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Covariantization of non-Lorentzian symmetries  

We will focus on three particular examples of non-riemannian geometries  
 
1.  Torsional Newton Cartan (Non-relativistic with Galilean symmetry)  
 
2.  Carrol (Ultra relativistic with Carroll symmetry)  
 
3. String Newton Cartan (Non-relativistic with String-Galilean symmetry)

NON-RIEMANNIAN GEOMETRY



NR-geometries have notions of distance (degenerate metric),curvature, etc  
 
 
 
 
 
 
 

We want to look at the dynamics of these NR geometric objects: equations of motion 
and possibly action principles. Many possible applications. 

NON-RIEMANNIAN GRAVITY
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For SNC there are two temporal directions



Using symmetries 

NR limits of Lorentz action/equations of motion  
Ex 1.  c→∞ or c→0 limits  
Ex 2. 1/c expansion  

Embedding in known models  
Ex 1. Null reduction  
Ex2. DFT (Doubled gravity)  

Other approaches  
Beta functions

PATHS TO NON-RIEMANNIAN GRAVITY

1810.09387 Bergshoeff et al. , 1604.08054 Hartong et al.

1505.05011 Hartong, 1807.04765 Hansen et al.

1703.03459 Van den Bleeken, 2001.10277 Hansen et al. , 2102.06974 Bergshoeff et al.

1905.07315 Gomis et al. , 1906.01607 Gallegos et al.

2012.07765 Gallegos et al.



There exist a relation between T-duality, null isometries and non-riemannian theories  
 
 

DFT provides a T-duality invariant formulation of supergravity  
 
 

DFT is a natural playground to study these theories in a unified way

WHY DFT?
1806.06071 Bergshoeff et al.

0904.4664 Hull & Zwiebach, 1109.1782 Zwiebach, many more

1508.01121 Moon Ko et al. , 1707.03713 Morand and Park



Double Field TheoryNS-NS Supergravity  
(g,B,ɸ )

T-duality invariance

Doubled Gravity

Stands by itself

Contact with NR  
Geometry Non-Riemannian 

Parametrization

NS-NS Non-Riemannian 
Supergravity  

(h,τ,B,…) 

Equations of motion  
and “action principles”



DOUBLED GRAVITY



The basic fields are (g,B,ϕ) and are subject to the equations of motion  
 
 
 
 

The equations of motion can be derived from the action

NS-NS SUPERGRAVITY

r⇢H
⇢µ⌫ � 2r⇢�H

⇢µ⌫ = 0
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The D-dimensional theory exhibits a T-duality symmetry (large compact dimensions 
are dual  to small compact dimensions) 

 This symmetry is geometrized into an O(D,D) symmetry. 

The elements of O(D,D) can be defined as the set of 2Dx2D matrices 𝓗 that preserve 
the O(D,D) invariant metric ηMN  
  

NS-NS SUPERGRAVITY AND T-DUALITY

H
P

M ⌘PQH
Q
N = ⌘MN
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The theory should be rewritten in terms of O(D,D) covariant objects 

We should double the coordinates   

To recover NS-NS gravity we need to impose independence of dual coordinates 

(g,B) are captured by a single O(D,D) tensor and ϕ is captured by a tensor density 𝑑  
 
 

NS-NS SUPERGRAVITY AND T-DUALITY

H =

0

@
gµ⌫ �Bµ⇢g⇢�B�⌫ �g⌫⇢B⇢µ

�gµ⇢B⇢⌫ gµ⌫
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<latexit sha1_base64="sbOohGERYnX/it40Wds18aD79Pw=">AAACB3icbZDNSsNAFIUn9a/Wv6hLFw4WwU1LUgR1IRTduKxgbKGJZTKdtEMnkzgzEUrI0o2v4saFiltfwZ1v4zTNQlsPDHycey937vFjRqWyrG+jtLC4tLxSXq2srW9sbpnbO7cySgQmDo5YJDo+koRRThxFFSOdWBAU+oy0/dHlpN5+IELSiN+ocUy8EA04DShGSls9c5/cpbVGP4PnMCfoxkOaQVfeC5XWBlnPrFp1KxecB7uAKijU6plfbj/CSUi4wgxJ2bWtWHkpEopiRrKKm0gSIzxCA9LVyFFIpJfmh2TwUDt9GERCP65g7v6eSFEo5Tj0dWeI1FDO1ibmf7VuooJTL6U8ThTheLooSBhUEZykAvtUEKzYWAPCguq/QjxEAmGls6voEOzZk+fBadTP6vb1cbV5UaRRBnvgABwBG5yAJrgCLeAADB7BM3gFb8aT8WK8Gx/T1pJRzOyCPzI+fwAcZphZ</latexit><latexit sha1_base64="sbOohGERYnX/it40Wds18aD79Pw=">AAACB3icbZDNSsNAFIUn9a/Wv6hLFw4WwU1LUgR1IRTduKxgbKGJZTKdtEMnkzgzEUrI0o2v4saFiltfwZ1v4zTNQlsPDHycey937vFjRqWyrG+jtLC4tLxSXq2srW9sbpnbO7cySgQmDo5YJDo+koRRThxFFSOdWBAU+oy0/dHlpN5+IELSiN+ocUy8EA04DShGSls9c5/cpbVGP4PnMCfoxkOaQVfeC5XWBlnPrFp1KxecB7uAKijU6plfbj/CSUi4wgxJ2bWtWHkpEopiRrKKm0gSIzxCA9LVyFFIpJfmh2TwUDt9GERCP65g7v6eSFEo5Tj0dWeI1FDO1ibmf7VuooJTL6U8ThTheLooSBhUEZykAvtUEKzYWAPCguq/QjxEAmGls6voEOzZk+fBadTP6vb1cbV5UaRRBnvgABwBG5yAJrgCLeAADB7BM3gFb8aT8WK8Gx/T1pJRzOyCPzI+fwAcZphZ</latexit><latexit sha1_base64="sbOohGERYnX/it40Wds18aD79Pw=">AAACB3icbZDNSsNAFIUn9a/Wv6hLFw4WwU1LUgR1IRTduKxgbKGJZTKdtEMnkzgzEUrI0o2v4saFiltfwZ1v4zTNQlsPDHycey937vFjRqWyrG+jtLC4tLxSXq2srW9sbpnbO7cySgQmDo5YJDo+koRRThxFFSOdWBAU+oy0/dHlpN5+IELSiN+ocUy8EA04DShGSls9c5/cpbVGP4PnMCfoxkOaQVfeC5XWBlnPrFp1KxecB7uAKijU6plfbj/CSUi4wgxJ2bWtWHkpEopiRrKKm0gSIzxCA9LVyFFIpJfmh2TwUDt9GERCP65g7v6eSFEo5Tj0dWeI1FDO1ibmf7VuooJTL6U8ThTheLooSBhUEZykAvtUEKzYWAPCguq/QjxEAmGls6voEOzZk+fBadTP6vb1cbV5UaRRBnvgABwBG5yAJrgCLeAADB7BM3gFb8aT8WK8Gx/T1pJRzOyCPzI+fwAcZphZ</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="dWsdtGDxfderYcikRKN/yoQq8QM=">AAAB/HicbZC9TsMwFIVvyl8pBQIrAxYVEkurpAswICGxMBaJ0EpNqBzHaa06P9gOUhVlZOFVWBgA8RxsvA1u2gFajmTp0zm2ru/xU86ksqxvo7Kyura+Ud2sbdW3d3bNvfqdTDJBqEMSnoiejyXlLKaOYorTXioojnxOu/74app3H6mQLIlv1SSlXoSHMQsZwUpbA/OQ3ufNdlCgC1QSctMRK5ArH4TKm8NiYDasllUKLYM9hwbM1RmYX26QkCyisSIcS9m3rVR5ORaKEU6LmptJmmIyxkPa1xjjiEovLxcp0LF2AhQmQp9YodL9/SLHkZSTyNc3I6xGcjGbmv9l/UyFZ17O4jRTNCazQWHGkUrQtBUUMEGJ4hMNmAim/4rICAtMlO6upkuwF1deBqfdOm/ZNxZU4QCO4ARsOIVLuIYOOEDgCV7gDd6NZ+PV+Ji1VTHmte3DHxmfP5B6luc=</latexit><latexit sha1_base64="dWsdtGDxfderYcikRKN/yoQq8QM=">AAAB/HicbZC9TsMwFIVvyl8pBQIrAxYVEkurpAswICGxMBaJ0EpNqBzHaa06P9gOUhVlZOFVWBgA8RxsvA1u2gFajmTp0zm2ru/xU86ksqxvo7Kyura+Ud2sbdW3d3bNvfqdTDJBqEMSnoiejyXlLKaOYorTXioojnxOu/74app3H6mQLIlv1SSlXoSHMQsZwUpbA/OQ3ufNdlCgC1QSctMRK5ArH4TKm8NiYDasllUKLYM9hwbM1RmYX26QkCyisSIcS9m3rVR5ORaKEU6LmptJmmIyxkPa1xjjiEovLxcp0LF2AhQmQp9YodL9/SLHkZSTyNc3I6xGcjGbmv9l/UyFZ17O4jRTNCazQWHGkUrQtBUUMEGJ4hMNmAim/4rICAtMlO6upkuwF1deBqfdOm/ZNxZU4QCO4ARsOIVLuIYOOEDgCV7gDd6NZ+PV+Ji1VTHmte3DHxmfP5B6luc=</latexit><latexit sha1_base64="taf0mQWqtlITcDJVi8k2xC03yuc=">AAACB3icbZC9TsMwFIUdfkv5CzAyYFEhsbRKugADUgULY5EIrdSEynGc1qrjBNtBqqKMLLwKCwMgVl6BjbfBTTNAy5EsfTr3Xl3f4yeMSmVZ38bC4tLyymplrbq+sbm1be7s3so4FZg4OGax6PpIEkY5cRRVjHQTQVDkM9LxR5eTeueBCEljfqPGCfEiNOA0pBgpbfXNA3KX1ZtBDs9hQdBNhjSHrrwXKqsP8r5ZsxpWITgPdgk1UKrdN7/cIMZpRLjCDEnZs61EeRkSimJG8qqbSpIgPEID0tPIUUSklxWH5PBIOwEMY6EfV7Bwf09kKJJyHPm6M0JqKGdrE/O/Wi9V4amXUZ6kinA8XRSmDKoYTlKBARUEKzbWgLCg+q8QD5FAWOnsqjoEe/bkeXCajbOGfW3VWhdlGhWwDw7BMbDBCWiBK9AGDsDgETyDV/BmPBkvxrvxMW1dMMqZPfBHxucPGyaYVQ==</latexit><latexit sha1_base64="sbOohGERYnX/it40Wds18aD79Pw=">AAACB3icbZDNSsNAFIUn9a/Wv6hLFw4WwU1LUgR1IRTduKxgbKGJZTKdtEMnkzgzEUrI0o2v4saFiltfwZ1v4zTNQlsPDHycey937vFjRqWyrG+jtLC4tLxSXq2srW9sbpnbO7cySgQmDo5YJDo+koRRThxFFSOdWBAU+oy0/dHlpN5+IELSiN+ocUy8EA04DShGSls9c5/cpbVGP4PnMCfoxkOaQVfeC5XWBlnPrFp1KxecB7uAKijU6plfbj/CSUi4wgxJ2bWtWHkpEopiRrKKm0gSIzxCA9LVyFFIpJfmh2TwUDt9GERCP65g7v6eSFEo5Tj0dWeI1FDO1ibmf7VuooJTL6U8ThTheLooSBhUEZykAvtUEKzYWAPCguq/QjxEAmGls6voEOzZk+fBadTP6vb1cbV5UaRRBnvgABwBG5yAJrgCLeAADB7BM3gFb8aT8WK8Gx/T1pJRzOyCPzI+fwAcZphZ</latexit><latexit sha1_base64="sbOohGERYnX/it40Wds18aD79Pw=">AAACB3icbZDNSsNAFIUn9a/Wv6hLFw4WwU1LUgR1IRTduKxgbKGJZTKdtEMnkzgzEUrI0o2v4saFiltfwZ1v4zTNQlsPDHycey937vFjRqWyrG+jtLC4tLxSXq2srW9sbpnbO7cySgQmDo5YJDo+koRRThxFFSOdWBAU+oy0/dHlpN5+IELSiN+ocUy8EA04DShGSls9c5/cpbVGP4PnMCfoxkOaQVfeC5XWBlnPrFp1KxecB7uAKijU6plfbj/CSUi4wgxJ2bWtWHkpEopiRrKKm0gSIzxCA9LVyFFIpJfmh2TwUDt9GERCP65g7v6eSFEo5Tj0dWeI1FDO1ibmf7VuooJTL6U8ThTheLooSBhUEZykAvtUEKzYWAPCguq/QjxEAmGls6voEOzZk+fBadTP6vb1cbV5UaRRBnvgABwBG5yAJrgCLeAADB7BM3gFb8aT8WK8Gx/T1pJRzOyCPzI+fwAcZphZ</latexit><latexit sha1_base64="sbOohGERYnX/it40Wds18aD79Pw=">AAACB3icbZDNSsNAFIUn9a/Wv6hLFw4WwU1LUgR1IRTduKxgbKGJZTKdtEMnkzgzEUrI0o2v4saFiltfwZ1v4zTNQlsPDHycey937vFjRqWyrG+jtLC4tLxSXq2srW9sbpnbO7cySgQmDo5YJDo+koRRThxFFSOdWBAU+oy0/dHlpN5+IELSiN+ocUy8EA04DShGSls9c5/cpbVGP4PnMCfoxkOaQVfeC5XWBlnPrFp1KxecB7uAKijU6plfbj/CSUi4wgxJ2bWtWHkpEopiRrKKm0gSIzxCA9LVyFFIpJfmh2TwUDt9GERCP65g7v6eSFEo5Tj0dWeI1FDO1ibmf7VuooJTL6U8ThTheLooSBhUEZykAvtUEKzYWAPCguq/QjxEAmGls6voEOzZk+fBadTP6vb1cbV5UaRRBnvgABwBG5yAJrgCLeAADB7BM3gFb8aT8WK8Gx/T1pJRzOyCPzI+fwAcZphZ</latexit><latexit sha1_base64="sbOohGERYnX/it40Wds18aD79Pw=">AAACB3icbZDNSsNAFIUn9a/Wv6hLFw4WwU1LUgR1IRTduKxgbKGJZTKdtEMnkzgzEUrI0o2v4saFiltfwZ1v4zTNQlsPDHycey937vFjRqWyrG+jtLC4tLxSXq2srW9sbpnbO7cySgQmDo5YJDo+koRRThxFFSOdWBAU+oy0/dHlpN5+IELSiN+ocUy8EA04DShGSls9c5/cpbVGP4PnMCfoxkOaQVfeC5XWBlnPrFp1KxecB7uAKijU6plfbj/CSUi4wgxJ2bWtWHkpEopiRrKKm0gSIzxCA9LVyFFIpJfmh2TwUDt9GERCP65g7v6eSFEo5Tj0dWeI1FDO1ibmf7VuooJTL6U8ThTheLooSBhUEZykAvtUEKzYWAPCguq/QjxEAmGls6voEOzZk+fBadTP6vb1cbV5UaRRBnvgABwBG5yAJrgCLeAADB7BM3gFb8aT8WK8Gx/T1pJRzOyCPzI+fwAcZphZ</latexit><latexit sha1_base64="sbOohGERYnX/it40Wds18aD79Pw=">AAACB3icbZDNSsNAFIUn9a/Wv6hLFw4WwU1LUgR1IRTduKxgbKGJZTKdtEMnkzgzEUrI0o2v4saFiltfwZ1v4zTNQlsPDHycey937vFjRqWyrG+jtLC4tLxSXq2srW9sbpnbO7cySgQmDo5YJDo+koRRThxFFSOdWBAU+oy0/dHlpN5+IELSiN+ocUy8EA04DShGSls9c5/cpbVGP4PnMCfoxkOaQVfeC5XWBlnPrFp1KxecB7uAKijU6plfbj/CSUi4wgxJ2bWtWHkpEopiRrKKm0gSIzxCA9LVyFFIpJfmh2TwUDt9GERCP65g7v6eSFEo5Tj0dWeI1FDO1ibmf7VuooJTL6U8ThTheLooSBhUEZykAvtUEKzYWAPCguq/QjxEAmGls6voEOzZk+fBadTP6vb1cbV5UaRRBnvgABwBG5yAJrgCLeAADB7BM3gFb8aT8WK8Gx/T1pJRzOyCPzI+fwAcZphZ</latexit><latexit sha1_base64="sbOohGERYnX/it40Wds18aD79Pw=">AAACB3icbZDNSsNAFIUn9a/Wv6hLFw4WwU1LUgR1IRTduKxgbKGJZTKdtEMnkzgzEUrI0o2v4saFiltfwZ1v4zTNQlsPDHycey937vFjRqWyrG+jtLC4tLxSXq2srW9sbpnbO7cySgQmDo5YJDo+koRRThxFFSOdWBAU+oy0/dHlpN5+IELSiN+ocUy8EA04DShGSls9c5/cpbVGP4PnMCfoxkOaQVfeC5XWBlnPrFp1KxecB7uAKijU6plfbj/CSUi4wgxJ2bWtWHkpEopiRrKKm0gSIzxCA9LVyFFIpJfmh2TwUDt9GERCP65g7v6eSFEo5Tj0dWeI1FDO1ibmf7VuooJTL6U8ThTheLooSBhUEZykAvtUEKzYWAPCguq/QjxEAmGls6voEOzZk+fBadTP6vb1cbV5UaRRBnvgABwBG5yAJrgCLeAADB7BM3gFb8aT8WK8Gx/T1pJRzOyCPzI+fwAcZphZ</latexit>

