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My motivations

Double field theory (DFT)/Exceptional Field theory (ExFT)
Unify metric 4 form fields

— generalised geometry
Use O(D, D) or Ep (local) symmetries (not GL(D))

— higher-dim origin of T-/U-duality symmetries
Applications in SUGRA

— flux compactifications, consistent truncations,

higher-derivative corrections

Beyond SUGRA?

— winding coordinates, exotic geometries: T-/U-folds

Non-Lorentzian geometry in DFT/ExFT

Surprisingly contained in this formulation

[Lee, Park; Ko, Melby-Thompson, Meyer, Park; Morand, Park;...]

Naively singular limits well-defined via “extended” geometry



A DFT cheatsheet

Given: D-dimensional metric g;,,,, two-form B,,,,, dilaton ¢

Generalised vectors AM = (v#,),)
GL(D) diffeos —» « _—— Gauge B — B+ d\

O(D, D) metric
_ (0 4

Generalised metric and dilaton

Yo — g—Bg'B Bg! O(D, D)
MN=\ —g'B  g')T 0@ D-1)x0(1,D-1)

—1qy _
e 2 = 729, /|g| =Hn "H=n

Generalised diffeomorphisms
LAVM = AVapyvM — vNouAM 1 pMN oo dn AP V@

MN [Siegel]
0 oy =0< 9y =(0,,0
M @ On m = (9,0) [Hohm, Hull, Zwiebach;..]



Generalised metrics for non-Lorentzian geometry

Example: Gomis-Ooguri

ds? = ?napdX?dXP 4 5;dX dX) By = c?ep a=0,1 i=2,...,8
0 o0 €aP 0
Moy — (€— BB Bgty _ | 0 4 0 0
MN — 7g_1B g—l - Eba C72nab 0



Generalised metrics for non-Lorentzian geometry

Example: Gomis-Ooguri

ds? = ?napdX?dXP 4 5;dX dX) By = c?ep a=0,1 i=2,...,8
0 0 e? 0
o — (87 Bg~B Bg~! Fzoo | 0 b O 0
MN _g—lB g—l 6ba 0 0 0
0 0 o0 &



Generalised metrics for non-Lorentzian geometry

Example: Gomis-Ooguri

ds? = ?napdX?dXP 4 5;dX dX) By = c?ep a=0,1 i=2,...,8
0 e O
—1 = 2 .
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Non-Riemannian parametrisation [Morand, Park]

_ (% Bue Koo Xpy? — X7 oy 0
non-rel 0 6‘; pro' - _)_/p)_(o HPU - BUV 6Z

Degenerate metrics plus zero vectors:

Hmn

HMW x, = HFVR, = 0’ Xy.y'u — )_(,u}_/# =1

Hp By g gt = §H
Kuvy” = Kuwy” =0, xuy# =Xy = HE Ko + 2yt 3yt = 0y

—2d _ ,—2¢ < < vi..v
e =e \/XLL1XH2XV1XV26“1 HDe¥1 VD Kysus - . Kupup



Generalised metrics for non-Lorentzian geometry
Example: Gomis-Ooguri
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Non-Riemannian parametrisation [Morand, Park]
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Hmn
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e.g. Gomis-Ooguri:
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Example: Gomis-Ooguri

ds? = ?npdX?dXP + 5;dX dX) Bap = c’esp a=0,1 i=2,...

- b ’8
0 0 e 0
—1 = 2 .
_ (&8 — B g c“—=oo 0 6’1 0 0
Hun = ( — 1) T le* 0 0 o0
0 0 o0 4

Non-Riemannian parametrisation [Morand, Park]

_ (% Bue Koo Xpy? — X7 oy 0
non-rel 0 6‘; pro' - _)_/p)_(o HPU - BUV 6Z

Degenerate metrics plus zero vectors:

Hmn

HMW x, = HFVR, = 0’ Xy.y'u — )_(,u}_/# =1

P By % oho— Sh
Kuvy” = Kupwy” =0, xuy# =X, y* =0 HY Kow +ay" + 20y 7
—2d

— 29 < < ViU
e =e \/XLL1XH2XV1XV26“1 HDe¥1 VD Kysus - . Kupup

e.g. Gomis-Ooguri:
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Let’s try this in worldsheet actions

