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Conservation of multipole moments 

We would like to study theories where moments of charges are conserved. (I will spare you the CMT/QI motivation)

Say, we have a conserved charge (arbitrary dimension)

<latexit sha1_base64="olyuI1Qg6AE7vc5Ne6wTL6VQv+s=">AAACHXicbVDLSgMxFM3UVx1fo67ETbAIglBmRNGNUHTjsoJ9QKeWTJq2sXkMSUYpw+CnuHKrX+FO3Iof4T+YPhbaeuDC4Zx7b3JPFDOqje9/Obm5+YXFpfyyu7K6tr7hbW5VtUwUJhUsmVT1CGnCqCAVQw0j9VgRxCNGalH/cujX7onSVIobM4hJk6OuoB2KkbFSy9sJ29KkoerJDB7CMG5ReHdL4Tn0W17BL/ojwFkSTEgBTFBued92F044EQYzpHUj8GPTTJEyFDOSuWGiSYxwH3VJw1KBONHNdHRCBvet0oYdqWwJA0fq74kUca0HPLKdHJmenvaG4n9eIzGds2ZKRZwYIvD4oU7CoJFwmAdsU0WwYQNLEFbU/hXiHlIIG5ua64aCPGDJORLtNIwzW8N7EMtcm08wncYsqR4Vg5Oif31cKF1MksqDXbAHDkAATkEJXIEyqAAMHsEzeAGvzpPz5rw7H+PWnDOZ2QZ/4Hz+AP5ZoSY=</latexit>

⇢̇+ @ij
i = 0

<latexit sha1_base64="hNJ6kGUPUL5Uj4fMgiM6aHdM79w=">AAACH3icbVDLSsNAFJ3UV42vqMtuBovgqiSi6EYounHZgn1AE8pkOm2HziPMTJQSuvBTXLnVr3AnbvsR/oPTNgttPXDhcM693HtPnDCqje9PncLa+sbmVnHb3dnd2z/wDo+aWqYKkwaWTKp2jDRhVJCGoYaRdqII4jEjrXh0N/Nbj0RpKsWDGSck4mggaJ9iZKzU9Uph0vVhHd7AOQmpMDBUQ2kFv+uV/Yo/B1wlQU7KIEet632HPYlTToTBDGndCfzERBlShmJGJm6YapIgPEID0rFUIE50lM2fmMBTq/RgXypb9oi5+nsiQ1zrMY9tJ0dmqJe9mfif10lN/zrKqEhSQwReLOqnDBoJZ4nAHlUEGza2BGFF7a0QD5FC2NjcXDcU5AlLzpHoZWEysTX7B7GJa/MJltNYJc3zSnBZ8esX5eptnlQRlMAJOAMBuAJVcA9qoAEweAav4A28Oy/Oh/PpfC1aC04+cwz+wJn+AKYWoNo=</latexit>

@0Q = @0

Z
⇢ = 0

If the current can be written as                       where        is a local operator, then the dipole moment of       is conserved
<latexit sha1_base64="KHE3SlalwAxFDkGmFqUYGK/5wi4=">AAACFXicbVDLSgMxFM3UVx1frS7dBIvgqsyIohuh6EZcVbAP6ExLJk3btElmSDKWMsx3uHKrX+FO3Lr2I/wH03YW2nrgwuGce7n3niBiVGnH+bJyK6tr6xv5TXtre2d3r1Dcr6swlpjUcMhC2QyQIowKUtNUM9KMJEE8YKQRjG6mfuORSEVD8aAnEfE56gvaoxhpI3UKxWGbwivoRZ0hvGsndJh2CiWn7MwAl4mbkRLIUO0Uvr1uiGNOhMYMKdVynUj7CZKaYkZS24sViRAeoT5pGSoQJ8pPZqen8NgoXdgLpSmh4Uz9PZEgrtSEB6aTIz1Qi95U/M9rxbp36SdURLEmAs8X9WIGdQinOcAulQRrNjEEYUnNrRAPkERYm7Rs2xNkjEPOkegmXpSamv6DWGqbfNzFNJZJ/bTsnped+7NS5TpLKg8OwRE4AS64ABVwC6qgBjAYg2fwAl6tJ+vNerc+5q05K5s5AH9gff4Aq+uebw==</latexit>

ji = @jJ
ij

<latexit sha1_base64="kxRghO/pH5PdTaLmKYlIU+Z3kVE=">AAACCHicbVDLSsNAFJ3UV42vqks3g0VwVRJRdFl0I64q2Ae0sUwmk3bamUmYmSgl5AdcudWvcCdu/Qs/wn9w0mahrQcuHM65l3vv8WNGlXacL6u0tLyyulZetzc2t7Z3Krt7LRUlEpMmjlgkOz5ShFFBmppqRjqxJIj7jLT98VXutx+IVDQSd3oSE4+jgaAhxUgbqXVzn9JR1q9UnZozBVwkbkGqoECjX/nuBRFOOBEaM6RU13Vi7aVIaooZyexeokiM8BgNSNdQgThRXjq9NoNHRglgGElTQsOp+nsiRVypCfdNJ0d6qOa9XPzP6yY6vPBSKuJEE4Fni8KEQR3B/HUYUEmwZhNDEJbU3ArxEEmEtQnItnuCPOKIcySCtBdnpvJ/EMtsk487n8YiaZ3U3LOac3tarV8WSZXBATgEx8AF56AOrkEDNAEGI/AMXsCr9WS9We/Wx6y1ZBUz++APrM8f9QuabQ==</latexit>

