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Motivation

Carroll is kinematical group [Bacry and Levy-Leblond 1968]

Carroll Symmetry in different physical context ( near horizon geometry,
gravitational waves, strong coupling limit of GR and ... ) [Donnay and
Marteau 2019; Penna 2018; Duval, Gibbons, Horvathy, and
P. .-M. Zhang 2017; Marc Henneaux, Pilati, and Teitelboim 1982;
Marc Henneaux 1979; Damour, M. Henneaux, and Nicolai 2003]

Carroll dual to Galilei [Barducci, Casalbuoni, and Joaquim Gomis 2018;
Duval, Gibbons, Horvathy, and P. Zhang 2014; E. Bergshoeff,
Joaquim Gomis, Rollier, Rosseel, and Veldhuis 2017; Hartong 2015]

Ultra-relativistic limit as a test
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Galilei vs Carroll

Inönü-Wigner Contraction

V0 = {Jab, H}

Poincaré Algebra

[Jab, Jcd] = 4δ[a[cJd]b] [Jab, Gd] = 2δd[bGa]

[Ga, Gb] = Jab [Jab, Pd] = 2δd[bPa]

[Ga, H] = Pa [Ga, Pb] = δabH

Inönü-Wigner Contraction

V0 = {Jab, Pa}

Galilei Algebra

[Jab, Jcd] = 4δ[a[cJd]b] [Jab, Gd] = 2δd[bGa]

[Ga, Gb] = 0 [Jab, Pd] = 2δd[bPa]

[Ga,H] = Pa [Ga, Pb] = 0

Carroll Algebra

[Jab, Jcd] = 4δ[a[cJd]b] [Jab, Gd] = 2δd[bGa]

[Ga, Gb] = 0 [Jab, Pd] = 2δd[bPa]

[Ga,H] = 0 [Ga, Pb] = δabH

H
1 : D − 1

Pa
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p-Brane Decompostion of Poincaré Algebra

Poincaré Algebra

[Ĵ
ÂB̂

, Ĵ
ĈD̂

] = 4η
[Â[Ĉ

Ĵ
D̂]B̂]

[Ĵ
ÂB̂

, P̂
Ĉ
] = 2η

Ĉ[B̂
P̂
Â]

Decomposition

Â =







A = 0, ..., p Longitudinal

a = p+ 1, ...,D − 1 Transverse

η
ÂB̂

=







ηAB = diag(−1,+1, ...,+1)

ηab = diag(+1,+1, ...,+1)

Generators

JAB = ĴAB long. rotations

Jab = Ĵab tr. rotations

GAb = ĴAb boost

HA = P̂A long. translations

Pa = P̂a tr. translations

Poincaré Algebra

[JAB, JCD] = 4η[A[CJD]B] [Jab, Jcd] = 4δ[a[cJd]b]

[JAB, GCd] = 2ηC[BGA]d [Jab, GCd] = 2δd[b|GC|a]

[Jab, Pd] = 2δd[bPa] [JAB,HC ] = 2ηC[BHA]

[GAa, Pb] = δabHA [GAa,HB ] = −ηABPa

[GAa, GBb] = −ηABJab − δabJAB
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p-Brane Galilei vs (D − p− 2)-Brane Carroll
In
ön

ü
-W

ig
n
er

C
on

tr
ac
ti
on

V
0
=

{
J
a
b
,J

A
B
,H

A
}

Poincaré Algebra

[GAa, Pb] = δabHA [GAa, HB] = −ηABPa

[GAa, GBb] = −ηABJab − δabJAB

[JAB, JCD] = 4η[A[CJD]B] [Jab, Jcd] = 4δ[a[cJd]b]

[JAB, GCd] = 2ηC[BGA]d [Jab, GCd] = 2δd[b|GC|a]

[Jab, Pd] = 2δd[bPa] [JAB, HC ] = 2ηC[BHA]

p-Brane Galilei
Algebra

[GAa, GBb] = 0

[GAa, Pb] = 0

[GAa,HB ] = −ηABPa

q-Brane Carroll
Algebra

[GAa, GBb] = 0

[GAa, Pb] = δabHA

[GAa,HB ] = 0

In
ön

ü
-W

ign
er

C
on

traction

V
0
=

{
J
a
b ,J

A
B
,P

a }

Duality

HA
1:1

if q = D − p− 2

Pa
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Galilie-Carroll Duality

Duality

p-Brane Galilei (D − p − 2)-Brane Carroll

Longitudinal A a Transverse

Transverse a A Longitudinal

[Barducci, Casalbuoni, and Joaquim Gomis 2018]

