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Motivation

Non-relativistic (NR) symmetries provide non-AdS scenarios to study the
AdS/CFT correspondence.
They play an important role in condensed matter systems where some aspects of
the holographic conjecture could be experimentally tested.
Newton-Cartan Geometry is the natural geometric framework for these systems.
Three-dimensional models of non-relativistic gravity provide interesting tractable
models.
Extensions of Non-relativistic symmetries, such as the NR Maxwell algebra,
incorporate constant background fields.
They define extended Newton-Cartan geometries and it is worth to analyze their
implications
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Non-relativistic systems are characterized by Galilean symmetries
The Galilei algebra

rGa,Hs “ Pa , rJab , Jcd s “ 4δrarcJdsbs ,
rJab ,Gc s “ 2δcrbGas , rJab ,Pc s “ 2δcrbPas rGa,Pbs “ δabM

It is the c Ñ8 NR contraction of the Poincaré algebra

Jab “ Jab , H “ c P0 ,`X M “
1
2c pP0 ´ X q

Ga “
1
c J0a , Pa “ Pa

where JAB “
 

J0a,Jab
(

, PA “
 

P0,Pa
(

, are the Poincaré generators

rJAB ,PC s “ 2ηCrBPAs , rJAB ,JCDs “ 4ηrArC JDsBs ,
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Non-relativistic systems are characterized by Galilean symmetries
The Bargmann algebra

rGa,Hs “ Pa , rJab , Jcd s “ 4δrarcJdsbs ,
rJab ,Gc s “ 2δcrbGas , rJab ,Pc s “ 2δcrbPas rGa,Pbs “ δabM

as the c Ñ 8 NR contraction of the Poincaréˆup1qalgebra

Jab “ Jab , H “ c pP0`X q , M “
1
2c pP0 ´ X q

Ga “
1
c J0a , Pa “ Pa

where JAB “
 

J0a,Jab
(

, PA “
 

P0,Pa
(

, are the Poincaré generators

rJAB ,PC s “ 2ηCrBPAs , rJAB ,JCDs “ 4ηrArC JDsBs ,

An Extended Bargmann algebra can be defined in 2+1 dimensions
[Lévy-Leblond(1993), Bose(1995), Grigore(1996)]

rJ,Gas “ ε b
a Gb , rJ,Pas “ ε b

a Pb , rH,Gas “ ε b
a Pb ,

rGa,Gbs “ ´εabS , rGa,Pbs “ ´εabM ,
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In analogy with AdSÑ Poincaré, the Newton-Hooke algebra generalizes the Galilei
algebra to include cosmological constant.

rGa,Hs “ Pa , rJab , Jcd s “ 4δrarcJdsbs ,
rJab ,Gc s “ 2δcrbGas , rJab ,Pc s “ 2δcrbPas , rGa,Pbs “ δabM
rPa,Hs “ ΛGa , rPa,Pbs “ ´ΛJab

In 2+1 dimensions This algebra can be similarly extended

rJ,Gas “ ε b
a Gb , rJ,Pas “ ε b

a Pb , rH,Gas “ ε b
a Pb ,

rGa,Gbs “ ´εabS , rGa,Pbs “ ´εabM ,

rPa,Pbs “ Λεab S , rH,Pas “ ´Λε b
a Gb .

It reduces to the Bargmann algebra when Λ Ñ 0
Newton-Cartan geometry can be obtained from gauging the Bargmann algebra
[Andringa,Bergshoeff,Panda,Roo(2011)]

Supersymmetric and Higher-Spin extensions of these algebras have been found
[Bergshoeff,Rosel(2016)][Bergshoeff,Grumiller,Prohazka,Rosseel(2016)]

Scḧrodinger extension of these symmetries is related to Horava-Lifshitz gravity
[Hartong,Lei,Obers(2016)]
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Maxwell algebra

The Maxwell algebra is an extension of the Poincaré symmetry
[Schrader(1972)]

rJAB ,PC s “ 2ηCrBPAs , rJAB ,JCDs “ 4ηrArC JDsBs ,

rPA,PBs “ ZAB , rJAB ,ZCDs “ 4ηrArC ZDsBs ,

It describes particle systems in the presence of a constant electromagnetic field
[Bacry(1970)][Negro,Olmo(1990)] [Gibbons,Gomis,Pope(2010)] [Gomis,Kleinschmidt(2017)]