J ij <latexit sha1_base64="y2HAk3oujHlg6VfJ8LMVoBPzyeQ=">AAACBnicbVDLSsNAFJ3UV42vqks3wSK4Kokouiy6cVnBPqAJZTKZNEPnEWYmSgnZu3KrX+FO3PobfoT/4KTNQlsPXDiccy/33hOmlCjtul9WbWV1bX2jvmlvbe/s7jX2D3pKZBLhLhJUyEEIFaaE464mmuJBKjFkIcX9cHJT+v0HLBUR/F5PUxwwOOYkJgjqUvJlIkaNpttyZ3CWiVeRJqjQGTW+/UigjGGuEYVKDT031UEOpSaI4sL2M4VTiCZwjIeGcsiwCvLZrYVzYpTIiYU0xbUzU39P5JApNWWh6WRQJ2rRK8X/vGGm46sgJzzNNOZovijOqKOFUz7uRERipOnUEIgkMbc6KIESIm3isW2f40ckGIM8yv20MFX+A2lhm3y8xTSWSe+s5V203LvzZvu6SqoOjsAxOAUeuARtcAs6oAsQSMAzeAGv1pP1Zr1bH/PWmlXNHII/sD5/AFnHmYs=</latexit>⇢

<latexit sha1_base64="TQfvoRgx5HIpya6QI7s2uhZ8SrA="></latexit>

@0Di = @0

Z
xi⇢ = 0

Furthermore, if         is traceless, then the trace of quadrupole moment is conserved
<latexit sha1_base64="kxRghO/pH5PdTaLmKYlIU+Z3kVE=">AAACCHicbVDLSsNAFJ3UV42vqks3g0VwVRJRdFl0I64q2Ae0sUwmk3bamUmYmSgl5AdcudWvcCdu/Qs/wn9w0mahrQcuHM65l3vv8WNGlXacL6u0tLyyulZetzc2t7Z3Krt7LRUlEpMmjlgkOz5ShFFBmppqRjqxJIj7jLT98VXutx+IVDQSd3oSE4+jgaAhxUgbqXVzn9JR1q9UnZozBVwkbkGqoECjX/nuBRFOOBEaM6RU13Vi7aVIaooZyexeokiM8BgNSNdQgThRXjq9NoNHRglgGElTQsOp+nsiRVypCfdNJ0d6qOa9XPzP6yY6vPBSKuJEE4Fni8KEQR3B/HUYUEmwZhNDEJbU3ArxEEmEtQnItnuCPOKIcySCtBdnpvJ/EMtsk487n8YiaZ3U3LOac3tarV8WSZXBATgEx8AF56AOrkEDNAEGI/AMXsCr9WS9We/Wx6y1ZBUz++APrM8f9QuabQ==</latexit>

J ij

<latexit sha1_base64="V5QJ7NueBUOVjU1t4zKIl1TgYug="></latexit>

@0Tr(Qij) = @0

Z
|x|2⇢ = 0

Many references. CMT: Pretko See also: Griffin Grosvenor Horava and Yan; Hinterbichler and Joyce



Example
Do such theories actually exist? If so, what kind of symmetry implies these conservation laws?

<latexit sha1_base64="9kp0X9BURK+o/0Gnl3TiGUS9TKo="></latexit>

L = �̇?�̇�m|�|2 � �(@i�@j�� �@i@j�)(@i�
?@j�

? � �?@i@j�
?)

Conserves U(1) charge and the dipole moment! Symmetry
<latexit sha1_base64="9opTHm2FICTDzCEyL7+bHH2nJf8="></latexit>

�0 = ei(↵+�ixi)�

Forms a non-trivial algebra with the spatial symmetries! Multipole algebra.

<latexit sha1_base64="GSgtVvqHFXEAf2K5wiI39tWZ8hM="></latexit>

[Ti, Dj ] = Q�ij
<latexit sha1_base64="um0I09u9nAdTzS57A+9rw0OsUUs="></latexit>

[Rij , Dk] = �ikDj � �jkDi

Definition of symmetries is not covariant. In curved space dipole is not conserved. Covariant formulation is not known.


Writing                        we get non-relativistic Goldstone theories, with polynomial shift symmetries 
<latexit sha1_base64="EQ7Ecu02Z9+SAZGYFnX6suBZ1XE="></latexit>

� =
p
⇢̄ei✓

<latexit sha1_base64="CBD/sS90LTnOimq9815EJqm22Ik="></latexit>

L = ✓̇✓̇ � �@i@j✓@i@j✓
<latexit sha1_base64="iE0m4KuFVttiXIqdpCDSt75tVPg="></latexit>

�✓ = ↵+ �ixi

Pretko



Generalizations
The story can be generalized very far


- Conservation of any set of multipole moments, while preserving rotational and translational symmetries


- Breaking down the rotational symmetry down to crystalline point group symmetry


- Breaking down some of the translation symmetries


- Including scale symmetries


- Allowing the charge density       to be a vector, rather than scalar. This involves having vector fields


