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Fracton Motivation

e solvable models of guantum glassiness (Chamon 2005)

P, -

4—' Prem, Haah, Nandkishore 2017

* dualities to elasticity theory of two-dimensional crystals
(Pretko, Radzihovsky 2018)
Tag
l.......
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Fracton Motivation
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* measurement based quantum computation from
ungauged fracton models which have subsystem symmetries
(Else, Bartlett, Doherty 2012)

Raussendorf, Okay, Wang,
Stephen, Nautrup 2019
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Fracton Motivation

* toy model of holography (Yan 2018, ...)

A% ‘."'a"'é"' Y4
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Fracton Motivation

* Linearized gravity = U(1) fracton models
- Zheng-Cheng Gu, Xiao-Gang Wen (2006, 2009)
- Cenke Xu (2006, 2006)
- Cenke Xu, Petr Horava (2010)

e connections to quantum gravity (Pretko 2017)

fractons move via dipole exchange more easily near other fractons,
which leads to an effective attractive interaction

r .._* el
o o
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Kinds of Fracton Models

(Shao and Karch discussed ungauged versions of the first two kinds)

U(1) symmetric tensor foliated
type-11
gauge theory (type-I)

X-cube Haah’s code,
example scalar charge Viav Haah Fu 2015 Voshida
models Pretko 2017 ay, Haah, Fu Oshda S

fractal liquids
!
2 2 Z 1Z zZI X X1
H — f E _I_ B rzzgj-_lzz % ZI/ ZZ/ XI/ II/
. o z } | [ N S I O .
BZ"? — (SjcﬁzabaaAbC hJZ‘Z /X X IZ‘.. ZI/ IX'A XI/
I
spectrum gapless gapped gapped
charge conserved conserved on stacks | conserved on
conservation dipole moment 2D surfaces fractal subsets
spacetime
e Einstein manifolds foliated manifolds discrete groups?
ShEuChuLe Rap o< gap Tian, Samperton,
Wang 2018
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Kinds of Fracton Models

(Shao and Karch discussed ungauged versions of the first two kinds)

U(1) symmetric tensor

foliated

type-11
gauge theory (type-I)

X-cube Haah’s code,
example scalar charge Viav Haah Fu 2015 Voshida
models Pretko 2017 ay, Haah, Fu Oshda S

fractal liquids
I
2 2 Z 1Z zZI X X1
H=[E?+B fT-L—‘ﬁ X LA L
z } RS M [ A
3 6 b Z:FJ X #
BY = §I¢2 aaAbc kz P 4 )'( iy P g
spectrum gapless gapped gapped
charge conserved conserved on stacks | conserved on
conservation dipole moment 2D surfaces fractal subsets

Spacetime

structure

Einstein manifolds
Rap X gab

foliated manifolds

this talk
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| discrete groups?

Tian, Samperton,
Wang 2018



Fractons from U(1) Gauge Theory

Pretko 2017
* Generalize U(1) Maxwell electromagnetism:

* Add dipole moment conservation p_ /p(*

in addition to charge conservation 7)) T

moving a dipole
moving change conserves dipole moment

changes dipole moment ’

- @ —~

Isolated charges

are immobile dipoles are mobile
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Fractons from U(1) Gauge Theory

Pretko 2017
* Generalize U(1) Maxwell electromagnetism:

* Add dipole moment conservation p_ /p(*

in addition to charge conservation 7)) T

moving a dipole
moving change conserves dipole moment

changes dipole moment ’

- @ —~

Isolated charges

are immobile dipoles are mobile
* fracton: an immobile particle

- often a fraction of a mobile particle

slides: tinyurl.com/fracton



Fractons from U(1) Gauge Theory

moving a dipole Pretko 2017
moving change conserves dipole moment

changes dipole moment ‘
isolated charges

are immobile dipoles are mobile

—>
pJeogXreysd
snoinaid

new Gauss law: 9,0, E" = p

results in charge and dipole moment conservation:

/ d%z p = constant / d%x (pZ) = constant

slides: tinyurl.com/fracton
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Fractons from U(1) Gauge Theory

moving a dipole Pretko 2017
moving change conserves dipole moment
changes dipole moment ‘
isolated charges
are immobile dipoles are mobile

—>
pJreogyeyo
snoinaid

new Gauss law: 9,0, E" = p
results in charge and dipole moment conservation:
/ d%z p = constant / dz (pi) = constant

symmetric tensor gauge field and gauge symmetry:

Aij — Aq;j + (9@(’9])\

scalar charge theory:

1 . L
H = /ddaz 5(E2 +B%)  BY = §i%H A,

slides: tinyurl.com/fracton 11



Fractons from U(1) Gauge Theory

Pretko 2017

moving a dipole

y
moving change conserves dipole moment ;i ajE )= P
changes dipole moment ‘ A A 0:0: \
* ‘ - . A “d i H:/ddw§(E2+BQ)
isolatc_ed char_ges BY = 5‘766”()8@1450
are immobile dipoles are mobile

guadrupoles have no
charge or dipole moment

guadrupoles can be
created from the vacuum

slides: tinyurl.com/fracton
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Fractons from U(1) Gauge Theory

moving a dipole

moving change conserves dipole moment

changes dipole moment ‘

> @  —>‘

isolated charges
are immobile dipoles are mobile

aiajEij _ Pretko 2017
Aij =7 Aij = &@A e /dd:IJ

%(EQ_'_BQ)
BY — 5jc€zab8aAbc

guadrupoles have no
charge or dipole moment

guadrupoles can be
created from the vacuum

a charge > ‘

can move:
if we create ‘ ‘
a dipole:

slides: tinyurl.com/fracton
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U(1) Fractons on Curved Space?

* Curvature can grant fractons mobility
via dipole mobility

— dipole rotates via parallel transport

Region of
curvature

i: e® O QD

Abhinav Prem Michael Pretko

slides: tinyurl.com/fracton
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U(1) Fractons on Curved Space
* Curvature can grant fractons mobillity
via dipole mobility
— also results in a loss of gauge invariance

* Does not occur when on Einstein manifolds
for the traceless scalar charge model:

Rab X Gab
- I.e. manifolds with no torsion or stress-energy tensor
8wl
1
R — sR9uw + Mg = c—4TﬁW

%,—/
must be zero

slides: tinyurl.com/fracton
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Traceless Scalar Charge Model

* Traceless scalar charge model:
- 95EY =0
- conserved charge, dipole, and a quadrupole/dd:z; % p

- fracton dipoles are planons that only move
perpendicular to dipole moment

slides: tinyurl.com/fracton 17



Traceless Scalar Charge Model

* Traceless scalar charge model:
- 95EY =0
- conserved charge, dipole, and a quadrupole/dd:z; % p

- fracton dipoles are planons that only move
perpendicular to dipole moment

e On Einstein manifolds:

- Dipole moment of planons won't
change under closed loops

slides: tinyurl.com/fracton 18



U(1) Fractons on Curved Space

symmetric tensor gauge theory gauge invariant manifold
3D gapless traceless scalar Einstein R, o¢ gup
3D gapless traceless vector Einstein with constant curvature
2D gapped traceless scalar constant curvature
2D gapless traceless scalar constant curvature

any-D gapless traceful scalar flat

any-D gapless traceful vector flat

* We only considered spatial curvature

- U(1) fractons in curved spacetime is an open problem
* nontrivial generalization due to no Lorentz symmetry

slides: tinyurl.com/fracton 19



Questions?

symmetric tensor gauge theory

gauge invariant manifold

9;;E =0 3D gapless traceless scalar
3D gapless traceless vector
2D gapped traceless scalar
2D gapless traceless scalar

any-D gapless traceful scalar
any-D gapless traceful vector

Einstein R, o gap
Einstein with constant curvature
constant curvature
constant curvature
flat
flat

