [Batlle et al. 2017], [Harmark et al. 2017], [E. Bergshoeff et al.

2018], [Harmark et al. 2019], [Gallegos et al. 2019], [E. A. Bergshoeff et al. 2020], [Yan et al.

2020], [Roychowdhury 2020].
• AdS/CFT correspondence and generalized holography [Son 2008],

[Taylor 2008], [Balasubramanian et al. 2008], [Janiszewski et al. 2013], [Griffin et al. 2013],
[Son 2013], [Christensen et al. 2014], [Hartong et al. 2015].

• Philosophically: What effects are really relativistic?
• Capacitors in electrodynamics are [Le Bellac et al. 1973].
• Einstein’s three classical tests of general relativity (GR) are not.
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Newton–Cartan Geometry and Gravity
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Newton–Cartan geometry I

• Newton–Cartan (NC) geometry [Cartan 1923], [Cartan 1924]:

τµ : Clock form - proper time interval
∫
C τ .

hµν : Inverse spatial metric, signature (0,+, . . . ,+).
vµ,hµν : Projective inverses - under local Galilean boosts:

δBτµ = δBhµν = 0 , δBvµ = hµνλν , δBhµν = τµλν+τνλµ .

• Completeness relations:

τµhµν = vµhµν = 0 , vµτµ =−1 , δµν =−vµτν+hµλhλν , so

hµλhλνX ν = (δµν + vµτν)X ν 6= Xµ .

• Newton–Cartan connections Γρµν :
• Not possible to simultaneously have metric-compatibility

(∇µτν =∇µhνλ = 0) and torsionlessness (2Γρ
[µν] = 0).

• No unique metric compatible connection.
• Any m.c. connection must satisfy 2τρΓρ

[µν] = 2∂[µτν].
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Newton–Cartan geometry II

• Three classes of NC geometry [Christensen et al. 2014], [Bekaert et al. 2014]:
dτ = 0 : No torsion, absolute time (

∮
C τ = 0).

τ ∧dτ = 0 : Twistless torsion, hypersurfaces of simultaneity.
τ unconstrained : Acausal spacetime [Geracie et al. 2015].

• A natural, torsionful, connection:

Γ̌ρµν =−vρ∂µτν + 1
2hρσ (∂µhνσ +∂νhµσ−∂σhµν) ,

2Γ̌ρ[µν] =−2vρ∂[µτν] .

• Riemann tensor:[
∇̌µ,∇̌ν

]
Xσ = Ř ρ

µνσ Xρ−2Γ̌ρ[µν]∇̌ρXσ .

• Ricci tensor has an antisymmetric part:

Řµν = Ř ρ
µρν , Ř[µν] 6= 0 .
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1/c2 expansion of Lorentzian geometry I

• Goal: Systematically NR expand Lorentzian geometry.

• Expand in 1/c2 = σ/ĉ2 = σ [Dautcourt 1990], [Van den Bleeken 2017].
• See [Van den Bleeken 2019], [Ergen et al. 2020] for 1/c expansions.

• ’Pre-NR’ parameterisation of GR is useful [Hansen et al. 2019]:

gµν =−σ−1TµTν + Πµν , gµν =−σTµT ν + Πµν ,

TµΠµν = TµΠµν = 0 , TµTµ =−1 , δµν =−TµTν + ΠµλΠλν .

• Einstein-Hilbert action can be written equivalently as:

LEH =
√
−det(−TαTβ + Παβ)

[1
4ΠµνΠρσTµρTνσ

+σΠµν
(C)
R µν−σ2TµT ν

(C)
R µν

]
, Tµν = 2∂[µTν] ,

with connection from expansion of the Levi–Civita connection:

Cρ
µν =−T ρ∂µTν+Πρσ

(
∂(µΠν)σ−

1
2∂σΠµν

)
,

(C)
∇µTν =

(C)
∇µΠνρ = 0 .
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1/c2 expansion of Lorentzian geometry II

• Expand all background fields in σ (assuming analyticity):

Tµ = τµ+σmµ+σ2Bµ+O(σ3) ,
Tµ = vµ+σvµvρmρ+O(σ2) ,

Πµν = hµν +σΦµν +σ2ψµν +O(σ3) ,

Πµν = hµν +σ
(
2hρ(µvν)mρ−hµρhνσΦρσ

)
+O(σ2) .