- Breaking the charge conservation from Z to Z_n. This leads to very non-trivial theories


- Combining the vector symmetries with 1-form symmetries


- Enhancing to subsystem symmetries


- Probably many other things we have not yet considered

<latexit sha1_base64="xHl/MxB9/WQQsCAcYzqv4tthwjg=">AAACCHicbVDLSsNAFJ34rPFVdelmsAiuSiKKLotuXFawD2hCmUym7dh5hJmJUkJ+wJVb/Qp34ta/8CP8BydtFtp64MLhnHu5954oYVQbz/tylpZXVtfWKxvu5tb2zm51b7+tZaowaWHJpOpGSBNGBWkZahjpJoogHjHSicbXhd95IEpTKe7MJCEhR0NBBxQjY6V2oEayT/vVmlf3poCLxC9JDZRo9qvfQSxxyokwmCGte76XmDBDylDMSO4GqSYJwmM0JD1LBeJEh9n02hweWyWGA6lsCQOn6u+JDHGtJzyynRyZkZ73CvE/r5eawWWYUZGkhgg8WzRIGTQSFq/DmCqCDZtYgrCi9laIR0ghbGxArhsI8ogl50jEWZDktop/EMtdm48/n8YiaZ/W/fO6d3tWa1yVSVXAITgCJ8AHF6ABbkATtAAG9+AZvIBX58l5c96dj1nrklPOHIA/cD5/AOvDmmc=</latexit>⇢i
<latexit sha1_base64="/N6ep6GhG1zk2JHR9EsEL/CSnus=">AAACCHicbVDLSsNAFJ34rPFVdelmsAiuSiKKLotuXFawD2hCmUym7dh5hJmJUkJ+wJVb/Qp34ta/8CP8BydtFtp64MLhnHu5954oYVQbz/tylpZXVtfWKxvu5tb2zm51b7+tZaowaWHJpOpGSBNGBWkZahjpJoogHjHSicbXhd95IEpTKe7MJCEhR0NBBxQjY6V20BzRPu1Xa17dmwIuEr8kNVCi2a9+B7HEKSfCYIa07vleYsIMKUMxI7kbpJokCI/RkPQsFYgTHWbTa3N4bJUYDqSyJQycqr8nMsS1nvDIdnJkRnreK8T/vF5qBpdhRkWSGiLwbNEgZdBIWLwOY6oINmxiCcKK2lshHiGFsLEBuW4gyCOWnCMRZ0GS2yr+QSx3bT7+fBqLpH1a98/r3u1ZrXFVJlUBh+AInAAfXIAGuAFN0AIY3INn8AJenSfnzXl3PmatS045cwD+wPn8AapXmj8=</latexit>

�i

<latexit sha1_base64="B9PvrwYrMFFUZ19N2t05iMTd0ug="></latexit>

L = ✓̇✓̇ + (@x@y✓)
2 �✓ = f(x) + g(y)



Gauging
This global symmetry can be gauged, leading to a higher rank, or multipole gauge theory.

<latexit sha1_base64="f4I4pzN1puDB5V++Xtuswqrm394="></latexit>

L = (�̇? + iA0)(�̇� iA0)�m|�|2 � �(@i�@j�� �@i@j��Aij)(@i�
?@j�

? � �?@i@j�
? + iAij)

<latexit sha1_base64="Io9fjSMLhZYkRxBQu/shPodQ5wY="></latexit>

�Aij = @i@j↵ �A0 = ↵̇

The Lagrangian for the gauge field is a generalized Maxwell (in 3D)

<latexit sha1_base64="niKCY9pRVv7MAq+k50fAOyhUZnI="></latexit>

L = EijEij +BijBij

<latexit sha1_base64="iRiesd0Oigc+tM/njFqMrNLEv3g="></latexit>

Eij = @i@jA0 � Ȧij Bij = ✏ikl@kAlj

The gauge theory cannot be defined on arbitrary manifold: gauge symmetry breaks down when there is curvature. 

can be defined on an Einstein manifold in 2D and 3D.

A variant of this theory, vector charge theory, is close to non-relativistic gravity. 
<latexit sha1_base64="aMp8IsXuvzFBd9TsvLOYKl+txb0="></latexit>

�Aij = @i↵j + @j↵i A0i = @0↵i

Eij = @iA0j + @jA0i � Ȧij Bij = ✏ikl✏jrs@k@rAls
Xu Horava

<latexit sha1_base64="EPQDhX1ljwRiuiFxJwM375oVgmw=">AAACG3icbVDLSgMxFM34rOOr6sKFm2ARXJUZUXQjFEVwWcE+oFOGTJq2afMYkoxShvkUV271K9yJWxd+hP9g2s5CWw/ccDjnXm7uiWJGtfG8L2dhcWl5ZbWw5q5vbG5tF3d261omCpMalkyqZoQ0YVSQmqGGkWasCOIRI41oeD32Gw9EaSrFvRnFpM1RT9AuxchYKSzuB3FIoX0G8CZM6SCDlzBQfRkWS17ZmwDOEz8nJZCjGha/g47ECSfCYIa0bvlebNopUoZiRjI3SDSJER6iHmlZKhAnup1ODsjgkVU6sCuVLWHgRP09kSKu9YhHtpMj09ez3lj8z2slpnvRTqmIE0MEni7qJgwaCcdpwA5VBBs2sgRhRe1fIe4jhbCxmbluIMgjlpwj0UmDOLM1vgexzLX5+LNpzJP6Sdk/K3t3p6XKVZ5UARyAQ3AMfHAOKuAWVEENYJCBZ/ACXp0n5815dz6mrQtOPrMH/sD5/AEwr6DP</latexit>

@i@jEij = ⇢



Who cares?
An isolated excitation cannot move if dipole is conserved!