* We only considered spatial curvature
- U(1) fractons in curved spacetime is an open problem

slides: tinyurl.com/fracton
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Part 2

foliated

U(1) symmetric tensor
type-11
gauge theory (type-I)

X-cube Haah'’s code,
example scalar charge Vitay Haah Fu 2015 Voshida
models Pretko 2017 Jay, Haah, Fu osHida s

fractal liquids
H — f E2 —I_ B2 fr—r—-l X I/IEZ ZZ/ZI XI/IéX U/XI
sz — 6JC€EabaaAbC z._ F /x X Z | ZI/ IX'.“. XI/
I
spectrum gapless gapped gapped
charge conserved conserved on stacks | conserved on
conservation dipole moment 2D surfaces fractal subsets
spacetime
. Einstein manifolds foliated manifolds discrete groups?
BLENCHITE Raop X gap Tian, Samperton,

slides: tinyurl.com/fracton

Wang 2018

21



review: X-cube fracton model

Vijay, Haah, Fu 2016
72 I I
! Z:ﬁ > 2z N~ X o
H=-ST Ty + 2K+ K]
J—z o TN x ™~ A
|

* qubits on links of a * gapped & exactly
cubic lattice solvable

* degen =2
L, S

X =07

6L-3
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Subdimensional Excitations

Vijay, Haah, Fu 2016

e Create fractons at corners ¢ Create lineons at ends of
of rectangular operators line operators

| ! !
i = KK
T g L 'LLZ & / lineon left

Tt ] fracton behind
T 7 excitation

¥ /\ 1

Pauli Z operators

Pauli X operators Sl ! _ acting on ground state
acting on ground state A x\—,>!< =-1

lineon excitation

slides: tinyurl.com/fracton
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Subdimensional Excitations
P09

* Mobility restrictions determined by a layering structure

< [

planon lineon fracton
(moves along (moves along (immobile)
2D planes) 1D lines)

slides: tinyurl.com/fracton
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QFT description?

~/

planon

(moves along
2D planes)

4
!

999

y

Ve

V%

y

y

lineon
(moves along
1D lines)
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Shirley, KS, Wang, Chen 2018

y -

Foliation

.V

Wilbur  Zhenghan Xie Chen
Shirley Wang

* Foliation (I.e. layered structure) determines:
— mobility constraints:

A |
planon lineon fracton
(stuck to (stuck to (stuck to
1 layer) 2 layers) 3 layers)

- ground state degeneracy, entanglement, ...

slides: tinyurl.com/fracton



layers of foliation
are locally level
surfaces of f(x)

Foliation Intuition

N
BN

slides: tinyurl.com/fracton
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Foliation Field Intuition

layers of foliation \ locally define
are locally level foliation field as
surfaces of f(x) e = df
e, 1s closed:
de= 0

slides: tinyurl.com/fracton 28



Foliation Field Intuition

layers of foliation \ locally define
are locally level foliation field as
surfaces of f(x) e = df
e, 1s closed:
de= 0

P

» To define foliation field globally, forget about f(x)

* Define layers to be orthogonal to €, and require de= 0
- i.e. tangent vectors v* of layers are null vectors: vte, =0

slides: tinyurl.com/fracton 29



Foliation Field
S

* Define layers to be
orthogonal to ¢,
and require de = 0

* More generally: de = e A 3 [technical note]
- where [ is a 1-form
- results from e — ~e transformation

— cohomology class of g A dg s the
Godbillon-Vey invariant of the foliation

- often 5 =0

slides: tinyurl.com/fracton
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snolnaid

30



Foliation Field

* Foliating layers are orthogonal to 1-form e,
de = e N

often 3 =0

» Multiple foliation fields ¢”

- k=1,2,..,nr indexes different foliations
- e.g. e"C — 5"“ for flat X-cube foliation

e

slides: tinyurl.com/fracton
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Foliation Field

* Foliating layers are orthogonal to 1-form e,
de = e N

often 3 =0

» Multiple foliation fields ¢”