Generalized Metric Generalized Dilaton

XM = (Xµ, X̃⌫)
<latexit sha1_base64="xXoiAo98MQaAG4btzUsF9QBcSyk=">AAACBHicbVBNS8NAEN3Ur1q/oh71sFiEClISEdSDUPTiRahgbaBJw2azaZduNmF3I5TQixf/ihcPKl79Ed78N27bHLT6YODx3gwz84KUUaks68sozc0vLC6Vlysrq2vrG+bm1p1MMoFJCycsEU6AJGGUk5aiihEnFQTFASPtYHA59tv3REia8Fs1TIkXox6nEcVIack3d53uNTyHNafrxtkhdBVlIYGO7/IMHvhm1apbE8C/xC5IFRRo+uanGyY4iwlXmCEpO7aVKi9HQlHMyKjiZpKkCA9Qj3Q05Sgm0ssnX4zgvlZCGCVCF1dwov6cyFEs5TAOdGeMVF/OemPxP6+TqejUyylPM0U4ni6KMgZVAseRwJAKghUbaoKwoPpWiPtIIKx0cBUdgj378l/SOqqf1e2b42rjokijDHbAHqgBG5yABrgCTdACGDyAJ/ACXo1H49l4M96nrSWjmNkGv2B8fAObzpZM</latexit><latexit sha1_base64="xXoiAo98MQaAG4btzUsF9QBcSyk=">AAACBHicbVBNS8NAEN3Ur1q/oh71sFiEClISEdSDUPTiRahgbaBJw2azaZduNmF3I5TQixf/ihcPKl79Ed78N27bHLT6YODx3gwz84KUUaks68sozc0vLC6Vlysrq2vrG+bm1p1MMoFJCycsEU6AJGGUk5aiihEnFQTFASPtYHA59tv3REia8Fs1TIkXox6nEcVIack3d53uNTyHNafrxtkhdBVlIYGO7/IMHvhm1apbE8C/xC5IFRRo+uanGyY4iwlXmCEpO7aVKi9HQlHMyKjiZpKkCA9Qj3Q05Sgm0ssnX4zgvlZCGCVCF1dwov6cyFEs5TAOdGeMVF/OemPxP6+TqejUyylPM0U4ni6KMgZVAseRwJAKghUbaoKwoPpWiPtIIKx0cBUdgj378l/SOqqf1e2b42rjokijDHbAHqgBG5yABrgCTdACGDyAJ/ACXo1H49l4M96nrSWjmNkGv2B8fAObzpZM</latexit><latexit sha1_base64="xXoiAo98MQaAG4btzUsF9QBcSyk=">AAACBHicbVBNS8NAEN3Ur1q/oh71sFiEClISEdSDUPTiRahgbaBJw2azaZduNmF3I5TQixf/ihcPKl79Ed78N27bHLT6YODx3gwz84KUUaks68sozc0vLC6Vlysrq2vrG+bm1p1MMoFJCycsEU6AJGGUk5aiihEnFQTFASPtYHA59tv3REia8Fs1TIkXox6nEcVIack3d53uNTyHNafrxtkhdBVlIYGO7/IMHvhm1apbE8C/xC5IFRRo+uanGyY4iwlXmCEpO7aVKi9HQlHMyKjiZpKkCA9Qj3Q05Sgm0ssnX4zgvlZCGCVCF1dwov6cyFEs5TAOdGeMVF/OemPxP6+TqejUyylPM0U4ni6KMgZVAseRwJAKghUbaoKwoPpWiPtIIKx0cBUdgj378l/SOqqf1e2b42rjokijDHbAHqgBG5yABrgCTdACGDyAJ/ACXo1H49l4M96nrSWjmNkGv2B8fAObzpZM</latexit><latexit sha1_base64="xXoiAo98MQaAG4btzUsF9QBcSyk=">AAACBHicbVBNS8NAEN3Ur1q/oh71sFiEClISEdSDUPTiRahgbaBJw2azaZduNmF3I5TQixf/ihcPKl79Ed78N27bHLT6YODx3gwz84KUUaks68sozc0vLC6Vlysrq2vrG+bm1p1MMoFJCycsEU6AJGGUk5aiihEnFQTFASPtYHA59tv3REia8Fs1TIkXox6nEcVIack3d53uNTyHNafrxtkhdBVlIYGO7/IMHvhm1apbE8C/xC5IFRRo+uanGyY4iwlXmCEpO7aVKi9HQlHMyKjiZpKkCA9Qj3Q05Sgm0ssnX4zgvlZCGCVCF1dwov6cyFEs5TAOdGeMVF/OemPxP6+TqejUyylPM0U4ni6KMgZVAseRwJAKghUbaoKwoPpWiPtIIKx0cBUdgj378l/SOqqf1e2b42rjokijDHbAHqgBG5yABrgCTdACGDyAJ/ACXo1H49l4M96nrSWjmNkGv2B8fAObzpZM</latexit>



We can rewrite the action in terms of O(D,D) objects  
 
 
 
 
 
 
 

From the variation of the generalized metric we find the equations of motion  
 
 

A DFT FORMULATION OF GRAVITY

SDFT =

Z
dDXdDX̃e�2dR

<latexit sha1_base64="LIdKVSmTV+BnJAZDiGZWz4x9QKw="></latexit><latexit sha1_base64="LIdKVSmTV+BnJAZDiGZWz4x9QKw="></latexit><latexit sha1_base64="LIdKVSmTV+BnJAZDiGZWz4x9QKw="></latexit><latexit sha1_base64="LIdKVSmTV+BnJAZDiGZWz4x9QKw="></latexit>

R = 4HMN@M@Nd� @M@NH
MN

� 4HMN@Md@Nd+ 4@MH
MN@Nd

+
1

8
H

MN@MH
KL@NHKL �

1

2
H

MN@MH
KL@KHNL

<latexit sha1_base64="z57Cm88wsYnZ2c5nAzS8WgDS34c="></latexit><latexit sha1_base64="z57Cm88wsYnZ2c5nAzS8WgDS34c="></latexit><latexit sha1_base64="z57Cm88wsYnZ2c5nAzS8WgDS34c="></latexit><latexit sha1_base64="z57Cm88wsYnZ2c5nAzS8WgDS34c="></latexit>

RMN = 0
<latexit sha1_base64="W+xasZ1sLKyageClOdGNyrtWMeI=">AAAB/HicbVDLSsNAFL2pr1pf8bFzM1gEVyURQV0IRTdulCrGFtoQJtNpO3TyYGYi1BD8FTcuVNz6Ie78GydtFtp6YOBwzr3cM8ePOZPKsr6N0tz8wuJSebmysrq2vmFubt3LKBGEOiTikWj5WFLOQuoopjhtxYLiwOe06Q8vcr/5QIVkUXinRjF1A9wPWY8RrLTkmTudAKsBwTy9zbz06jpDZ8jyzKpVs8ZAs8QuSBUKNDzzq9ONSBLQUBGOpWzbVqzcFAvFCKdZpZNIGmMyxH3a1jTEAZVuOk6foX2tdFEvEvqFCo3V3xspDqQcBb6ezLPKaS8X//PaieqduCkL40TRkEwO9RKOVITyKlCXCUoUH2mCiWA6KyIDLDBRurCKLsGe/vIscQ5rpzX75qhaPy/aKMMu7MEB2HAMdbiEBjhA4BGe4RXejCfjxXg3PiajJaPY2YY/MD5/AOVelGY=</latexit><latexit sha1_base64="W+xasZ1sLKyageClOdGNyrtWMeI=">AAAB/HicbVDLSsNAFL2pr1pf8bFzM1gEVyURQV0IRTdulCrGFtoQJtNpO3TyYGYi1BD8FTcuVNz6Ie78GydtFtp6YOBwzr3cM8ePOZPKsr6N0tz8wuJSebmysrq2vmFubt3LKBGEOiTikWj5WFLOQuoopjhtxYLiwOe06Q8vcr/5QIVkUXinRjF1A9wPWY8RrLTkmTudAKsBwTy9zbz06jpDZ8jyzKpVs8ZAs8QuSBUKNDzzq9ONSBLQUBGOpWzbVqzcFAvFCKdZpZNIGmMyxH3a1jTEAZVuOk6foX2tdFEvEvqFCo3V3xspDqQcBb6ezLPKaS8X//PaieqduCkL40TRkEwO9RKOVITyKlCXCUoUH2mCiWA6KyIDLDBRurCKLsGe/vIscQ5rpzX75qhaPy/aKMMu7MEB2HAMdbiEBjhA4BGe4RXejCfjxXg3PiajJaPY2YY/MD5/AOVelGY=</latexit><latexit sha1_base64="W+xasZ1sLKyageClOdGNyrtWMeI=">AAAB/HicbVDLSsNAFL2pr1pf8bFzM1gEVyURQV0IRTdulCrGFtoQJtNpO3TyYGYi1BD8FTcuVNz6Ie78GydtFtp6YOBwzr3cM8ePOZPKsr6N0tz8wuJSebmysrq2vmFubt3LKBGEOiTikWj5WFLOQuoopjhtxYLiwOe06Q8vcr/5QIVkUXinRjF1A9wPWY8RrLTkmTudAKsBwTy9zbz06jpDZ8jyzKpVs8ZAs8QuSBUKNDzzq9ONSBLQUBGOpWzbVqzcFAvFCKdZpZNIGmMyxH3a1jTEAZVuOk6foX2tdFEvEvqFCo3V3xspDqQcBb6ezLPKaS8X//PaieqduCkL40TRkEwO9RKOVITyKlCXCUoUH2mCiWA6KyIDLDBRurCKLsGe/vIscQ5rpzX75qhaPy/aKMMu7MEB2HAMdbiEBjhA4BGe4RXejCfjxXg3PiajJaPY2YY/MD5/AOVelGY=</latexit><latexit sha1_base64="W+xasZ1sLKyageClOdGNyrtWMeI=">AAAB/HicbVDLSsNAFL2pr1pf8bFzM1gEVyURQV0IRTdulCrGFtoQJtNpO3TyYGYi1BD8FTcuVNz6Ie78GydtFtp6YOBwzr3cM8ePOZPKsr6N0tz8wuJSebmysrq2vmFubt3LKBGEOiTikWj5WFLOQuoopjhtxYLiwOe06Q8vcr/5QIVkUXinRjF1A9wPWY8RrLTkmTudAKsBwTy9zbz06jpDZ8jyzKpVs8ZAs8QuSBUKNDzzq9ONSBLQUBGOpWzbVqzcFAvFCKdZpZNIGmMyxH3a1jTEAZVuOk6foX2tdFEvEvqFCo3V3xspDqQcBb6ezLPKaS8X//PaieqduCkL40TRkEwO9RKOVITyKlCXCUoUH2mCiWA6KyIDLDBRurCKLsGe/vIscQ5rpzX75qhaPy/aKMMu7MEB2HAMdbiEBjhA4BGe4RXejCfjxXg3PiajJaPY2YY/MD5/AOVelGY=</latexit>

