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Main message: target space becomes phase space!

1X(0),P(c)} ~o(c—0) =  1X(0),X(c)} ~ (06 —0)



QOutline

e Motivation: Spin Matrix Theory limit of /' =4 SYM

- zoom in on BPS bound E > 0
- keep non-relativistic dynamics

e Bulk dual: Spin Matrix strings
- from non-relativistic worldsheet limit
- for each BPS bound get U(1)-Galilean geometry

- large Q limit commutes with Penrose limit

® Dynamics: U(1)-Galilean parametrizes phase space!



Spin Matrix Theory limits of /" =4

Spin Matrix Theory: [Kruczenski] [Harmark, Kristjansson, Orselli]

g
=

Starting from of /" = 4 SYM on R X S, zoom in on BPS bound LTIJ

E>Q0= Z a'sS; + b'J, (S° isometries S; and R-charges J))

by taking the limit

. E-0
A= 0, N = fixed, = fixed
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Here, focus on N — oo and large Q = sigma models



Spin Matrix Theory limits of /" =4

Example: SU(2) Landau-Lifshitz model from Q = J, + J,

[Kruczenski] [Harmark, Kristjansson, Orselli] '_2*
| in
. 2 |
S = 2 sza @ Ccosl —— [(9’)2 + sin’ @ (go’) ] &9
4r 4
Goal: understand this from dynamics of non-relativistic string!
e Where are these directions in AdSs X S°7?
e How does non-relativistic behavior arise?
e How to quantize? ~

l

Build on [Harmark, Hartong, Obers, Menculini, Yan] |
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Spin Matrix strings

Bulk dual of Spin Matrix limit with E > O = ) a'S; + b'J,

E-0
Es

g, — 0, N = fixed, = fixed

Procedure: [Harmark-Hartong-Obers]

e find a combination of angles y such that O = —id,

e definex’ = (r+y)/2andu =y — tand rescale x° ~ /g,
E—-0Q
8

1070 = and —id, = (£ + Q)/2

e keeps only dynamics on submanifold where (au)z =0




Spin Matrix strings

Example: SU(2) Spin Matrix string from Q = J, + J,

Parametrize the S° using | 4 |2 + |z, |2 + | 23 |2 = R?

—> charges J; correspond to phases of z;

TogetQ = — iéy use Hopf coordinates
z; = Rsin(f/2)sin(6/2)e' ¢

2z, = Rsin(f/2)cos(0/2)e' =)

z3 = Rcos(f/2)e™

Then restrictto p=0and f=nrn

1
ds?| = —R2%d:*+ R? " (d6* + sin* Odp?) + (dy + sin2(6’/2)d§0)2]
M




Spin Matrix strings

Example: SU(2) Spin Matrix string from Q = J, + J,

Using u = y — t and x° = (¢ + y)/2, this gives

ds?| =2t (R?du—m) +h,
M

~ ~0 R’ R’ 2 1 in2 2
T =dXx", m=—70039d(p, h=T(d9 + sin Gdgo)

corresponding to Hopf fibration S & $3 — CP! ~ §2
Likewise, Q = J; +J, + J; leads to S' & §° — CP* for SU(2|3)

— can restrict to S° c S° and CP! ¢ CP? above

Obtain all SMT backgrounds from Q = S, + S, + J; + J, + J; case!




Spin Matrix strings

Split x* = (x°, x%), then clock form
T, dxt ~ 7,di°/ g, + O(g))

Then (rescaled) Galilean boosts A“
and U(1) local transformations ¢ are
5TM =0,
5mﬂ = &MG )
5}2/40 — ZT(ﬂEya)ﬂa

—> ‘mass’ one-form decouples

— no boost-invariant izﬂy

Hence 'U(1)-Galilean geometry’
[Harmark-Hartong-Obers]

—> role in string sigma model?

<

tAdt =0



Spin Matrix strings

Spin Matrix string ‘light-cone gauge’ action [Harmark-Hartong-Obers]

_ Q 2 ’ 1 Uy
S =——=|d% |m X" +—h X"X
27 . 2 *

Unlike TNC cannot have m, = 0, otherwise no dynamics in X*,

—> role of U(1)-Galilean geometry?