- k=1,2,..,nr indexes different foliations
- e.g. eﬁ — 5’“ for flat X-cube foliation

e

* All compact orientable three-manifolds admit total foliations (Hardorp 1980)

= These manifolds admit a foliated QFT with fractons

slides: tinyurl.com/fracton
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* Foliating layers are orthogonal to 1 form ek

de® = eF N BF k'l "fes

Slagle 2020

often 5 =0
Foliated QFT

e R
L= —(dB DAA" - “bAad
zk: ( + nxb) 27 ¢

e - 3+1D BF theory
Infinitesimally-spaced stacks

of 2+1D BF theory coupled to:

slides: tinyurl.com/fracton 33



* Foliating layers are orthogonal to 1 form ek

k=1
often 5 =0

Slagle 2020

Foliated QFT

. 1-form gauge fields
not magnetic fleld\ / 2-form gauge field \
My *Y, N N
L = —(dB by N A bAd
Ek ( + nyb) _27T a

e - 3+1D BF theory
Infinitesimally-spaced stacks

of 2+1D BF theory coupled to:

foliated (1+1)-form gauge field: A” /\ﬂek =0

(all gauge fields are compact) non-dynamical foliation field
slides: tinyurl.com/fracton



* Foliating layers are orthogonal to 1- form ek‘

2-form 1- form

M \
L= dB* b A’“ —b e
k 1-form (1+1) -form de — ek A ﬁk

AP A ek =0 el

Intuition: Foliated Gauge Field

* Similar to an independent gauge field on every layer
/\ (but in the continuum)

4_lél(laauyer #1)

\A(layer #2)

(layer #3)

lides: tinyurl.com/fracton 35



* Foliating layers are orthogonal to 1- form ek

2-form 1- form

k=1
My ok p k
L:Z%(CZBk +nb)/\A —b/\da *eg
k 1-form (1+1) form de” = ek/\ﬁk

ANef =0 el

Intuition: Foliated Gauge Field

» Consider flat foliation example: e = dz  (i.e. e, = 5))

1-form

v

‘_A(layer #1)
L= Aodt + Alda: + Agdy

slides: tinyurl.com/fracton 36



* Foliating layers are orthogonal to 1- form ek

*e3

de® = eF A B

2-form 1-form

k=1
M
L=Y" 2—’“(d3k + nb) A AR + —b/\ da
k T 1-form (1+1)-form

AP A ek =0 e1

Intuition: Foliated Gauge Field

» Consider flat foliation example: e = dz  (i.e. e, =4,

foliation constraint

1-form
«A(layer #1) (1+1)-form A A |€ — O
— Agdt + Aydx + Asdy MPIES

A= (Aogdt + Aq3dx + Aggdy)dz

same degrees of freedom
as 1-form in 2+1D!

slides: tinyurl.com/fracton 37



* Foliating layers are orthogonal to 1- form e’f

*es

de® = eF A B

2-form 1-form

k=1
M
L=Y" Z—k(dBk + nb) A AR + —b/\ da
k d 1-form (1+1)-form

AP A ek =0 el

Continuity Requirements

Gauge Field
« Require dA well-defined

slides: tinyurl.com/fracton 38



* Foliating layers are orthogonal to 1- form e’f

2-form 1-form

k=1
M k k
L:ZZW(CZB + ngb) A A% + —b/\da *eg
k 1-form (l+1) form 6 — ek A Bk

ANef =0 el

Continuity Requirements

Gauge Field Foliated Gauge Field

* Require dA well-defined <+ Require dA well-defined

— Does not imply continuity
between layers (as desired)!

e=dz = A= (Apsdt+ Aizdr + Asxzdy)dz

slides: tinyurl.com/fracton 39



* Foliating layers are orthogonal to 1- form e’f

*63

de® = eF A B

2-form 1-form

k=1
M
L=Y" Z—k(dBk + nb) A AR + —b/\ da
k T 1-form (l+1) -form

AP A ek =0 el

Continuity Requirements

Gauge Field Foliated Gauge Field

* Require dA well-defined <+ Require dA well-defined

— Does not imply continuity
between layers (as desired)!