DFT Ricci Scalar

DFT Ricci Tensor

Reduces to NS-NS action

R = 0
<latexit sha1_base64="n64Cu3UWYQWcXv6qAT9RZ3sOZuQ=">AAAB+HicbVBNS8NAFHypX7V+RT16WSyCp5KIoB6EohePVYwttKFstpt26WYTdjeFEvJPvHhQ8epP8ea/cdPmoK0DC8PMe7zZCRLOlHacb6uysrq2vlHdrG1t7+zu2fsHTypOJaEeiXksOwFWlDNBPc00p51EUhwFnLaD8W3htydUKhaLRz1NqB/hoWAhI1gbqW/bvQjrEcE8e8jRNXJQ3647DWcGtEzcktShRKtvf/UGMUkjKjThWKmu6yTaz7DUjHCa13qpogkmYzykXUMFjqjys1nyHJ0YZYDCWJonNJqpvzcyHCk1jQIzWeRUi14h/ud1Ux1e+hkTSaqpIPNDYcqRjlFRAxowSYnmU0MwkcxkRWSEJSbalFUzJbiLX14m3lnjquHen9ebN2UbVTiCYzgFFy6gCXfQAg8ITOAZXuHNyqwX6936mI9WrHLnEP7A+vwBcz+SbA==</latexit><latexit sha1_base64="n64Cu3UWYQWcXv6qAT9RZ3sOZuQ=">AAAB+HicbVBNS8NAFHypX7V+RT16WSyCp5KIoB6EohePVYwttKFstpt26WYTdjeFEvJPvHhQ8epP8ea/cdPmoK0DC8PMe7zZCRLOlHacb6uysrq2vlHdrG1t7+zu2fsHTypOJaEeiXksOwFWlDNBPc00p51EUhwFnLaD8W3htydUKhaLRz1NqB/hoWAhI1gbqW/bvQjrEcE8e8jRNXJQ3647DWcGtEzcktShRKtvf/UGMUkjKjThWKmu6yTaz7DUjHCa13qpogkmYzykXUMFjqjys1nyHJ0YZYDCWJonNJqpvzcyHCk1jQIzWeRUi14h/ud1Ux1e+hkTSaqpIPNDYcqRjlFRAxowSYnmU0MwkcxkRWSEJSbalFUzJbiLX14m3lnjquHen9ebN2UbVTiCYzgFFy6gCXfQAg8ITOAZXuHNyqwX6936mI9WrHLnEP7A+vwBcz+SbA==</latexit><latexit sha1_base64="n64Cu3UWYQWcXv6qAT9RZ3sOZuQ=">AAAB+HicbVBNS8NAFHypX7V+RT16WSyCp5KIoB6EohePVYwttKFstpt26WYTdjeFEvJPvHhQ8epP8ea/cdPmoK0DC8PMe7zZCRLOlHacb6uysrq2vlHdrG1t7+zu2fsHTypOJaEeiXksOwFWlDNBPc00p51EUhwFnLaD8W3htydUKhaLRz1NqB/hoWAhI1gbqW/bvQjrEcE8e8jRNXJQ3647DWcGtEzcktShRKtvf/UGMUkjKjThWKmu6yTaz7DUjHCa13qpogkmYzykXUMFjqjys1nyHJ0YZYDCWJonNJqpvzcyHCk1jQIzWeRUi14h/ud1Ux1e+hkTSaqpIPNDYcqRjlFRAxowSYnmU0MwkcxkRWSEJSbalFUzJbiLX14m3lnjquHen9ebN2UbVTiCYzgFFy6gCXfQAg8ITOAZXuHNyqwX6936mI9WrHLnEP7A+vwBcz+SbA==</latexit><latexit sha1_base64="n64Cu3UWYQWcXv6qAT9RZ3sOZuQ=">AAAB+HicbVBNS8NAFHypX7V+RT16WSyCp5KIoB6EohePVYwttKFstpt26WYTdjeFEvJPvHhQ8epP8ea/cdPmoK0DC8PMe7zZCRLOlHacb6uysrq2vlHdrG1t7+zu2fsHTypOJaEeiXksOwFWlDNBPc00p51EUhwFnLaD8W3htydUKhaLRz1NqB/hoWAhI1gbqW/bvQjrEcE8e8jRNXJQ3647DWcGtEzcktShRKtvf/UGMUkjKjThWKmu6yTaz7DUjHCa13qpogkmYzykXUMFjqjys1nyHJ0YZYDCWJonNJqpvzcyHCk1jQIzWeRUi14h/ud1Ux1e+hkTSaqpIPNDYcqRjlFRAxowSYnmU0MwkcxkRWSEJSbalFUzJbiLX14m3lnjquHen9ebN2UbVTiCYzgFFy6gCXfQAg8ITOAZXuHNyqwX6936mI9WrHLnEP7A+vwBcz+SbA==</latexit>
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The same action can be constructed in the same way the Einstein-Hilbert action is 
constructed by using O(D,D) symmetry instead of Lorentz symmetry.  
 

A notion of generalized diffeomorphisms needs to be introduced and from there 
parallel transport, curvature, torsion can be constructed.  
 
 

DFT action stands on its own without referencing its NS-NS origins.

A DFT FORMULATION OF GRAVITY

1105.6294 Jeon et al.



Double Field TheoryNS-NS Supergravity  
(g,B,ɸ )

Doubled Gravity
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DFT AND  
NON-RIEMANNIAN 

GEOMETRY



The Riemann parametrization of the generalized metric is not the most general one  
 
 
 

The most general parametrization has been worked out to be of the form  
 
 
 
 

There are two symmetric tensors (Kµν,Hµν), an antisymmetric two form Bµν , and four 
sets of vectors {x,x,̅y,ȳ}.

GENERAL PARAMETRIZATION  
OF THE GENERALIZED METRIC
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The parametrization is characterized by the pair of integers               , their sum is equal 
to the number of null eigenvectors {x,x}̅ and {y,ȳ} of the symmetric tensors  
 

The difference of these integers is an O(D,D) invariant  

The fields are subject to the completeness relation  
 
 
 

These fields are reminiscent of the usual TNC or SNC metrics

GENERAL PARAMETRIZATION  
OF THE GENERALIZED METRIC

(n, n̄)
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M
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<latexit sha1_base64="apHJ9ItLAfdYExWc4hTN29EC5Jk=">AAACCHicbVBNS8NAEN3Ur1q/oh69LBahHixJEdSDUPTSS6GCsYUmhs120y7dbMLuRiihVy/+FS8eVLz6E7z5b9y0PWjrg4HHezPMzAsSRqWyrG+jsLS8srpWXC9tbG5t75i7e3cyTgUmDo5ZLDoBkoRRThxFFSOdRBAUBYy0g+F17rcfiJA05rdqlBAvQn1OQ4qR0pJvQjdCaoARyxrj+6bfhJewBiscnkA3QALyY98sW1VrArhI7Bkpgxlavvnl9mKcRoQrzJCUXdtKlJchoShmZFxyU0kShIeoT7qachQR6WWTT8bwSCs9GMZCF1dwov6eyFAk5SgKdGd+t5z3cvE/r5uq8NzLKE9SRTieLgpTBlUM81hgjwqCFRtpgrCg+laIB0ggrHR4JR2CPf/yInFq1YuqfXNarl/N0iiCA3AIKsAGZ6AOGqAFHIDBI3gGr+DNeDJejHfjY9paMGYz++APjM8fNk2Xpg==</latexit><latexit sha1_base64="apHJ9ItLAfdYExWc4hTN29EC5Jk=">AAACCHicbVBNS8NAEN3Ur1q/oh69LBahHixJEdSDUPTSS6GCsYUmhs120y7dbMLuRiihVy/+FS8eVLz6E7z5b9y0PWjrg4HHezPMzAsSRqWyrG+jsLS8srpWXC9tbG5t75i7e3cyTgUmDo5ZLDoBkoRRThxFFSOdRBAUBYy0g+F17rcfiJA05rdqlBAvQn1OQ4qR0pJvQjdCaoARyxrj+6bfhJewBiscnkA3QALyY98sW1VrArhI7Bkpgxlavvnl9mKcRoQrzJCUXdtKlJchoShmZFxyU0kShIeoT7qachQR6WWTT8bwSCs9GMZCF1dwov6eyFAk5SgKdGd+t5z3cvE/r5uq8NzLKE9SRTieLgpTBlUM81hgjwqCFRtpgrCg+laIB0ggrHR4JR2CPf/yInFq1YuqfXNarl/N0iiCA3AIKsAGZ6AOGqAFHIDBI3gGr+DNeDJejHfjY9paMGYz++APjM8fNk2Xpg==</latexit><latexit sha1_base64="apHJ9ItLAfdYExWc4hTN29EC5Jk=">AAACCHicbVBNS8NAEN3Ur1q/oh69LBahHixJEdSDUPTSS6GCsYUmhs120y7dbMLuRiihVy/+FS8eVLz6E7z5b9y0PWjrg4HHezPMzAsSRqWyrG+jsLS8srpWXC9tbG5t75i7e3cyTgUmDo5ZLDoBkoRRThxFFSOdRBAUBYy0g+F17rcfiJA05rdqlBAvQn1OQ4qR0pJvQjdCaoARyxrj+6bfhJewBiscnkA3QALyY98sW1VrArhI7Bkpgxlavvnl9mKcRoQrzJCUXdtKlJchoShmZFxyU0kShIeoT7qachQR6WWTT8bwSCs9GMZCF1dwov6eyFAk5SgKdGd+t5z3cvE/r5uq8NzLKE9SRTieLgpTBlUM81hgjwqCFRtpgrCg+laIB0ggrHR4JR2CPf/yInFq1YuqfXNarl/N0iiCA3AIKsAGZ6AOGqAFHIDBI3gGr+DNeDJejHfjY9paMGYz++APjM8fNk2Xpg==</latexit><latexit sha1_base64="apHJ9ItLAfdYExWc4hTN29EC5Jk=">AAACCHicbVBNS8NAEN3Ur1q/oh69LBahHixJEdSDUPTSS6GCsYUmhs120y7dbMLuRiihVy/+FS8eVLz6E7z5b9y0PWjrg4HHezPMzAsSRqWyrG+jsLS8srpWXC9tbG5t75i7e3cyTgUmDo5ZLDoBkoRRThxFFSOdRBAUBYy0g+F17rcfiJA05rdqlBAvQn1OQ4qR0pJvQjdCaoARyxrj+6bfhJewBiscnkA3QALyY98sW1VrArhI7Bkpgxlavvnl9mKcRoQrzJCUXdtKlJchoShmZFxyU0kShIeoT7qachQR6WWTT8bwSCs9GMZCF1dwov6eyFAk5SgKdGd+t5z3cvE/r5uq8NzLKE9SRTieLgpTBlUM81hgjwqCFRtpgrCg+laIB0ggrHR4JR2CPf/yInFq1YuqfXNarl/N0iiCA3AIKsAGZ6AOGqAFHIDBI3gGr+DNeDJejHfjY9paMGYz++APjM8fNk2Xpg==</latexit>
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The parametrization has a GL(n)xGL(bar n) local symmetry and a generalize Milne 
shift symmetry  
 
 
 
 
 
 
 

This shift symmetry will reduce to the known Galilean and Carroll boosts 

SYMMETRIES OF THE PARAMETRIZATION

(yµi )
0
= yµi + V µ

i

(ȳµı̄ )
0
= ȳµı̄ + V̄ µ

ı̄

(Kµ⌫)
0 = Kµ⌫ � 2xi

(µK⌫)⇢V
⇢
i � 2x̄ı̄

(µK⌫)⇢V̄
⇢
ı̄ +

�
xi
µV⇢i + x̄ı̄

µV̄⇢ı̄

� �
xi
⌫V

⇢
i + x̄ı̄

⌫ V̄
⇢
ı̄

�

(Bµ⌫)
0 = Bµ⌫ � 2xi

[µV⌫]i + 2x̄ı̄
[µV̄⌫ ]̄ı + 2xi

[µx̄
|̄
⌫]

�
y⇢i V̄⇢|̄ + ȳ⇢|̄ V⇢i + V⇢iV̄

⇢
|̄

�
<latexit sha1_base64="haVMWeoSCiSbydpMVWW8q6tzZ8M="></latexit><latexit sha1_base64="haVMWeoSCiSbydpMVWW8q6tzZ8M="></latexit><latexit sha1_base64="haVMWeoSCiSbydpMVWW8q6tzZ8M="></latexit><latexit sha1_base64="haVMWeoSCiSbydpMVWW8q6tzZ8M="></latexit>
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The (0,1) or (1,0) theory can be identified with TNC (without the U(1) central extension)  
 
 
 

The (D-1,0) or (0,D-1) theory can be identified with Carroll  
 
 