• LO are Newton–Cartan fields and NLO are gauge fields.
• For the metric we get in terms of boost-invariant fields:

gµν =−σ−1τµτν +
[
hµν −2τ(µmν)︸ ︷︷ ︸

]
≡h̄µν

+σ
[
Φµν −mµmν −2B(µτν)︸ ︷︷ ︸

≡Φ̄µν

]
+O(σ2) ,

gµν = hµν −σ
[
(vµ−hµρmρ)︸ ︷︷ ︸

≡v̂µ

(vµ−hµσmσ) + hµρhνσΦ̄ρσ

]
+O(σ2) .
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Expansion of EH Lagrangian I

• The expansion can be done in terms of 1/c2. Starts at order
c6 as can be found by dimensional analysis.

• The expansion of the EH Lagrangian takes the form

LEH = c6
(

(−6)
L LO +σ

(−4)
L NLO +σ2

(−2)
L NNLO +O(σ3)

)
,

where
(−6)
L LO = e

16πGN

1
4hµνhρστµρτνσ ,

(−4)
L NLO = e

16πGN

[
hµνŘµν−2

(−6)
G
µ

τ mµ−
(−6)
G
µν

h Φµν

]
,

and e =
√
−det(−τµτν + hµν) and τµν ≡ 2∂[µτν].

•
(−6)
G
µ

τ ,
(−6)
G
µν

h ∝ τ ∧dτ are LO EOMs we will see.
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Expansion of EH Lagrangian II

• At NNLO order we find
(−2)
L NNLO = e

16πGN

[
− vµvν Řµν −2mν∇̌µ (hµρhνσKρσ−hµνhρσKρσ)

+ Φhµν Řµν + 1
4hµρhνσFµνFρσ−Φρσhµρhνσ

(
Řµν −∇̌µaν −aµaν

− 1
2hµνhκλŘκλ + hµνe−1∂κ

(
ehκλaλ

))]
+ terms ∝ LO EOMs ,

Fµν = ∂µmν−∂νmµ−aµmν + aνmµ ,

Φ =−vµmµ , aµ = Lvτµ , Kµν =−1
2Lv hµν .

• LO and NLO EOMs are reproduced at this order by fields of
subleading order.
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Equations of motion I
(−6)

Gµνh

(−6)

Gµτ

(−4)

GµνΦ

(−4)

Gµνh

(−4)

Gµτ
(−4)

Gµm

(−2)

Gµνψ

(−2)

GµνΦ

(−2)

Gµνh

(−2)

Gµτ
(−2)

Gµm
(−2)

GµB

=

=

=

=

=

=
Figure 1: Structure of the equations of motion in the 1/c2-expansion, of which many will
enter in the Lagrangian at subleading orders. Because of the way the EH Lagrangian is
expanded and the property (2.97) there will only be two new EOMs at each order to solve,
the remaining ones recursively being equal to those of the previous order. Notice that when
we impose TTNC off shell, all the outermost equations are zero since since the LO EOMs are
∝ τ ∧ dτ as explained in section 3.1.2.