It has been used to construct gravity theories that extend GR
[de Azcarraga,Kamimura,Lukierski(2011)][Concha,Peñafiel,Rodríguez,Salgado(2013)]

Extensions to Supergravity and Higher-Spin theories have been formulated
[Bonanos,Gomis,Kamimura,Lukierski(2010)][Fedoruk,Lukierski(2013)][de Azcarraga,Izquierdo,Lukierski,Woronowicz(2913]

[Caroca,Concha,Fierro,Rodríguez,Salgado-Rebolledo(2018)][Concha,Ravera,Rodríguez(2019)]

2+1-dimensional Maxwell-invariant gravity as a Chern-Simons theory
[Salgado,Szabo,Valdivia(2014)]

The asymptotic symmetry of the theory is an extension of the bms3 algebra
[Concha,Merino,Miskovic,Rodríguez, Salgado-Rebolledo,Valdivia(2011)]

First order formulation of Callan-Giddings-Harvey-Strominger dilaton gravity
[Cangemi,Jackiw(1992)][Afshar,Gonzalez,Grumiller,Vassilevich(2020)]

Geometric description of a topological insulator [Palumbo(2017)]
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A similar c Ñ8 contraction leads to the NR Maxwell algebra
[González,Rubio,Salgado,Salgado(2020)] [Gomis,Kleinschmidt,Palmkvist(2020)]

Jab “ Jab , H “ c P0 , Zab “ c2 Zab ,

Ga “
1
c J0a , Pa “ Pa , Za “ c Z0a

where JAB “
 

J0a,Jab
(

, PA “
 

P0,Pa
(

,ZAB “
 

Z0a,Zab
(

, are the Maxwell
generators

rGa,Hs “ Pa , rJab , Jcd s “ 4δrarcJdsbs ,
rJab ,Gc s “ 2δcrbGas , rJab ,Pc s “ 2δcrbPas , rJab ,Z c s “ 2δcrbZas
rPa,Hs “ Za , rJab ,Z cd s “ 4δrarcZdsbs , rZab ,Gc s “ 2δcrbZas

Other NR Maxwell algebras exist [Becker,Hussin(1983)][Gomis,Kleinschmidt,Palmkvist(2020)]

In 2+1 dimensions the algebra can be extended

rJ,Gas “ ε b
a Gb , rJ,Pas “ ε b

a Pb , rH,Gas “ ε b
a Pb ,

rGa,Gbs “ ´εabS , rGa,Pbs “ ´εabM ,

rJ,Zas “ ε b
a Zb , rH,Pas “ ε b

a Zb , rZ ,Gas “ ε b
a Za ,

rPa,Pbs “ ´εabT , rGa,Zbs “ ´εabT .



NR symmetries Nappi-Witten algebra
Expansions of Nappi-Witten

Extended Nappi-Witten algebra and FQHE

The corresponding Chern-Simons theory leads to NR Maxwell gravity
[Avilés,Frodden,Gomis,Hidalgo,Zanelli(2018)]

The NR Maxwell algebra naturally appears in the description of anyons
[Duval,Horvathy(2000)],[Horvathy,Martina,Stichel(2005)]

The Maxwell algebra can be extended to include a cosmological constant:
(A)dS-Lorentz algebra [Soroka,Soroka(2009)][Gibbons,Gomis,Pope(2010)]

rJAB ,PC s “ 2ηCrBPAs , rJAB ,JCDs “ 4ηrArC JDsBs ,

rPA,PBs “ ZAB , rJAB ,ZCDs “ 4ηrArC ZDsBs ,

rZA,PBs “ ´Λ2ηCrBPAs , rZAB ,ZCDs “ ´Λ4ηrArC ZDsBs ,

Analogy with AdS Ñ Poincaré
It reduces to the Maxwell algebra in the limit Λ Ñ 0
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It has been used to define Supergravity and Higher-spin theories
[Fierro,Izaurieta,Salgado,Valdivia(2014)][Banaudi,Ravera(2018)][Caroca,Concha,Fierro,Rodríguez,Salgado-Rebolledo(2018)]