SNC can be identified with the (1,1) parametrization 

Riemann geometry is identified with (0,0) parametrization  

SOME EXAMPLES 

H
µ⌫ = h

µ⌫
<latexit sha1_base64="NCIcvgnWhSaTqO0+pWFhjjBBKhk=">AAACAXicbVDLSgMxFM3UV62vUVfiJlgEV2VGBHUhFN10WcGxhXYsmTTThiaZIQ+hDMWNv+LGhYpb/8Kdf2PaDqitBy6cnHMvufdEKaNKe96XU1hYXFpeKa6W1tY3Nrfc7Z1blRiJSYATlshmhBRhVJBAU81IM5UE8YiRRjS4GvuNeyIVTcSNHqYk5KgnaEwx0lbquHu1u6zNDWwLM4IXsP/z6rhlr+JNAOeJn5MyyFHvuJ/tboINJ0JjhpRq+V6qwwxJTTEjo1LbKJIiPEA90rJUIE5UmE1OGMFDq3RhnEhbQsOJ+nsiQ1ypIY9sJ0e6r2a9sfif1zI6PgszKlKjicDTj2LDoE7gOA/YpZJgzYaWICyp3RXiPpIIa5tayYbgz548T4LjynnFvz4pVy/zNIpgHxyAI+CDU1AFNVAHAcDgATyBF/DqPDrPzpvzPm0tOPnMLvgD5+Mbsu2WjA==</latexit><latexit sha1_base64="NCIcvgnWhSaTqO0+pWFhjjBBKhk=">AAACAXicbVDLSgMxFM3UV62vUVfiJlgEV2VGBHUhFN10WcGxhXYsmTTThiaZIQ+hDMWNv+LGhYpb/8Kdf2PaDqitBy6cnHMvufdEKaNKe96XU1hYXFpeKa6W1tY3Nrfc7Z1blRiJSYATlshmhBRhVJBAU81IM5UE8YiRRjS4GvuNeyIVTcSNHqYk5KgnaEwx0lbquHu1u6zNDWwLM4IXsP/z6rhlr+JNAOeJn5MyyFHvuJ/tboINJ0JjhpRq+V6qwwxJTTEjo1LbKJIiPEA90rJUIE5UmE1OGMFDq3RhnEhbQsOJ+nsiQ1ypIY9sJ0e6r2a9sfif1zI6PgszKlKjicDTj2LDoE7gOA/YpZJgzYaWICyp3RXiPpIIa5tayYbgz548T4LjynnFvz4pVy/zNIpgHxyAI+CDU1AFNVAHAcDgATyBF/DqPDrPzpvzPm0tOPnMLvgD5+Mbsu2WjA==</latexit><latexit sha1_base64="NCIcvgnWhSaTqO0+pWFhjjBBKhk=">AAACAXicbVDLSgMxFM3UV62vUVfiJlgEV2VGBHUhFN10WcGxhXYsmTTThiaZIQ+hDMWNv+LGhYpb/8Kdf2PaDqitBy6cnHMvufdEKaNKe96XU1hYXFpeKa6W1tY3Nrfc7Z1blRiJSYATlshmhBRhVJBAU81IM5UE8YiRRjS4GvuNeyIVTcSNHqYk5KgnaEwx0lbquHu1u6zNDWwLM4IXsP/z6rhlr+JNAOeJn5MyyFHvuJ/tboINJ0JjhpRq+V6qwwxJTTEjo1LbKJIiPEA90rJUIE5UmE1OGMFDq3RhnEhbQsOJ+nsiQ1ypIY9sJ0e6r2a9sfif1zI6PgszKlKjicDTj2LDoE7gOA/YpZJgzYaWICyp3RXiPpIIa5tayYbgz548T4LjynnFvz4pVy/zNIpgHxyAI+CDU1AFNVAHAcDgATyBF/DqPDrPzpvzPm0tOPnMLvgD5+Mbsu2WjA==</latexit><latexit sha1_base64="NCIcvgnWhSaTqO0+pWFhjjBBKhk=">AAACAXicbVDLSgMxFM3UV62vUVfiJlgEV2VGBHUhFN10WcGxhXYsmTTThiaZIQ+hDMWNv+LGhYpb/8Kdf2PaDqitBy6cnHMvufdEKaNKe96XU1hYXFpeKa6W1tY3Nrfc7Z1blRiJSYATlshmhBRhVJBAU81IM5UE8YiRRjS4GvuNeyIVTcSNHqYk5KgnaEwx0lbquHu1u6zNDWwLM4IXsP/z6rhlr+JNAOeJn5MyyFHvuJ/tboINJ0JjhpRq+V6qwwxJTTEjo1LbKJIiPEA90rJUIE5UmE1OGMFDq3RhnEhbQsOJ+nsiQ1ypIY9sJ0e6r2a9sfif1zI6PgszKlKjicDTj2LDoE7gOA/YpZJgzYaWICyp3RXiPpIIa5tayYbgz548T4LjynnFvz4pVy/zNIpgHxyAI+CDU1AFNVAHAcDgATyBF/DqPDrPzpvzPm0tOPnMLvgD5+Mbsu2WjA==</latexit>

Kµ⌫ = hµ⌫
<latexit sha1_base64="gvsXuInxQiYseN4g3T+3FiunTno=">AAACAnicbVDLSsNAFJ34rPUVdaebwSK4KokI6kIouhHcVDC20IQwmU7aoTOTMA+hhIIbf8WNCxW3foU7/8akDaitBy6cOede5t4TpYwq7Thf1tz8wuLScmWlurq2vrFpb23fqcRITDycsES2I6QIo4J4mmpG2qkkiEeMtKLBZeG37olUNBG3epiSgKOeoDHFSOdSaO9eh5nPDfSFGcFz2P95VUO75tSdMeAscUtSAyWaof3pdxNsOBEaM6RUx3VSHWRIaooZGVV9o0iK8AD1SCenAnGigmx8wwge5EoXxonMS2g4Vn9PZIgrNeRR3smR7qtprxD/8zpGx6dBRkVqNBF48lFsGNQJLAKBXSoJ1myYE4QlzXeFuI8kwjqPrQjBnT55lnhH9bO6e3Nca1yUaVTAHtgHh8AFJ6ABrkATeACDB/AEXsCr9Wg9W2/W+6R1zipndsAfWB/f+EyWpQ==</latexit><latexit sha1_base64="gvsXuInxQiYseN4g3T+3FiunTno=">AAACAnicbVDLSsNAFJ34rPUVdaebwSK4KokI6kIouhHcVDC20IQwmU7aoTOTMA+hhIIbf8WNCxW3foU7/8akDaitBy6cOede5t4TpYwq7Thf1tz8wuLScmWlurq2vrFpb23fqcRITDycsES2I6QIo4J4mmpG2qkkiEeMtKLBZeG37olUNBG3epiSgKOeoDHFSOdSaO9eh5nPDfSFGcFz2P95VUO75tSdMeAscUtSAyWaof3pdxNsOBEaM6RUx3VSHWRIaooZGVV9o0iK8AD1SCenAnGigmx8wwge5EoXxonMS2g4Vn9PZIgrNeRR3smR7qtprxD/8zpGx6dBRkVqNBF48lFsGNQJLAKBXSoJ1myYE4QlzXeFuI8kwjqPrQjBnT55lnhH9bO6e3Nca1yUaVTAHtgHh8AFJ6ABrkATeACDB/AEXsCr9Wg9W2/W+6R1zipndsAfWB/f+EyWpQ==</latexit><latexit sha1_base64="gvsXuInxQiYseN4g3T+3FiunTno=">AAACAnicbVDLSsNAFJ34rPUVdaebwSK4KokI6kIouhHcVDC20IQwmU7aoTOTMA+hhIIbf8WNCxW3foU7/8akDaitBy6cOede5t4TpYwq7Thf1tz8wuLScmWlurq2vrFpb23fqcRITDycsES2I6QIo4J4mmpG2qkkiEeMtKLBZeG37olUNBG3epiSgKOeoDHFSOdSaO9eh5nPDfSFGcFz2P95VUO75tSdMeAscUtSAyWaof3pdxNsOBEaM6RUx3VSHWRIaooZGVV9o0iK8AD1SCenAnGigmx8wwge5EoXxonMS2g4Vn9PZIgrNeRR3smR7qtprxD/8zpGx6dBRkVqNBF48lFsGNQJLAKBXSoJ1myYE4QlzXeFuI8kwjqPrQjBnT55lnhH9bO6e3Nca1yUaVTAHtgHh8AFJ6ABrkATeACDB/AEXsCr9Wg9W2/W+6R1zipndsAfWB/f+EyWpQ==</latexit><latexit sha1_base64="gvsXuInxQiYseN4g3T+3FiunTno=">AAACAnicbVDLSsNAFJ34rPUVdaebwSK4KokI6kIouhHcVDC20IQwmU7aoTOTMA+hhIIbf8WNCxW3foU7/8akDaitBy6cOede5t4TpYwq7Thf1tz8wuLScmWlurq2vrFpb23fqcRITDycsES2I6QIo4J4mmpG2qkkiEeMtKLBZeG37olUNBG3epiSgKOeoDHFSOdSaO9eh5nPDfSFGcFz2P95VUO75tSdMeAscUtSAyWaof3pdxNsOBEaM6RUx3VSHWRIaooZGVV9o0iK8AD1SCenAnGigmx8wwge5EoXxonMS2g4Vn9PZIgrNeRR3smR7qtprxD/8zpGx6dBRkVqNBF48lFsGNQJLAKBXSoJ1myYE4QlzXeFuI8kwjqPrQjBnT55lnhH9bO6e3Nca1yUaVTAHtgHh8AFJ6ABrkATeACDB/AEXsCr9Wg9W2/W+6R1zipndsAfWB/f+EyWpQ==</latexit>
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<latexit sha1_base64="7diKuWF7+3StIBxaoMqEw9/bMpI=">AAACHXicbVBPS8MwHE3nvzn/VT16CQ7Bg4xWFPUgDL14nGDdYK0lzbItLE1Lkoqj9JN48at48aDiwYv4bUy7HnTzQcjjvfcj+b0gZlQqy/o2KnPzC4tL1eXayura+oa5uXUro0Rg4uCIRaITIEkY5cRRVDHSiQVBYcBIOxhd5n77nghJI36jxjHxQjTgtE8xUlryzWM3hQ93qZ35bpjAc+gqlBT0ALoBErlX3LQMWNDNYM0361bDKgBniV2SOijR8s1PtxfhJCRcYYak7NpWrLwUCUUxI1nNTSSJER6hAelqylFIpJcW62VwTys92I+EPlzBQv09kaJQynEY6GSI1FBOe7n4n9dNVP/USymPE0U4njzUTxhUEcy7gj0qCFZsrAnCguq/QjxEAmGlG81LsKdXniXOYeOsYV8f1ZsXZRtVsAN2wT6wwQlogivQAg7A4BE8g1fwZjwZL8a78TGJVoxyZhv8gfH1AzEyoDY=</latexit><latexit sha1_base64="7diKuWF7+3StIBxaoMqEw9/bMpI=">AAACHXicbVBPS8MwHE3nvzn/VT16CQ7Bg4xWFPUgDL14nGDdYK0lzbItLE1Lkoqj9JN48at48aDiwYv4bUy7HnTzQcjjvfcj+b0gZlQqy/o2KnPzC4tL1eXayura+oa5uXUro0Rg4uCIRaITIEkY5cRRVDHSiQVBYcBIOxhd5n77nghJI36jxjHxQjTgtE8xUlryzWM3hQ93qZ35bpjAc+gqlBT0ALoBErlX3LQMWNDNYM0361bDKgBniV2SOijR8s1PtxfhJCRcYYak7NpWrLwUCUUxI1nNTSSJER6hAelqylFIpJcW62VwTys92I+EPlzBQv09kaJQynEY6GSI1FBOe7n4n9dNVP/USymPE0U4njzUTxhUEcy7gj0qCFZsrAnCguq/QjxEAmGlG81LsKdXniXOYeOsYV8f1ZsXZRtVsAN2wT6wwQlogivQAg7A4BE8g1fwZjwZL8a78TGJVoxyZhv8gfH1AzEyoDY=</latexit><latexit sha1_base64="7diKuWF7+3StIBxaoMqEw9/bMpI=">AAACHXicbVBPS8MwHE3nvzn/VT16CQ7Bg4xWFPUgDL14nGDdYK0lzbItLE1Lkoqj9JN48at48aDiwYv4bUy7HnTzQcjjvfcj+b0gZlQqy/o2KnPzC4tL1eXayura+oa5uXUro0Rg4uCIRaITIEkY5cRRVDHSiQVBYcBIOxhd5n77nghJI36jxjHxQjTgtE8xUlryzWM3hQ93qZ35bpjAc+gqlBT0ALoBErlX3LQMWNDNYM0361bDKgBniV2SOijR8s1PtxfhJCRcYYak7NpWrLwUCUUxI1nNTSSJER6hAelqylFIpJcW62VwTys92I+EPlzBQv09kaJQynEY6GSI1FBOe7n4n9dNVP/USymPE0U4njzUTxhUEcy7gj0qCFZsrAnCguq/QjxEAmGlG81LsKdXniXOYeOsYV8f1ZsXZRtVsAN2wT6wwQlogivQAg7A4BE8g1fwZjwZL8a78TGJVoxyZhv8gfH1AzEyoDY=</latexit><latexit sha1_base64="7diKuWF7+3StIBxaoMqEw9/bMpI=">AAACHXicbVBPS8MwHE3nvzn/VT16CQ7Bg4xWFPUgDL14nGDdYK0lzbItLE1Lkoqj9JN48at48aDiwYv4bUy7HnTzQcjjvfcj+b0gZlQqy/o2KnPzC4tL1eXayura+oa5uXUro0Rg4uCIRaITIEkY5cRRVDHSiQVBYcBIOxhd5n77nghJI36jxjHxQjTgtE8xUlryzWM3hQ93qZ35bpjAc+gqlBT0ALoBErlX3LQMWNDNYM0361bDKgBniV2SOijR8s1PtxfhJCRcYYak7NpWrLwUCUUxI1nNTSSJER6hAelqylFIpJcW62VwTys92I+EPlzBQv09kaJQynEY6GSI1FBOe7n4n9dNVP/USymPE0U4njzUTxhUEcy7gj0qCFZsrAnCguq/QjxEAmGlG81LsKdXniXOYeOsYV8f1ZsXZRtVsAN2wT6wwQlogivQAg7A4BE8g1fwZjwZL8a78TGJVoxyZhv8gfH1AzEyoDY=</latexit>
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<latexit sha1_base64="TUFpAW5MUZMAQ/fFEyt4xPNRbHE=">AAACInicbVDLSsNAFJ3UV62vqEs3g0VwoSURwQcIRTcuKxhbaGKYTCft0MmDmYkQQv7Fjb/ixoWvleDHOEmz0NYLw5w551zu3OPFjAppGF9abW5+YXGpvtxYWV1b39A3t+5ElHBMLByxiPc8JAijIbEklYz0Yk5Q4DHS9cZXhd59IFzQKLyVaUycAA1D6lOMpKJc/dzOYOpmZn5vBwm8gId2EgvKlFS8D6DtIV4YyptWLgPaOWy4etNoGWXBWWBWoAmq6rj6hz2IcBKQUGKGhOibRiydDHFJMSN5w04EiREeoyHpKxiigAgnK3fM4Z5iBtCPuDqhhCX7uyNDgRBp4ClngORITGsF+Z/WT6R/6mQ0jBNJQjwZ5CcMyggWgcEB5QRLliqAMKfqrxCPEEdYqliLEMzplWeBddQ6a5k3x832ZZVGHeyAXbAPTHAC2uAadIAFMHgEz+AVvGlP2ov2rn1OrDWt6tkGf0r7/gE+zqJX</latexit><latexit sha1_base64="TUFpAW5MUZMAQ/fFEyt4xPNRbHE=">AAACInicbVDLSsNAFJ3UV62vqEs3g0VwoSURwQcIRTcuKxhbaGKYTCft0MmDmYkQQv7Fjb/ixoWvleDHOEmz0NYLw5w551zu3OPFjAppGF9abW5+YXGpvtxYWV1b39A3t+5ElHBMLByxiPc8JAijIbEklYz0Yk5Q4DHS9cZXhd59IFzQKLyVaUycAA1D6lOMpKJc/dzOYOpmZn5vBwm8gId2EgvKlFS8D6DtIV4YyptWLgPaOWy4etNoGWXBWWBWoAmq6rj6hz2IcBKQUGKGhOibRiydDHFJMSN5w04EiREeoyHpKxiigAgnK3fM4Z5iBtCPuDqhhCX7uyNDgRBp4ClngORITGsF+Z/WT6R/6mQ0jBNJQjwZ5CcMyggWgcEB5QRLliqAMKfqrxCPEEdYqliLEMzplWeBddQ6a5k3x832ZZVGHeyAXbAPTHAC2uAadIAFMHgEz+AVvGlP2ov2rn1OrDWt6tkGf0r7/gE+zqJX</latexit><latexit sha1_base64="TUFpAW5MUZMAQ/fFEyt4xPNRbHE=">AAACInicbVDLSsNAFJ3UV62vqEs3g0VwoSURwQcIRTcuKxhbaGKYTCft0MmDmYkQQv7Fjb/ixoWvleDHOEmz0NYLw5w551zu3OPFjAppGF9abW5+YXGpvtxYWV1b39A3t+5ElHBMLByxiPc8JAijIbEklYz0Yk5Q4DHS9cZXhd59IFzQKLyVaUycAA1D6lOMpKJc/dzOYOpmZn5vBwm8gId2EgvKlFS8D6DtIV4YyptWLgPaOWy4etNoGWXBWWBWoAmq6rj6hz2IcBKQUGKGhOibRiydDHFJMSN5w04EiREeoyHpKxiigAgnK3fM4Z5iBtCPuDqhhCX7uyNDgRBp4ClngORITGsF+Z/WT6R/6mQ0jBNJQjwZ5CcMyggWgcEB5QRLliqAMKfqrxCPEEdYqliLEMzplWeBddQ6a5k3x832ZZVGHeyAXbAPTHAC2uAadIAFMHgEz+AVvGlP2ov2rn1OrDWt6tkGf0r7/gE+zqJX</latexit><latexit sha1_base64="TUFpAW5MUZMAQ/fFEyt4xPNRbHE=">AAACInicbVDLSsNAFJ3UV62vqEs3g0VwoSURwQcIRTcuKxhbaGKYTCft0MmDmYkQQv7Fjb/ixoWvleDHOEmz0NYLw5w551zu3OPFjAppGF9abW5+YXGpvtxYWV1b39A3t+5ElHBMLByxiPc8JAijIbEklYz0Yk5Q4DHS9cZXhd59IFzQKLyVaUycAA1D6lOMpKJc/dzOYOpmZn5vBwm8gId2EgvKlFS8D6DtIV4YyptWLgPaOWy4etNoGWXBWWBWoAmq6rj6hz2IcBKQUGKGhOibRiydDHFJMSN5w04EiREeoyHpKxiigAgnK3fM4Z5iBtCPuDqhhCX7uyNDgRBp4ClngORITGsF+Z/WT6R/6mQ0jBNJQjwZ5CcMyggWgcEB5QRLliqAMKfqrxCPEEdYqliLEMzplWeBddQ6a5k3x832ZZVGHeyAXbAPTHAC2uAadIAFMHgEz+AVvGlP2ov2rn1OrDWt6tkGf0r7/gE+zqJX</latexit>