D = 3 Non-Zero Commutation Relations

Galilei Carroll

p = 0 p = 1 p = 0 p = 1

[J,Ga] = ǫa
bGb [M,GA] = ǫA

BGB [J,Ga] = ǫa
bGb [M,GA] = ǫA

BGB

[J, Pa] = ǫa
bPb [M,HA] = ǫA

BHB [J, Pa] = ǫa
bPb [M,HA] = ǫA

BHB

[Ga,H] = −Pa [GA,HB ] = −ηABP [Ga, Pb] = ηabH [GA, P ] = HA
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Lie Algebra Expansion

Lie Algebra Expansion
The Lie algebra expansion is a technique to generate a new algebra, usually bigger, from a given
one g [de Azcarraga, Jose M. Izquierdo, Moises Picon, and Oscar Varela 2003; Hatsuda and
Sakaguchi 2002; Hatsuda and Sakaguchi 2003]

Initial Algebra
Algebra g with generators TA and commutation relations

[TA, TB ] = fAB
CTC

Decomposition
g = V0 ⊕ V1

TA0
∈ V0, TA1

∈ V1

symmetric space structure

[V0, V0] ⊆ V0

[V0, V1] ⊆ V1

[V1, V1] ⊆ V0

Infinite Expansion

TA0
=

(0)

TA0
+ λ2

(2)

TA0
+ ...

TA1
= λ

(1)

TA1
+ λ3

(3)

TA1
+ ...

New Generators
Each term in the expansion could be seen as an independent generator

with commutation relations [
(m)

TA,
(n)

TB ] = fAB
C

(n+m)

TC
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Truncation

Truncated Expansion

TA0
=

(0)

TA0
+ λ2

(2)

TA0
+ ...+ λN0

(N0)

TA0
N0 ∈ 2Z

TA1
= λ

(1)

TA1
+ λ3

(3)

TA1
+ ...+ λN1

(N1)

TA1
N1 ∈ 2Z + 1

Truncation Rules
Consistency (Jacobi) requires

N1 = N0 ± 1

Final Algebra
We get a new algebra denoted with g(N0, N1) with commutation relations

[
(m)

TA,
(n)

TB ] =











fAB
C

(n+m)

TC if m+ n 6 max{N0, N1}

0 otherwise

Inönü-Wigner Contraction
The lowest order algebra g(0, 1) is the Inönü-Wigner contraction of g withe respect to the

subalgebra V0
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Lie Algebra Expansion and the Duality Map

Properties

The expansion is uniquely defined by the decompostion

Duality map holds order by order

Truncation could spoil the duality

Duality and Expansion

p-Brane Galilei (N0, N1) (D − p − 2)-Brane Carroll (N0, N1)

Longitudinal A a Transverse

Transverse a A Longitudinal
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Application to an Action Principle

Galilei Gauging Expansion

V0 V1

Generator Jab JAB HA GAb Pa

Field Ωab
µ ΩAB

µ τAµ ΩAb
µ Ea

µ

Parameter λab λAB ηZ λAb ηa

[Azcarraga, J. Izquierdo, M. Picon, and O. Varela 2007;
Hansen, Hartong, and Obers 2019b]

HA =
(0)

HA + λ2
(2)

HA + ...

τAµ =
(0)
τAµ + λ2(2)τAµ + ...

ηA =
(0)
ηA + λ2(2)ηA + ...

Pa = λ
(1)

Pa + λ3
(3)

Pa + ...

Ea
µ = λ

(1)

Ea
µ + λ3

(3)

Ea
µ + ...

ηa = λ
(1)
ηa + λ3(3)

ηa + ...

Carroll Gauging Expansion

V0 V1

Generator Jab JAB Pa GAb HA

Field Ωab
µ ΩAB

µ Ea
µ ΩAb

µ τAµ

Parameter λab λAB ηa λAb ηA

[Hartong 2015]

Pa =
(0)

Pa + λ2
(2)

Pa + ...

Ea
µ =

(0)

Ea
µ + λ2

(2)

Ea
µ + ...

ηa =
(0)
ηa + λ2(2)

ηa + ...

HA = λ
(1)

HA + λ3
(3)

HA + ...

τAµ = λ
(1)
τAµ + λ3(3)τAµ + ...

