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What is the main purpose of Cosmology? 
To study the evolution and structure of the large scales in our universe 

SUN 
2 1033 g 
7 1010 cm

Galaxies 
2 1044 g 
10 kpc=3 1022 cm

Galaxy Clusters 
2 1047 g 
~ Mpc=1025 cm

The universe: our “Hubble volume” 
8 1055 g 
3000 Mpc=1028 cm

What is a parsec (parallax of one arcsecond)?



A parsec (parallax of one arcsecond) is a length measure commonly used  
in astrophysics and cosmology. A parsec was defined as the distance  
at which one astronomical unit subtends an angle of one arc-second. 

1 AU= 150 109 m 
1 pc= 3.08 1016 m (3.26 light years) 

A parsec amounts to go and come back from the Sun…….

100 000 times! 
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Galaxies – AS 3011 5 

reminder of some scales 

•  keep in mind some rough scales when considering 

galaxies: 

–  Sun’s distance from centre of Galaxy: ~ 8 kpc 

–  diameter of Galaxy: ~ 30 kpc 

–  nearest (non-satellite) galaxies: ~750 kpc 

–  sizes of groups and clusters: 1-3 Mpc 

–  nearest rich clusters: 20-100 Mpc 

–  sizes of ‘walls’ and large-scale structure: 100’s Mpc 

Galaxies – AS 3011 6 

methods for our Galaxy 

•  these depend on things we can measure over quite 

small scales 

–  parallax (motion of nearby stars against fixed 

background of more distant objects) 

–  plotting Hertzsprung-Russell diagram for clusters      

of stars 

–  velocities of stars (Oort’s constants) 

•  all of these require observations of individual stars, so 

they won’t work for galaxies where the bulk of the stars 

can’t be distinguished 

–  e.g. two stars 1 pc apart would be separated by 0.01 

arcsec in the Virgo cluster  
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Standard Cosmology refers to FLRW Cosmology 
(FRIEDMANN LEMAITRE ROBERTSON WALKER) 
and it is based on two basic elements:

•FLRW Geometry (i.e. the metric, which determines 
the geodesics) 

•FLRW Dynamics (Friedmann Equations, which  
determine the curvature of the space-time)



FLRW GEOMETRY 

  

The FLRW geometry asumes that at large scales the universe is 
homogeneous and isotropic.



The most robust confirmation of the isotropy of the universe at large scales is  
provided by the CMB, the Cosmic Microwave Background radiation (Penzias & Wilson’64). 
When one measures the sky temperature in any direction, one notices that the photons 
have a thermal black body spectrum with a temperature of 2.725 K. This has been  
measured with high accuracy by the spectrophotometer FIRAS on the NASA COBE  
satellite. There are small fluctuations in the temperature across the sky at the  
level of about 1 part in 100,000 ~(10-5) 

  
The existence of a CMB, that is, a relic photon bath, was predicted by  Alpher & 
Herman in 1948 while working on BBN. Penzias & Wilson, in 1965, discovered  
accidentally the CMB while working with a very sensitive radio telescope at Bell  
Labs in New Jersey. In 1978, Penzias and Wilson were awarded the Nobel Prize for Physics 
for their joint discovery of the CMB.
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The radiation in the universe has a mean T≃ 2.725 K!

This map is just telling us how the CMB temperature varies with the angular size of patches in the sky…



The CMB fluctuations are due to the acoustic oscillations in the baryon-photon fluid before recombination. 

(From W. Hu)

Potential wells

Potential hills

High density

Low density

COLD SPOTS in CMB maps

HOT SPOTS in CMB maps



At distances larger than 100 Mpc, galaxy survey observations indicate that  
the universe is homogeneous, that is, galaxies and clusters of galaxies are equally  
distributed in the sky in all possible directions. 
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The metric g𝝁𝛎  connects the values of the coordinates to the more physical  
measure of the interval (proper time):

ds2 =
3X

µ,⌫=0

gµ⌫dx
µdx⌫

• dx0 refers to the time-like component, the last three are spatial coordinates. 