H
µ⌫ = �

µ
�
⌫

<latexit sha1_base64="tIqJ2kXm5eSmqQ9xUUCoffV2I2g=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0XoqiQiqAuh6KbLCsYKTVom00k7dDIJ8xBK6C+48VfcuFBx69Kdf+M0DaKtBy6cOede5t4TpoxK5ThfVmlpeWV1rbxe2djc2t6xd/duZaIFJh5OWCLuQiQJo5x4iipG7lJBUBwy0g5HV1O/fU+EpAm/UeOUBDEacBpRjJSRenat2c38WEOf6wm8gL5OJWUJ7+baz4Nr2LOrTt3JAReJW5AqKNDq2Z9+P8E6JlxhhqTsuE6qggwJRTEjk4qvJUkRHqEB6RjKUUxkkOUXTeCRUfowSoQprmCu/p7IUCzlOA5NZ4zUUM57U/E/r6NVdBZklKdaEY5nH0WaQZXAaTywTwXBio0NQVhQsyvEQyQQVibEignBnT95kXjH9fO6e31SbVwWaZTBATgENeCCU9AATdACHsDgATyBF/BqPVrP1pv1PmstWcXMPvgD6+MbiF+dDA==</latexit><latexit sha1_base64="tIqJ2kXm5eSmqQ9xUUCoffV2I2g=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0XoqiQiqAuh6KbLCsYKTVom00k7dDIJ8xBK6C+48VfcuFBx69Kdf+M0DaKtBy6cOede5t4TpoxK5ThfVmlpeWV1rbxe2djc2t6xd/duZaIFJh5OWCLuQiQJo5x4iipG7lJBUBwy0g5HV1O/fU+EpAm/UeOUBDEacBpRjJSRenat2c38WEOf6wm8gL5OJWUJ7+baz4Nr2LOrTt3JAReJW5AqKNDq2Z9+P8E6JlxhhqTsuE6qggwJRTEjk4qvJUkRHqEB6RjKUUxkkOUXTeCRUfowSoQprmCu/p7IUCzlOA5NZ4zUUM57U/E/r6NVdBZklKdaEY5nH0WaQZXAaTywTwXBio0NQVhQsyvEQyQQVibEignBnT95kXjH9fO6e31SbVwWaZTBATgENeCCU9AATdACHsDgATyBF/BqPVrP1pv1PmstWcXMPvgD6+MbiF+dDA==</latexit><latexit sha1_base64="tIqJ2kXm5eSmqQ9xUUCoffV2I2g=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0XoqiQiqAuh6KbLCsYKTVom00k7dDIJ8xBK6C+48VfcuFBx69Kdf+M0DaKtBy6cOede5t4TpoxK5ThfVmlpeWV1rbxe2djc2t6xd/duZaIFJh5OWCLuQiQJo5x4iipG7lJBUBwy0g5HV1O/fU+EpAm/UeOUBDEacBpRjJSRenat2c38WEOf6wm8gL5OJWUJ7+baz4Nr2LOrTt3JAReJW5AqKNDq2Z9+P8E6JlxhhqTsuE6qggwJRTEjk4qvJUkRHqEB6RjKUUxkkOUXTeCRUfowSoQprmCu/p7IUCzlOA5NZ4zUUM57U/E/r6NVdBZklKdaEY5nH0WaQZXAaTywTwXBio0NQVhQsyvEQyQQVibEignBnT95kXjH9fO6e31SbVwWaZTBATgENeCCU9AATdACHsDgATyBF/BqPVrP1pv1PmstWcXMPvgD6+MbiF+dDA==</latexit><latexit sha1_base64="tIqJ2kXm5eSmqQ9xUUCoffV2I2g=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0XoqiQiqAuh6KbLCsYKTVom00k7dDIJ8xBK6C+48VfcuFBx69Kdf+M0DaKtBy6cOede5t4TpoxK5ThfVmlpeWV1rbxe2djc2t6xd/duZaIFJh5OWCLuQiQJo5x4iipG7lJBUBwy0g5HV1O/fU+EpAm/UeOUBDEacBpRjJSRenat2c38WEOf6wm8gL5OJWUJ7+baz4Nr2LOrTt3JAReJW5AqKNDq2Z9+P8E6JlxhhqTsuE6qggwJRTEjk4qvJUkRHqEB6RjKUUxkkOUXTeCRUfowSoQprmCu/p7IUCzlOA5NZ4zUUM57U/E/r6NVdBZklKdaEY5nH0WaQZXAaTywTwXBio0NQVhQsyvEQyQQVibEignBnT95kXjH9fO6e31SbVwWaZTBATgENeCCU9AATdACHsDgATyBF/BqPVrP1pv1PmstWcXMPvgD6+MbiF+dDA==</latexit>

Kµ⌫ = ⌧µ⌧⌫
<latexit sha1_base64="P63ygQrD1LgyuXxX9SSb3mrZ754=">AAACCHicbZDLSgMxFIYz9VbrbdSlm2ARXJUZEdSFUHQjuKng2EJnGDJp2oYmmSEXoQzduvFV3LhQcesjuPNtTKez0OoPgS//OYfk/EnGqNKe9+VUFhaXlleqq7W19Y3NLXd7506lRmIS4JSlspMgRRgVJNBUM9LJJEE8YaSdjC6n9fY9kYqm4laPMxJxNBC0TzHS1opdeB3nITcwFGYCz2GokYmLewHCwNitew2vEPwLfgl1UKoVu59hL8WGE6ExQ0p1fS/TUY6kppiRSS00imQIj9CAdC0KxImK8mKTCTywTg/2U2mP0LBwf07kiCs15ont5EgP1Xxtav5X6xrdP41yKjKjicCzh/qGQZ3CaSywRyXBmo0tICyp/SvEQyQR1ja8mg3Bn1/5LwRHjbOGf3Ncb16UaVTBHtgHh8AHJ6AJrkALBACDB/AEXsCr8+g8O2/O+6y14pQzu+CXnI9vro6ZQg==</latexit><latexit sha1_base64="P63ygQrD1LgyuXxX9SSb3mrZ754=">AAACCHicbZDLSgMxFIYz9VbrbdSlm2ARXJUZEdSFUHQjuKng2EJnGDJp2oYmmSEXoQzduvFV3LhQcesjuPNtTKez0OoPgS//OYfk/EnGqNKe9+VUFhaXlleqq7W19Y3NLXd7506lRmIS4JSlspMgRRgVJNBUM9LJJEE8YaSdjC6n9fY9kYqm4laPMxJxNBC0TzHS1opdeB3nITcwFGYCz2GokYmLewHCwNitew2vEPwLfgl1UKoVu59hL8WGE6ExQ0p1fS/TUY6kppiRSS00imQIj9CAdC0KxImK8mKTCTywTg/2U2mP0LBwf07kiCs15ont5EgP1Xxtav5X6xrdP41yKjKjicCzh/qGQZ3CaSywRyXBmo0tICyp/SvEQyQR1ja8mg3Bn1/5LwRHjbOGf3Ncb16UaVTBHtgHh8AHJ6AJrkALBACDB/AEXsCr8+g8O2/O+6y14pQzu+CXnI9vro6ZQg==</latexit><latexit sha1_base64="P63ygQrD1LgyuXxX9SSb3mrZ754=">AAACCHicbZDLSgMxFIYz9VbrbdSlm2ARXJUZEdSFUHQjuKng2EJnGDJp2oYmmSEXoQzduvFV3LhQcesjuPNtTKez0OoPgS//OYfk/EnGqNKe9+VUFhaXlleqq7W19Y3NLXd7506lRmIS4JSlspMgRRgVJNBUM9LJJEE8YaSdjC6n9fY9kYqm4laPMxJxNBC0TzHS1opdeB3nITcwFGYCz2GokYmLewHCwNitew2vEPwLfgl1UKoVu59hL8WGE6ExQ0p1fS/TUY6kppiRSS00imQIj9CAdC0KxImK8mKTCTywTg/2U2mP0LBwf07kiCs15ont5EgP1Xxtav5X6xrdP41yKjKjicCzh/qGQZ3CaSywRyXBmo0tICyp/SvEQyQR1ja8mg3Bn1/5LwRHjbOGf3Ncb16UaVTBHtgHh8AHJ6AJrkALBACDB/AEXsCr8+g8O2/O+6y14pQzu+CXnI9vro6ZQg==</latexit><latexit sha1_base64="P63ygQrD1LgyuXxX9SSb3mrZ754=">AAACCHicbZDLSgMxFIYz9VbrbdSlm2ARXJUZEdSFUHQjuKng2EJnGDJp2oYmmSEXoQzduvFV3LhQcesjuPNtTKez0OoPgS//OYfk/EnGqNKe9+VUFhaXlleqq7W19Y3NLXd7506lRmIS4JSlspMgRRgVJNBUM9LJJEE8YaSdjC6n9fY9kYqm4laPMxJxNBC0TzHS1opdeB3nITcwFGYCz2GokYmLewHCwNitew2vEPwLfgl1UKoVu59hL8WGE6ExQ0p1fS/TUY6kppiRSS00imQIj9CAdC0KxImK8mKTCTywTg/2U2mP0LBwf07kiCs15ont5EgP1Xxtav5X6xrdP41yKjKjicCzh/qGQZ3CaSywRyXBmo0tICyp/SvEQyQR1ja8mg3Bn1/5LwRHjbOGf3Ncb16UaVTBHtgHh8AHJ6AJrkALBACDB/AEXsCr8+g8O2/O+6y14pQzu+CXnI9vro6ZQg==</latexit>