Worldsheet (Hamiltonian)

: 1, X\ 1 X"
S = /d2gXMPﬂ—§e (X’l Pu) Hmn (Py>—2u (X’u Pu) MmN (Py>



Let’s try this in worldsheet actions

Worldsheet (Hamiltonian)
. 1 X/y 1 X/IJ
2
S= /d JX”P#—Ee (X" Py) Hun (P,,>_2u (X" Py) nun (Py>
Worldsheet (doubled target space)

1. 1 1
_ 2 M IN M IN M IN
X =P, S = /d o 72X nun X' — 5 eX " Hun X" — 5 uX"M X

XM = (X", X,)



Let’s try this in worldsheet actions

Worldsheet (Hamiltonian)

. 1 X/y 1 X/IJ
2
°= /d o XV'Pu—>e (X" Pu) Hun (Pu>_2“ (X" Py) nuaw (Pu>
Worldsheet (doubled target space)

)?[’A =Pu
XM = (X", %)

S= / d’c %XMnM,\,X’N - %eX’MHM,\,X’N — %UX’MnMNX'N

The essential feature of non-relativistic parametrisations
1, X' 1,
E(X P)/HMN<P>:§HM P.P, + ...

= can't integrate out momenta in x,, X, directions

= y"P,, y" P, become “Lagrange multipliers” for longitudinal
directions:
L~ (y°Pp)xuD-X" + (y°P,)x, D+ X"

Di :80—u81 + e@l



Matching worldsheets

Using non-relativistic parametrisation (covariant result)

1 1
S = / d’s — Eﬁwaﬂaaxmﬁxww - EeaﬁaaX”agX”BW
+ Baxu (V=" = €)X "
+ BaFu (== — )X
DFT to SNC dictionary:
Ky = Huw — 2X(Mﬁ‘l,,) - 2)?(#my) Ba = Aa + ﬁ"u(é’Y + \/%Ga’y)a'yxu
B,uu = Bzﬁc — 2X[MI711,] =+ 2>?[Hml,] ,Ba = )\ — mu(é'y Fea”)an“

DFT to TNC includes e.g. x, = %(T{,l), X, = \/E(T,, 1) [cB,
Berman, Otsuki; CB 1908] and matches SNC to TNC c.f. [Harmark et al]

Ba ~ Y (0aXu +...) Ba~ 7" (0aXu+...)



How to elaborate on this?

Spacetime eom?

Expect: generalised diffeo invariance / beta functional — background
field equations for Hyp, d, regardless of parametrisation

BUT 3 variations §Hyn which do not preserve non-rel nature of param
[Cho, Park]

Similar issues in deriving beta-functionals of non-rel string — geometric
constraints? [Gomis et al; Gallegos et al; Bergshoeff et al; talk by Zinnato in 1st NL Zoom]

Goal: insert non-rel parametrisations into DFT descriptions of:

1) 10-dim type Il and heterotic SUGRA

2) lower-dim gauged SUGRA (generalised Scherk-Schwarz reductions)
3) SUSY worldsheet actions

— different approaches, e.g. superspace [Hull; Hackett-Jones, Moutsopoulos],
Green-Schwarz [Park] — Gomis-Ooguri
Hamiltonian [CB, Malek, Routh]

4) isometries/conserved charges [CB, Oling, Park, in progress]



Worldsheet SUSY: Left and right see different spaces

1) Double bosons: (X*,P,) — (X*,X,), fermions are their own
momenta — do not double

2) Worldsheet fermions: ¢4 <+ O(1,D — 1), ¥ <+ O(1,D — 1)g

O(D,D)
Hmn € 5T p=1)x0@,0=T)

3) Left/right worldsheet fermions see different spacetime vielbeins
Normally: identify via compensating Lorentz transform A ~ eLe',;1
Non-rel: cannot identify left/right local tangent spaces

= Non-relativistic geometry ~ relativistic non-geometry

4) wAJ/N)A couple to left/right projected generalised vielbeins

A = i\ (has O VB v = e ™ vy
Hunv = (Vi Vim . o B _ i - A
0 h Vv, A PNy, A

AB N V™ = —nmpH " Vi

*\_/MAVNB’_TA,@ = Puy = L(mmn — Hmw) Vi VB has = Puy = L + Huw)

hag, ’_U\B are separate copies of Minkowski metricc A=0,...,D —1, A=0,..., D-1



We can write down the locally SUSY worldsheet action

The doubled RNS action [CB, Malek, Routh]