Particles can hop by emitting dipoles. Depending on a theory


dipoles themselves are either mobile or must move perpendicular to their dipole moment or immobile.

In 3D this phenomenology appears in models of self-correcting quantum memory



Cute example: traceless scalar charge theory

[Ti, Tj ] = 0

<latexit sha1_base64="xzz4+4mAUSAntLl70zLpPvoUHJQ=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnoRil48VugXpDFstpt27WYTdjdKCf0fXjwo4tX/4s1/47bNQVsfDDzem2FmXpBwprRtf1uFldW19Y3iZmlre2d3r7x/0FZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOMLqZ+p1HKhWLRVOPE+pFeCBYyAjWRrp3mz47Q03/wUNXyPbLFbtqz4CWiZOTCuRo+OWvXj8maUSFJhwr5Tp2or0MS80Ip5NSL1U0wWSEB9Q1VOCIKi+bXT1BJ0bpozCWpoRGM/X3RIYjpcZRYDojrIdq0ZuK/3luqsNLL2MiSTUVZL4oTDnSMZpGgPpMUqL52BBMJDO3IjLEEhNtgiqZEJzFl5dJ+7zq1Kq1u1qlfp3HUYQjOIZTcOAC6nALDWgBAQnP8Apv1pP1Yr1bH/PWgpXPHMIfWJ8/Hj+Q9w==</latexit>

[Rij , Tk] = �k[iTj]

<latexit sha1_base64="iTOp3gKg2DrmDsOlI5v1khkWUHY=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwISWRgm6EohuXVfqCNITJZNJOM5mEmYlQQj7Ajb/ixoUibv0Ad/6N0zYLbT0wcDjnXO7c4yWMSmWa30ZpZXVtfaO8Wdna3tndq+4fdGWcCkw6OGax6HtIEkY56SiqGOkngqDIY6TnhTdTv/dAhKQxb6tJQpwIDTkNKEZKS261Zt+7GR3nZ7Dthg68ggOfMIXcLLRprrVs7OQ6ZdbNGeAysQpSAwVabvVr4Mc4jQhXmCEpbctMlJMhoShmJK8MUkkShEM0JLamHEVEOtnsmByeaMWHQSz04wrO1N8TGYqknESeTkZIjeSiNxX/8+xUBZdORnmSKsLxfFGQMqhiOG0G+lQQrNhEE4QF1X+FeIQEwkr3V9ElWIsnL5Pued1q1Bt3jVrzuqijDI7AMTgFFrgATXALWqADMHgEz+AVvBlPxovxbnzMoyWjmDkEf2B8/gB/5Zqp</latexit>

[Rij , Rkl] = �[k[iRj]l]

<latexit sha1_base64="TFlmmI7RGs6hTEX3qmsM6lc9fT0=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VQkJJIQTdC0Y3LKvYBaQiTyaSdZvJgZiKUkG9w46+4caGIW1fu/BsnbRbaeuByD+fcy8w9bsKokIbxrVWWlldW16rrtY3Nre0dfXevK+KUY9LBMYt530WCMBqRjqSSkX7CCQpdRnpucF34vQfCBY2jezlJiB2iYUR9ipFUkqOfWHdORsf5KVQ9YLkNL+HAI0wiJ7MCi+aFPraZnTt63WgYU8BFYpakDkq0Hf1r4MU4DUkkMUNCWKaRSDtDXFLMSF4bpIIkCAdoSCxFIxQSYWfTk3J4pBQP+jFXFUk4VX9vZCgUYhK6ajJEciTmvUL8z7NS6V/YGY2SVJIIzx7yUwZlDIt8oEc5wZJNFEGYU/VXiEeIIyxVijUVgjl/8iLpnjXMZqN526y3rso4quAAHIJjYIJz0AI3oA06AINH8AxewZv2pL1o79rHbLSilTv74A+0zx+IgJ1p</latexit>

Spatial symmetries

Dipole symmetries

[Ti, Dj ] = �ijQ

<latexit sha1_base64="8kejtA+DSrL1ZEjZFCbVRyrbblM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgQkoiBd0IRV24bKEvSEOYTCbttJNJmJkIJXThxl9x40IRt36EO//GaZuFth64cDjnXu69x08Ylcqyvo3C2vrG5lZxu7Szu7d/YB4edWScCkzaOGax6PlIEkY5aSuqGOklgqDIZ6Trj29nfveBCElj3lKThLgRGnAaUoyUljyz7LQ8eg7vvJELr2E/IEwhL6OjKYRNz6xYVWsOuErsnFRAjoZnfvWDGKcR4QozJKVjW4lyMyQUxYxMS/1UkgThMRoQR1OOIiLdbP7EFJ5qJYBhLHRxBefq74kMRVJOIl93RkgN5bI3E//znFSFV25GeZIqwvFiUZgyqGI4SwQGVBCs2EQThAXVt0I8RAJhpXMr6RDs5ZdXSeeiateqtWatUr/J4yiCMjgBZ8AGl6AO7kEDtAEGj+AZvII348l4Md6Nj0VrwchnjsEfGJ8/McSWiw==</latexit>