e=dz = A= (Apsdt+ Aizdr + Asxzdy)dz
* Allow delta-functions
-eg. A=xd(2)dy Ndz

is allowed for e = dz

slides: tinyurl.com/fracton 40



* Foliating layers are orthogonal to 1- form e’f

*63

2-form 1-form

k=1
M
L=Y" z—k(dBk + nb) A AR + —b/\ da
k T 1-form (1+1)-form

de® = eF A B
AR Aef =0 el
Continuity Requirements
Gauge Field Foliated Gauge Field

* Require dA well-defined <+ Require dA well-defined

— Does not imply continuity
between layers (as desired)!

e=dz = A= (Apsdt+ Aizdr + Asxzdy)dz
* Allow delta-functions

: -—eg A=zd(z)dy Ndz
QUESthnS? is allowed for e = dz

slides: tinyurl.com/fracton 41




* Foliating layers are orthogonal to 1- form e’f

*eS

de® = eF A B

2-form 1-form

k=1
M,
L:Z 27T(dB/l@’jLn b) A AF + _b/\da ' .
k 1-form (1+1)-form

AP A ek =0 el

Review: Charge Conservation
« Z, BF theory (Z, toric code):

LZEB/\CZA—A/\J—B/\]

| _27T
e gauge invariance:

A— A+dC
B — B+ dy

e conservation of charge and flux:

dJ =dl =0

also constrains gauge invariant operators, eg e’ J AN

slides: tinyurl.com/fracton 42



* Foliating layers are orthogonal to 1- form e’f

*63

de® = e A ¥

2-form 1-form

k=1
M
L=Y" Z—k(dBk + nb) A AR + —b/\ da
Y T 1-form (1+1)-form

AP A ek =0 el

Mobility Constraints
e /T _ ZAk A Jk B a/\](f(possmle fracton)

planon p
* mobility constramts from gauge invariance:
a— a -+ d)\ ~  f# conservation:

dj =0

slides: tinyurl.com/fracton 43
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* Foliating layers are orthogonal to 1- form e’f

2-form 1-form

k=1
M
zzz—k(dBknLnkb)/\Ak —b/\da *eg
Y m 1-form (l+1) -form 6 _ 6]{5 /\ Bk

AP A ek =0 el

Mobility Constraints

e T/ — T _ ZAk A Jk B a/\](f(possmle fracton)

planon p
* mobility constramts from gauge invariance:

a— a -+ d)\ ~  f# conservation:
d =0
Ak Ak —|—d€ - currentthrough layer,
iz dJR NN = —mp g A eR

2 moving f across a
a— a— E mk(: foliation creates planons p

N s tinyurl.com/fracton 44



L

* Foliating layers are orthogonal to 1- form e’f

2-form 1-form

M
=> Z—k(dBk + nb) A AF 4 —b/\da

T
Y 1-form

k=1
*e"ﬂ
(1+1)-form ' ' , 6 _ 6k /\ﬁk

AP A ek =0 el

Mobility Constraints

e T/ — T _ Z Ak A Jk _a A ](f (possible fracton)
planon p
* mobility of f depends on # of foliations with ng # 0
1 foliation: 2 foliations: 3 foliations:
| |
g? ‘L L 7 dJ¥ N et = —my j A e”
— ’)’LkMk
L] mrp = —§
| |
planon lineon fracton
(stuck to (stuck to (stuck to
1 Iayer) 2 Iayers) 3 |ayers)
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* Foliating layers are orthogonal to 1- form e’f