{xi=1,..,D
µ = eaµ, x̄

ī
µ = 0}

<latexit sha1_base64="KIexa1dmz7Th60gByYYe8njh3Vs=">AAACIXicbVDNS8MwHE3n15xfVY9egkPwMEorgu4wGOrB4wTrBms30izbwtIPklQcpX+LF/8VLx5UdhP/GdOuB918EPJ47/1Ifs+LGBXSNL+00srq2vpGebOytb2zu6fvHzyIMOaY2DhkIe94SBBGA2JLKhnpRJwg32Ok7U2uM7/9SLigYXAvpxFxfTQK6JBiJJXU1+tOAp96CW1YNcOo3aR9x49hA5IeylkNOh7iWSK/aeGb0En7etU0zBxwmVgFqYICrb4+cwYhjn0SSMyQEF3LjKSbIC4pZiStOLEgEcITNCJdRQPkE+Em+YopPFHKAA5Drk4gYa7+nkiQL8TU91TSR3IsFr1M/M/rxnJ46SY0iGJJAjx/aBgzKEOY9QUHlBMs2VQRhDlVf4V4jDjCUrVaUSVYiysvE/vMqBvW3Xm1eVW0UQZH4BicAgtcgCa4BS1gAwyewSt4Bx/ai/amfWqzebSkFTOH4A+07x9XxaFQ</latexit><latexit sha1_base64="KIexa1dmz7Th60gByYYe8njh3Vs=">AAACIXicbVDNS8MwHE3n15xfVY9egkPwMEorgu4wGOrB4wTrBms30izbwtIPklQcpX+LF/8VLx5UdhP/GdOuB918EPJ47/1Ifs+LGBXSNL+00srq2vpGebOytb2zu6fvHzyIMOaY2DhkIe94SBBGA2JLKhnpRJwg32Ok7U2uM7/9SLigYXAvpxFxfTQK6JBiJJXU1+tOAp96CW1YNcOo3aR9x49hA5IeylkNOh7iWSK/aeGb0En7etU0zBxwmVgFqYICrb4+cwYhjn0SSMyQEF3LjKSbIC4pZiStOLEgEcITNCJdRQPkE+Em+YopPFHKAA5Drk4gYa7+nkiQL8TU91TSR3IsFr1M/M/rxnJ46SY0iGJJAjx/aBgzKEOY9QUHlBMs2VQRhDlVf4V4jDjCUrVaUSVYiysvE/vMqBvW3Xm1eVW0UQZH4BicAgtcgCa4BS1gAwyewSt4Bx/ai/amfWqzebSkFTOH4A+07x9XxaFQ</latexit><latexit sha1_base64="KIexa1dmz7Th60gByYYe8njh3Vs=">AAACIXicbVDNS8MwHE3n15xfVY9egkPwMEorgu4wGOrB4wTrBms30izbwtIPklQcpX+LF/8VLx5UdhP/GdOuB918EPJ47/1Ifs+LGBXSNL+00srq2vpGebOytb2zu6fvHzyIMOaY2DhkIe94SBBGA2JLKhnpRJwg32Ok7U2uM7/9SLigYXAvpxFxfTQK6JBiJJXU1+tOAp96CW1YNcOo3aR9x49hA5IeylkNOh7iWSK/aeGb0En7etU0zBxwmVgFqYICrb4+cwYhjn0SSMyQEF3LjKSbIC4pZiStOLEgEcITNCJdRQPkE+Em+YopPFHKAA5Drk4gYa7+nkiQL8TU91TSR3IsFr1M/M/rxnJ46SY0iGJJAjx/aBgzKEOY9QUHlBMs2VQRhDlVf4V4jDjCUrVaUSVYiysvE/vMqBvW3Xm1eVW0UQZH4BicAgtcgCa4BS1gAwyewSt4Bx/ai/amfWqzebSkFTOH4A+07x9XxaFQ</latexit><latexit sha1_base64="KIexa1dmz7Th60gByYYe8njh3Vs=">AAACIXicbVDNS8MwHE3n15xfVY9egkPwMEorgu4wGOrB4wTrBms30izbwtIPklQcpX+LF/8VLx5UdhP/GdOuB918EPJ47/1Ifs+LGBXSNL+00srq2vpGebOytb2zu6fvHzyIMOaY2DhkIe94SBBGA2JLKhnpRJwg32Ok7U2uM7/9SLigYXAvpxFxfTQK6JBiJJXU1+tOAp96CW1YNcOo3aR9x49hA5IeylkNOh7iWSK/aeGb0En7etU0zBxwmVgFqYICrb4+cwYhjn0SSMyQEF3LjKSbIC4pZiStOLEgEcITNCJdRQPkE+Em+YopPFHKAA5Drk4gYa7+nkiQL8TU91TSR3IsFr1M/M/rxnJ46SY0iGJJAjx/aBgzKEOY9QUHlBMs2VQRhDlVf4V4jDjCUrVaUSVYiysvE/vMqBvW3Xm1eVW0UQZH4BicAgtcgCa4BS1gAwyewSt4Bx/ai/amfWqzebSkFTOH4A+07x9XxaFQ</latexit>

{yµi=1,..,D = eµa , ȳ
µ
ī
= 0}

<latexit sha1_base64="k+XnU4Ro7lr9KL7A9Ff1TDcLR1k=">AAACIXicbVBPS8MwHE3nvzn/VT16CQ7BwyitCLrDYKgHjxOcG6y1pFm6hSVtSVJhlH0WL34VLx5UdhO/jFnXg24+CHm8934kvxckjEpl219GaWV1bX2jvFnZ2t7Z3TP3Dx5knApM2jhmsegGSBJGI9JWVDHSTQRBPGCkE4yuZ37niQhJ4+hejRPicTSIaEgxUlryzbqbwbGf0YZTs6zazeTR5SlsQOKjnNWgGyAxS+Q3LXwbuhPfrNqWnQMuE6cgVVCg5ZtTtx/jlJNIYYak7Dl2orwMCUUxI5OKm0qSIDxCA9LTNEKcSC/LV5zAE630YRgLfSIFc/X3RIa4lGMe6CRHaigXvZn4n9dLVXjpZTRKUkUiPH8oTBlUMZz1BftUEKzYWBOEBdV/hXiIBMJKt1rRJTiLKy+T9plVt5y782rzqmijDI7AMTgFDrgATXALWqANMHgGr+AdfBgvxpvxaUzn0ZJRzByCPzC+fwBbKaFS</latexit><latexit sha1_base64="k+XnU4Ro7lr9KL7A9Ff1TDcLR1k=">AAACIXicbVBPS8MwHE3nvzn/VT16CQ7BwyitCLrDYKgHjxOcG6y1pFm6hSVtSVJhlH0WL34VLx5UdhO/jFnXg24+CHm8934kvxckjEpl219GaWV1bX2jvFnZ2t7Z3TP3Dx5knApM2jhmsegGSBJGI9JWVDHSTQRBPGCkE4yuZ37niQhJ4+hejRPicTSIaEgxUlryzbqbwbGf0YZTs6zazeTR5SlsQOKjnNWgGyAxS+Q3LXwbuhPfrNqWnQMuE6cgVVCg5ZtTtx/jlJNIYYak7Dl2orwMCUUxI5OKm0qSIDxCA9LTNEKcSC/LV5zAE630YRgLfSIFc/X3RIa4lGMe6CRHaigXvZn4n9dLVXjpZTRKUkUiPH8oTBlUMZz1BftUEKzYWBOEBdV/hXiIBMJKt1rRJTiLKy+T9plVt5y782rzqmijDI7AMTgFDrgATXALWqANMHgGr+AdfBgvxpvxaUzn0ZJRzByCPzC+fwBbKaFS</latexit><latexit sha1_base64="k+XnU4Ro7lr9KL7A9Ff1TDcLR1k=">AAACIXicbVBPS8MwHE3nvzn/VT16CQ7BwyitCLrDYKgHjxOcG6y1pFm6hSVtSVJhlH0WL34VLx5UdhO/jFnXg24+CHm8934kvxckjEpl219GaWV1bX2jvFnZ2t7Z3TP3Dx5knApM2jhmsegGSBJGI9JWVDHSTQRBPGCkE4yuZ37niQhJ4+hejRPicTSIaEgxUlryzbqbwbGf0YZTs6zazeTR5SlsQOKjnNWgGyAxS+Q3LXwbuhPfrNqWnQMuE6cgVVCg5ZtTtx/jlJNIYYak7Dl2orwMCUUxI5OKm0qSIDxCA9LTNEKcSC/LV5zAE630YRgLfSIFc/X3RIa4lGMe6CRHaigXvZn4n9dLVXjpZTRKUkUiPH8oTBlUMZz1BftUEKzYWBOEBdV/hXiIBMJKt1rRJTiLKy+T9plVt5y782rzqmijDI7AMTgFDrgATXALWqANMHgGr+AdfBgvxpvxaUzn0ZJRzByCPzC+fwBbKaFS</latexit><latexit sha1_base64="k+XnU4Ro7lr9KL7A9Ff1TDcLR1k=">AAACIXicbVBPS8MwHE3nvzn/VT16CQ7BwyitCLrDYKgHjxOcG6y1pFm6hSVtSVJhlH0WL34VLx5UdhO/jFnXg24+CHm8934kvxckjEpl219GaWV1bX2jvFnZ2t7Z3TP3Dx5knApM2jhmsegGSBJGI9JWVDHSTQRBPGCkE4yuZ37niQhJ4+hejRPicTSIaEgxUlryzbqbwbGf0YZTs6zazeTR5SlsQOKjnNWgGyAxS+Q3LXwbuhPfrNqWnQMuE6cgVVCg5ZtTtx/jlJNIYYak7Dl2orwMCUUxI5OKm0qSIDxCA9LTNEKcSC/LV5zAE630YRgLfSIFc/X3RIa4lGMe6CRHaigXvZn4n9dLVXjpZTRKUkUiPH8oTBlUMZz1BftUEKzYWBOEBdV/hXiIBMJKt1rRJTiLKy+T9plVt5y782rzqmijDI7AMTgFDrgATXALWqANMHgGr+AdfBgvxpvxaUzn0ZJRzByCPzC+fwBbKaFS</latexit>

eaµe
b
⌫�ab = hµ⌫
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For reference it will be convenient to write down the coupling of a string with a DFT 
background parametrized this way  
 
 
 
 
 
 
 

This action will correspond to the Polyakov action of a string. On the appropriate 
parametrization it reduces to the known NR-Polyakov actions for TNC and SNC  

(SMALL DETOUR) STRING COUPLED TO DFT BACKGROUND
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Lagrange multiplier Lagrange multiplier

There will be n+bar n Lagrange multipliers enforcing 
Hamilltonian constraints
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TORSIONAL NEWTON 
CARTAN   GRAVITY



Recall that there is a transverse metric   hµν  and a longitudinal clock one form 𝛕µ 
 

The theory has intrinsic torsion defined via  

The theory is locally invariant under Galilean Boosts  
 

We can add a U(1) central extension by adding the one form U(1) connection m

GENERAL CONSIDERATIONS
hµ⇢h⇢⌫ � �µ⌧⌫ = �µ⌫ �µ⌧µ = �1 hµ⌫⌧⌫ = hµ⌫�

⌫ = 0
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�mµ = �ae
a
µ + @µ�

<latexit sha1_base64="y9PlXYrALvU27WjlCAsnw9hVJtA=">AAACIXicbVBNSwMxEM36bf2qevQSLIoglF0RtAdB9OKxgqtCty6z2WkbTHaXJCuU0t/ixb/ixYNKb+KfMbv2oNaBwMt78yaZF2WCa+O6H87U9Mzs3PzCYmVpeWV1rbq+ca3TXDH0WSpSdRuBRsET9A03Am8zhSAjgTfR/Xmh3zyg0jxNrkw/w7aEbsI7nIGxVFhtBDEKA1SGgczp7gmlgbDuGEKgeAclu0+DDJThIMproHlXAg2rNbfulkUngTcGNTKuZlgdBXHKcomJYQK0bnluZtqDYjITOKwEucYM2D10sWVhAhJ1e1CuOKQ7lolpJ1X2JIaW7E/HAKTWfRnZTgmmp/9qBfmf1spN57g94EmWG0zY90OdXFCT0iIvGnOFzIi+BcAUt3+lrAcKmLGpVmwI3t+VJ4F/UG/UvcvD2unZOI0FskW2yR7xyBE5JRekSXzCyCN5Jq/kzXlyXpx3Z/TdOuWMPZvkVzmfXxz5omg=</latexit><latexit sha1_base64="y9PlXYrALvU27WjlCAsnw9hVJtA=">AAACIXicbVBNSwMxEM36bf2qevQSLIoglF0RtAdB9OKxgqtCty6z2WkbTHaXJCuU0t/ixb/ixYNKb+KfMbv2oNaBwMt78yaZF2WCa+O6H87U9Mzs3PzCYmVpeWV1rbq+ca3TXDH0WSpSdRuBRsET9A03Am8zhSAjgTfR/Xmh3zyg0jxNrkw/w7aEbsI7nIGxVFhtBDEKA1SGgczp7gmlgbDuGEKgeAclu0+DDJThIMproHlXAg2rNbfulkUngTcGNTKuZlgdBXHKcomJYQK0bnluZtqDYjITOKwEucYM2D10sWVhAhJ1e1CuOKQ7lolpJ1X2JIaW7E/HAKTWfRnZTgmmp/9qBfmf1spN57g94EmWG0zY90OdXFCT0iIvGnOFzIi+BcAUt3+lrAcKmLGpVmwI3t+VJ4F/UG/UvcvD2unZOI0FskW2yR7xyBE5JRekSXzCyCN5Jq/kzXlyXpx3Z/TdOuWMPZvkVzmfXxz5omg=</latexit><latexit sha1_base64="y9PlXYrALvU27WjlCAsnw9hVJtA=">AAACIXicbVBNSwMxEM36bf2qevQSLIoglF0RtAdB9OKxgqtCty6z2WkbTHaXJCuU0t/ixb/ixYNKb+KfMbv2oNaBwMt78yaZF2WCa+O6H87U9Mzs3PzCYmVpeWV1rbq+ca3TXDH0WSpSdRuBRsET9A03Am8zhSAjgTfR/Xmh3zyg0jxNrkw/w7aEbsI7nIGxVFhtBDEKA1SGgczp7gmlgbDuGEKgeAclu0+DDJThIMproHlXAg2rNbfulkUngTcGNTKuZlgdBXHKcomJYQK0bnluZtqDYjITOKwEucYM2D10sWVhAhJ1e1CuOKQ7lolpJ1X2JIaW7E/HAKTWfRnZTgmmp/9qBfmf1spN57g94EmWG0zY90OdXFCT0iIvGnOFzIi+BcAUt3+lrAcKmLGpVmwI3t+VJ4F/UG/UvcvD2unZOI0FskW2yR7xyBE5JRekSXzCyCN5Jq/kzXlyXpx3Z/TdOuWMPZvkVzmfXxz5omg=</latexit><latexit sha1_base64="y9PlXYrALvU27WjlCAsnw9hVJtA=">AAACIXicbVBNSwMxEM36bf2qevQSLIoglF0RtAdB9OKxgqtCty6z2WkbTHaXJCuU0t/ixb/ixYNKb+KfMbv2oNaBwMt78yaZF2WCa+O6H87U9Mzs3PzCYmVpeWV1rbq+ca3TXDH0WSpSdRuBRsET9A03Am8zhSAjgTfR/Xmh3zyg0jxNrkw/w7aEbsI7nIGxVFhtBDEKA1SGgczp7gmlgbDuGEKgeAclu0+DDJThIMproHlXAg2rNbfulkUngTcGNTKuZlgdBXHKcomJYQK0bnluZtqDYjITOKwEucYM2D10sWVhAhJ1e1CuOKQ7lolpJ1X2JIaW7E/HAKTWfRnZTgmmp/9qBfmf1spN57g94EmWG0zY90OdXFCT0iIvGnOFzIi+BcAUt3+lrAcKmLGpVmwI3t+VJ4F/UG/UvcvD2unZOI0FskW2yR7xyBE5JRekSXzCyCN5Jq/kzXlyXpx3Z/TdOuWMPZvkVzmfXxz5omg=</latexit>

