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» World is curved. Specifically interested |

surfaces (e.g. surfaces waves,fluid me
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- Effective theory for modelling the response of o
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- Describe boundaries, branes, interfaces, defects in Galilean-

invariant theories.



E. Pairam & A. Fernandez-Nieves, PRL, 2009



Perry W. Ellis et al., Nature Physics, 2017



Kelvin-Yanai waves on the equator
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Lipid Bilayer



The Helfrich action for a lipid membrane:

11X = /W (oz + aq (K + 60)2>

Helfrich, Canham 70's



Spherical topology

Liposome
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Human erythrocyte



Develop the
model equili

Tamewor

orium Ga

K in which symmetry organising principles can be used to

lean invariant systems (e.g. fluid membranes).

Understand how such systems evolve as they depart from equilibrium.




| - Model the analogue system with relativistic symmetries and “null reduction”

[1 - Construct from scratch: submanifolds and deformations in NC geometry

1 - Eamples: Membranes, generalisation of the Helfrich bending energy
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arXiv.0708.2181 by R. Emparan, T. Harmark, V. Niarchos, N.A. Obers & M.Rodriguez
arXiv:0910.1601 by R. Emparan, T. Harmark, V. Niarchos, N.A. Obers



TH =TH§(x) + D**0,0(x)

4&15&

T = (F + P)utu” + Pg"" — not” — £ PP

DHVP — YW/\GKMP



boundary AdS

planar brane
s corrected



A simpler situation is to impose stationarity:




When considering stationary fluids, one can builo
an equilibrium partition function (no boundaries):

I:/ (P—I—w1a2—|—w2w2—|—w3R—|—...)
M

arXiv:1203.3544 by Bhattacharya et al.




Partition function for equilibrium fluid droplets:

T = / vV—G (P + PR+ Pow?® + Psaz)
M

/ V —H (X lg’la“n,,, Bzﬁ“’n“ B3K)
oM

arXiv:1512.08514 by |.A., J. Bhattacharya & N. Kundu



The effective action for embedded fluids:

I[X"] = /W \/—W(P + v10” + vow” 4+ V3R
FMKK; + MK Ky + Asu®ul K% Ky

+iutw, + wzu“waubwb)

b, 1\ _ ,,ub c v 1,.a .
Va (6 U b) = U Yap €+ N i Koy €, g = e’ijwazj‘

i _ brr i ij
V. (n n"z-) = —u Kgp'ng — ntjwe"ny

arXiv:1304.7773 and arXiv:1312.0597 by JA
arXiv:1406.7813 by JA & T.Harmark



Bending moment and spin current:

, _
Dabi _ 0 o yadechz' ’Saij _ 81

Kap' Wq 7
Equations of motion:

vaTab . u#’bvachacu + 2SainaciKbcj _ Dadeaic + Sainbaij . wb’l,j vasaij

Ta'bKa,bi = ’nipvaVbDabp — 2 nipVb (Saij abj ) T DabjRiajb + Saijiakj

arXiv:1304.7773 and arXiv:1312.0597 by JA



The helicoid:
Yapdo®do® = —dr? + dp® + (X? + p*)d¢”

k2 e 1 - QQ(}\Q _I_ ,02)

Qny1) % n o™ = (11 n+3 1
F[R]_lﬁ\/?rGaQ/dQ»\F(l_l_g) (1—)\9) 2F1(— = 1 — )

Topology: R x SP—3

arXiv:1503.08834 by JA & M. Blau




Black Scherk Surfaces/Catenoids in Plane Waves:

ds® = —(1+ A(2))de® + (1 — A(z9)dy® — 2A(2%)dtdy + dE{p_y)(27)

12804 18207 s408°
A Il W

arXiv:1503.08834 by JA & M. Blau




I[Xz] — /W \/—’y(P -+ ’U1Cl2 -+ v2w2 + v3'R
+MEK; + M KK + Aau®ul K, K.;

+wiutw, + W2uawaubwb)

Null reduction

v

Galilean-invariant theory







Vi, =0,  V,h"?=0

) 1 o i s _
[, = =0°0,m, + Sh* (Buhuo + Oy hs —




0T, = LTy, oe; = Leeg, + /\%e% + A1, omy = £emy, + Age, + 0,0,

ovt = Lok + Nl del = Leek + Nlel .

OhM = Leht , Shyy = Lehyy + 20,y

571“,, = £JLW — 27,00 , 00t = Lt — W00







Explicit tangentvector:  w*, = 0, X"

Implicit normal vectors: nubk =0, Wnn) =67, I=1,...,d—p
I I J
n# — M JTLM SO(d—p)

Completeness: | o = uhup +nynf

a KU __ p,,b __ gb poJ _ gJ
u,ny =0, ugu, =9, , nin, =94j




Can one just pullback using  u*, = 9, X*
background Structures 7., hw,my,,v*, 2* 10 get an induced NC geometry?