Extension of the bms3 algebra [Concha,Merino,Rodríguez, Salgado-Rebolledo,Valdivia(2011)]

The (A)dSL symmetry allows to define relativistic extensions of the Wen-Zee term.
[Durka,Kowalski-Gilkman(2019)]

A NR limit of the (A)dSL algebra can be defined
In 2+1 dimensions it can be further centrally extended

rJ,Gas “ ε b
a Gb , rJ,Pas “ ε b

a Pb , rH,Gas “ ε b
a Pb ,

rGa,Gbs “ ´εabS , rGa,Pbs “ ´εabM ,

rJ,Zas “ ε b
a Zb , rH,Pas “ ε b

a Zb , rZ ,Gas “ ε b
a Za ,

rPa,Pbs “ ´εabT , rGa,Zbs “ ´εabT .

rZ ,Zas “ ´Λε b
a Zb , rPa,Zbs “ ΛεabM , rZa,Zbs “ ΛεabT ,

rH,Zas “ ´Λε b
a Pb , rZ ,Pas “ ´Λε b

a Pb .
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Extended Bargmann/ Newton-Hooke´ in 2+1 dimensions

rJ,Gas “ ε b
a Gb , rJ,Pas “ ε b

a Pb , rH,Gas “ ε b
a Pb ,

rGa,Gbs “ ´εabS , rGa,Pbs “ ´εabM ,

rPa,Pbs “ ´
1
`2 εab S , rH,Pas “

1
`2 ε

b
a Gb

Extended NR Maxwell/ NR AdSL in 2+1 dimensions

rJ,Gas “ ε b
a Gb , rJ,Pas “ ε b

a Pb , rH,Gas “ ε b
a Pb ,

rGa,Gbs “ ´εabS , rGa,Pbs “ ´εabM ,

rJ,Zas “ ε b
a Zb , rH,Pas “ ε b

a Zb , rZ ,Gas “ ε b
a Za ,

rPa,Pbs “ ´εabT , rGa,Zbs “ ´εabT .

rZ ,Zas “
1
`2
ε b

a Zb , rPa,Zbs “ ´
1
`2
εabM , rZa,Zbs “ ´

1
`2
εabT ,

rH,Zas “
1
`2
ε b

a Pb , rZ ,Pas “
1
`2
ε b

a Pb

These algebras and some generalizations can be systematically constructed using
the Nappi-Witten symmetry
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Outline

1 NR symmetries Nappi-Witten algebra

2 Expansions of Nappi-Witten

3 Extended Nappi-Witten algebra and FQHE
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Nappi-Witten algebra

Nappi-Witten (nw) algebra: central extension of the isop1, 1q algebra
[Cangemi,Jackiw(1992)][Nappi,Witten(1993)]

We will consider the analogous extension of the E2 algebra
[Figueora-O’Farrill,Stanciu (1994)]

rJ,Pas “ ε b
a Pb rPa,Pbs “ ´εabT

Isomorphic to the Newton-Hooke2 algebra
[Alvarez,Gomis,Kamimura,Plyushchay(2008)]

and to the Maxwell algebra in 1+1 dimensions
[Afshar,Gonzalez,Grumaller,Vassalevach(2020)]

Invariant bi-linear form

xJJy “ µ0 , xPaPby “ µ1δab , xJTy “ ´µ1

nw can be used as a building block of NR symmetries in 2+1 dimensions
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First example:

nwˆ nw – Ext. Newton´Hooke´3
Consider two copies of nw

rJ,Pas “ ε b
a Pb , rPa,Pbs “ ´εabT ÝÑ rt, tas “ ε b

a tb , rta, tbs “ ´εabτ

“

t˘, t˘a
‰

“ ε b
a t˘b ,

“

t˘a , t˘b
‰

“ ´εab τ˘ ,

and the redefinition

t˘a “
1
2 pGa ˘ `Paq , t˘ “ 1

2 pJ ˘ `Hq , τ˘ “
1
2 pS ˘ `Mq ,

The new generators satisfy the Extended Newton-Hooke´3 algebra
[Alvarez,Gomis,Kamimura,Plyushchay(2008)][Papageorgiou,Schroers(2010)] [Hartong,Lei,Oling,Obers(2017)]