The 1/c2 expansion of the EH Lagrangian will take the form

LEH = c6

(
(−6)

LLO + σ
(−4)

LNLO + σ2
(−2)

LNNLO +O(σ3)

)
. (3.1)

We now define for n ∈ N, including zero, the equations of motion of hαβ and τα of the

NnLO Lagrangian as

1

16πGN

(2n−6)

Gαβh ≡ −e−1 δ
(2n−6)

LNnLO

δhαβ
, (3.2)

1

8πGN

(2n−6)

Gατ ≡ −e−1 δ
(2n−6)

LNnLO

δτα
, (3.3)

where the Galilean boost invariant integration measure of both type I and type II Newton–

Cartan geometry is given by

e ≡ (−det (−τµτν + hµν))1/2 . (3.4)

These equations of motion will also appear in the 1/c2 expansion of Eµg , Eµνg , defined as the

response to the variations of Tµ and Πµν , respectively. We will give the explicit relationship

between the two in section 3.1.3.

When we go beyond leading order for which n = 0 we encounter subleading fields in the

Lagrangian. For example
(−4)

LNLO depends on both LO fields τµ, hµν as well as on the NLO

fields mµ and Φµν etc. At order NnLO there are 2(n + 1) fields, each of which has its own

equation of motion. However, the equations of motion that appear at order Nn−1LO are all

reproduced at the nth order, see for example (2.97). The additional equations appearing at

order n that are not already present at order n − 1 involve the nth order subleading fields.

For the NLO fields we define in analogy with (3.2)

1

16πGN

(2n−6)

GαβΦ ≡ −e−1 δ
(2n−6)

LNnLO

δΦαβ
, (3.5)

22

Figure 1: Structure of vacuum EOMs.
• Define

1
16πGN

(2n−6)
G

αβ

h ≡ −e−1 δ
(2n−6)
L NnLO
δhαβ

,

1
8πGN

(2n−6)
G

α

τ ≡ −e−1 δ
(2n−6)
L NnLO
δτα

,

and likewise for more subleading fields.
• EOMs are nested because of variational identities.
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Equations of motion II

• At leading order:

(−6)
G
αβ

h = −1
8hµνhρστµρτνσhαβ + 1

2hµαhνβhρστµρτνσ ,
(−6)
G
α

τ = 1
8hµνhρστµρτνσvα+ 1

2aµhµνhρατνρ

+1
2e−1∂µ (ehµνhρατνρ) .

• Crucial: τ ∧dτ = 0 can be imposed off shell, yielding
simplifications.

• dτ = 0 cannot be imposed off shell: This must be determined
dynamically by the matter sources as we shall see.

• This reveals something deep about Newtonian gravity.
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Coupling to Matter and Newtonian Gravity
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Coupling to matter I

• Assume a matter Lagrangian Lmat = Lmat(1/c2,φ,∂µφ) with
the expansion

Lmat = cN
(−N)
L mat,LO + cN−2

(2−N)
L mat,NLO +O(cN−4) .

• Might begin at a different order than the EH action.
• General structure of matter coupled EOMs:

(2n−6)
G

µν

φ = 8πGN
(2n−6)
T

µν

φ ,
(2n−6)
G

µ

φ = 8πGN
(2n−6)
T

µ

φ .

• The currents are zero if the geometric field does not appear at
the corresponding order.



Tekst starter uden 

og ”Enhedens 

Coupling to matter II

responses T µν
Φ and T µ

m are generically nonzero. The equations of motion of matter coupled

NRG are

Gαβh = 8πGNT αβ
h , (4.11)

ταGατ = 8πGN ταT α
τ , (4.12)

GαβΦ = 8πGNT αβ
Φ , (4.13)

Gαm = 8πGNT α
m , (4.14)

where the left hand sides are given by (3.39)-(3.42).

We can also relate the 1/c2 expansion of the relativistic energy-momentum tensors Eµmat

and Eµνmat defined in (2.104) to the expansion (4.4)-(4.5) and related equations. Analogously

to Section 3.1.3 the relations are

T µν
h =

(−2)

Eµνmat +

(
Φ+

1

2
hαβΦαβ

)
(−4)

Eµνmat , (4.15)

T µ
τ =

(−2)

Eµmat +

(
Φ+

1

2
hαβΦαβ

)
(−4)

Eµmat , (4.16)

T µν
Φ =

(−4)

Eµνmat , (4.17)

T µ
m =

(−4)

Eµmat . (4.18)

In deriving this result we expanded Eµm as

Eµmat =
(−4)

Eµmat + σ
(−2)

Eµmat +O(σ2) , (4.19)

and similarly for Eµνmat. To explain the notation we refer to (2.104) (where we factored out cN

with N = 4).