• g𝝁𝛎 is the metric, necessarily symmetric. 

• In special relativity, g𝝁𝛎=η𝝁𝛎  (Minkowski metric) 

• In an expanding, homogeneous and isotropic universe the metric is the FLRW one:

ds2 = �dt2 + a2(t)

✓
dr2

1�Kr2
+ r2(d✓2 + sin2 ✓d�2)

◆

• If the universe is flat (K=0), the FLRW metric, with a(t) the scale factor:

gµ⌫ =

0

BB@

�1 0 0 0
0 a2(t) 0 0
0 0 a2(t) 0
0 0 0 a2(t)

1

CCA



The spatial geometry depends on the curvature, K: 

 

The FLRW metric tells us how to measure distances in each of these possible  
geometries.

K=1: three-sphere 
 

K=-1:  
three-hyperboloid

K=0: flat



• A geodesic refers to the path followed by a particle in the absence of any forces,  
(in the Minkowski metric it will be a straight line): 

which should be generalised in the context of an expanding universe to:

•The Christoffer symbols will be extensively used in the following 

Geodesics

d2~x

dt2
= 0

d2xµ

d�
= ��µ

↵�

dx↵

d�

dx�

d�

�µ
↵� =

gµ⌫

2

✓
@g↵⌫
@x�

+
@g�⌫
@x↵

� @g↵�
@x⌫

◆

•We can apply the geodesic equation to compute the particle’s energy changes as the 
universe expands: 

•The 0-th component of the geodesic equation reads as: 

P↵ = (E, ~P ) P↵ =
dx↵

d�
d

d�
=

dx0

d�

d

dx0
= E

d

dt

dE

dt
+

ȧ

a
E = 0 E / 1

a



We see two type of distances:
FRW Geometry

• Closed geometry of a sphere of radius R

• Suppress 1 dimension ↵ represents total angular separation (✓, �)

dD

D

dα

DAdα

D A
=

Rs
in(
D/
R)

dΣ

•Radial distance D (photon path length) 

•Angular distance DA (associated to the angle 
subtended by an object of known physical size)

The volume element is defined as:

dV = D2
AdDd⌦

Some examples of each possible distance/volume element: 

• Distance to a Supernova 

• Angular size of the universe at photon decoupling 

• Galaxy number density



Hubble parameter

• It provides the expansion rate of the universe as a function of time:  

•The cosmic time reads as: 

•The conformal time is given by: 

H ⌘ 1

a

da

dt
=

d ln a

dt

t =

Z
dt =

Z
1

a

da

H(a)

⌘ =

Z
dt

a
=

Z
1

a2

da

H(a)



Cosmological redshift

•Doppler Effect:  

•Cosmic time: The photon wavelength is stretched with the scale factor as the 
universe expands. 

•If we interpret the redshift z as the Doppler effect, galaxies recede (i.e. they 
move further away) in an expanding universe.

� =
�0

a
= (1 + z)�0

a =
1

1 + z



Hubble law

•The comoving distance to an object located at  redshift z reads as: 

•At small redshifts, z⋍ v/c. 
The Hubble law can be written as: 

with the Hubble constant, H0: 

• Cosmological observations have determined that h⋍0.7

D(a) =

Z 1

a

da
0

a02H(a0)
D(z) =

Z z

0

dz
0

H(z0)

limz!0D(z) =
z

H(z = 0)
=

z

H0

1929: Edwin Hubble measures the spectra of hundred of galaxies and notices  
that they are redshifted, meaning that they are moving away from our galaxy. 
Furthermore, the further the galaxy is located,the faster it moves away from  
our galaxy.

H0 = 100h km/s/Mpc



DYNAMICS FLRW 

  General Relativity relates the metric with the matter and energy 
content in the universe. The sale factor a(t) will evolve in time 
accordingly to the matter-energy content of the universe. 

In other words, matter and energy will tell us how the geometry 
of the space-time is curved via the Einstein equations. 



