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My motivations

Double field theory (DFT)/Exceptional Field theory (ExFT)
Unify metric + form fields

→ generalised geometry
Use O(D,D) or ED (local) symmetries (not GL(D))

→ higher-dim origin of T-/U-duality symmetries
Applications in SUGRA

→ flux compactifications, consistent truncations,
higher-derivative corrections

Beyond SUGRA?
→ winding coordinates, exotic geometries: T-/U-folds

Non-Lorentzian geometry in DFT/ExFT
Surprisingly contained in this formulation
[Lee, Park; Ko, Melby-Thompson, Meyer, Park; Morand, Park;...]

Naively singular limits well-defined via “extended” geometry



A DFT cheatsheet

Given: D-dimensional metric gµν , two-form Bµν , dilaton φ

Generalised vectors ΛM = (vµ, λµ)

O(D,D) metric

ηMN =

(
0 δνµ
δµν 0

)
Generalised metric and dilaton

HMN =

(
g − Bg−1B Bg−1

−g−1B g−1

)
∈ O(D,D)

O(1,D − 1)× O(1,D − 1)

e−2d = e−2φ
√
|g |

Generalised diffeomorphisms

LΛV
M = ΛN∂NV

M − V N∂NΛM + ηMNηPQ∂NΛPVQ

ηMN∂M ⊗ ∂N = 0⇔ ∂M = (∂µ, 0)
[Siegel]

[Hohm, Hull, Zwiebach;...]

⇒ Hη−1H = η

GL(D) diffeos Gauge B → B + dλ



Generalised metrics for non-Lorentzian geometry

Example: Gomis-Ooguri

ds2 = c2ηabdX
adX b + δijdX

idX j Bab = c2εab a = 0, 1 i = 2, . . . , 8

HMN =

(
g − Bg−1B Bg−1

−g−1B g−1

)
=


0 0 εab 0
0 δij 0 0
εb

a 0 c−2ηab 0
0 0 0 δij



Non-Riemannian parametrisation [Morand, Park]

HMN

∣∣∣
non-rel

=

(
δρµ Bµρ
0 δµρ

)(
Kρσ xρy

σ − x̄ρȳ
σ

yρxσ − ȳρx̄σ Hρσ

)(
δσν 0
−Bσν δνσ

)
Degenerate metrics plus zero vectors:

Hµνxν = Hµν x̄ν = 0 ,
Kµνyν = Kµν ȳν = 0 ,

xµyµ = x̄µȳµ = 1
xµȳµ = x̄µyµ = 0

HµρKρν + xνy
µ + x̄ν ȳ

µ = δµν

e−2d = e−2φ
√

xµ1 x̄µ2xν1 x̄ν2ε
µ1...µD εν1...νDKµ3ν3 . . .KµDνD

e.g. Gomis-Ooguri:

Kµν =

0 0 0
0 0 0
0 0 δij

 yµ = 1√
2

1
1
0

 ȳµ = 1√
2

 1
−1

0



Hµν =

0 0 0
0 0 0

0 0 δij

 xµ = 1√
2

1
1
0

 x̄µ = 1√
2

 1
−1

0


More generally: n xµ and n̄ x̄µ
e.g. n = D − 1, n̄ = 0: Carroll
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 ȳµ = 1√
2

 1
−1

0



Hµν =

0 0 0
0 0 0

0 0 δij

 xµ = 1√
2

1
1
0

 x̄µ = 1√
2

 1
−1

0


More generally: n xµ and n̄ x̄µ
e.g. n = D − 1, n̄ = 0: Carroll



Generalised metrics for non-Lorentzian geometry

Example: Gomis-Ooguri

ds2 = c2ηabdX
adX b + δijdX

idX j Bab = c2εab a = 0, 1 i = 2, . . . , 8

HMN =

(
g − Bg−1B Bg−1

−g−1B g−1

)
c2→∞

=


0 0 εab 0
0 δij 0 0
εb

a 0 0 0
0 0 0 δij


Non-Riemannian parametrisation [Morand, Park]

HMN

∣∣∣
non-rel

=

(
δρµ Bµρ
0 δµρ

)(
Kρσ xρy

σ − x̄ρȳ
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xµyµ = x̄µȳµ = 1
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Let’s try this in worldsheet actions

Worldsheet (Hamiltonian)

S =

∫
d2σ ẊµPµ−

1

2
e
(
X ′µ Pµ

)
HMN

(
X ′ν

Pν

)
−1

2
u
(
X ′µ Pµ

)
ηMN

(
X ′ν

Pν

)