4.2 Ward identities

LO currents

NLO currents

NNLO currents

Lξ

Lξ

Lξ

Lζ

Lζ
LΞ(4)

Figure 3: Structure of the Ward identities (WIs): At each order there are LOWIs generated by
the LO vector field ξµ through the Lie derivative Lξ. The subleading vector field ζµ generates
a WI through Lζ , which is equivalent to the LO WI at LO. Similarly Lζ at NNLO generates a
WI which is equivalent to the LO WI at NLO. This works similarly for subsubleading vector
field Ξµ(4) and is systematically extended to higher orders in the expansion. Hence, when
working at a particular order, energy–momentum conservation of the previous orders in the
expansion is always included at that given order.

The matter sector must be invariant under the gauge transformations that act simulta-

40

Figure 2: Structure of diffeomorphic WIs.

• On-shell Ward identities (i.e. up to matter EOMs) are useful.
• Energy and momentum conservation at each order from
diffeomorphisms Ξµ = ξµ+σζµ+σ2Ξµ(4) +O(σ3).

• There are also boost and subleading boost currents.
• Imposing τ ∧dτ = 0 off shell we write NNLO currents as:

Gµνφ ≡
(−2)
G
µν

φ |τ∧dτ=0 , T µνφ ≡
(−2)
T

µν

φ |τ∧dτ=0 .
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The Road to Newtonian (or dτ = 0) gravity I

• Assuming that τ ∧dτ = 0, we have WLOG

τ = NdT ,

where N is the lapse function describing local time dilation
and T is the time function.

• Up to boundary conditions and topology of the manifold, an
equation for N follows from the NLO EOMs:

8πGN
(
−(d−2)τµT µm + hµνT µνΦ

)
= (d−1)e−1∂µ (ehµνaν) ,

where hµνaν = hµνN−1∂νN.
• In conclusion: A necessary condition for Newtonian gravity is

(d−2)τµT µm = hµνT µνΦ .
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The Road to Newtonian (or dτ = 0) gravity II

• EOMs sourced by a static mass density ρ gives dτ = 0 and

R̄µν = 8πGN
d−2
d−1 ×ρτµτν , Γ̄ρµν ≡ Γ̌ρµν−hρστ(µFν)σ .

• This is exactly the covariant Newtonian Poisson equation
[Trautman 1963] - In flat gauge:

∂i∂im0 ∝ ρ.

• This equation is not compatible with Bargmann symmetry.
• Local symmetry group is larger than Bargmann: Can be
studied systematically using Lie algebra expansions [Khasanov et al.

2011], [Hansen et al. 2019], [E. Bergshoeff et al. 2019], [Hansen et al. 2020].

• Thus the NRG theory described by LNRG ≡
(−2)
L NNLO (with

τ ∧dτ = 0 off shell) is much richer than Newtonian gravity.
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Solutions
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Schwarzschild-like solution I

• Schwarzschild solution is canonical in GR:

ds2 =−c2
(
1− 2GNm

c2r

)
dt2 +

(
1− 2GNm

c2r

)−1
dr2 + r2dΩS2 .

• Two types of expansions: (Covariant) Post-Newtonian
expansion and Strong field expansion.