2009.01948 Figueroa-O’Farrill



It us useful to introduce Galilean boost invariant objects  
 
 
 
 

We will assume there is non-vanishing  torsion and fix the connection to be 
compatible with (𝜏µ,hµν)

GENERAL CONSIDERATIONS

h̄µ⌫ ⌘ hµ⌫ � ⌧µm⌫ � ⌧⌫mµ

�̂µ ⌘ �µ � hµ⌫m⌫

� ⌘ ��⇢m⇢ +
1

2
h⇢�m⇢m�

<latexit sha1_base64="7DbQdoZ/RPzmE6tJzevl8L7hBko="></latexit><latexit sha1_base64="7DbQdoZ/RPzmE6tJzevl8L7hBko="></latexit><latexit sha1_base64="7DbQdoZ/RPzmE6tJzevl8L7hBko="></latexit><latexit sha1_base64="7DbQdoZ/RPzmE6tJzevl8L7hBko="></latexit>

D⇢h
µ⌫ = 0

D⇢⌧µ = 0
<latexit sha1_base64="erLmeA7Xzl3lXHQAahQF5/RZcrs=">AAACFnicbVDLSsNAFJ34rPEVdelmsCiuSiKCuhCKunBZwdhCE8NkOm2HTiZhHkIJ/Qs3/oobFypuxZ1/46TNQlsPXDiccy/33hNnjErlut/W3PzC4tJyZcVeXVvf2HS2tu9kqgUmPk5ZKloxkoRRTnxFFSOtTBCUxIw048Fl4TcfiJA05bdqmJEwQT1OuxQjZaTIqV1FgeinsH+fB4mGAdcjeHAO3SCwSydQSEeFV8iRU3Vr7hhwlnglqYISjcj5Cjop1gnhCjMkZdtzMxXmSCiKGRnZgZYkQ3iAeqRtKEcJkWE+/msE943Sgd1UmOIKjtXfEzlKpBwmselMkOrLaa8Q//PaWnVPw5zyTCvC8WRRVzOoUliEBDtUEKzY0BCEBTW3QtxHAmFlorRNCN70y7PEP6qd1byb42r9okyjAnbBHjgEHjgBdXANGsAHGDyCZ/AK3qwn68V6tz4mrXNWObMD/sD6/AFqvp0h</latexit><latexit sha1_base64="erLmeA7Xzl3lXHQAahQF5/RZcrs=">AAACFnicbVDLSsNAFJ34rPEVdelmsCiuSiKCuhCKunBZwdhCE8NkOm2HTiZhHkIJ/Qs3/oobFypuxZ1/46TNQlsPXDiccy/33hNnjErlut/W3PzC4tJyZcVeXVvf2HS2tu9kqgUmPk5ZKloxkoRRTnxFFSOtTBCUxIw048Fl4TcfiJA05bdqmJEwQT1OuxQjZaTIqV1FgeinsH+fB4mGAdcjeHAO3SCwSydQSEeFV8iRU3Vr7hhwlnglqYISjcj5Cjop1gnhCjMkZdtzMxXmSCiKGRnZgZYkQ3iAeqRtKEcJkWE+/msE943Sgd1UmOIKjtXfEzlKpBwmselMkOrLaa8Q//PaWnVPw5zyTCvC8WRRVzOoUliEBDtUEKzY0BCEBTW3QtxHAmFlorRNCN70y7PEP6qd1byb42r9okyjAnbBHjgEHjgBdXANGsAHGDyCZ/AK3qwn68V6tz4mrXNWObMD/sD6/AFqvp0h</latexit><latexit sha1_base64="erLmeA7Xzl3lXHQAahQF5/RZcrs=">AAACFnicbVDLSsNAFJ34rPEVdelmsCiuSiKCuhCKunBZwdhCE8NkOm2HTiZhHkIJ/Qs3/oobFypuxZ1/46TNQlsPXDiccy/33hNnjErlut/W3PzC4tJyZcVeXVvf2HS2tu9kqgUmPk5ZKloxkoRRTnxFFSOtTBCUxIw048Fl4TcfiJA05bdqmJEwQT1OuxQjZaTIqV1FgeinsH+fB4mGAdcjeHAO3SCwSydQSEeFV8iRU3Vr7hhwlnglqYISjcj5Cjop1gnhCjMkZdtzMxXmSCiKGRnZgZYkQ3iAeqRtKEcJkWE+/msE943Sgd1UmOIKjtXfEzlKpBwmselMkOrLaa8Q//PaWnVPw5zyTCvC8WRRVzOoUliEBDtUEKzY0BCEBTW3QtxHAmFlorRNCN70y7PEP6qd1byb42r9okyjAnbBHjgEHjgBdXANGsAHGDyCZ/AK3qwn68V6tz4mrXNWObMD/sD6/AFqvp0h</latexit><latexit sha1_base64="erLmeA7Xzl3lXHQAahQF5/RZcrs=">AAACFnicbVDLSsNAFJ34rPEVdelmsCiuSiKCuhCKunBZwdhCE8NkOm2HTiZhHkIJ/Qs3/oobFypuxZ1/46TNQlsPXDiccy/33hNnjErlut/W3PzC4tJyZcVeXVvf2HS2tu9kqgUmPk5ZKloxkoRRTnxFFSOtTBCUxIw048Fl4TcfiJA05bdqmJEwQT1OuxQjZaTIqV1FgeinsH+fB4mGAdcjeHAO3SCwSydQSEeFV8iRU3Vr7hhwlnglqYISjcj5Cjop1gnhCjMkZdtzMxXmSCiKGRnZgZYkQ3iAeqRtKEcJkWE+/msE943Sgd1UmOIKjtXfEzlKpBwmselMkOrLaa8Q//PaWnVPw5zyTCvC8WRRVzOoUliEBDtUEKzY0BCEBTW3QtxHAmFlorRNCN70y7PEP6qd1byb42r9okyjAnbBHjgEHjgBdXANGsAHGDyCZ/AK3qwn68V6tz4mrXNWObMD/sD6/AFqvp0h</latexit>

⌧⇢�
⇢
[µ⌫] = @[µ⌧⌫] ⌘ Fµ⌫

aµ ⌘ �µFµ⌫
<latexit sha1_base64="8G0pVWNAtsxqcya9G9EuFEaufkw="></latexit><latexit sha1_base64="8G0pVWNAtsxqcya9G9EuFEaufkw="></latexit><latexit sha1_base64="8G0pVWNAtsxqcya9G9EuFEaufkw="></latexit><latexit sha1_base64="8G0pVWNAtsxqcya9G9EuFEaufkw="></latexit>

Newton’s potential

Acceleration 



TNC with U(1) extension can be embedded into a relativistic metric with a null 
isometry  
 
 

EMBEDDING INTO DFT

HMN =

0

BB@

h̄µ⌫ ⌧µ 0 0
⌧µ 0 0 0
0 0 hµ⌫

��̂µ

0 0 ��̂µ 2�

1

CCA

<latexit sha1_base64="LGxXzDiEcJ5o8657sVOJM5H9rP8="></latexit><latexit sha1_base64="LGxXzDiEcJ5o8657sVOJM5H9rP8="></latexit><latexit sha1_base64="LGxXzDiEcJ5o8657sVOJM5H9rP8="></latexit><latexit sha1_base64="LGxXzDiEcJ5o8657sVOJM5H9rP8="></latexit>

(0,0) parametrization

O(D,D) rotation
HMN =

0

BB@

h̄µ⌫ 0 0 ⌧µ
0 2� ��̂⌫ 0
0 ��̂µ hµ⌫ 0
⌧⌫ 0 0 0

1

CCA

<latexit sha1_base64="xQKabgzTVkitW/n442A2Z1may68="></latexit><latexit sha1_base64="xQKabgzTVkitW/n442A2Z1may68="></latexit><latexit sha1_base64="xQKabgzTVkitW/n442A2Z1may68="></latexit><latexit sha1_base64="xQKabgzTVkitW/n442A2Z1may68="></latexit>

From here we can read the following

Kmn =

✓
hµ⌫ 0
0 0

◆

<latexit sha1_base64="b9P64PR39wFyblwQs+PNnkDuITk=">AAACKHicbVDLSgMxFM3UV62vqks3waK4KjMiqAuh6EZwU8HaQqcMmfS2DU0yQ5IRyzC/48ZfcaOg0q1fYvpAtPVCwuGcc7n3njDmTBvXHTq5hcWl5ZX8amFtfWNzq7i9c6+jRFGo0YhHqhESDZxJqBlmODRiBUSEHOph/2qk1x9AaRbJOzOIoSVIV7IOo8RYKihWboJUYJnhC+yH0GUyjQUxij1muBekvkiwL5MMH2IX+779xgBk+8cWFEtu2R0XngfeFJTQtKpB8c1vRzQRIA3lROum58amlRJlGOWQFfxEQ0xon3ShaaEkAnQrHV+a4QPLtHEnUvZJg8fs746UCK0HIrROu19Pz2oj8j+tmZjOWStlMk4MSDoZ1Ek4NhEexYbbTAE1fGABoYrZXTHtEUWoseEWbAje7MnzoHZcPi97tyelyuU0jTzaQ/voCHnoFFXQNaqiGqLoCb2gd/ThPDuvzqcznFhzzrRnF/0p5+sbM0uk9w==</latexit><latexit sha1_base64="b9P64PR39wFyblwQs+PNnkDuITk=">AAACKHicbVDLSgMxFM3UV62vqks3waK4KjMiqAuh6EZwU8HaQqcMmfS2DU0yQ5IRyzC/48ZfcaOg0q1fYvpAtPVCwuGcc7n3njDmTBvXHTq5hcWl5ZX8amFtfWNzq7i9c6+jRFGo0YhHqhESDZxJqBlmODRiBUSEHOph/2qk1x9AaRbJOzOIoSVIV7IOo8RYKihWboJUYJnhC+yH0GUyjQUxij1muBekvkiwL5MMH2IX+779xgBk+8cWFEtu2R0XngfeFJTQtKpB8c1vRzQRIA3lROum58amlRJlGOWQFfxEQ0xon3ShaaEkAnQrHV+a4QPLtHEnUvZJg8fs746UCK0HIrROu19Pz2oj8j+tmZjOWStlMk4MSDoZ1Ek4NhEexYbbTAE1fGABoYrZXTHtEUWoseEWbAje7MnzoHZcPi97tyelyuU0jTzaQ/voCHnoFFXQNaqiGqLoCb2gd/ThPDuvzqcznFhzzrRnF/0p5+sbM0uk9w==</latexit><latexit sha1_base64="b9P64PR39wFyblwQs+PNnkDuITk=">AAACKHicbVDLSgMxFM3UV62vqks3waK4KjMiqAuh6EZwU8HaQqcMmfS2DU0yQ5IRyzC/48ZfcaOg0q1fYvpAtPVCwuGcc7n3njDmTBvXHTq5hcWl5ZX8amFtfWNzq7i9c6+jRFGo0YhHqhESDZxJqBlmODRiBUSEHOph/2qk1x9AaRbJOzOIoSVIV7IOo8RYKihWboJUYJnhC+yH0GUyjQUxij1muBekvkiwL5MMH2IX+779xgBk+8cWFEtu2R0XngfeFJTQtKpB8c1vRzQRIA3lROum58amlRJlGOWQFfxEQ0xon3ShaaEkAnQrHV+a4QPLtHEnUvZJg8fs746UCK0HIrROu19Pz2oj8j+tmZjOWStlMk4MSDoZ1Ek4NhEexYbbTAE1fGABoYrZXTHtEUWoseEWbAje7MnzoHZcPi97tyelyuU0jTzaQ/voCHnoFFXQNaqiGqLoCb2gd/ThPDuvzqcznFhzzrRnF/0p5+sbM0uk9w==</latexit><latexit sha1_base64="b9P64PR39wFyblwQs+PNnkDuITk=">AAACKHicbVDLSgMxFM3UV62vqks3waK4KjMiqAuh6EZwU8HaQqcMmfS2DU0yQ5IRyzC/48ZfcaOg0q1fYvpAtPVCwuGcc7n3njDmTBvXHTq5hcWl5ZX8amFtfWNzq7i9c6+jRFGo0YhHqhESDZxJqBlmODRiBUSEHOph/2qk1x9AaRbJOzOIoSVIV7IOo8RYKihWboJUYJnhC+yH0GUyjQUxij1muBekvkiwL5MMH2IX+779xgBk+8cWFEtu2R0XngfeFJTQtKpB8c1vRzQRIA3lROum58amlRJlGOWQFfxEQ0xon3ShaaEkAnQrHV+a4QPLtHEnUvZJg8fs746UCK0HIrROu19Pz2oj8j+tmZjOWStlMk4MSDoZ1Ek4NhEexYbbTAE1fGABoYrZXTHtEUWoseEWbAje7MnzoHZcPi97tyelyuU0jTzaQ/voCHnoFFXQNaqiGqLoCb2gd/ThPDuvzqcznFhzzrRnF/0p5+sbM0uk9w==</latexit>

H
mn =

✓
h
µ⌫ 0
0 0

◆

<latexit sha1_base64="JmguM6VmugAKPy7si8zywhXYXqg="></latexit><latexit sha1_base64="JmguM6VmugAKPy7si8zywhXYXqg="></latexit><latexit sha1_base64="JmguM6VmugAKPy7si8zywhXYXqg="></latexit><latexit sha1_base64="JmguM6VmugAKPy7si8zywhXYXqg="></latexit>

Bmn =

✓
0 �mµ

m⌫ 0

◆

<latexit sha1_base64="gXxthzS3vSONrhk9NLpVqLjBxQk="></latexit><latexit sha1_base64="gXxthzS3vSONrhk9NLpVqLjBxQk="></latexit><latexit sha1_base64="gXxthzS3vSONrhk9NLpVqLjBxQk="></latexit><latexit sha1_base64="gXxthzS3vSONrhk9NLpVqLjBxQk="></latexit>

Both K and H have two null eigenvectors, so we are dealing with a (1,1) parametrization

The U(1) central extension is inherited from the 1-form symmetry of the B-field



We can add a two form field Bμ̅ν and a one form field ��μ , they have the interpretation 
of the KK-components of the d+1-dimensional relativistic B-field.  
 
