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MOTIVATION

o Carroll is kinematical group [Bacry and Levy-Leblond 1968|

o Carroll Symmetry in different physical context ( near horizon geometry,
gravitational waves, strong coupling limit of GR and ... ) [Donnay and
Marteau 2019; Penna 2018; Duval, Gibbons, Horvathy, and
P. .-M. Zhang 2017; Marc Henneaux, Pilati, and Teitelboim 1982;
Marc Henneaux 1979; Damour, M. Henneaux, and Nicolai 2003]

o Carroll dual to Galilei [Barducci, Casalbuoni, and Joaquim Gomis 2018;
Duval, Gibbons, Horvathy, and P. Zhang 2014; E. Bergshoeff,
Joaquim Gomis, Rollier, Rosseel, and Veldhuis 2017; Hartong 2015]

o Ultra-relativistic limit as a test
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GALILEI VS CARROLL

POINCARE ALGEBRA

Inonii-Wigner Contraction [Jab’ JCd} = 46[a[ch]b] [Jab’ Gd] = 26d[bGa] Inénii-Wigner Contraction
/o = {Jap, H} [Ga; Gp] = Jap [Jabs Pal = 2047, Py Vo = {Ju, Pu}
[GavH} :Pa [G(L7Pb] :6abH

sALILEI ALGEBRA CARROLL ALGEBRA

[Jabs Jed] = 40(afedapy)  [Jabs Ga] = 204pGa)  [Jaby Jed] = 40(acdap)  [Jab, Ga] = 204G
[Ga,Gp] =0 [Jab, Pa] = 20475 Pa) [Ga,Gp] =0 [Jab, Pa] = 20415 Pa)
[deH}:Pa [Gll7Pb]:O [GavH}ZO [Gllvpb]:(sabH

NON-LORENTZIAN GEOMETRY



P-BRANE DECOMPOSTION OF POINCARE ALGEBRA

DECOMPOSITION

POINCARE ALGEBRA

GENERATORS

Jap = jAB long. rotations
iy = jab tr. rotations
Gap = jAb boost
Hp = PA long. translations
P — Pa tr. translations

. VERSUS G

A=0,..,p Longitudinal
a=p+1,...D—1 Transverse
NAB = dlag(_l7+l77+l)

Nab = dlag(+l7+l77+l)

POINCARE ALGEBRA

[JaB,JcDp

[JaB,Gcd] =

[GAaa, Py] =

=dnaicdpiB) [Jab Jed] = 40(afcTarp)
2ncBGala [Jab, Geal = 204G ela)
= 20g[pPa) [Jap, Hcl = 2nopHa)
danHa (G aa, HBl = —mapPa

(G aa,GBb] = —1MaBJab — dabJaB

ALILEI FROM A

BRAN
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p-BRANE GALILEI VS (D — 2)-BRANE CARROLL

POINCARE ALGEBRA

(G aa, Py] = dapHa [Gaa, HBl = —napPa
(G 4a:Gpb] = —naBJab — SabJaB

5 [JaB,Jop] = 4naicJp)B) [Jabs Jed] = 40(a[capp] g
e [JaB;God) = 2nc(BG Aja [Jabs God] = 204 Ga) ":é
3 (Jabs Pa) = 28app Pa) [Jap, Hol = 2nopHa ‘g
@ s
& e
= p-BRANE GALILEI q-BRANE CARROLL =
3 ALGEBRA ALGEBRA 2
Hel

[=

[GAav GBb] =0 [GAm GBb} =0
[Gaa,Ps] =0 [GAa, Py = dapHa
[Gaa, HB] = —naBPFa [Gaa,HB] =0
DuALITY
H, <) D
A ifg=D—p—2 a
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GALILIE-CARROLL DUALITY

DuaLiTy

p-Brane Galilei (D — p — 2)-Brane Carroll

Longitudinal A —) (] Transverse
Transverse A ——— A Longitudinal

[Barducci, Casalbuoni, and Joaquim Gomis 2018]

D = 3 NON-ZERO COMMUTATION RELATIONS

Galilei Carroll

p= p=1 p=0 p=1
[/, Gal = e.Gy (M, G 4] =esBGp [J,Ga) = e.’Gyp (M, G 4] =esBGp
[J,Pa] =€®Py  [M,Hal=eaBHp | [J,Pu] =€a’P, | [M,Ha]l=eaPHp
(Ga,H] = —Pa  [Ga,Hp]=-—naBP | [Ga, Pb] = nap H [Ga, Pl=Hy