ηA = λ
(1)
ηA + λ3(3)ηA + ...
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Einstein-Hilbert Action Expansion

D = 4 Einstein-Hilbert Action

Lp=0 = ǫabc

[

−Rab(J) ∧Ec ∧ τ + Ra(G) ∧ Eb ∧Ec
]

,

Lp=1 = ǫABab

[

Rab(J) ∧ τA ∧ τB + RAB(J) ∧ Ea ∧ Eb − 4RAa(G) ∧ τB ∧ Eb
]

,

Lp=2 =− ǫABC

[

RAB(J) ∧ τC ∧ E + RA(G) ∧ τB ∧ τC
]

.

Leading Order Action Term (Algebra g(2, 3))

Lp Galilei Carroll

p = 0 −ǫabc
(0)

Rab(J) ∧
(1)

Ec ∧(0)
τ ǫabc

[

−
(0)

Rab(J) ∧
(0)

Ec ∧(1)
τ +

(1)

Ra(G) ∧
(0)

Eb ∧
(0)

Ec

]

p = 1 ǫABab

(0)

Rab(J) ∧(0)
τA ∧(0)

τB ǫABab

(0)

RAB(J) ∧
(0)

Ea ∧
(0)

Eb

p = 2 −ǫABC

[

(0)

RAB(J) ∧(0)
τC ∧

(1)

E +
(1)

RA(G) ∧(0)
τB ∧(0)

τC
]

−ǫABC

(0)

RAB(J) ∧(1)
τC ∧

(0)

E
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Next-to-Leading Order Action Term (Algebra g(2, 3))

Lp Galilei Carroll

p = 0 ǫabc

[

−
(0)

Rab(J) ∧
(3)

Ec ∧(0)
τ −

(2)

Rab(J) ∧
(1)

Ec ∧(0)
τ+ ǫabc

[

−
(0)

Rab(J) ∧
(0)

Ec ∧(3)
τ −

(2)

Rab(J) ∧
(0)

Ec ∧(1)
τ+

−
(0)

Rab(J) ∧
(1)

Ec ∧(2)
τ +

(1)

Ra(G) ∧
(1)

Eb ∧
(1)

Ec

]

−
(0)

Rab(J) ∧
(2)

Ec ∧(1)
τ + 2

(1)

Ra(G) ∧
(2)

Eb ∧
(0)

Ec+

+
(3)

Ra(G) ∧
(0)

Eb ∧
(0)

Ec

]

p = 1 ǫABab

[

(2)

Rab(J) ∧(0)
τA ∧(0)

τB + 2
(0)

Rab(J) ∧(2)
τA ∧(0)

τB+ ǫABab

[

(0)

Rab(J) ∧(1)
τA ∧(1)

τB +
(2)

RAB(J) ∧
(0)

Ea ∧
(0)

Eb+

+
(0)

RAB(J) ∧
(1)

Ea ∧
(1)

Eb − 4
(1)

RAa(G) ∧(0)
τB ∧

(1)

Eb

]

+2
(0)

RAB(J) ∧
(2)

Ea ∧
(0)

Eb − 4
(1)

RAa(G) ∧(1)
τB ∧

(0)

Eb

]

p = 2 −ǫABC

[

(0)

RAB(J) ∧(0)
τC ∧

(3)

E +
(2)

RAB(J) ∧(0)
τC ∧

(1)

E+ −ǫABC

[

(2)

RAB(J) ∧(1)
τC ∧

(0)

E +
(0)

RAB(J) ∧(3)
τC ∧

(0)

E+

+
(0)

RAB(J) ∧(2)
τC ∧

(1)

E + 2
(1)

RA(G) ∧(2)
τB ∧(0)

τC+
(0)

RAB(J) ∧(1)
τC ∧

(2)

E +
(1)

RA(G) ∧(1)
τB ∧(1)

τC
]

+
(3)

RA(G) ∧(0)
τB ∧(0)

τC
]

[Hansen, Hartong, and Obers 2019a; Ozdemir, Ozkan, Tunca, and Zorba 2019; E. A. Bergshoeff,
Grosvenor, Simsek, and Yan 2019]
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Invariance Conditions

Invariance and Truncation

Truncation Order 3 Action Term

g ǫabc

[

−
(0)

Rab(J) ∧
(3)

Ec ∧(0)
τ −

(2)

Rab(J) ∧
(1)

Ec ∧(0)
τ −

(0)