[Rij , Dk] = �k[iDj]

<latexit sha1_base64="1cSfpzwh+xJp5IDT2QvEVEw8gwI=">AAACDXicbVDLSsNAFJ34rPUVdelmsAoupCRS0I1Q1IXLKvYBaQiTyaSdZjIJMxOhhPyAG3/FjQtF3Lp35984fSy09cCFwzn3cu89fsqoVJb1bSwsLi2vrJbWyusbm1vb5s5uSyaZwKSJE5aIjo8kYZSTpqKKkU4qCIp9Rtp+dDXy2w9ESJrwezVMiRujHqchxUhpyTMPnTsvp4PiBF57kQsvYDcgTCEvjxxaQC3mA7fwzIpVtcaA88SekgqYouGZX90gwVlMuMIMSenYVqrcHAlFMSNFuZtJkiIcoR5xNOUoJtLNx98U8EgrAQwToYsrOFZ/T+QolnIY+7ozRqovZ72R+J/nZCo8d3PK00wRjieLwoxBlcBRNDCggmDFhpogLKi+FeI+EggrHWBZh2DPvjxPWqdVu1at3dYq9ctpHCWwDw7AMbDBGaiDG9AATYDBI3gGr+DNeDJejHfjY9K6YExn9sAfGJ8/riOasw==</latexit>

[Di, Dj ] = 0

<latexit sha1_base64="UDsZRfat90Pgq7+u/CNj2Zaz2qQ=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBg5RdKehFKNqDxwr2A7bLkk2zbWw2WZKsUEp/hhcPinj113jz35i2e9Dqg4HHezPMzItSzrRx3S+nsLK6tr5R3Cxtbe/s7pX3D9paZorQFpFcqm6ENeVM0JZhhtNuqihOIk470ehm5nceqdJMinszTmmQ4IFgMSPYWMn3GyE7a4QPwZUblitu1Z0D/SVeTiqQoxmWP3t9SbKECkM41tr33NQEE6wMI5xOS71M0xSTER5Q31KBE6qDyfzkKTqxSh/FUtkSBs3VnxMTnGg9TiLbmWAz1MveTPzP8zMTXwYTJtLMUEEWi+KMIyPR7H/UZ4oSw8eWYKKYvRWRIVaYGJtSyYbgLb/8l7TPq16tWrurVerXeRxFOIJjOAUPLqAOt9CEFhCQ8AQv8OoY59l5c94XrQUnnzmEX3A+vgHiuZBZ</latexit>

[�, Ti] = Di

<latexit sha1_base64="b3PGvBFAcldCUOx06/wGEbU7Yf8=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFcSEmkoBuhaBcuK/QFaQiT6aQdOnkwcyOEUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hj8RXIFlfRtr6xubW9ulnfLu3v7BoXl03FVxKinr0FjEsu8TxQSPWAc4CNZPJCOhL1jPn9zN/N4jk4rHURuyhLkhGUU84JSAljyz4gyaTAC5wG2Pu/gGNz3umVWrZs2BV4ldkCoq0PLMr8EwpmnIIqCCKOXYVgJuTiRwKti0PEgVSwidkBFzNI1IyJSbz4+f4jOtDHEQS10R4Ln6eyInoVJZ6OvOkMBYLXsz8T/PSSG4dnMeJSmwiC4WBanAEONZEnjIJaMgMk0IlVzfiumYSEJB51XWIdjLL6+S7mXNrtfqD/Vq47aIo4RO0Ck6Rza6Qg10j1qogyjK0DN6RW/Gk/FivBsfi9Y1o5ipoD8wPn8AeveTXw==</latexit>

<latexit sha1_base64="KNCxK9cctbqFhmDd5K/Fz8GJ9yg=">AAACCHicbVDLSgNBEJyNr7i+oh69LAbBU9gVRY9BPXiMYB6QDaF30knGzMwuM7NKWPIDnrzqV3gTr/6FH+E/OHkcNLGgoajqprsrSjjTxve/nNzS8srqWn7d3djc2t4p7O7VdJwqilUa81g1ItDImcSqYYZjI1EIIuJYjwZXY7/+gEqzWN6ZYYItAT3JuoyCsVItvEZuoF0o+iV/Am+RBDNSJDNU2oXvsBPTVKA0lIPWzcBPTCsDZRjlOHLDVGMCdAA9bFoqQaBuZZNrR96RVTpeN1a2pPEm6u+JDITWQxHZTgGmr+e9sfif10xN96KVMZmkBiWdLuqm3DOxN37d6zCF1PChJUAVs7d6tA8KqLEBuW4o8ZHGQoDsZGEysjX+B/jItfkE82ksktpJKTgr+benxfLlLKk8OSCH5JgE5JyUyQ2pkCqh5J48kxfy6jw5b8678zFtzTmzmX3yB87nD6vYmkA=</latexit>