CARROLL VERSUS GALILEI FROM A NE PERSPECTIVE NON-LORENTZIAN GEOMETRY



@ INTRODUCTION

@ CARROLL-GALILEI DUALITY

© LIE ALGEBRA EXPANSION
@ Einstein-Hilbert Action

@ SicMA-MODELS

@® CONCLUSION AND OUTLOOKS




LIE ALGEBRA EXPANSION

LIE ALGEBRA EXPANSION

The Lie algebra expansion is a technique to generate a new algebra, usually bigger, from a given
one g [de Azcarraga, Jose M. Izquierdo, Moises Picon, and Oscar Varela 2003; Hatsuda and
Sakaguchi 2002; Hatsuda and Sakaguchi 2003]

INITIAL ALGEBRA

Algebra g with generators T4 and commutation relations

[Ta,Tg] = fap®Tc

DECOMPOSITION
g=Vo®dW INFINITE EXPANSION

Ta, € Vo, Ta, € V1
= el () NE)
symmetric space structure Tag =Tag +A"Ta, + -
(1) 2(3)

0, V1] = V1

[Vi,Vi] C Vo

NEwW GENERATORS

Each term in the expansion could be seen as an independent generator
(m) (n) (n+m)
with commutation relations [T'4,Tg] = fag€ To




TRUNCATION

TRUNCATED EXPANSION

TRUNCATION RULES
(0)

@) (No) - : -
Tay =Ta, + )\QTA0 + ...+ )\NOTOAO No € 27 Consistency (Jacobi) requires
(1) N1 =Np+t1

(3) (N71)
Ta, = XTa, +X3Ta, +...+ 21Ty, Ny €2Z+1

FINAL ALGEBRA

We get a new algebra denoted with g(No, N1) with commutation relations

(n+m)
(m) (n) fABC TC Zf m+n < max{No, Nl}

Ta,Tp] =
0 otherwise

INONU-WIGNER CONTRACTION

The lowest order algebra g(0, 1) is the In6nii-Wigner contraction of g withe respect to the
subalgebra Vp
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LIE ALGEBRA EXPANSION AND THE DUALITY MAP

PROPERTIES

s The expansion is uniquely defined by the decompostion
» Duality map holds order by order

» Truncation could spoil the duality

DUALITY AND EXPANSION

p-Brane Galilei (No, IN1) (D — p — 2)-Brane Carroll (Nog, N1)
Longitudinal A mmm——) (] Transverse
Transverse a —) A Longitudinal
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APPLICATION TO AN ACTION PRINCIPLE

GALILEI GAUGING EXPANSION

(0) (2)
Vo Vi Hoa=Ha+ M Hp+ ..
A (O)A 2(2)A
Generator J,, Jap Ha Ga, P T =T T A P ooc
A (0) 2(2)
A b AB A Ab Ta n + A + ...
Field QF Q T/ Q B | "
Parameter X% \AB  pZ  \Ab pa Py =X\ P,, +23P, + ..
(1) 5 (3)
a __ Qa ) a
[Azcarraga, J. Izquierdo, M. Picon, and O. Varela 2007; b/t - /\b/t + A b// T

Hansen, Hartong, and Obers 2019b]

n® = )\irl])‘ + /\;;{7:;)‘ + ...

(0)

Vo Vi Po=Put NPt ..
— 2
Generator Jab JaB P, Ga, Hp EZ = Eﬁ +A EZ T
(0% 2(2%
i b AB Ab A ¢ =% + X L
Field Qf Q) B Q T n 77“ n M
( L, (3
Parameter Xab N\AB o p4b 4 Hy=XAHa+ X Hpg+ ...
A_ (A 3(3)4
[Hartong 2015] Tp =AT, AT+

A _ /\<71/ a /\:ﬂ}}h +
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EINSTEIN-HILBERT ACTION EXPANSION

D = 4 EINSTEIN-HILBERT ACTION

Lp—0 = €ave [—R“b(J) AE° AT+ RY(G)AEPA EC] ,
Bl =z [R“b(J) ATAANTE 4 RAB(J) A E® A E® — 4RAY(G) A 7B A E”] ,

B = = g [RAB(J) ATC AE + RAG) ATE ATC] .

LEADING ORDER ACTION TERM (ALGEBRA g(2,3))

Ly Galilei Carroll
) @ (0 (0) @) )
p=0 —€ape RO(J)NEC AT €abe R“*’(J)/\E”ATJrR“(G)/\EbAE"
©) © ()
p=1 €ABab Rab(-]) NPT eapab R4 (J) A E® A EP
@ @ (0) ()
P=2 —eaBC RAB(J)/\( C A B+ RAG) ATE /\(ﬁb] —eapo RAE(I)ATENE
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T-TO-LEADING ORDER ACTION TERM (ALGEBRA g(2,

3))