rJ,Gas “ ε b
a Gb , rJ,Pas “ ε b

a Pb , rH,Gas “ ε b
a Pb ,

rGa,Gbs “ ´εabS , rGa,Pbs “ ´εabM ,

rPa,Pbs “ ´
1
`2 εab S , rH,Pas “

1
`2 ε

b
a Gb .
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In the limit `Ñ8 we find the Extended Bargmann algebra

rJ,Gas “ ε b
a Gb , rJ,Pas “ ε b

a Pb , rH,Gas “ ε b
a Pb ,

rGa,Gbs “ ´εabS , rGa,Pbs “ ´εabM ,

The Extended Bargmann algebra can also be constructed as

nw˙ad nwAb – Ext. Bargman3

The bracket of a semidirect sum algebra has the general form

rpX , αq , pY , βqs “
´

rX ,Y s, rX , βs ´ rY , αs
¯

.

The Extended Bargmann algebra is recovered when setting

J ” pt, 0q , H ” p0, tq ,
Ga ” pta, 0q , Pa ” p0, taq ,

S ” pτ , 0q , M ” p0, τ q
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One can generalize the previous result

nwˆ nwˆ nw – Ext. NR AdSL3

Consider three copies of nw, tt˘, t˘a , τ˘u, tt̂, t̂a, τ̂u and define the new basis

J “ t` ` t´ ` t̂ H “
1
`

`

t` ´ t´
˘

, Z “
1
`2

`

t` ` t´
˘

,

Ga “ t`a ` t´a ` t̂a , Pa “
1
`

`

t`a ´ t´a
˘

, Za “
1
`2

`

t`a ` t´a
˘

,

S “ τ` ` τ´ ` τ̂ , M “
1
`

`

τ` ´ τ´
˘

, T “
1
`2

`

τ` ` τ´
˘

,

which satisfies the Extended NR-AdSL algebra

rJ,Gas “ ε b
a Gb , rJ,Pas “ ε b

a Pb , rH,Gas “ ε b
a Pb ,

rGa,Gbs “ ´εabS , rGa,Pbs “ ´εabM ,

rJ,Zas “ ε b
a Zb , rH,Pas “ ε b

a Zb , rZ ,Gas “ ε b
a Za ,

rPa,Pbs “ ´εabT , rGa,Zbs “ ´εabT .

rZ ,Zas “
1
`2
ε b

a Zb , rPa,Zbs “ ´
1
`2
εabM , rZa,Zbs “ ´

1
`2
εabT ,

rH,Zas “
1
`2
ε b

a Pb , rZ ,Pas “
1
`2
ε b

a Pb .
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In the limit `Ñ8 this reduces to the Extended NR Maxwell symmetry

rJ,Gas “ ε b
a Gb , rJ,Pas “ ε b

a Pb , rH,Gas “ ε b
a Pb ,

rGa,Gbs “ ´εabS , rGa,Pbs “ ´εabM ,

rJ,Zas “ ε b
a Zb , rH,Pas “ ε b

a Zb , rZ ,Gas “ ε b
a Za ,

rPa,Pbs “ ´εabT , rGa,Zbs “ ´εabT .

The Extended NR Maxwell algebra can also be constructed as

nw˙ad nwExt
Ab – Ext. NR Maxwell3

nwExt
Ab : pα, aq ˆ̀ pβ, bq “

ˆ

α` β , a ` b ` 1
2 rα, βs

˙

.

The bracket of this algebra has the general form [PSR(2019)]

rpX , α, aq , pY , β, bqs “
´

rX ,Y s, rX , βs ´ rY , αs, rX , bs ´ rY , as ` rα, βs
¯

.