  

Rµ⌫ � 1

2
gµ⌫R = 8⇡Tµ⌫

•R𝝁𝛎  is the Ricci tensor, depending on the metric g𝝁𝛎 and its derivatives: 

(It seems tedious but there are only two components different from 0, the 00 and  
the ii ones) 

•R is the Ricci scalar, R=g𝝁𝛎R𝝁𝛎.

•T𝝁𝛎  is the energy-momentum tensor. 

•The Christoffel symbols: 

Rµ⌫ = �↵
µ⌫,↵ � �↵

µ↵,⌫ + �↵
�↵�

�
µ⌫ � �↵

�⌫�
�
µ↵

�µ
↵� =

gµ⌫

2

✓
@g↵⌫
@x�

+
@g�⌫
@x↵

� @g↵�
@x⌫

◆

Einstein Equations



Friedmann Equations

ä

a
= �4⇡G

3
(⇢+ 3p)

•First Friedmann Equation reads as:

H
2(a) = H

2
0
⇢(a)

⇢crit

⇢crit ⌘
3H2

0

8⇡G

and it determines the accelerated processes in our universe’s expansion. 
In order to have such an accelerated expansion it is required that:

⇢+ 3p < 0

i.e. a negative pressure fluid!

•The second Friedmann Equation reads as:



Energy-momentum tensor conservation
• Time evolution of the T𝝁𝛎 components

•In the absence of external forces, the energy momentum tensor is conserved. 
•In an expanding universe, the energy momentum tensor conservation implies that its 
covariant derivative equals zero. 

Tµ
⌫;µ ⌘ @Tµ

⌫

@xµ
+ �µ

↵µT
↵
⌫ � �↵

⌫µT
µ
↵ Tµ

⌫;µ = 0

Tµ
0;µ = 0

@Tµ
0

@xµ
+ �µ

↵µT
↵
0 � �↵

0µT
µ
↵

�@⇢

@t
� �µ

0µ⇢� �↵
0µT

µ
↵

@⇢

@t
+

ȧ

a
(3⇢+ 3p) = 0

•Matter (either cold dark matter or baryonic one) has zero pressure: 
•Radiation is characterised by p=ρ/3: 
•While dark energy should behave as:  

⇢+ 3p < 0

@⇢

@t
+ 3H⇢(1 + w) = 0

Equation of  
state  

⇢m / a�3

⇢r / a�4

⇢de / a�3(1+w)w < �1/3

�i
0j = �i

j0 = �ij
ȧ

a



Friedmann Equations

•The first Friedmann equation can be written as: 

H
2(a) = H

2
0
⇢(a)

⇢crit

⇢crit ⌘
3H2

0

8⇡G ⇢crit = 1.879h2 ⇥ 10�29g cm�3

H0 = 100h km/s/Mpc



H
2(a) = H

2
0
⇢(a)

⇢crit

⇢crit ⌘
3H2

0

8⇡G ⇢crit = 1.879h2 ⇥ 10�29g cm�3
H0 = 100h km/s/Mpc

⌦m(a) = ⇢m(a)/⇢crit = ⇢m,0a
�3/⇢crit = ⌦m,0a

�3 = (⌦dm,0 + ⌦b,0)a
�3

⌦r(a) = ⇢r(a)/⇢crit = ⇢r,0a
�4/⇢crit = ⌦r,0a

�4 = (⌦�,0 + ⌦⌫,0)a
�4

⌦de(a) = ⇢de(a)/⇢crit = ⇢de,0a
�3(1+w)/⇢crit = ⌦de,0a

�3(1+w)

•These expressions are valid for a FLAT universe. In case the universe is not flat:

ds2 = �dt2 + a2(t)

✓
dr2

1�Kr2
+ r2(d✓2 + sin2 ✓d�2)

◆

✓
ȧ

a

◆2

=
8⇡G⇢

3
� K

a2

H
2(a) = H

2
0 (⌦m(a) + ⌦r(a) + ⌦de(a))

H
2(a) = H

2
0 (⌦m(a) + ⌦r(a) + ⌦de(a) + ⌦K(a))

⌦K(a) = �Ka
�2

/H
2
0 = ⌦K,0a

�2

Friedmann Equations
•The first Friedmann equation can be written as: 