� corresponds to the trace of quadrupole moment

Upon identification

Ti =

<latexit sha1_base64="vvLQJ4CesUv2KMpFYP/OwwX9H/0=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQC9C0IvHCEkMJEuYncwmY+axzMwKYck/ePGgiFf/x5t/4yTZgyYWNBRV3XR3RQlnxvr+t1dYW9/Y3Cpul3Z29/YPyodHbaNSTWiLKK50J8KGciZpyzLLaSfRFIuI04dofDvzH56oNkzJpp0kNBR4KFnMCLZOajf7DF2jfrniV/050CoJclKBHI1++as3UCQVVFrCsTHdwE9smGFtGeF0WuqlhiaYjPGQdh2VWFATZvNrp+jMKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8KMySS1VJLFojjlyCo0ex0NmKbE8okjmGjmbkVkhDUm1gVUciEEyy+vkvZFNahVa/e1Sv0mj6MIJ3AK5xDAJdThDhrQAgKP8Ayv8OYp78V79z4WrQUvnzmGP/A+fwBcEI5W</latexit>

Di =

<latexit sha1_base64="EPY+E7qSkXxyDdqLgCD1OmYE/LA=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKQS9CUQ8eK9gPaJeSTbNtNJssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyaCG+t536iwsrq2vlHcLG1t7+zulfcPWkalmrImVULpTkgME1yypuVWsE6iGYlDwdrh4/XUbz8xbbiS93acsCAmQ8kjTol1Uuumz/El7pcrXtWbAS8TPycVyNHol796A0XTmElLBTGm63uJDTKiLaeCTUq91LCE0EcyZF1HJYmZCbLZtRN84pQBjpR2JS2eqb8nMhIbM45D1xkTOzKL3lT8z+umNroIMi6T1DJJ54uiVGCr8PR1POCaUSvGjhCqubsV0xHRhFoXUMmF4C++vExaZ1W/Vq3d1Sr1qzyOIhzBMZyCD+dQh1toQBMoPMAzvMIbUugFvaOPeWsB5TOH8Afo8wdDgI5G</latexit>

� =

<latexit sha1_base64="/wYaQKEIvEYuKEvfhtTqR6wvBMg=">AAAB8HicbVBNS8NAEN34WetX1aOXxSJ4KokU9CIU9eCxgv2QNpTNdtIu3U3C7kQoob/CiwdFvPpzvPlv3LY5aOuDgcd7M8zMCxIpDLrut7Oyura+sVnYKm7v7O7tlw4OmyZONYcGj2Ws2wEzIEUEDRQooZ1oYCqQ0ApGN1O/9QTaiDh6wHECvmKDSISCM7TSY/cWJDJ6RXulsltxZ6DLxMtJmeSo90pf3X7MUwURcsmM6Xhugn7GNAouYVLspgYSxkdsAB1LI6bA+Nns4Ak9tUqfhrG2FSGdqb8nMqaMGavAdiqGQ7PoTcX/vE6K4aWfiShJESI+XxSmkmJMp9/TvtDAUY4tYVwLeyvlQ6YZR5tR0YbgLb68TJrnFa9aqd5Xy7XrPI4COSYn5Ix45ILUyB2pkwbhRJFn8kreHO28OO/Ox7x1xclnjsgfOJ8/lnSPng==</latexit>

Q =

<latexit sha1_base64="jF3cNIAGN4NyUXh9v1kdpL6h+7s=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoBeh6MVjC/YD2lA22027dHcTdjdCCf0LXjwo4tU/5M1/4ybNQVsfDDzem2FmXhBzpo3rfjuljc2t7Z3ybmVv/+DwqHp80tVRogjtkIhHqh9gTTmTtGOY4bQfK4pFwGkvmN1nfu+JKs0i+WjmMfUFnkgWMoJNJrXRLRpVa27dzYHWiVeQGhRojapfw3FEEkGlIRxrPfDc2PgpVoYRTheVYaJpjMkMT+jAUokF1X6a37pAF1YZozBStqRBufp7IsVC67kIbKfAZqpXvUz8zxskJrzxUybjxFBJlovChCMToexxNGaKEsPnlmCimL0VkSlWmBgbT8WG4K2+vE66V3WvUW+0G7XmXRFHGc7gHC7Bg2towgO0oAMEpvAMr/DmCOfFeXc+lq0lp5g5hT9wPn8A2wiNdw==</latexit>

generator of spatial translations

generator of Galilean boosts

generator of time translations

generator of mass conservation

Becomes Bargmann algebra

AG 



Hydrodynamics with dipole symmetries

We do not know how to develop a theory with conservation of momentum and dipole moment. 


We can study diffusion with conserved multipole moments. Continuity equation

AG, Lucas, Nandkishore 2020. Many other papers by now.