The Extended NR Maxwell algebra is recovered when setting
tJ,Ga,Su ” ptt, ta, τu, 0, 0q , tH,Pa,Mu ” p0, tt, ta, τu, 0q ,
tZ ,Za,Tu ” p0, 0, tt, ta, τuq
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Expansions of nw

The previous results can be alternatively obtained by means of Lie algebra
expansions
[Hatsuda,Sakaguchi(2003)] [de Azcárraga, Picón, Varela(2003)] [Izaurieta,Rodríguez,Salgado(2006)]

Consider once again the nw algebra

rt, tas “ ε b
a tb , rta, tbs “ ´εab τ ,

Semigroup
λi ¨ λj “ λi˛j ,

The expanded algebra as given by

S ˆ nw “
 

S b tt, ta, τu
(

,

Expanded generators

tpiqa “ λi b ta , tpiq “ λi b t , τ piq “ λi b τ ,
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The expanded algebra has the form
”

tpiq, tpjqa

ı

“ ε b
a tpi˛jq

b ,
”

tpiqa , tpjqb

ı

“ ´εabτ pi˛jq .

Consider the semigroups

SpnqM “ tλ0, . . . , λnu i ˛ j “
"

i ` j if i ` j ď n ,
i ` j ´ 2

“ n`1
2
‰

if i ` j ą n .

SpnqE “ tλ0, . . . , λn`1u i ˛ j “
"

i ` j if i ` j ď n ,
n ` 1 if i ` j ą n .

n “ 1: Ext. Newton-Hooke / Ext. Bargmann

Ga “ tp0qa , J “ tp0q , S “ τ p0q ,

Pa “ tp1qa , H “ tp1q , M “ τ p1q

n “ 2: Ext. NR AdSL / Ext. NR Maxwell

Za “ tp2qa , Z “ tp2q , T “ τ p2q

Reduction [Izaurieta,Rodríguez,Salgado(2006)]

tpn`1q “ tpn`1qa “ τ pn`1q ” 0 ,
n ą 2 More general NR symmetries
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The method allows to construct NR gravity theories invariant under these NR
symmetries in a systematic way
This can be done by defining a connection on S ˆ nw,

A “
N
ÿ

i“0

´

θa
piq tpiqa ` αpiq tpiq ` βpiq τ piq

¯

,

and defining the Chern-Simons action

S “
ż
B

A^ dA` 2
3 A^ A^ A

F

,

The general result is

LSˆnw “

N
ÿ

i,j“0
µi˛j

´

δabθ
a
piq ^ Rb

pjq ´ αpiq ^ βpjq ´ βpiq ^ αpjq

¯

`

N
ÿ

i,j“0
νi˛jαpiq ^ αpjq ,

where we have defined Ra
piq “ θa

piq `
řN

j,k“0 ε
a

b δ
j˛k
i θb

pkq ^ αpjq

Supersymmetric extension [Concha,Ipinza,Ravera,Rodríguez (2020)]
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The n “ 1 case reproduces Extended Bargmann and Extended Newton-Hooke
gravity in 2+1 dimensions
[Papageorgiou,Schroers(2009)][Bergshoeff,Rosseel(2016)][Hartong,Lei,Obers(2016)]

θa
p0q “ ωa , αp0q “ ω , βp0q “ s ,

θa
p1q “ ea , αp1q “ h , βp1q “ m ,

Using the semigroup SE , the n “ 2 case reproduces Extended NR Maxwell gravity
[Avilés,Frodden,Gomis,Hidalgo,Zanelli(2018)

θa
p2q “ ka , αp2q “ k , βp2q “ ´t .

Using the semigroup SM , the n “ 2 case corresponds to Extended NR AdSL
gravity, which reduces to the Maxwellian case in the cosmological constant
vanishes [Peñafiel,Salgado-Rebolledo(2019)][Concha,Rodríguez(2019)]

For n ą 2, more general NR gravity theories in 2+1 dimensions can be constructed
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Quantum Hall effect

The quantum Hall effect is the quantization of the conductance in two-dimensional
electron systems under the presence of a strong external magnetic field
Hall law

Ji “ ´
ν

2π εijEj

It can be obtained as the field equation of a Chern-Simons action

S “ ν

4π

ż

d3xεµνρAµνAρ ` JµAµ

The conductance ν is restricted to take integer values
It was later discovered that ν can take fractional values: Fractional Quantum Hall
Effect
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The values v “ 1{2p ` 1 correspond to Laughling states
An effective description can be obtained by introducing an emergent field a and
considering the effective action
[Wen(2007)]