Worldsheet (doubled target space)

S =

∫
d2σ

1

2
ẊMηMNX

′N − 1

2
eX ′MHMNX

′N − 1

2
uX ′MηMNX

′N

The essential feature of non-relativistic parametrisations

1

2

(
X ′ P

)
HMN

(
X ′

P

)
=

1

2
HµνPµPν + . . .

⇒ can’t integrate out momenta in xµ, x̄µ directions

⇒ yµPµ, ȳ
µPµ become “Lagrange multipliers” for longitudinal

directions:
L ∼ (yρPρ)xµD−X

µ + (ȳρPρ)x̄µD+X
µ

D±=∂0−u∂1 ± e∂1
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Matching worldsheets

Using non-relativistic parametrisation (covariant result)

S =

∫
d2σ − 1

2

√
−γγαβ∂αXµ∂βX

νKµν −
1

2
εαβ∂αX

µ∂βX
νBµν

+ βαxµ(
√
−γγαβ − εαβ)∂βX

µ

+ β̄αx̄µ(−
√
−γγαβ − εαβ)∂βX

µ

DFT to SNC dictionary:

Kµν = Hµν − 2x(µm̄ν) − 2x̄(µmν)

Bµν = BSNC
µν − 2x[µm̄ν] + 2x̄[µmν]

βα = λα + m̄µ(δγα + 1√
−γ εα

γ)∂γX
µ

β̄α = λ̄α −mµ(δγα − 1√
−γ εα

γ)∂γX
µ

DFT to TNC includes e.g. xµ = 1√
2

(τi , 1), x̄µ = 1√
2

(τi ,−1) [CB,

Berman, Otsuki; CB 1908] and matches SNC to TNC c.f. [Harmark et al]

βα ∼ yµ(∂αX̃µ + . . . ) β̄α ∼ ȳµ(∂αX̃µ + . . . )



How to elaborate on this?

Spacetime eom?
Expect: generalised diffeo invariance / beta functional → background
field equations for HMN , d , regardless of parametrisation
BUT ∃ variations δHMN which do not preserve non-rel nature of param
[Cho, Park]

Similar issues in deriving beta-functionals of non-rel string → geometric
constraints? [Gomis et al; Gallegos et al; Bergshoeff et al; talk by Zinnato in 1st NL Zoom]

Goal: insert non-rel parametrisations into DFT descriptions of:
1) 10-dim type II and heterotic SUGRA
2) lower-dim gauged SUGRA (generalised Scherk-Schwarz reductions)
3) SUSY worldsheet actions
→ different approaches, e.g. superspace [Hull; Hackett-Jones, Moutsopoulos],

Green-Schwarz [Park] → Gomis-Ooguri
Hamiltonian [CB, Malek, Routh]

4) isometries/conserved charges [CB, Oling, Park, in progress]



Worldsheet SUSY: Left and right see different spaces

1) Double bosons: (Xµ,Pµ) → (Xµ, X̃µ), fermions are their own
momenta → do not double

2) Worldsheet fermions: ψ̃A ↔ O(1,D − 1)L, ψĀ ↔ O(1,D − 1)R

HMN ∈ O(D,D)
O(1,D−1)×O(1,D−1)

3) Left/right worldsheet fermions see different spacetime vielbeins
Normally: identify via compensating Lorentz transform Λ ∼ eLe

−1
R

Non-rel: cannot identify left/right local tangent spaces

⇒ Non-relativistic geometry ∼ relativistic non-geometry

4) ψĀ, ψ̃A couple to left/right projected generalised vielbeins

HMN =
(
VM

A V̄M
Ā
)(hAB 0

0 h̄ĀB̄

)(
VN

B

V̄N
B̄

) VM
A = ηMPHPNVN

A

V̄M
Ā = −ηMPHPN V̄N

Ā

−V̄M
ĀVN

B̄ h̄ĀB̄ = P̄MN ≡ 1
2 (ηMN −HMN ) VM

AVN
BhAB = PMN ≡ 1

2 (ηMN +HMN )

hAB , h̄ĀB̄ are separate copies of Minkowski metric, A = 0, . . . ,D − 1, Ā = 0, . . . ,D − 1



We can write down the locally SUSY worldsheet action

The doubled RNS action [CB, Malek, Routh]