<latexit sha1_base64="6YJ48STNZZCTPxky9PDHkOV4g9Y="></latexit>

⇢̇+ @i@jJ
ij = 0

Is supplemented with constitutive relation

<latexit sha1_base64="wYkQdtlgWENfSZ/Y3WQ2CUYSc9k="></latexit>

Jij / D@i@j⇢

Leading to sub-diffusive behaviour

<latexit sha1_base64="92038nbRB3BkIPgrHJQfYMgkUF0=">AAACHnicbVDLSgMxFM34rOOr6k43wSK4scxIRTdCURcuK9gHdGrJpGkbmseQZJQyDPgprtzqV7gTt/oR/oOZtgttPXDhcM69N7knjBjVxvO+nLn5hcWl5dyKu7q2vrGZ39quaRkrTKpYMqkaIdKEUUGqhhpGGpEiiIeM1MPBZebX74nSVIpbM4xIi6OeoF2KkbFSO78bdKRJAtWXKTyHR/AKBtFdCWZCO1/wit4IcJb4E1IAE1Ta+W+7DMecCIMZ0rrpe5FpJUgZihlJ3SDWJEJ4gHqkaalAnOhWMrohhQdW6cCuVLaEgSP190SCuNZDHtpOjkxfT3uZ+J/XjE33rJVQEcWGCDx+qBszaCTMAoEdqgg2bGgJworav0LcRwphY2Nz3UCQByw5R6KTBFFqK7sHsdS1+fjTacyS2nHRPyl6N6VC+WKSVA7sgX1wCHxwCsrgGlRAFWDwCJ7BC3h1npw35935GLfOOZOZHfAHzucPrhKhhA==</latexit>

⇢̇ = �D@4⇢

We have looked at more complicated theories in the paper.



Non-commutative classical mechanics
Consider a Hamiltonian system. This describes vortices and plasma in strong magnetic field in 2D.            are complex positions

<latexit sha1_base64="stYBLzLL1XhCAIxdN0oRMHyJRkQ="></latexit>

H = �2⇡
X

↵<�

�↵�� ln |z↵ � z� |
<latexit sha1_base64="MFl4ky1RbDhWMePHVmg6s6j9Xy4="></latexit>

{z↵, z̄�} = i(⇡�↵)
�1�↵�

<latexit sha1_base64="Ka3JSYUKzQm4zYlZyiN7rTDATyo=">AAACDXicbVDJSgNBEO1xjeMW9ehlMAjxEmZE0WPQi8cIZoHMEGo6naRJL0N3jxKH+QZPXvUrvIlXv8GP8B/sLAdNfFDweK+Kqnpxwqg2vv/lLC2vrK6tFzbcza3tnd3i3n5Dy1RhUseSSdWKQRNGBakbahhpJYoAjxlpxsPrsd+8J0pTKe7MKCERh76gPYrBWKn92AmBJQMom5NOseRX/Am8RRLMSAnNUOsUv8OuxCknwmAGWrcDPzFRBspQzEjuhqkmCeAh9EnbUgGc6CibnJx7x1bpej2pbAnjTdTfExlwrUc8tp0czEDPe2PxP6+dmt5llFGRpIYIPF3US5lnpDf+3+tSRbBhI0sAK2pv9fAAFGBjU3LdUJAHLDkH0c3CJLc1/gdY7tp8gvk0FknjtBKcV/zbs1L1apZUAR2iI1RGAbpAVXSDaqiOMJLoGb2gV+fJeXPenY9p65IzmzlAf+B8/gBCZZws</latexit>

z↵(t)

Hamiltonian is translation and rotation invariant. However the momentum and angular momentum are given by (in real coordinates)

<latexit sha1_base64="WXPCDosobwrI3Ryt9Ci+3rTrl9s="></latexit>

Pi = �2⇡✏ij
X

↵

�↵x
↵
j

<latexit sha1_base64="RVvab/Pnqs9dAaAHVyJCU6Z40KQ="></latexit>

L = 2⇡
X

↵

�↵x
↵
i x

↵
j �ij

That is they are proportional to dipole and trace of quadrupole moment

<latexit sha1_base64="gCaFW6+1hFYCi2ozDSXuS1QIM+Y=">AAACHHicbVDLSsNAFJ34Nr6qbgQ3g0VwY0lE0Y1Q1IXLClaFJoTJ9NZOOzMJMxOlhPgprtzqV7gTt4If4T84qV34OnDhcM693HtPnHKmjee9O2PjE5NT0zOz7tz8wuJSZXnlQieZotCkCU/UVUw0cCahaZjhcJUqICLmcBn3j0v/8gaUZok8N4MUQkGuJeswSoyVospaI2L4EG8HkGrGrZKzXoFPol5UqXo1bwj8l/gjUkUjNKLKR9BOaCZAGsqJ1i3fS02YE2UY5VC4QaYhJbRPrqFlqSQCdJgPPyjwplXauJMoW9Lgofp9IidC64GIbacgpqt/e6X4n9fKTOcgzJlMMwOSfi3qZBybBJdx4DZTQA0fWEKoYvZWTLtEEWpsaK4bSLiliRBEtvMgLWyV/xBeuDYf/3caf8nFTs3fq3lnu9X60SipGbSONtAW8tE+qqNT1EBNRNEdekCP6Mm5d56dF+f1q3XMGc2soh9w3j4BF2ihTg==</latexit>