“Cosmic sum rule”
⌦m,0 + ⌦r,0 + ⌦de,0 + ⌦K,0 = 1

•In a flat universe, K=0, therefore: 

⌦m,0 + ⌦r,0 + ⌦de,0 = 1

•In an open universe, K=-1, therefore the 
curvature contribution is positive: 

⌦m,0 + ⌦r,0 + ⌦de,0 < 1

⌦m,0 + ⌦r,0 + ⌦de,0 > 1

Current cosmological observations indicate that the universe as a geometry very, 
very close to the FLAT one:  

⌦K = �0.037+0.043
�0.049

•In a close universe, K=+1, therefore the 
curvature contribution is negative: 



Radiation: photons and neutrinos

•Photons: The cosmic microwave background radiation temperature is 2.725 K, 
measured with a precision of 50 parts in a million. The energy of such a photon 
bath is given by the integral of the Bose-Einstein distribution times E=p (massless): 

⇢� = 2

Z
d3p

(2⇡)3
1

ep/T � 1
p x ⌘ p/T ⇢� =

8⇡T 4

(2⇡)3

Z 1

0

x3dx

ex � 1
p =

⇡2

15
T 4

⌦�(a) =
⇢�
⇢crit

=
⇡2

15

✓
2.725 K

a

◆4 1

⇢crit
=

2.47⇥ 10�5

a4h2
=

4.75⇥ 10�5

a4

•Neutrinos: Neutrinos are fermions and therefore follow the Fermi-Dirac 
statistics. As we shall soon see, neutrinos decouple from the thermal bath before 
electron-positron annihilation and therefore they did not share in the entropy 
release, being their temperature lower than that of photons:

✓
T⌫

T�

◆
=

✓
4

11

◆1/3

⌦⌫(a) =
⇢⌫
⇢crit

=
1.68⇥ 10�5

a4h2
(m⌫ = 0)

But neutrinos are massive particles! n⌫(T ) =

Z
d3p

(2⇡)3
1

ep/T � 1
=

3

22
n�(T )

⌦⌫(a) =
m⌫n⌫

⇢crit
=

P
m⌫

94 eVh2

1

a3
0.0006 . ⌦⌫,0h

2 . 0.0025
Data tell us….



Matter: baryons and dark matter
•Baryons: The baryon density can not be inferred from temperature 
measurements. Currently we know that:

•Dark matter

from the CMB anisotropies. Other methods to extract the present baryonic mass-energy 
density are light element abundances, quasar spectra or the gas population  
in galaxies.

A number of observations (galaxy rotation curves, galaxy clusters, gravitational 
lensing, large scale structure and the CMB anisotropies) indicate that the majority of 
the matter in the universe is unknown: dark matter! 

⌦dmh2 = 0.1199+0.0053
�0.0052

⌦bh
2 = 0.02205+0.00056

�0.00055

Furthermore, observations of the large scale structure of our universe tell us that  
a COLD dark matter component provides an excellent fit to data.
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FIG. 1.ÈHubble diagram for 42 high-redshift type Ia supernovae from the Supernova Cosmology Project and 18 low-redshift type Ia supernovae from the
Supernova Survey after correcting both sets for the SN Ia light-curve width-luminosity relation. The inner error bars show the uncertainty dueCala! n/Tololo

to measurement errors, while the outer error bars show the total uncertainty when the intrinsic luminosity dispersion, 0.17 mag, of light-curveÈwidth-
corrected type Ia supernovae is added in quadrature. The un"lled circles indicate supernovae not included in "t C. The horizontal error bars represent the
assigned peculiar velocity uncertainty of 300 km s~1. The solid curves are the theoretical for a range of cosmological models with zero cosmologicalm

B
eff(z)

constant : on top, (1, 0) in middle, and (2, 0) on bottom. The dashed curves are for a range of Ñat cosmological models : on()
M

, )") \ (0, 0) ()
M

, )") \ (0, 1)
top, (0.5, 0.5) second from top, (1, 0) third from top, and (1.5, [0.5) on bottom.