Worldsheet gravitino

S =

∫
d2σ

1

2
ẊMηMNX

′N − i

2

(
ψĀψ̇B̄ h̄ĀB̄ + ψ̃A ˙̃ψBhAB

)
− (e − u)H− (e + u)H̃ − iξQ− i ξ̃Q̃

Constraints: H, H̃ generate worldsheet diffeos, Q, Q̃ worldsheet SUSY

−
√

2Q = X ′MηMN V̄
N
Āψ

Ā +
i

2
V̄M

C̄ωMĀB̄ψ
ĀψB̄ψC̄ +

i

2
V̄M

C̄ ω̃MAB ψ̃
Aψ̃BψC̄

√
2Q̃ = X ′MηMNV

N
Aψ̃

A +
i

2
VM

CωMĀB̄ψ
ĀψB̄ ψ̃C +

i

2
VM

C ω̃MAB ψ̃
Aψ̃B ψ̃C

ωMĀB̄ = V̄PĀ∂M V̄ P
B̄ + ΓMN

P V̄PĀV̄
N
B̄ ω̃MAB = VPA∂MV P

B + ΓMN
PVPAV

N
B

Connection: ∇H = 0, ∇η = 0, ∇e−2d = 0, generalised torsion free
not unique [Siegel] [Jeon, Lee, Park] [Hohm, Zwiebach] but quantities in action are fixed



A worldsheet supersymmetric Newton-Cartan string [CB 1908]

1) Insert NC parametrisation of VMA, V̄MĀ into action
Automatically: Hamiltonian formulation, SUSY transformations
2) Integrate out Pµ as before
Lagrangian, local SUSY, curved background, full order in fermions
(ψ3: torsions, ψ4: curvatures)

e.g. focus on longitudinal dofs (yµPµ, xµXµ, ψ0, ψ1),

(ȳµPµ, x̄µXµ, ψ̃0, ψ̃1):

L ⊃ yνPν
(
xµD−X

µ + ie√
2
(f0 − f1)

)
+ ȳνPν

(
x̄µD+X

µ + ie√
2
(f̄0 − f̄1)

)
− i

2
(−ψ̃0D−ψ̃

0 + ψ̃1D−ψ̃
1)− i

2
(−ψ0D+ψ

0 + ψ1D+ψ
1)

fC ≡ VM
CωMĀB̄ψ

ĀψB̄ + ξ̃√
2e
ψ̃C f̄C̄ ≡ V̄M

C̄ ω̃MAB ψ̃
Aψ̃B − ξ√

2e
ψC̄

f0 − f1 =
√

2h̄µm̄ψ
m̄(h̄ν m̄ψ

n̄ + ȳν(ψ0 + ψ1))∂[µxν] − ξ̃√
2e

(ψ̃0 + ψ̃1)

f̄0 − f̄1 =
√

2hµmψ̃
m(hνnψ̃

n + yν(ψ̃0 + ψ̃1))∂[µx̄ν] + ξ√
2e

(ψ0 + ψ1)

m, m̄ = 2, . . . ,D (transverse flat)



As below, so above: ExFT and non-Lorentzian M-theory

Double field theory

HMN ∈ O(D,D)
O(D)×O(D) , O(D,D)-compatible generalised diffeomorphisms

(10-dim max/half-max) SUGRA, worldsheet actions

Exceptional field theory See recent review [Berman, CB]

MMN ∈
ED(D)

HD
, ED(D)-compatible generalised diffeomorphisms

(11- and 10-dim max) SUGRA, (to an extent) worldvolume actions
E3(3) = SL(3)× SL(2), E4(4) = SL(5), E5(5) = SO(5, 5), E6(6), E7(7), E8(8), . . .

Example: SL(5) D = 4, metric gij , three-form, C i = 1
6ε

ijklCjkl

MMN = |g |1/10

(
|g |−1/2gij |g |−1/2gikC

k

|g |−1/2gjkC
k −|g |1/2 + |g |−1/2gklC

kC l

)
∈ SL(5)

SO(2, 3)

Non-Riemannian parametrisations [Berman, CB, Otsuki]

MMN =

(
kij Xi

Xj ϕ

)
ϕ det k − 1

6
Xi1Xj1ε

i1...i4εj1...j4ki2j2ki3j3ki4j4 = 1

det k = 0⇒ no invertible spacetime metric
More carefully: MijM55 −Mi5Mj5 is rank 1 ⇒ 3 non-rel directions
Describes Gomis-Ooguri style limit of M2 → membranes? c.f. [Klu-

son], some comments in [CB 2002], also NC embeddings
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thanks for listening!