Rab(J) ∧
(1)

Ec ∧(2)
τ +

(1)

Ra(G) ∧
(1)

Eb ∧
(1)

Ec

]

g(2, 1) ǫabc

[

−
(2)

Rab(J) ∧
(1)

Ec ∧(0)
τ −

(0)

Rab(J) ∧
(1)

Ec ∧(2)
τ +

(1)

Ra(G) ∧
(1)

Eb ∧
(1)

Ec

]

δJ (
(2)

λ)(
(0)

Rab(J) ∧
(3)

Ec ∧(0)
τ) = −

(2)

λc
d

(0)

Rab(J) ∧
(1)

Ed ∧(0)
τ

δJ (
(2)

λ)
(2)

Rab(J) ∧
(1)

Ec ∧(0)
τ) =

( (2)

λa
d

(0)

Rbd(J) −
(2)

λb
d

(0)

Rad(J)
)

∧
(1)

Ec ∧(0)
τ

Invariance Condition
Invariance under g(N0, N1): no missing term in the n-th order action, after the truncation, with

respect to the infinite expansion
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Invariance Conditions

Galilei Carroll

p = 0



























D = 3 n 6 N0

D 6= 3 n 6 N1 +D − 4

p = D − 3 n 6 N0

1 6 p < D − 3 n 6 N1 +D − p− 4

p = D − 2 n 6 N1

p = D − 1 n 6 N0

p = D − 1 n 6 N1 +D − 3

p = D − 2



























D = 3 n 6 N0

D 6= 3 n 6 N1 +D − 4

1 < p 6 D − 3 n 6 N1 + p− 2

p = 1 n 6 N0

p = 0 n 6 N1 .
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The Starting Point: 4D Enhanced Galilei String

The Algebra

[J, Pa] = −ǫa
bPb [J ′, HA] = −ǫA

BHB

[J ′, GAa] = −ǫA
BGBa [J,GAa] = −ǫa

bGAb

[GAa,HB ] = −ηABPa [GAa, GBb] = δabZ[AB]

[J ′,MA] = −ǫA
BMB [J ′, ZAB ] = −ǫA

CZCB − ǫB
CZAC

[GAa, Pb] = δabMA [HA, ZBC ] = 2ηACMB − ηBCMA

The Sigma Model

L = T
√
hhαβ∂αX

µ̂∂βX
ν̂ [Eµ̂

âEν̂
b̂δ

âb̂
+ 2m(µ̂

Âτν̂)
B̂ηAB ]

hαβ = ∂αX
µ̂∂βX

ν̂τµ̂
Âτν̂

B̂η
ÂB̂

D[µ̂τν̂]
Â = 0 (zero torsion)

Symmetries

δEµ̂
â = λâ

Â
τµ̂

Â

δmµ̂
Â = Dµ̂σ

Â + λÂ
âEµ̂

â+

+ σÂ
B̂
τµ̂

B̂

[E. Bergshoeff, Jaume Gomis, and Yan 2018]

Luca Romano Carroll versus Galilei from a Brane Perspective Non-Lorentzian Geometry



4D Enhanced Galilei/Carroll String Algebras

Galilei Carroll

C
o
m
m
u
ta
ti
o
n
R
u
le
s
4
D

p
=

1 [J, Pa] = −ǫa
bPb

[J ′,HA] = −ǫA
BHB

[J ′, GAa] = −ǫA
BGBa

[J,GAa] = −ǫa
bGAb

[GAa, HB] = −ηABPa

[GAa, GBb] = δabZ[AB]

[J ′,MA] = −ǫA
BMB

[J ′, ZAB] = −ǫA
CZCB − ǫB

CZAC

[GAa, Pb] = δabMA

[HA, ZBC ] = 2ηACMB − ηBCMA

[J, Pa] = −ǫa
bPb

[J ′, HA] = −ǫA
BHB

[J ′, GAa] = −ǫA
BGBa

[J,GAa] = −ǫa
bGAb

[GAa, Pb] = −δabHA

[GAa, GBb] = ηABZ[ab]

[J,Ma] = −ǫa
bMb

[J,Zab] = −ǫa
cZcb − ǫb

cZac

[GAa,HB ] = ηABMa

[Pa, Zbc] = 2δacMb − δbcMa
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4D String Sigma Models