Example: for SU(2) background
1 1
r=d%’, m=- ~ cosOdg, h=— (dO* + sin® Odg?)

this reproduces the SU(2) Landau-Lifshitz action

Si= g sza [g’o cos 6 — % [(8’)2 + sin’ 6 (qa’)zu

4r

Can quantize [Klose-Zarembo] but difficult, simplify?



Spin Matrix strings

Example: SU(2) Spin Matrix string from Q = J, + J,

1 1
T — cos Odp, h= " (d6* + sin® Odg?)

Simplification: take O — oo with 7 fixed and

~/

i T X y
U= — 9 = — +} —, O =——
Q 2 4/0 VO
This leads to the ‘flat’ background

1 1
t=di®, m= Exdy, h = Z (dx2 + dyz)

and the ‘light-cone’ string action

o 4L [dza <xy - % [(x’)2 + () 2] >

v/




Spin Matrix strings

Penrose and SMT limit commute!

rel. string on

AdSs X S°
Pel?ro.se D 55
limit

rel. string on
pp-wave

8~ 0 SMT string on
> | 'curved’ U(1)-Gal
SMT limit
Q— o0 | “flat’ limit
\/
0

5s _ | SMT string on
‘flat” U(1)-Gal
SMT limit UG




Spin Matrix strings

Penrose limit Q — oo of AdSs X S° gives pp-wave geometry
o %
ds® = 2dx°du — 2m_dx®*du + dx* — ;X' X/ (dxo)
Split coordinates (u, x°, x%, x) where [Bertolini ea., Grignani ea.]

e x'feel quadratic potential => decouple in SMT limit

e x“%are 'flat’ —> parametrize SMT dynamics

Agrees with ‘flat limit’ O — oo of ‘curved’ U(1)-Galilean!
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Dynamics and U(1)-Galilean geometry

In Hamiltonian dynamics, frequently use phase space action

S=|dt [qlpl_ H(Q,P)]a {qlap.]} — 5;

No problem if not diagonal: with presymplectic form ©,(g)

S = [dt [QI®I(Q) - H(Q): : Wy = 0,9, — 0,0, {q'.q"} = 0"

Compare: Spin Matrix string ‘light-cone gauge’ action (with 7 = di")

_ Q 2 ’ 1 Uy
S =——=|d% |m X" +—h X"X
27 . 2 *

e symplectic form o ~ dm ,
e Poisson bracket {X¥, X"} = w*,

e Hamiltonian H ~ C'I;dalhﬂyX”X'”

—> U(1)-Galilean geometry defines phase space of SMT action!



Dynamics and U(1)-Galilean geometry

Example: SU(2) Landau-Lifshitz model, O = J, + J,

On ‘curved’ CP' ~ $2 background,
1
S = —Q szo [cos 0p — 7 [(9’)2 + sin’ 6 (qo’)2”

A

e symplectic form @ ~ sin8dO A dg
o(c — o)

: —> quantization is hard
sin @

o Poisson bracket {6(0), p(c')} ~

Simplification: ‘flat’ background from Q — oo,
1 1 2
L — d2 -__[/2+ /]
4ﬂ[ 0<xy 7|6+ () )

e symplectic form @ ~ dx A dy

e Poisson bracket {x(0),y(6')} ~ 6(6 —6') = quantization is simpler!



Dynamics and U(1)-Galilean geometry

S g[d% [cos 0 — % [(9')2 + sin® 0 (go’)zu

A

e parametrize p = cos @ and g = ¢, use Darboux coordinates!
e thenw ~ sin@dO A dop ~ dp A dg!

e |eads to Schrodinger-type propagator for ¢p = g + ip

=2 @)+ (9]

Seft== (#-09) - |¢

e only particular type of diagram contributes to four-point function [Klose-Zarembo]
k p
- \

Can be used to compute exact S-matrix! Generalize to other SMT models?



Conclusions and outlook

Spin Matrix strings

e arise from non-relativistic limit of strings on AdSs x S°

e couple to U(1)-Galilean geometry

e which is a phase space for physical excitations

0

27

. 1 —
S = ——[dza [mﬂX/"+—h XHX*
7

symplectic form @ ~ dm and Hamiltonian H ~ (

Ddo'h, X' X"

Upcoming work:
e |ight-cone quantization

- symplectic structure from limit of light-cone action

- anomalies in global symmetry algebra?
e covariant quantization

- GCA generators from Polyakov action, anomalies?

- Hamiltonian reduction to w ~ dm