*es

de® = eF A B

2-form 1-form

k=1
M
L=Y" Z—k(dBk + nb) A AR + —b/\ da
Y T 1-form (1+1)-form

AP A ek =0 el

Mobility Constraints

c 7T _ ZBk /\[k _b/\zzﬂuxstrmg
planon m

B*¥ — B* +dy* + m#conserved: dI* =0

B* 5 B¥ 4+ o*¢F © mrestricted to 2D layers: ¥ Aef =0

slides: tinyurl.com/fracton 46



* Foliating layers are orthogonal to 1- form e’f

*63

de® = eF A B

2-form 1-form

k=1
M
L=Y" Z—k(dBk + nb) A AR + —b/\ da
Y T 1-form (1+1)-form

AP A ek =0 el

\ Mobility Constraints

c 7T _ ZBk /\[k _b/\zzﬂuxstrmg
planon m

B*¥ — B* +dy* + m#conserved: dI* =0

B* 5 B¥ 4+ o*¢F © mrestricted to 2D layers: ¥ Aef =0

b — b+ dp “ m bound to flux strings: di = Z ok

B* — B* —niu

slid&s: tinyurl.com/fracton 47



* Foliating layers are orthogonal to 1- form e’f

*63

de® = eF A B

2-form 1-form

k=1
M
L=Y" Z—k(dBk + nb) A AR + —b/\ da
Y T 1-form (1+1)-form

AP A ek =0 el

\ Mobility Constraints

c 7T _ ZBk /\[k _b/\zzﬂuxstrmg
planon m

B*¥ — B* +dy* + m#conserved: dI* =0

B* 5 B¥ 4+ o*¢F © mrestricted to 2D layers: ¥ Aef =0

b— b+ du ~ m bound to flux strings: di = Z gl

B* — B* —niu g””eoni k
slid&: tinyurl.com/fracton 48



* Foliating layers are orthogonal to 1- form e’f

*e?)

de® = eF A B

2-form 1-form

k=1
M.
L:Z%(dBknLnb)/\Ak —b/\da ‘ '
k 1-form (1+1)-form

AP A ek =0 e1

Matches X-cube Model

f
i A lineon left
behind

fracton
excitation

Pauli Z operators
I
Pauli X operators | X actlng on ground state
X\ /X

acting on ground state
lineon exc:|tat|on

slides: tinyurl.com/fracton 49



* Foliating layers are orthogonal to 1- form e’f

*e?)

de® = eF A B

2-form

M 1-form k=1
L:Z%(dBknLnb)/\Ak —b/\da ‘ '
k 1-form (1+1)-form

AP A ek =0 e1

kon k_ -k k_
I'=L-) A*AJ*—anj—) B*AI¥—bni dJ" Net = —myj e dI” = di:anI’“
k k

move pair of
5 1 .
fractons el fM A — elfA/\J . 1 2
i [ (dBY4+mnyb ¢! Jm(B —B)
or lineons: ¢! S +n1b) move lineon along

intersection of two layers

(n1 =n2)
slides: tinyurl.com/fracton 50
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* Foliating layers are orthogonal to 1- form ek

*eg

de® = eF A B

2-form

M 1-form k=1
L:Z%(dBknLnb)/\Ak —b/\da ' '
k 1-form (1+1)-form

AP A ek =0 e1

kon k_ Ak k_
I'=L-) A*AJ*—anj—) B*AI¥—bni dJ" Net = —myj e dI” = di:anI’“
k k

move pair of
5 1 .
fractons 61 fM A — elfA/\J . 1 2
i [ (dB*+n1b e In(B =5
or lineons: ¢! S +n1b) move lineon along

intersection of two layers

(n1 =n2)
slides: tinyurl.com/fracton 51
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Conclusions

* U(1) fracton models only gauge invariant on certain manifolds

symmetric tensor gauge theory gauge invariant manifold
3D gapless traceless scalar Einstein R,j, o< gup
3D gapless traceless vector FEinstein with constant curvature
2D gapped traceless scalar constant curvature
2D gapless traceless scalar constant curvature

any-D gapless traceful scalar flat

any-D gapless traceful vector flat

KS, Prem, Pretko 2018
* Foliated QFT for many type-I fracton models

L= Z dBk—Fnkb)/\Ak—l——b/\da@ W v

Ak/\e =0 de* = ek A F often 5 =0

- Resembles coupled BF theories with a
foliation-dependent constraint

Slagle 2020

- Gauge Invariance enforces particle mobility constraints
kslagle@caltech.edu
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* Foliating layers are orthogonal to 1-form e’f