1. [ 5= ~a A
5:/d20§XMTIMNX/N_é(¢Aw8h/_\é+'¢)Aw8hAB)
—(e—u)H —(e+u)H —icQ - i€Q
w

Worldsheet gravitino
Constraints: 7—[,7:[ generate worldsheet diffeos, Q, Q worldsheet SUSY
I

i - . o ~
EVMCWMABQ/)A'(pBwC

VCWMAwaw + = V(_ /\/Awaw

—V2Q = XM V" 5 + 2 VM congapi 0BuC +
V290 = XIM77MN VN + ;
WpmAB = \_/PA'aM \_/PB + rMNP\_/PA VNE Omag = VpaOm VPB + FMNPVPA VNB

Connection: VH =0, V=0, Ve 2? = 0, generalised torsion free
not unique [Siegel] [Jeon, Lee, Park] [Hohm, Zwiebach] but quantities in action are fixed



A worldsheet supersymmetric Newton-Cartan string (cs 100g]

1) Insert NC parametrisation of Viya, V,,z into action
Automatically: Hamiltonian formulation, SUSY transformations
2) Integrate out P, as before

Lagrangian, local SUSY, curved background, full order in fermions
(¥3: torsions, 1*: curvatures)

e.g. focus on longitudinal dofs (y* Py, x, X", 40, 1),
(y“Pu7)_<MXH7’(ZO7TZ1):
Loy'P, (XHD_XM + 25— ) + 7Py (RuD: X" + (5~ 7))

(waersz)—f( U Duy” + 9" Diyt)

fc = VMCwM“dJAiZJE + %’JJC fe = VM ciomapd™ B — \/%ewc
fo—f= fh“ wm(hynﬂ/ﬂn + Yu(wo + 7/} ))6[;LX1/] - ﬁ(&o + 12'1)
fo = i = V2HH md ™ (h wd" + y* (80 + 91))0 %) + o (00 + 1)

m,m=2,...,D (transverse flat)



As below, so above: ExFT and non-Lorentzian M-theory

Double field theory

Him € 5 2as7: O(D, D)-compatible generalised diffeomorphisms

(10-dim max/half-max) SUGRA, worldsheet actions



As below, so above: ExFT and non-Lorentzian M-theory

Exceptional field theory See recent review [Berman, CB]
Mun € H ED(D) -compatible generalised diffeomorphisms

(11- and 10- d|m max) SUGRA, (to an extent) worldvolume actions
Ey(s) = SL(3) x SL(2), Eya) = SL(5), Es(sy = SO(5,5), Es(s)s Erzys sy - - -

Double field theory

Hun € %, O(D, D)-compatible generalised diffeomorphisms

(10-dim max/half-max) SUGRA, worldsheet actions



As below, so above: ExFT and non-Lorentzian M-theory

Exceptional field theory See recent review [Berman, CB]
Mun € H ED(D) -compatible generalised diffeomorphisms

(11- and 10- d|m max) SUGRA, (to an extent) worldvolume actions
Ey(s) = SL(3) x SL(2), Eya) = SL(5), Es(sy = SO(5,5), Es(s)s Erzys sy - - -

Example: SL(5) D = 4, metric gj;, three-form, C = %eif"’CjkI

Mun = |g]**® ( el e g2 gu C" ) _SL(5)
|g|71/2gjka —|g|1/2+ |g|71/2gk/CkC/ SO(2,3)

Non-Riemannian parametrisations [Berman, CB, Otsuki]

MI\/IN:(kU i;') pdetk —

1 I .,
X; =X, Xj € Ll J4k1212k13j3 kij, = 1

6
det k = 0 = no invertible spacetime metric

More carefully: MUM55 — M AMJI5 is rank 1 = 3 non-rel directions
Describes Gomis-Ooguri style limit of M2 — membranes? c.f. [Kiu-
son], some comments in [CB 2002], also NC embeddings



thanks for listening!



