
②

lntiiusictorsionofaG-stuecture.ggNotation alert : From now on
,
we will let V. = IR"

.

ie : V is just the name for IR
"
,
not an abstract vector

space .

Then GL6V) will devote GLCn.IR) and

gfcv ) its tie algebra : the space of nxn real matrices .

let GEGLCV) and let g < gfcv) devote its tie algebra .

Let IE7M
"

be a G-structure and let 0 C- ICE;V) be
the soldering form .

If we I is a frame at p = This , then 4TH; Tut→Tp M

is a surjective linear map ,
whose kernel On := her #*Ju

is called the vertical subspace of TUI .

The rank theorem

says that dim On
= dim g .

It defines a distribution
of CTE which is G-invariant : To Rg = I ⇒ 42g)* preserves

the kernel of #* .
It is also involutiue : the corresponding

foliation is the foliation of I by its fibres it
-'

Cps .

By an Ehresrnann connection on I me mean a G-invariant

distribution 26 CTI complementary to d. At every frame
ue It

,
Tu I = On ⑦ thou and u

: 26in →¥TpM .
We will

devote by h : Tue → slow the horizontal projector .

One cave equivalently define an Ehnesmaun connection

via a connection one - form W E D
' LE 's 9) defined

uniquely by the properties :

ken Wu = thou and WL5X ) = X ht Xeg .

where &× is the fundamental vector field on I

corresponding to XEI .

( Ex In = It ( no et×)It=o )

one can show that Rg*w = Adlg- Dow ,
where Ad ! G→ GLLG)

is the adjoint representation.



Recall that if f : G
→ GL4V) is a representation of G ,

then IXGIV is a vector bundle on M associated to LITN)

whose sections can be identified with G - equivariant

functions r : I→ W : oluogj-glg-y.ru) .

More generally , we define the basic forms (W- valued)

SY6R ;N)÷ { TERRI :p) / Rg*4=gcg-4.4 a h*4=4 }
-
-

"invariant
" " horizontal

"

where 4*4 ) (Yi , . . . , Yp) ÷ 4th Ys , . . . ,hYp ) ,
with h the

horizontal projector .

The reason why 4 C- DICE; N) is called basic
,
is that

it defines a p
- form on M with values in the associated

bundle I XGIV .
hideed

, as
CM) -modules

n% (I;N) I R'TMi IXGN) .

An Ehnesnnauu connection on I defines a covariant
derivative on sections of any associated vector bundle .

The expression is particularly transparent in terms of
the functions in CG1E ; IV) . If o : I→ IV is equirariaut
we define to ÷ h* do

.
It follows that

17 : r¥IsW ) → n'⇐LIN)
or
, equivalently , down at the base,

17 : TLIXGN ) → n'( M ; IXGW)

A standard exercise in this subject is to show that

to = do + f*Cw) . or

where ↳ i g→ gf CN) is the representation of g
induced by f .



The soldering form ① ER4R ;V) is actually basic :

(horizontal) 4*0 . )CXu) = On (hXu) = a-
'
** 1h Xu)

= u
"
it* ( Xu- ④agent)

= u
- '
TA Xu

= On (Xu)

( invariant ) (Rg
't 0)uCXu) = O-u.gl g) * Xu)

= 4.g)
"
it#④g)* Xu

= g-t.ci
'
it# Xu

= g-
I

. Fu Hu)

Therefore 0 E RECEIV) and hence it defines on M a

one -form with values in IX9V; that is , a section

of CE4V ) ④ THY = them CTM
, IXON) . he other words

, none

other than the isomorphism TM ⇒ IXgV .

17
The koszwl connection Tltxqv )→ n'CM ; Pxav )
on IX9V induces an =/ II
affine connection on TM

, 17

which is said to be
*CM) → RIM;TM)

adapted to the G-structure I .

Its torsion T" ER4M ; TM)
, defined by

TR4Y) ÷ 17×4 - Dy X - [X.YJ FINE#CM) ,

is represented by ⑦ E DIE iv ) , defined by ⑦ = h*dE
,

or equivalently by the first structure equation

④ = do + wa 0

where the second term in RHS involves also the action of

wer'tRig) on ①ER1R:V ) mia the embedding g s gfcv) .
If X.YE ICE) ,

① IX.Y) = D0-1XY) + WLX) 0-4)- WC41 0CX)



We newark that the tensor fields defining the G- structure
are couariawtly constant with respect to any adapted connection.
he deed

, they are represented in I as constant G - equi variant
J

functions I→ IV , with N the relevant space offenses,
and hence do = 0 so that in particular h*dr=O

.

This is a way to recognise
the adapted connections .

Now let us see how the torsion changes when we change
the connection.

Let the'cTI be a second Ehnesnnauu

connection with connection one - form w
'
e RKE ; g)

.

Let k÷ w
'
-w ne D

' (Eis)
.
Since w,w' are invariant,

so is K . But now K is now also horizontal and

hence it descends to a one - form with values in adI÷I×g9 .