Lp Galilei Carroll
(0) (3) (2) () (2)
P=0 | cue| — B A Be AD— Rob (1) A Be AP Gotie [ — Rab () A e AP Rav(y A e APy
(2) @ (1) ) @), ()
7R“b( J) A E° AT+ R”(G) AEY A EC 7R’“’( J)A E‘ AT+ 2R“(G) ANEY NE°+
(3) (0) (0)
+R*(G) A Eb A EC}
by ACA A by A2 A8 by A A8 Pan e 1 D
p=1 €ABab R“(])/\ +2R“(])/\ ATB+ | €aBab R“(l)/\ ATB + RAB(J) AN E® N EV+
(0) 1) (1) 1) (1) (0) (2) (0) 1) (0)
LRAB(J) A E® A EY — 4RAa(G) A8 A Eb} F2RAB(J) A E® A EY — 4RA(G) ATB A Eb]
A B O )AB (OS] )AB ap 9 Cup D
p=2 7EABCR J)NT /\E+R (J)ANTY ANE+ 7eABcR (J)ANT NAE+ R (J)/\T /\E+

+RAB(J) AZE A B + 2RA(G) AEE RO

@)
+RA(G) ATB ARE

(0)
RAB (1) A% A B 1 BA(G) ASE A b]

[Hansen, Hartong, and Obers 2019a; Ozdemir, Ozkan, Tunca, and Zorba 2019; E. A. Bergshoeff,
Grosvenor, Simsek, and Yan 2019]
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INVARIANCE CONDITIONS

INVARIANCE AND TRUNCATION

Truncation Order 3 Action Term
@)
g eab({ R‘“(J)/\E" R“b(J)/\EC/\T Rab J)/\EC/\7—+R“(G)/\Eb/\EC}
@ © @
g(2,1) €ape | — R*(J) A Ef AT — Rab(J) A EC AP+ Ra(G) A Eb NE°
(2) (0) (2) (0) (1)
5, (N (Rab (1) A Be AD) = X6 Rab(1) A B AQ

(2) (2) (1) (2) (0 (2 1)
5, (VR () A B AD :( R () — b Red (g )) ANEAD

INVARIANCE CONDITION

Invariance under g(No, N1): no missing term in the n-th order action, after the truncation, with
respect to the infinite expansion
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INVARIANCE CONDITIONS

GALILEI

p=D-1 n<Ni+D-3
D=3 n < No
p=0
D#3 <Ni1+D-4
7 " ! D=8 n < No
p=D-2
D#3 n<Ni+D-—4
p=D-3 n < No
1<p<D-3 n<Ni+D-p—4
1<p<D-3 n<Ni+p—2
=D-—-2 n < Ny
p=1 n < No
=D-1 n < No
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THE STARTING POINT: 4D ENHANCED GALILEI STRING

THE ALGEBRA

[J, Pa] = —€a®Py [J),Hal = —ea"Hp
[J),Gaa) = —€aPGpq4 [J,Gaal = —€a°G ap
[Gaa, HBl = —mapPa (G aa, GBb] = dabZ[aB]
[J/,Ma] = —ea® Mp [J',ZaBl = —ea® Zop — €€ Zac
(G Aa, Pp] = 0ap Mo [Ha, Zpc]| = 2nacMB — npcMa

THE SIGMA MODEL

Symmetries
£ =TVRhP o, X 05 X7 By Bybs 5 + 2m 3 1) Bnag) BB = A
hap :8aX’18,3X”mAménAg 5mu = Do +)\A E; aq
Dyt =0 (zero torsion) +o BT[LB

[E. Bergshoeff, Jaume Gomis, and Yan 2018]

NON-LORENTZIAN GEOMETRY
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4D ENHANCED GALILEI/CARROLL STRING ALGEBRAS

Commutation Rules 4D p = 1

[J, Pa
[J',Ha
[J',Gaa
[/, G aa
(Gaa, Hp
(G 4a;G By
[J/, Mz
[J', ZaB
[Gaas Py
[Ha, ZBc

Galilei

_Eabe

—eaPHp

B
—€a~GBa

—€a®Gap
—MNAB PLL

= 6abZ]AB]
—eaPMp

—ea%Zcp —es%Zac
= 6abMA
=2nacMp —npcMa

[J, Pa
[J',Ha
[J, GAa
[/,G aa

Carroll

—€A HB
—ea®Gpa
—&PC
—babHa

[Gaa,GBy] = 77ABZ[ab]
[,
[, Zab
[Gaa, HB] = napMa
[Pa, Zpe] = 26ac My — 0pcMa,

M,

—€aZcy — €, Zac

1=
I=
]
]
(G Aa, Pb] =
1=
Ma]
|=
]
=

CARROLL VERSUS GALILEI FROM

A BRANE PERSPECTIVE

NON-LORENTZIAN GEOMETRY




4D STRING SIGMA MODELS

POLYAKOV ACTION

Galilei Carroll
_ fH Ap B .
Lpor = ﬁh&ﬁa&Xﬂaﬁqu“ Ey nipt EuA = CT‘LLA + l7’fL,uA E#A = T,uA
c
—(p— A 1
(p ].)T\/ﬁ EA‘ua _ E‘U‘a Eﬂa — CEH,a + 7,nua
c