2-form

M;,
L=>Y -~ o “(dB* + npb) A A* + —b/\da

1-form (l+1) form

k=1
999
de® = eF A B

ANef =0 el

Mobility Constraints

dJ¥ Nef = —j nef
dIi®* =0, I"Aef =0
dj =0

:Z]’ﬂ
k

JE — JF 4 oF A eF

Equations of Motion

M
k(dBk+n b) AeF = JF A e”
27
M
Tk dAk = I*
2T
N
oAb =
27 J
N k:
o da+2mkA
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* Foliating layers are orthogonal to 1- form e’f

2-form 1-form

k=1
L:Z%(dBknLnkb)/\Ak —b/\da *eg
k T 1-form (1+1)-form de — ek A Bk
AR Aef =0 el
Quantized Coefficients
AR — AF + d¢* B* — B* +dx" —nip
a—a +d\ —Z@Ck b— b + dy

e compact gauge flelds implies: my, = ’"”3{‘,4’“ c Zand ny € Z

slides: tinyurl.com/fracton 54



* Foliating layers are orthogonal to 1- form e’f

2-form 1-form

k=1
L:Z%(dBMnkb)AA’f —b/\da *eg
k T 1-form (1+1)-form d@ _ Gk A Bk
AR A b =0 e1
Quantized Coefficients
AR — AF + d¢* B* — B* +dx"* — npu
a—a +dx =) m(" b— b + du

» compact gauge fields implies: m; = = ¢ Zand ny, € Z

1 1
jlgL%fL#—ZMk%jg(dB’“/\de+dx”“/\dAk)+N%j£(db/\d)\+du/\da)
k N _

~ ~~

c2n/ c2n/

* large gauge transformation invariance implies: M, N € Z
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* Foliating layers are orthogonal to 1-form e’f

2-form

M.
L= 22— (dB* + nyb) A AF +
k

1-form ‘(14‘1) form

1-form

k=1
_b/\da ’ .'*ea
de® = eF A B

\A’“/\e = () el

Coefficient Identification

Equations of motion:
db =dA* =0

27
he Zi7
ﬁ'{EN

27T
A e 27
7{ = M,

\

integrate over a
2-manifold between layers:

AN
AN
\

knk /b/\A’“ = QWZ —7

k

same action:
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Foliated Fracton Order (FFO)

* Exfoliation: a local unitary can decouple a layer:
(generalized) Shirley, Slagle, Chen 2017

finite depth

_ local unitary
toric code betweer.

ground states

Lx L xL (IR duality) RES Gl
X-cube e X-cube

* Toric code anyons become X-cube planons

- Ground state degeneracy on a torus 225« 2Ly +2L:=3
Is absorbedvia L, - L, +1
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Foliated Fracton Order (FFO)

* Exfoliation: a local unitary can decouple a layer:
(generalized) Shirley, Slagle, Chen 2017

finite depth

local unitary

toric code betweer.

ground states

Lx L xL (IR duality) RES Gl
X-cube e X-cube

* Toric code anyons become X-cube planons

- Ground state degeneracy on a torus 22tz 2Ly +2L:=3
Is absorbedvia L, - L, +1

* |t's not possible to decouple all layers
- On a lattice, at least one layer must remain

slides: tinyurl.com/fracton
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* Foliating layers are orthogonal to 1- form e’f