Focus on timelike submanifolds

Ta = ug‘m T = n’; 7, = 0 n# = p#n!

This implies that:
p Rl1d h’“’ni i: 5IJ’
al __ ppv,a,. I _ ,a, pul __
h* = P u,n, =u,n" =0,
hry = hnin’ = h, h"Pnin,; = (6° + vP1,)nfin,; =46
1J pvlertoy Qv I'%pJ v p)tertpd 1J >
v 174




Basic building blocks for the induced geometry:

v

a a
hap = vl uphy, , v =u

7 ab __ ,,a,,bpuv ) T
Ui h® = uw,u, b, Me = UL, v

a 9

The background satisfies:  p™h,., =0

But the induced structure does not: | v*ha = ubv*ulughy, = —v'hyp = —v'v'n,

Need to define; A,y = hoy — vivrT,m

hd

hoCh g = 0p + 0% , V%he =0



Can introduce boost invariants in which case the building blocks are:

v

(Ta, hap, Te) and (v, A?)

Defined as:  hup = wubhy, = hap — 270y, % = ulo* = v® — h%m
1 I

My = My — 51} VITy

Transtormations:  66° = £:6° — h®8y0 , Shay = £chay — 27200

0o = £¢Ta y Ohay = Lehay +2XaTy) , Mg = Loy + Mg + o0
§v° = £+ h®X, , Oh® = £L:h%



Induced geometry:

Weingarten identities:

Extrinsic curvature:

Spin connection:

DT = 8,T™ + 7po T + ufT, T

1 _ _
'ng = —0°0aTs + §h0d (aahbd + Ophad —

Oahab)

@anl = 8an - I‘)‘ u“nﬁ = JnJ = —u, KT+ 2ugfu Tab

1
| wAl
Doy = Daub = nIKab - §nI'U Tan
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|
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Integrability conditions.

-~

Codazzi-Mainardic | @aKse’ — DsKae' = —Rape’ + 9*7an Kae!

~

1
y p——— no_ I ~T

~

Gauss-Codazzll | Ryt = KopptK®r — Ko K %7 + B ®

Ricci-Voss: Q 700 = Ry’ — 2R K [a|cIR |b]dJ

Q jap = 20wy’ 7 — 2wig) KW



Embedding map variations: 6X*(0) = —&*(o)

Details: Sxnl = —n, mIn""V, e — n,0Un""1,,£0 +nld, &P + Mn,;

5XT/1,(X) = —5”8,,’7'” ) 6X}—l;w(X) — —§p8pl_zw,

5X7'a, - —ug‘fgm, 5xitab - —u{:u’gi’gﬁw




Fffective action: S = S|ra, B;b, K]

0S = / dp+10'6 (Ta(S'Ta == %Tab(s’—lab -+ DabI5KabI)
P

Gauge invariance: | D (T%7) =0 , D*MEKyu" =0

Momentum conservation: | Da7m? + 2D, (D"*1h%°Ky.") — h*D®1 D Kos' = 0

Dyna m iCS: TabKabI - @angabI ol DabJKacIKdeth i DabJRIabJ ’







Describing a thermal state in equilibrium: K = (k#, A7, AK)

Action on induced structure vanishes, implying:

£x7a =0 fk’_lab — ZT(afk’ﬁ?,b) + 2’7‘(a8b)AK , Lrme + 5\5{ =F (%AK =9

Can define scalar boost invariants:

TO U AK 1§ b b kb
T _ _— = — —ha L . —
ka’Ta ’ T TO b 2T s v kaTa




Simplest fluid membrane: .7-'=/2 Poes (T, 1)

oT ou

Thermodynamics: | o~ (%) = ()

6+X=Ts+nyl

CurreﬂtS T = —x0* — (6 + X + %’E2> u® , T = xh® + nu®u®

Dynamics: | TKa=0 = xK'+nu'u’Kg, =0




Flat 241 surface: | ha =636, , me=0 , n, =46

Deformations: | 0xT®Ke + T**6xKas = (xh*® + nuu’) 8,066~ = 0

\Waves: w==%4/ %Xk




Droplets:

Young-Laplace law:

Sbulk = / d“z e, Pyt + /
int(X) ext(X)

TPK . = xK + nutub K, = —Ap

Ap — Pext _ I:)int




Generalised Helfrich energy:

Fcu = / dPoes|ao(T, ) + a1 (T, ) K + ao(T, ) K* + a3(T, ) K - K|
s

Bending moment: | D% =ah®+ y*4Ky , ¥ = 20,5k 4 2a5h* D

Original Helfrich-energy: | Fon = /2 d*o e [x + k(K + co)?]

2
a=xX+kKC, , a1 =2KkC) , G2 =K
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