• Post-Newtonian expansion - Weak fields (m const.):

τµdxµ = dt ,

mµdxµ = −GNm
r dt = Φdt ,

hµνdxµdxν = dr2 + r2dΩS2 ,

Φµνdxµdxν = 2GNm
r dr2 =−2Φdr2 ,

Φ(2n)
µν dxµdxν = (−2Φ)ndr2 .
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Schwarzschild-like solution II

• The other possibility is a strong field expansion (m/c2 const.)
• The expansion terminates immediately [Van den Bleeken 2017]:

τµdxµ =

√
1− 2GNM

r dt ,

mµdxµ = 0 ,

hµνdxµdxν =
(
1− 2GNM

r

)−1
dr2 + r2dΩS2 ,

Φµνdxµdxν = 0 .

• We can reproduce GR geodesics for orbits (but they are not so
well understood) [Hansen et al. 2019]:( dr

dφ

)2
= r4

l2 −
(
1− 2GNM

r

)(C2

l2 r4 + r2
)
, C = const .
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Summary
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Conclusions and Outlook

• Conclusions:
• Non-relativistic gravity is much richer than Newtonian gravity.
• 1/c2 expansion of GR is naturally formulated as a torsionful

Newton–Cartan geometry.
• Newtonian gravity requires special matter sources.
• Many canonical solutions of GR are also solutions of NRG.

• Outlook:
• Touch base with Post-Newtonian expansion [Tichy et al. 2011].
• Apply this framework to non-relativistic holography.
• NRG in first-order formalism (work in progress).
• Backreaction in Schrödinger–Newton theory.
• Study when gravitational waves show up in the expansion.
• Ultra-relativistic expansion of GR - Carrollian geometry and

beyond (work in progress).
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Thank you
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Transformations of fields

δτµ = Lξτµ ,
δhµν = Lξhµν + τµλν + τνλµ ,

δhµν = Lξhµν ,
δh̄µν = Lξh̄µν− τµLζτν− τνLζτµ ,
δv̂µ = Lξ v̂µ−hµρLζτρ ,
δΦ̄µν = LξΦ̄µν +Lζ h̄µν ,

where λµ ≡ ea
µλa is the Galiliean boost parameter which obeys

vµλµ = 0. ξµ generates diffeomorphisms and ζµ generates gauge
transformations.
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Local non-relativistic algebra

[H ,Ga] = Pa , [Pa ,Gb] = Nδab ,

[N ,Ga] = Ta , [H ,Ba] = Ta , [Sab ,Pc ] = δacTb− δbcTa ,

[Sab ,Gc ] = δacBb− δbcBa , [Ga ,Gb] =−Sab ,

[Jab ,Xc ] = δacXb− δbcXa ,

[Jab ,Jcd ] = δacJbd − δbcJad − δadJbc + δbdJac ,

[Jab ,Scd ] = δacSbd − δbcSad − δadSbc + δbdSac ,

where Xa denotes Pa, Ta, Ga, Ba.
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Equations of motion (boost inv. formulation) I