2-form 1-form

k=1
7P
L= ZZ—dBk+nb)AAk —b/\da *eg
k 1-form (1+1)-form deF = e* A ﬁk

AP A ek =0 el

Exfoliation in Foliated QFT

* Exfoliate all layers within 21 < z < 22 (e1 = dz):

i o ~(> ny 2<210rz>2zy
- C. nN1(z2) =
0 zn<z<2

slides: tinyurl.com/fracton 59



* Foliating layers are orthogonal to 1- form e’f

M, 2-form Liorm k=1
k k
L= ZZ—dB + nib) A AF + —b/\da *eg
k 1-form (1+1)-form de — ek A Bk
AR A eF

Exfoliation in Foliated QFT

* Exfoliate all layers within 21 < z < 22 (e1 = dz):

i o i1 (2) ny 2<2z10rz= 2z
- C. nN1(z2) =
0 z1 <2<z

— claim: this interface can be created and moved by a duality transformation:

- a L2y Ot S 2
a$>a= ——
a-l—mlleA 21 < 2 < 29

Al & A! :Al-l—é(z—zz)f dz A'

Bl o Bl — B! z<zyo0rzp <z
B'—B(z)+n [0 21 <z< 2
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* Foliating layers are orthogonal to 1- form e’f

2-form 1-form

k=1
M k k
L:ZZW(dB + ngb) A A% + —b/\da *eg
k 1-form (1+1) form 6 _ Gk A Bk

ANef =0 el

review: Gauge Fields

* Gauge fields on different patches (charts) i, 7, k of
spacetime are defined up to:

- O-form gauge field: A; — A, € 277 (o)
- 1-form gauge field: A; — A; = dg;;
* Transition functions g, ] satisfy cocycle condition

gij + 9jk + gki € 2L @
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* Foliating layers are orthogonal to 1- form ek‘

2-form 1- form

k=1
M, |
L= FBk b) A AF + —b d
Z 271'( h + ng )/\ N da *e
k 1-form (1+1) -form d@ — e /\ﬁk

AP A ek =0 el

Intuition: Foliated Gauge Field

* Transition function for each layer

/\ (but in the continuum)
<_A(layer #1) -t A(layer #1) A(layer #1) _ d (layer #1)
\gN layer #2 layer #2 layer #2
\A(layel” #2) - Az(, y ) —A§- % ) _ dgﬁj y )

A(la.yer A3 )
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* Foliating layers are orthogonal to 1- form e’f

*es

2-form 1-form

k=1
M
L=Y" Z—k(dBk + nb) A AR + —b/\ da
k T 1-form (1+1)-form

de® = eF A B
AR Aef =0 el
1-form ﬁ Foliated (1+1)-form
Gauge Field Gauge Field
1-form O-form (1+1)-form (0+1)-form

A; — Aj = dgiy A — Aj = dg;;

gij is also foliated: g;; A e = 0
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* Foliating layers are orthogonal to 1- form e’f

*e3

2-form 1-form

k=1
M
L=Y" Z—k(dBk + nb) A AR + —b/\ da
k T 1-form (1+1)-form

de® = eF A B
AR Aef =0 e1
1-form ﬁ Foliated (1+1)-form
Gauge Field Gauge Field
1-form O-form (1+1)-form (0+1)-form

A, — A = dg;, A; — Aj = dgi;

gij I1s also foliated: gij e = ()

gij + ik + ki € 2w, ' /gzj _I_gjk + gki € 2L

any line segment
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Ground State Degeneracy

* solve equations of motion and plug into action:

/ dz” pf (t, %) Bugp (¢, )
k;éb

0<2<ly, 0y <y, 0<2<,, h =45F

* add a cuttoff for finite degeneracy: a; ~ é_k
‘)

SN—Z Z Pk( )at%(

k?éb Q?k O(Lk (Lk l)ak
where ¢“(¢,0) = p*(,0) = 0 if e*** =1

+ degeneracy = N2ret2Lby+2L:=3
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Lattice Model

2D toric code coupled to
defect layer 3D toric code

L7277 XXXX X 277 77 XXXXXX

—— L |

+ L] -
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Example: Discrete Disclination Curvature

emit dipole

fracton

move dipole fracton moved!
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