applying the width-luminosity correction. For these plots,
the slope of the width-brightness relation was taken to be
a \ 0.6, the best-"t value of "t C discussed below. (Since
both the low- and high-redshift supernova light-curve
widths are clustered rather closely around s \ 1, as shown
in Fig. 4, the exact choice of a does not change the Hubble
diagram signi"cantly.) The theoretical curves for a universe
with no cosmological constant are shown as solid lines for a
range of mass density, 1, 2. The dashed lines)

M
\ 0,

represent alternative Ñat cosmologies, for which the total
mass energy density (where)

M
] )" \ 1 )" 4 "/3H02).

The range of models shown are for (0.5,()
M

, )") \ (0, 1),
0.5), (1, 0), which is covered by the matching solid line, and
(1.5, [0.5).

3. FITS TO )
M

AND )"
The combined low- and high-redshift supernova data sets

of Figure 1 are "tted to the Friedman-Robertson-Walker
(FRW) magnitude-redshift relation, expressed as in P97 :

m
B
eff 4 m

R
] a(s [ 1) [ K

BR
[ A

R
\ M

B
] 5 log D

L
(z ; )

M
, )") , (4)

where is the ““ Hubble-constantÈfree ÏÏ lumi-D
L

4 H0 d
Lnosity distance and log is theM

B
4 M

B
[ 5 H0 ] 25

““ Hubble-constantÈfree ÏÏ B-band absolute magnitude at
maximum of a SN Ia with width s \ 1. (These quantities

are, respectively, calculated from theory or "tted from
apparent magnitudes and redshifts, both without any need
for The cosmological-parameter results are thus alsoH0.
completely independent of The details of the "ttingH0.)
procedure as presented in P97 were followed, except that
both the low- and high-redshift supernovae were "tted
simultaneously, so that and a, the slope of the width-M

Bluminosity relation, could also be "tted in addition to the
cosmological parameters and For most of the)

M
)".

analyses in this paper, and a are statistical ““ nuisance ÏÏM
Bparameters ; we calculate two-dimensional con"dence

regions and single-parameter uncertainties for the cosmo-
logical parameters by integrating over these parameters, i.e.,

da.P()
M

, )") \ // P()
M

, )", M
B
, a)dM

BAs in P97, the small correlations between the photo-
metric uncertainties of the high-redshift supernovae, due to
shared calibration data, have been accounted for by "tting
with a correlation matrix of uncertainties.11 The low-
redshift supernova photometry is more likely to be uncor-
related in its calibration, since these supernovae were not
discovered in batches. However, we take a 0.01 mag system-
atic uncertainty in the comparison of the low-redshift
B-band photometry and the high-redshift R-band photo-
metry. The stretch-factor uncertainty is propagated with a
"xed width-luminosity slope (taken from the low-redshift

11 The data are available at http ://www-supernova.lbl.gov.

In 1998, two independent groups, observed that type Ia Supernovae were  
much fainter than what one would expect in a universe with only matter.  
An additional ingredient was mandatory to make the universe to expand in an  
accelerated way! 
Today the evidence for an accelerated expansion of the universe is 4.2σ-4.6σ  
with JLA SNIa data alone, and 11.2σ in a flat universe.

ä

a
= �4⇡G

3
(⇢+ 3p) ⇢+ 3p < 0

Dark  energy
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Particle distribution functions  
•The usual way of describing particles in thermal equilibrium is via their 
distribution function, indicating the number of particles in the phase space with 
a given position x and a momentum p. At 0th order, we have the Bose Einstein 
or the  Fermi-Dirac distributions: 

• fBE =
1

e(E�µ)/T � 1
fFD =

1

e(E�µ)/T + 1
•The number and energy densities and the pressure read as:

n =
g

(2⇡)3

Z
f(~x, ~p)d3xd3p

⇢ =
g

(2⇡)3

Z
E(~p)f(~x, ~p)d3xd3p

p =
g

(2⇡)3

Z
p2

3E(p)
f(~x, ~p)d3xd3p

•While the entropy density is
s ⌘ ⇢+ p

T



 BOLTZMANN EQUATIONS 

•Throughout the universe’s history, particles remain in thermal equilibrium until their 
interaction rate is equal or larger than the expansion rate of the universe. Then, the 
particle will decouple from the thermal bath. Of course this is an approximation:

� . H

Lf = Cf

•where f is the distribution function, L is the Liouville operator, and C contains all the 
collision terms.