In general , the difference DLR between two affine
connections belongs to CM's EHDTM) but if they are

adapted , then TF17 is a 1- form with values in the

sub -bundle of EndTM which corresponds to ad I via

the soldering form .

let ④
'

be thetorsion 2ham of 26
'
.
From the structure

equation

⑦
'
- ④ = Ka -0 ⇒ (④

'
- ④JC4Y ) = K1H 0CY) - KCYIELX)

Of course K
,
① ,

④
'
are hiusohtad so this is an equation

for sections of the commanding AVBS :

2 : R
'
( M; Pxc, g) → ICM; I #V )

I '

II

1- ( Ex↳ ( 9⑦V*)) IT I×q(V④NV*) )

induced by the linear map (also devoted 2) :

g⑦v* °→V④NV* ( of . Spencer )
Is

11

Homlv, g) MomCAN,V)

Fu
,well K )(v , w) = Kuw

- Kwv where K : V→ 9

u ↳ Ku



Proposition 2
Let PIM be a G-structure and we R'tIi g) the

one - form of an Ehnesnuauu connection with torsion ① ESTTISV) .

¥÷÷÷:::÷I÷÷÷÷÷÷i2 : Hom CV, 9) → them LA4V)

defined by fdk) (u ,w ) = kulw) - Kw tut t u ,WEV .

Under them LV, G) ⇐ g④V* and them(ANNIE V④N*
,
the map 2

is the composition

g ⑦ ✓
* ✓⑦✓

*
⑦✓
*

v⑦

where i : g→ V⑦V* is the earbedding g→ GICVIE v④V*

and A : V*④V*→ NV* is

shew-symmetuisation.TO
any linear map (such as 2 : g④V*→V④NV* ) there is

associated an exact sequence :

0→ hers→ g ✓* Is ✓④hav't → colors → 0

where • her g =

✓⑦"¥im2 , which induces an exact
sequence of associated VBS :

0 → Ixq hero → IXG (g④V*) → Ixq ( v④NV*) → Ixqcohero
→ 0

" contortions " contagion" " torsion" " intrinsic
which do not " torsion

"

alter the torsion

We see that ④
'

- ④ = a CK) or suggestively in terms of
affine connections : T17

'
-TT = 247 '

-R ) and hence the

image [TR3 e 1- (IXG when 't ) does not depend on the

connection : it is called the intrinsic torsion of the
G- structure

.



The game is then to study colors as a representation of
G and determine all sobnepneseutat.com . Each such

sob representation determines a different type of G-structure
which we can characterise internees of the tensors which

determine the G-structure .

As an example , consider hoieutgiau. structures , so g= CV)
,

and y the hoieulziau inner product on V.

henna 3
'

themapf.su/x0V*-7Vx0tfV*isauisomorphisn

Proof Notice that

dim ④V*) = dim (V④ ITV't) = nYn ,
so that the result will follow if we show that her2=0 .

let KE CV) V* = them LV , CV1)
.

Then

2k E V④NV't = them LA2V, V ) is such that

K) (v ,w ) = Kvw - Kwv

since Ku tso CV) , L Kvw , 7) =
- lw, Kit) = - LKVZ,w)

If 24=0 ,
then also {Kvw ,

t) = + tkwv,⇒
so letting

+µ ,w,z) ÷ Lkv with

2K =D iff
TCV,

w ,7) = - T Iv , 7 ,w) = Tfw,v.7)

But this means T = 0 and since L
,
7 is non-degenerate,

that K = 0
.

Daewoo

It follows that when I = 0 and have any adapted connection

(here any metric connection) can be modified to be torsionfree .

And since her 2=0
,
there is a unique torsion -free connection .

Indeed that's the fundamental theorem of pseudo) viewauniau

geometry .



This has the following consequence : if GE04- I
, 1) I GLCNIIR )

then her a = 0
, since

2 is the restriction to g s se cm, 1)

of the map in the Kuma , which has zero kennel . Therefore the
exact sequence becomes short exact :

0 → g④y* Is v④Nv*→ color 2 → 0

and
dim •her 2 = n ((1) - dumg) .

Another example (not relevant to non - loeutgiaee geometry)
is that of almost symplectic geometry .

An almost

symplectic manifold ( M ,w ) consists of a nondegenerate
we RTM) .

This requires n= dim M to be even . so

let n=2m
. By the symplectic version of Grave-

Schmidt , can choose local Davhoox frames which
are related on overlaps by local Spam , IR) EGLKM.IR)
transformations . Again let VHRZM .

Then the lie

algebra ⇐ CV ) ± ON and the Spencer sequence is now

0 → ✓ → 07×0✓*→ v
*
→ pV*→ 0

where we have used w to identify Vaud V* .

The

intrinsic torsion is therefore a 3- form on M : none

other than dw ER2M) . I Exercise ! )

* * *

As G = splv ) representation , IPVE Nov ⑦ V , where
N3U are the w-haulers 3- forms & V

* the w -trace.

This gives 4 tyres of almost symplectic manifolds :

⑨ symplectic i dw = 0

⑨ locally conformal symplectic : dw = way 74ER4M)

(⇒ d 4=0 so locally Q=df & d¢fw) = 0 )

⑨ balanced dwm" = 0
Heads to Robert Bryant uia MathOverflow !)

⑨ generic
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hi Friday's lecture we will calculate •her 2 for the

non- loreulgiau G-structures and will therefore divide
each clan of non- heieutgian manifold into subclasses

depending on their intrinsic torsion .