S “
ż
ˆ

´
q
4π ada ` 1

2πAda
˙

Integrating out the field a leads to a Chern-Simons theory with fractional
conductance

S “ ν

4π

ż

AdA , ν “
1
q

When the QHE takes places on a curved surface, the Wen-Zee and a gravitational
Chern-Simons term are relevant
[Wen,Zee(1993)][Fröhlich,Studer(1993)][Gromov,Cho,You,Abanov,Fradkin(2015)][Moroz,Hoyos,Radzihovsky(2015)] [Bradlyn,Read(2015)]

[Gromov,Jensen,Abanov(2016)][Capelli,Randellini(2016)]

S “
ż
„ˆ

ν s̄2

4π ´
c

48π

˙

ωdω ` ν

4π AdA` ν s̄
2πAdω



The Quantum Hall effect can be described in terms of Newton-Cartan geometry
[Son(2013)][Geracie,Son,Wu,Wu(2015)]
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The Extended NR Maxwell/ NR AdSL algebra in 2+1 dimensions is expected to
play a role in the description of NR systems in the presence of a constant
electromagnetic field

rJ,Gas “ ε b
a Gb , rJ,Pas “ ε b

a Pb , rH,Gas “ ε b
a Pb ,

rGa,Gbs “ ´εabS , rGa,Pbs “ ´εabM ,

rJ,Zas “ ε b
a Zb , rH,Pas “ ε b

a Zb , rZ ,Gas “ ε b
a Za ,

rPa,Pbs “ ´εabT , rGa,Zbs “ ´εabT .

rZ ,Zas “ ε b
a Zb , rPa,Zbs “ ´εabM , rZa,Zbs “ ´εabT ,

rH,Zas “ ε b
a Pb , rZ ,Pas “ ε b

a Pb

It contains a Nappi-Witten subalgebra tJ,Pa,Tu
Based on the previous discussion one can associate

ω Ñ J , A Ñ T

The field a is missing



NR symmetries Nappi-Witten algebra
Expansions of Nappi-Witten

Extended Nappi-Witten algebra and FQHE

Extended Nappi-Witten algebra

Consider once again the nw algebra

rJ,Pas “ ε b
a Pb rPa,Pbs “ ´εabT

We add a up1q generator Y associated to an emergent gauge field a

A “ ωJ ` eaPa ` AT ` aY .

Admits a non-degenerate invariant bilinear form

xJJy “ µ0 , xPaPby “ µ1δab , xJT y “ ´µ1 , xYJy “ ρ0 , xYY y “ ρ1 .

The corresponding Chern-Simons action reads

S “ k
4π

ż

«

µ0 ωdω ` µ1ea
´

dea ` εabebω
¯

´ 2µ1Adω ` 2ρ0adω ` 2ρ1ada
ff

This action does not contain the term Ada, which is crucial to describe the FQHE.
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This term can be generated by introducing the shift

ω Ñ ω ` βa A “ pω ` βaqJ ` eaPa ` AT ` aY .

The action takes the form

S “ k
4π

ż

«

µ0 ωdω ` µ1 ea
´

dea ` εabebω ` βεabeba
¯

´ 2µ1 Adω ´ 2µ1β Ada ` 2pρ0 ` βµ0q adω ` p2ρ1 ` 2ρ0β ` β2q ada
ff

,

Varying with respect to ea we find

T a
` βεa

beba “ 0

Using this condition we can eliminate the zweibein from the action.
Renaming

ν0 “ ρ0 ` βµ0 , ν1 “ 2ρ1 ` 2ρ0β ` β2
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The action now looks like