Polyakov Action

LPol =
√
hhαβ∂αX

µ∂βX
ν Êµ

ÂÊν
B̂η

ÂB̂
+

− (p − 1)T
√
h

Expansion

Galilei

Êµ
A = cτµ

A +
1

c
mµ

A

Êµ
a = Eµ

a

Carroll

Êµ
A = τµ

A

Êµ
a = cEµ

a +
1

c
nµ

a

4D Enhanced Galilei String

L = T
√
hhαβ∂αX

µ̂∂βX
ν̂ [Eµ̂

âEν̂
b̂δ

âb̂
+ 2m(µ̂

Âτν̂)
B̂ηAB ]

hαβ = ∂αX
µ̂∂βX

ν̂τµ̂
Âτν̂

B̂η
ÂB̂

D[µ̂τν̂]
Â = 0 (zero torsion)

Symmetries

δEµ̂
â = λâ

Â
τµ̂

Â

δmµ̂
Â = Dµ̂σ

Â + λÂ
âEµ̂

â+

+ σÂ
B̂
τµ̂

B̂

4D Enhanced Carroll String

L = T
√
hhαβ∂αX

µ̂∂βX
ν̂ [τµ̂

Âτν̂
B̂η

ÂB̂
+ 2n(µ̂

âEν̂)
b̂δ

âb̂
]

hαβ = ∂αX
µ̂∂βX

ν̂Eµ̂
âEν̂

b̂δ
âb̂

D[µ̂Eν̂]
â = 0 (zero torsion)

Symmetries

δτµ̂
Â = λÂ

âEµ̂
â

δnµ̂
â = Dµ̂σ

â + λâ
Â
τµ̂

Â+

+ σâ
b̂
Eµ̂

b̂
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From 4D to 3D

Dimensional Reduction

4D Enhanced 4D Enhanced

3D Enhanced 3D Enhanced 3D Enhanced 3D Enhanced

Galilei String

Galilei String

Galilei Particle

Carroll String

Carroll String Carroll Particle

Galilei Carroll

D
=

3
p
=

0

[J, Pa] = −ǫa
bPb

[J,Ga] = −ǫa
bGb

[Ga,H] = Pa

[Ga, Pb] = δabM

[J, Pa] = −ǫa
bPb [J,Ga] = −ǫa

bGb

[J,Ma] = −ǫa
bMb [J,Zab] = −ǫa

cZcb − ǫb
cZac

[Ga, Gb] = Z[ab] [Ga, Pb] = −δabH

[Ga,H] = Ma [Pa, Zbc] = 2δacMb − δbcMa

C
o
m
m
u
ta
ti
o
n
R
u
le
s

D
=

3
p
=

1 [J ′,HA] = −ǫA
BHB [J ′, GA] = −ǫA

BGB

[J ′,MA] = −ǫA
BMB [J ′, ZAB] = −ǫA

CZCB − ǫB
CZAC

[GA, GB ] = Z[AB] [GA, HB] = −ηABP

[GA, P ] = MA [HA, ZBC ] = 2ηACMB − ηBCMA

[J ′, HA] = −ǫA
BHB

[J ′, GA] = −ǫA
BGB

[GA,HB ] = −ηABM

[GA, P ] = HA

Table: This table rizes the commutation relations defining the 0 and 1 enhanced
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3D Sigma Models

3D Enhanced Galilei String
L = T

√
hh

αβ
∂αX

µ
∂βX

ν [EµEν + 2m(µ
A
τν)

B
ηAB ]

hαβ = ∂αX
µ
∂βX

ν
τµ

A
τν

B
ηAB

D[µτν]
A = 0

S
y
m
m
e
tr
ie
s

δEµ = λ
A
τµ

B
ηAB

δmµ
A

= Dµσ
A − λ

A
Eµ+

+ σ
A

Bτµ
B

3D Enhanced Galilei Particle

L = me
−1

Ẋ
µ
Ẋ

ν [Eµ
a
Eν

b
δab − 2m(µτν)]

e = Ẋ
µ
τµ

∂[µτν] = 0

S
y
m
m
e
tr
ie
s

δEµ
a = λ

a
τµ

δmµ = ∂µσ + λ
a
Eµ

b
δab

3D Enhanced Carroll String

L = T
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3D Sigma Models

3D Enhanced Carroll String
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Conclusion and Outlooks

Extension to Supersymmetric Cases

Analysis of the duality in different physical contexts (near
horizon-asymptotics)

Holography, Conformal Extension and BMS symmetries...

Thank You!
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