GΦ̂ = 1
2hµν R̄µν

Gµν

Φ
= hµρhνσ

(
R̄ρσ−aρaσ−∇̄ρaσ

)
− 1

2hµν
(

hρσR̄ρσ−2e−1∂ρ

(
ehρσaσ

))
,

hρµG v̂
µ = hρµv̂ν R̄µν ,

2v̂µG v̂
µ = 2Φ̂Eg

Φ̂
− Φ̄µνEµν

g + hµνΦ̄µνe−1∂ρ

(
ehρσaσ

)
−hµρhνσΦ̄µν

(
∇̄ρaσ + aρaσ

)
+
(
hρσK̄ρσ

)2−hρσhκλK̄ρκK̄σλ−∇̄µ

[
hµρhνσ

(
∇̄ρΦ̄νσ−∇̄νΦ̄ρσ

)]
,



Tekst starter uden 

og ”Enhedens 

Equations of motion (boost inv. formulation) II

Gαβ
h = +

(
hµαhνβΦ̄µν −

1
2hαβhµνΦ̄µν

)(
e−1∂ρ

(
ehρσaσ

)
−Eg

Φ̂

)
+ 1

2hαβΦ̄µνEµν
g −hµαΦ̄µρEρβ

g −hµβΦ̄µρEρα
g + 1

2hρσΦ̄ρσEαβ
g + Φ̂Eαβ

g

+ 1
2hαβ

[(
hµν K̄µν

)2−hµρhνσK̄µν K̄ρσ

]
−∇̄ρ

[
v̂ρhµαhνβK̄µν − v̂ρhαβhµν K̄µν

]
−hµαhνβ∇̄µ∂νΦ̂−hµαhνβ

(
aµ∂νΦ̂ + aν∂µΦ̂

)
+ hαβhµν∇̄µ∂νΦ̂ + 2hαβhµνaµ∂νΦ̂

− 1
2hαβhµνhρσ

(
∇̄µ + aµ

)(
∇̄ρ + aρ

)
Φ̄νσ

+ hµαhνβhρσ
(
∇̄ρ + aρ

)(
∇̄(µΦ̄ν)σ−

1
2 ∇̄σΦ̄µν

)
+ 1

2hαβhµνhρσ
(
∇̄µ + aµ

)
∇̄νΦ̄ρσ−

1
2hµαhνβhρσ∇̄µ∇̄νΦ̄ρσ .
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Expansion generalities

• Expand fields

φI(x ;σ) = φI
(0)(x) +σφI

(2)(x) +σ2φI
(4)(x) +O(σ3) .

• Expansion of Lagrangians:

L̃(σ) = L̃(0) +σL̃′(0) + 1
2σ

2L̃′′(0) +O(σ3) .

• So:

L̃(σ) = L̃(0) + σ

(
∂L̃
∂σ

+ ∂φ

∂σ

∂L̃
∂φ

+ ∂∂µφ

∂σ

∂L̃
∂∂µφ

)∣∣∣∣∣
σ=0

+ · · ·

= L̃(0) +σ

(
∂L̃
∂σ
|σ=0 +φ(2)

∂L̃(0)
∂φ(0)

+∂µφ(2)
∂L̃(0)
∂∂µφ(0)

)
+ · · · .
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• We can also derive the TOV equation in this framework.

• Consider a static, spherical symmetric Ansatz:

τµ = N(r)δt
µ = eα(r)δt

µ ,

vµ = −e−α(r)δµ
t ,

hµν = diag
(
0,e−2β(r),1/r2,1/(r2 sin2 θ)

)
,

hµν = diag
(
0,e+2β(r), r2, r2 sin2 θ

)
.

• We source by a perfect fluid beginning at order O(c4) of
pressure P and energy E .

• With total mass M(r) we then obtain the TOV equation:

P ′ =−GN
r2 (P + E )

(
M(r) +4πr3c−4P

)(
1− 2M(r)GN

r

)−1
.
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FLRW Cosmology

• Consider a d-dimensional maximally symmetric space with
metric σij and scale factor a(t). Then our Ansatz is:

τµ = δt
µ , hµν = a(t)2σijδ

i
µδ

j
ν , yielding aµ = 0 , Kµν = ȧ

a hµν .

• We source by a perfect fluid beginning with non-zero energies
and pressures E(−4), P(−4), E(−2) and P(−2).

• After resumming pressures and energies it is then easy to see
that one obtains the Friedmann equations:( ȧ

a

)2
= 8πGN

3c2 E − c2k
a(t)2 ,

d
dt

( ȧ
a

)
+
( ȧ

a

)2
= −4πGN

3c2 (E +3P) , k =−1,0,1 .
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Perfect fluid

• Expansion of fluid velocity:

Uµ = uµ+ 1
c2 uµ(2) +O(c−4) , τµuµ = 1, τµuµ(2) = 1

2 h̄µνuµuν .

• EM tensor:
Tµν = E + P

c2 UµUν + Pgµν .

• Expansion of energy and pressure:

E = c4E(−4) + c2E(−2) + E(0) +O(c−2) ,
P = c4P(−4) + c2P(−2) + P(0) +O(c−2) .
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