S “ k
4π

ż

«

µ0 ωdω ´ 2µ1 Adω ´ 2µ1β Ada ` 2ν0 adω ` ν1 ada
ff

,

Note that the connection can be put in the form
A “ ωJ ` eaPa ` AT ` aZ

where we have defined
Z “ Y ` βJ

This leads to the Extended nw algebra
rPa,Pbs “ ´εabT , rJ,Pas “ ε b

a Pb , rZ ,Pas “ βε b
a Pb ,

Integrating out the field a and using the following identifications of the parameters

k “ µ3 “ 1, µ1 “ 2s̄ν, µ0 “
c
12 ,

µ2 “ s̄
?
ν, β “

1
2s̄
?
ν
,

we obtain the effective action that we considered before

S “
ż
„ˆ

ν s̄2

4π ´
c

48π

˙

ωdω ` ν

4π AdA` ν s̄
2πAdω



,
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The Extended nw can be naturally embedded in the NR AdSL symmetry

rJ,Gas “ ε b
a Gb , rJ,Pas “ ε b

a Pb , rH,Gas “ ε b
a Pb ,

rGa,Gbs “ ´εabS , rGa,Pbs “ ´εabM ,

rJ,Zas “ ε b
a Zb , rH,Pas “ ε b

a Zb , rZ ,Gas “ ε b
a Za ,

rPa,Pbs “ ´εabT , rGa,Zbs “ ´εabT .

rZ ,Zas “ ε b
a Zb , rPa,Zbs “ ´εabM , rZa,Zbs “ ´εabT ,

rH,Zas “ ε b
a Pb , rZ ,Pas “ ε b

a Pb

A Chern-Simons theory for the NR AdSL algebra involves a connection of the form

A “ ωJ ` τH ` aZ ` ωaGa ` eaPa ` kaZa `mM ` sS ` AT

The geometric model previously constructed is recovered when fixing the gauge

τµ “ δ0µ , ωa
µ “ 0

and setting
ka
µ “ 0 , mµ “ 0 “ sµ .
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Conclusions and future directions

We have shown how NR symmetries in 2+1 dimensions can be constructed out of
the Nappi-Witten symmetry
In particular we have found the NR version of the AdSL algebra
Expansions of the nw algebra lead to two different families of NR symmetries
The method allows to find NR Chern-Simons gravity theories that generalize
Extended Bargmann3 and Extended Newton-Hooke3 gravities.
An extension of the nw algebra allows to reproduce a geometric model for the
FQHE.
The Extended nw symmetry can be naturally embedded in the NR AdSL algebra
Bi-metric theories and Higher-Spin fields have been considered in the description of
the FQHE.
[Capelli,Randellini(2015)][Gromov,Son(2017)]

FD: To generalize of the previous results to bi-metric theories. Analyze the role of
Za or go to n ą 2 in the expansion.
Higher-Spin Extensions of the Maxwell and AdS-Lorentz algebra in 2+1
dimensions and Chern-Simons theories have been previously studied
[Caroca,Concha,Fierro,Rodríguez,Salgado-Rebolledo(2018)] [Salgado-Rebolledo(2019)]
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Conclusions and future directions

These theories generalize previous Higher-Spin gravity theories based on the AdS
or Poincaré algebras [Campoleoni,Fredenhagen,Pfenninger,Theisen(2010)][Gonzalez,Pino(2014)]

FD: To consider the following novel Higher-Spin Extension of the nw algebra
(Work in progress) [Caroca,Palumbo,Peñafiel,Salgado-Rebolledo]

rt, Ti s “ ε j
i Tj , rt, Tij s “ εk

aTjqk

rti , Tjk s “ ´εipj kq , rτ, Ti s “ ε j
i j , ri , Tj s “ εijτ

rTi , Tj s “ εij t , rt,i s “ ε j
i j , rTij , Tkl s “

`

ηipkεlqj ` ηjpkεlqi
˘

τ

rti , Tj s “ ´ε
k

i Tjk ´ εijη
klTkl , rTij , Tk s “ ´ηkpiε

l
jqtl

The simplest expansions of this Higher-Spin nw algebra reproduces Higher-Spin
Extensions of Extended Bargmann3 and Extended Newton-Hooke3.
[Bergshoeff,Grumiller,Prohazka,Rosseel(2016)]

One can continue to obtain Higher-Spin Extensions of NR Maxwell and AdSL in
2+1 dimensions and evaluate possible applications.
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Thank you!
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