Pi = �✏ijDj
<latexit sha1_base64="IshpOC6viTvAnVFGEMIRXbmN5wc=">AAACGnicbVA9SwNBEN3z2/MrKtjYLAbBKtyJoo0g2lhYKBgVciHM7U10ze7esbunhPP+iZWt/go7sbXxR/gf3MQUanww7OO9GWb2xZngxgbBhzcyOjY+MTk17c/Mzs0vVBaXzk2aa4Z1lopUX8ZgUHCFdcutwMtMI8hY4EXcOez5F7eoDU/Vme1m2JRwpXibM7BOalVWjukejRIUFloFvynpaf9pVapBLeiDDpNwQKpkgJNW5TNKUpZLVJYJMKYRBpltFqAtZwJLP8oNZsA6cIUNRxVINM2if39J152S0HaqXSlL++rPiQKkMV0Zu04J9tr89Xrif14jt+3dZsFVlltU7HtROxfUprQXBk24RmZF1xFgmrtbKbsGDcy6yHw/UnjHUilBJUWUla56/wFR+i6f8G8aw+R8sxZu14LTrer+wSCpKbJK1sgGCckO2SdH5ITUCSP35JE8kWfvwXvxXr2379YRbzCzTH7Be/8C9Ymgvw==</latexit>

L = �ijQij

So dipole and (trace of) quadrupole are conserved. This show in dynamics of vortices. Isolated vortex does not move, while the vortex dipole


moves perpendicular to the dipole moment



Next level: Haah’s code
Long held beliefs in CM:


- Topological order is described by TQFTs


- Phases of matter in TD limit are described by field theories.

Haah code makes this belief far from obvious Haah’s code is the first discovered fracton model. All excitations are immobile

Excitations are       charges created in quadruples at corners of a pyramid. Haah’s model is topologically ordered, however it does not 
appear to admit a description in terms of a TQFT 

Z2
<latexit sha1_base64="E/krzLTDGa3vl6FomFAeKt9MLio=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ad2hpJJM21oJhmSjFCG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRQPZprQIMYjwSJGsLGS78fYjMMwe5wNGoNqza27c6BV4hWkBgVag+qXP5QkjakwhGOt+56bmCDDyjDC6azip5ommEzwiPYtFTimOsjmmWfozCpDFEllnzBorv7eyHCs9TQO7WSeUS97ufif109NdB1kTCSpoYIsDkUpR0aivAA0ZIoSw6eWYKKYzYrIGCtMjK2pYkvwlr+8SjqNundRb9xf1po3RR1lOIFTOAcPrqAJd9CCNhBI4Ble4c1JnRfn3flYjJacYucY/sD5/AH5LZGj</latexit>

Topological order is often quantified by degeneracy without symmetry. Haah’s code has such degeneracy. It equals      , where       is given 
by

2k
<latexit sha1_base64="g0R/0fPzahxMHWFY/Y22mgO/DtQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2ls120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrpvvo46pXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QP4ro2X</latexit>

k
<latexit sha1_base64="S3l8nnBLDerjgmOsR9KRP3N3+lk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f09OM8w==</latexit>

k + 2

4
=

<latexit sha1_base64="nJjLERNAJBTww7KWPGQQIV+qHe0=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBZBEErSFvQiFL14rGA/oA1ls920SzebsLsplJB/4sWDIl79J978N27bHLT1wcDjvRlm5vkxZ0o7zrdV2Njc2t4p7pb29g8Oj+zjk7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/Mn93O9MqVQsEk96FlMvxCPBAkawNtLAtvuBxCSdXFWztJ6hWzSwy07FWQCtEzcnZcjRHNhf/WFEkpAKTThWquc6sfZSLDUjnGalfqJojMkEj2jPUIFDqrx0cXmGLowyREEkTQmNFurviRSHSs1C33SGWI/VqjcX//N6iQ5uvJSJONFUkOWiIOFIR2geAxoySYnmM0MwkczcisgYmyi0CatkQnBXX14n7WrFrVWqj/Vy4y6PowhncA6X4MI1NOABmtACAlN4hld4s1LrxXq3PpatBSufOYU/sD5/AChBkrA=</latexit>

L
<latexit sha1_base64="QE9oDXOSeRcavWmZZHNQHB2S4vk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCk14zU</latexit>

is a system size, and p 2 Z
<latexit sha1_base64="/SiR4bDCOQ3UuUmnB8hYBcvuukU=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWpgi6LblxWsA9sQplMJ+3QySTMTIQa+iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbZXW1jc2t8rblZ3dvf2qfXDYUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wucn97iOVisXiXk8T6kd4JFjICNZGGtjVBHlMIC/CehwE6GFg15y6MwdaJW5BalCgNbC/vGFM0ogKTThWqu86ifYzLDUjnM4qXqpogskEj2jfUIEjqvxsHnyGTo0yRGEszRMazdXfGxmOlJpGgZnMA6plLxf/8/qpDq/8jIkk1VSQxaEw5UjHKG8BDZmkRPOpIZhIZrIiMsYSE226qpgS3OUvr5JOo+6e1xt3F7XmdVFHGY7hBM7AhUtowi20oA0EUniGV3iznqwX6936WIyWrGLnCP7A+vwBokqSbA==</latexit>

Haah 2011

GS degeneracy is determined by how many Sierpinski pyramid operators can be inscribed into L x L x L torus



Fractons

Topological 
 order

Self-correcting 
quantum 
memory

Quantum 
elasticity

Gravity 
and 

Holography

Quantum 
spin liquids

Localization 
without  
disorder

Tensor 
gauge theory

Hydrodynamics

Fractons emerge in surprisingly many sub-fields