4D ENHANCED GALILEI STRING

Symmetries

ip. P b A_ B A
£ = TVRh*B9. X 05 X7 B Epbo,; + 2mp A5y Brap] §Ep® = A% A

hy xo A_B i LA o
haﬁzaaxﬂagXuTﬂ To NAB 5mﬂA=Dﬁ0'A+)\A&Eﬁa+

A _ . - .
Dppm1° =0 (zero torsion) + UABT[LB
4D ENHANCED CARROLL STRING
Symmetries
L =TVhh*Po, XP0s X" [m 55 n 15 + 202 " Epy 6 5] oA = M, B8
_ f v oap b G : 3 A
hag = ‘?QXMBBXVEﬂaEf/ dab onp® = Dpo® + )\aATﬂA-I—
a __ - N ~
DEy® =0 (zero torsion) i Ua,;Eﬂb
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From 4D TO 3D

4D Enhanced

4D Enhanced

Galilei String Carroll String
3D Enhanced 3D Enhanced 3D Enhanced 3D Enhanced
Galilei String Galilei Particle Carroll String Carroll Particle
Galilei Carroll
i [J, Pa) = —€a® P, [, Pa] = —€®Py  [J,Ga] = —€a"Gyy
g a [, Ga] = —€a"Gp, [/, Ma] = —€a"My ], Zap] = —€a®Zet — € Zac
=
€ 9 (Ga, H] = P, (Ga, Py] = —8upH
2l q [Ga, Py] = dap M [Pa; Zpe] = 20ac My — 8pcMa
S
=
£
S|\ | V-Hal=-eaHp  [J.Ga]= "G [/, Hal = —eaP Hp
D- [J',Ma] = —ea®Mp  [J',Zag) = —€a®Zcp — e Zac [J/,Gal = —eaPG5
? [Ga,GBl = Zap [Ga, Hp] = —napP [Ga,Hp] = —napM
a) [Ga, P] = Ma [Ha, Zpc] = 2nacMp — npcMa [Ga, Pl =Ha




3D SiGMA MODELS

3D ENHANCED
L =TVhh?0,X" 03 X" [E,Ey + 2m, 7y P nan)

v A B
hag = 0aX"0sX" "1, 7, " naB

Dty =0

0B, = AAT,‘,B’I]AB

6m“A = D“G'A — )\AE#+

Symmetries [

A B
+o BTu

D ENHANCED GALILEI PART
L=me 'X'X"[E,"E, 50 — 2m, Tyl
e= X“'T“

Oty =0

SEL® = X1,
Smy = 80 + A"E, 54

Symmetries

3D ENHANCED CARROLL STRING
B = TﬁhaﬂaaX“agX"[mA‘ruBnAB +2n(, E,))
haﬁ = BQXMBQXVE“,EV + a(yXyang
O Bn® =0

st = \E,

a A B
on,” = 0u0 — N Ty naB

Symmetries

3D ENHANCED CARROLL PARTICLE
L= 7Te_lX“(Ey""r“ — B, 7y)(EyaT — EqTy)+ 51 = Ao EL

¥ Iy a
+ 2T X ey (Epny® — Ey%n,,") 67y = Aa By
e=eaq X"E,"E,"

DuE,* =0

Symmetries

GALILEI FRO! 3 CTIV NON-LORENTZIAN GEOMETRY



3D SiGMA MODELS

3D ENHANCED CARROLL STRING
L =TVhh*? 0, X" 85 X" 1, 1,5 naB + 2n(, E,)]
ha[g = 8QX,L8/3XUE“E,, + 8aX”8[;X”
8[“,E,,]“ =0

s, = \E,

a A B
ony” =0uo — AN T, naB

Symmetries

3D ENHANCED CARROLL PARTICLE
L= 7Te_lX“(Ey""r“ — B, 7y)(EyaT — Eq1y)+ 51 = Ao EL°

+ QTX“eab(E“,“nyB = E'y“n“,b)
e = e,,,;,X“'E“"'Eyb
DuE,* =0

5Ty = Ao Ey”
b
dnu” = Duo® + X1, + 0" Ey

Symmetries

6ny"' = )\"'Ty + a'a'bEy’7
DEGENERACY

Condition Extra Fields
range{a} < range{A}  X,,  Transverse Scalars

range{A} < range{a} E,,* Matter

NON-LORENTZIAN GEOMETRY
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CONCLUSION AND OUTLOOKS

» Extension to Supersymmetric Cases

» Analysis of the duality in different physical contexts (near
horizon-asymptotics)

s Holography, Conformal Extension and BMS symmetries...

Thank You!
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