 
 
 
 
 
 
 

There is an additional U(1) symmetry associated to ��, we have chosen Bμ̅ν such that it 
is invariant under Galilean boosts but not under this additional U(1) transformation  

EMBEDDING INTO DFT (ADDING MATTER)

H
mn =

✓
h
µ⌫

h
µ⇢@⇢

h
⌫⇢@⇢ h

⇢�@⇢@�

◆

<latexit sha1_base64="lNHSOplJzmnV0fxtt3IRlo3uu6Q="></latexit><latexit sha1_base64="lNHSOplJzmnV0fxtt3IRlo3uu6Q="></latexit><latexit sha1_base64="lNHSOplJzmnV0fxtt3IRlo3uu6Q="></latexit><latexit sha1_base64="lNHSOplJzmnV0fxtt3IRlo3uu6Q="></latexit>

Kmn =

✓
hµ⌫ 0
0 0

◆
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It is convenient to define the field strengths and the electric field ℯ 
 
 
 

The “standard” dilation can also be added via the identification  
 

EMBEDDING INTO DFT (ADDING MATTER)

e�2d =

r
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2�
e�2�
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Using the DFT generalized metric we find the action  
 
 
 
 
 

We will obtain the same action from null reducing the NS-NS action  

Due to the identity  𝜏µ𝜏νδhµν=0 the action will be missing one equation (Newton’s law)
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The TNC beta function computation was performed under some assumptions/
restrictions  
 
                                        The twistless constraint was imposed from the onset  
 
 
 
 
 
                                           U(1) invariance was imposed, rather than derived  

Using DFT (or directly the null reduction of the NS-NS  sector) we can generalize to  
arbitrary torsion

EQUATIONS OF MOTION AND COMPARISON WITH TNC BETA 
FUNCTIONS

Fµ⌫F
µ⌫ = 0 $ F ^ ⌧ = 0
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From the δΦ variation the  generalization of  the twistless constraint shows up  
 
 
 
 
The equivalent of this expressions follows from the beta function associated to the 
Lagrange multipliers  
 
 
 
 

EQUATIONS OF MOTION AND COMPARISON WITH TNC BETA 
FUNCTIONS

Fµ⌫F
µ⌫ = bµ⌫b

µ⌫
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�h��̄i = bµ⌫b
µ⌫ = 0
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Obtained TNC beta function -  twistless torsion was imposed Fµ⌫F
µ⌫ = 0 $ F ^ ⌧ = 0
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“Raised indices” is short hand notation for  
contraction with the inverse metric h

Only the “magnetic piece” of b 
sources twist



From the variation of the matter fields {δϕ,δB,δ��} we find the equations 

EQUATIONS OF MOTION AND COMPARISON WITH TNC BETA 
FUNCTIONS

DµD
µ
�+ a

µ
Dµ�� 2Dµ�D

µ
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1

2
e2 � 1
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Hµ⌫⇢H

µ⌫⇢ � 1

2
�̂
�
H�µ⌫b

µ⌫ � 1

2
Fµ⌫F

µ⌫�
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Dilaton equation - Beta function computation involves two loops and has not been done

D
⇢
H⇢µ⌫ + a

⇢
H⇢µ⌫ � 2D⇢

�H⇢µ⌫ = 2D[µe⌫] � 2�̂�
D�bµ⌫ + 2a[µe⌫] + 4b⇢[µF⌫]⇢�

+ (2�̂⇢
D⇢��D⇢�̂

⇢) bµ⌫
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Maxwell Equation - Same as the computed TNC beta function for B (when torsion is twistless) 

D
⇢
b⇢µ � 2D⇢

� b⇢µ =
1

2
F

⇢�
H⇢�µ
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Equation for �� - Same as the computed TNC beta function for �� (when torsion is  twistless) 



From the variation δ𝜏 we find the vector equation  
 
 
 

When torsion has twist we need the factor appearing in the DFT computation to preserve 
the U(1) mass invariance 

During the TNC beta function computation we are forced to make torsion twistless to 
keep the computation covariant.  

U(1) invariance was imposed, rather than derived, on the TNC beta function 
computation. There is the possibility that we missed some terms that are U(1) invariant 
when torsion is twistless.

EQUATIONS OF MOTION AND COMPARISON WITH TNC BETA 
FUNCTIONS

D
⇢
F⇢µ + a

⇢
F⇢µ � 2D⇢

�F⇢µ =
1

2
b
⇢�
H⇢�µ + 2 e⇢b⇢µ
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Equation for 𝜏,  when the electric field is zero it matches the TNC beta functions.  
Otherwise there seems to be a factor of 2 mismatch 



The variation of the TNC metrics {δυ,δh} and the missing equation (Newton’s law) can 
be combined into the Einstein equation  
 
 
 
 

The missing equation (Newton’s law) can be read directly from the DFT equations of 
motion but not from a variation of the action

THE MISSING EQUATION

DµDµ�+ 3aµDµ�+m2
��� 2Fµ⌫F

µ⌫�2 = ⇢K + ⇢m
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Einstein equation - It matches the bar h TNC beta function (twistless limit)

Time-time projection of Einstein equation

Function of extrinsic curvature

Function of H and dilaton
Function of torsion and matter



Relativistic perspective: The null reduction sets guu=0 off-shell so its equation of 
motion is missing. 

Symmetry perspective: Possible emergence of a dilation symmetry (inherited  from 
its SNC embedding). 

DFT perspective: This is a known DFT phenomenon due to the fixing of (n, bar n).  
 
 
Analysis of the DFT fluctuations show that         equations change the type of non-
Riemannianity. Fixing (n,bar n) removes this equations.  

We should think of these sectors of DFT as particular solutions rather than 
independent theories.   

WHY IS IT MISSING?

nn̄
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1909.10711 K. Cho and J-H Park



CARROLL   



The metric structure is the same as in TNC (same notation as well)  
 

The theory has intrinsic torsion defined through  

The theory is locally invariant under Carroll Boosts  
 

A contravariant vector M can be added (in a similar fashion as m was for TNC)

GENERAL CONSIDERATIONS
hµ⇢h⇢⌫ � �µ⌧⌫ = �µ⌫ �µ⌧µ = �1 hµ⌫⌧⌫ = hµ⌫�

⌫ = 0
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2009.01948 Figueroa-O’Farrill
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From the nature of the embedding there is no additional symmetry associated to M



It us useful to introduced Boost invariant objects  
 
 
 

We will consider a connection satisfying  
 
 
 

The intrinsic torsion of Carroll is associated with the extrinsic curvature instead of F

GENERAL CONSIDERATIONS
⌧̂µ = ⌧µ � hµ⌫M

⌫ ,

ĥµ⌫ = hµ⌫ � 2M (µ�⌫) + 2��µ�⌫ ⌘ h̄µ⌫ + 2��µ�⌫ ,

� = �Mµ⌧µ +
1

2
hµ⌫M

µM⌫ = �Mµ⌧̂µ � 1

2
hµ⌫M

µM⌫ ,
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D̄µĥ
⇢� = �4Kµ�h̄

�(⇢��)�,

D̄µ⌧̂⌫ = �2Kµ⌫�
<latexit sha1_base64="zM1pOgDUsnwX4T+sv12DFsjaYoo="></latexit><latexit sha1_base64="zM1pOgDUsnwX4T+sv12DFsjaYoo="></latexit><latexit sha1_base64="zM1pOgDUsnwX4T+sv12DFsjaYoo="></latexit><latexit sha1_base64="zM1pOgDUsnwX4T+sv12DFsjaYoo="></latexit>



Carrol with U(1) extension can be embedded into a relativistic metric with a null 
isometry  
 
 

EMBEDDING INTO DFT (COMPARISON WITH TNC)

O(D,D) rotation
(HCarroll)MN =

0

BB@

hµ⌫ �⌧̂µ 0 0
�⌧̂µ 2� 0 0
0 0 h̄µ⌫ �µ

0 0 �µ 0

1

CCA
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Comparison with TNC

(HTNC)MN =

0

BB@

h̄µ⌫ ⌧µ 0 0
⌧µ 0 0 0
0 0 hµ⌫

��̂µ

0 0 ��̂µ 2�

1
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They are the same when  
m=0 and M=0

O(D,D) rotation (HTNC)MN =

0

BB@

h̄µ⌫ 0 0 ⌧µ
0 2� ��̂⌫ 0
0 ��̂µ hµ⌫ 0
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1
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0
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h̄µ⌫ 0 0 �µ

0 2� �⌧̂⌫ 0
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1
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Some identifications can  
be made between TNC  

and Caroll

We only swapped null  
directions

We swapped all  
directions



By comparing TNC and Carroll generalized metric we can map one to the other after 
the identification  
 
 
 
 

DFT makes this evident and seems to imply Carroll and TNC might be related through 
a T-duality transformation, equivalent to a  c -> 1/c  rule. 

We have not explored this further  
 
 

TNC AND CARROLLL IDENTIFICATION

h̄µ⌫
(C) $ h̄(TNC)

µ⌫ , ⌧̂ (C)µ $ �̂µ
(TNC), �(C) $ �(TNC),

h(C)
µ⌫ $ hµ⌫

(TNC), �µ
(C) $ ⌧ (TNC)

µ , Mµ
(C) $ m(TNC)

µ
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This identification has been made before in 1505.05011 



The action for Carroll is given by  
 
 
 
 

There is also a missing equation, the corresponding Newton’s law is  
 
 
 

There are no constraints on F,  the equivalent Carroll torsion constraints will be 
constraints on the extrinsic curvature that follow from the δΦ variation  
 
 

CAROLL ACTION AND EQUATIONS OF MOTION

S =

Z
d
d
x e


R̄+

1

2
a
µ
aµ +

1

2
eµeµ � 4aµD̄µ�+ 4D̄µ

�D̄µ�+ 4�µ
�
⌫
D̄µ� D̄⌫�

�8�K�
⇢
D̄⇢�� 1

12
Hµ⌫⇢H

µ⌫⇢ +
1

2
b
µ⌫
�
⇢
Hµ⌫⇢

�
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D̄µD̄⌫�� aµD̄µ�� 2D̄µ� D̄µ� =
1

4
(Fµ⌫Fµ⌫ � bµ⌫bµ⌫)
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Torsion constraints  
 

Equations for 𝛕 , and Einstein equation  
 
 

QUICK GLANCE AT THE EQUATIONS OF MOTION

R̄µ⌫�
µ
�
⌫ =

1

4
�
⇢
�
�
H

µ⌫
⇢Hµ⌫� � 2�µ

�
⌫
D̄µD̄⌫�

<latexit sha1_base64="ll7eQLOXXOStnDCNZcb6D+wJqSE="></latexit><latexit sha1_base64="ll7eQLOXXOStnDCNZcb6D+wJqSE="></latexit><latexit sha1_base64="ll7eQLOXXOStnDCNZcb6D+wJqSE="></latexit><latexit sha1_base64="ll7eQLOXXOStnDCNZcb6D+wJqSE="></latexit>

D̄
⇢
F⇢µ + a

⇢
F⇢µ � 2D̄⇢

�F⇢µ =
1

2
b
⇢�
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D̄⇢�Dµ�
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4
H

⇢�
µ H⌫⇢� =

aµa⌫ � eµe⌫
2
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⇢

(µ K⌫)⇢ + �
⇢
b
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Equations for the matter fields

QUICK GLANCE AT THE EQUATIONS OF MOTION

D̄µD̄
µ
�+ a

µ
D̄µ�� 2D̄µ�D̄

µ
� = 2�µ
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⌫
Dµ�D⌫�� 1

2
H

⇢µ⌫
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�
⇢
b
µ⌫
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⇢
b⇢µ � 2D̄⇢
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F
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STRING NEWTON CARTAN   



Recall that there are two longitudinal directions with a Lorentz structure  
 
 

We can define torsion as  

Galilean boosts become String Galilean boosts  
 

A U(1) mass symmetry, called the ZA symmetry, is usually included by the addition of a 
gauge field m

GENERAL CONSIDERATIONS
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For a classical SNC theory (string in SNC background) to have arbitrary torsion and 
preserve ZA invariance we need a B-field that transforms as  

We can use m to write down Boost invariant (but no ZA  invariant) fields  
 
 
 

The ZA symmetry is part of a larger Stueckelberg symmetry  
 

 m can be gauge away but B will not longer be Boost invariant

LET’S TALK ABOUT ZA
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This shift symmetry is related to the DFT generalized shift symmetry

            This choice has been used in 2102.06974  
were  they derived SNC equations from a 1/c expansion

1907.01663 Harmark et al.



We got the DFT embedding by matching the SNC Polyakov and DFT Polyakov actions  
 
 
 
 

We can reduce SNC to TNC by comparing  the generalized metrics and assuming an 
isometry along a longitudinal compact direction
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The SNC action is found to be  
 
 
 
 

There is also a missing equation  
 
 
 
 

It agrees with the SNC beta functions computed at zero torsion (foliation constraint)

ACTION AND EQUATIONS OF MOTION
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Spatial piece of acceleration

Totally antisymmetric longitudinal piece of  
torsion



Torsion constraint  
 

We could not combine the u equation into a single expression, we only found its 
projections

QUICK GLANCE AT THE EQUATIONS OF MOTION
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The same happened for Einstein equations

QUICK GLANCE AT THE EQUATIONS OF MOTION
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The matter equations look slightly nicer

QUICK GLANCE AT THE EQUATIONS OF MOTION
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The actions match after imposing the m=0 gauge  

The missing equation is explained by an emergent dilatation symmetry  
 
 
 

This symmetry is, of course, present in the action we computed 

COMPARISON WITH 1/C EXPANSION OF NS-NS GRAVITY

�⌧Aµ = �D⌧Aµ �� = �D ��AB = �2�D�AB
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CONCLUSIONS/SUMMARY 



DFT unifies many Non-Riemannian geometries into a single framework 

We used this framework to write down gravitational equations for various non-
Riemannian geometries 

Some interesting relations between non-Riemannian geometries can be infer (Carroll 
and TNC/ TNC and SNC)  

We can try to push this further into understand non-Riemannian notions of “Entropy” 
or thermal states  
 
 
 
 
We only have to understand it once

1608.04734 A. Arvanitakis and C. Blair



Repeat an analogous computation to the Exceptional Field Theory case  

ExFT unifies not only 10d supergravity but also 11d  M-theory, and has been shown to 
admit Non-Riemannian parametrizations  

We are pushing to write 11d Non-Riemannian actions as well as writing other 
supergravity sectors

FUTURE DIRECTIONS

1902.01867 Berman et. al.

Work in progress with Natale, Chris, and Umut