•In classical mechanics: L̂ =
d

dt
+ ~v · ~rx + ~F/m · ~rv

•The relativistic version is: L̂ = p↵
@

@x↵
� �↵

��p
�p�

@

@p↵

•FRW geometry: L̂f = E
@f

@t
�Hp

2 @f

@E

dn

dt
+ 3Hn =

g

(2⇡)3

Z
Cf

d
3
p

E

•The accurate calculation requires to solve the Boltzmann equation: 

P↵ = (E, ~P ) P↵ =
dx↵

d�



•Simplifying the possible processes (1+2 ↔3+4):

dn

dt
+ 3Hn =

Z
d
3
p1

(2⇡)32E1

Z
d
3
p2

(2⇡)32E2

Z
d
3
p3

(2⇡)32E3

Z
d
3
p4

(2⇡)32E4

⇥(2⇡)4�3(p1 + p2 � p3 � p4)�(E1 + E2 � E3 � E4)|M|2

In an expanding universe, the number of particles gets diluted!  

In the absence of interactions, n / a�3

Production rate of 1 is proportional to the occupation numbers  
of 3 and 4

Energy-momentum tensor conservation

Particle Physics

BOLTZMANN EQUATIONS 

Loss rate of 1 is proportional to the occupation numbers  
of 1 and 2

⇥(f3f4 � f1f2)



•After defining the thermally-averaged cross section:

dn

dt
+ 3Hn = n

0
1n

0
2h�vi

✓
n3n4

n
0
3n

0
4

� n1n2

n
0
1n

0
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•where the equilibrium number densities:

n0
i ⌘ gi

Z
d3p

(2⇡)3
e�Ei/T

gi(miT/2⇡)
3/2e�mi/T mi � T

gi
T 3

⇡2
mi ⌧ T

BOLTZMANN EQUATIONS 

{



•When looking into the DM annihilating case, XX ↔ ll, 3 and 4 will not couple 
anymore and therefore: 
 

n3n4 = n0
3n
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Dark Matter Relics



HANDS-ON SESSION (I)!

http://www.astro.ucla.edu/%7Ewright/CosmoCalc.html

•PLEASE GO TO THE WEB PAGE:

•COMPUTE THE AGE OF THE UNIVERSE TODAY AS A FUNCTION OF  THE HUBBLE CONSTANT. 
HOW IS THE CORRELATION? CAN YOU EXPLAIN THAT IN TERMS OF THE ANALYTICAL 
EXPRESSIONS?

•COMPUTE THE AGE OF THE UNIVERSE TODAY AS A FUNCTION OF  THE MATTER DENSITY. 
HOW IS THE CORRELATION? CAN YOU EXPLAIN THAT IN TERMS OF THE ANALYTICAL 
EXPRESSIONS?

•COMPUTE THE DIFFERENT OBSERVABLES IN OPEN AND FLAT COSMOLOGIES, AT A REDSHIFT OF 
Z=1000. EXPLAIN THE DIFFERECES!



1. INTRODUCTION: FUNDAMENTAL INGREDIENTS &                       & 
THERMAL HISTORY OF THE UNIVERSE ✓ 

2. NEUTRINO DECOUPLING IN THE EARLY UNIVERSE 

3. BIG BANG NUCLEOSYNTHESIS & Neff 

4. COSMOLOGY & Neff  

5. COSMOLOGY & NEUTRINO MASSES 

6. TAKE HOME MESSAGES



Event Time Redshift Temperature

Baryogenesis ? ? ?

EW phase transition 2⇥ 10�11
s 1015 100GeV

QCD phase transition 2⇥ 10�5
s 1012 150MeV

Neutrino decoupling 1s 6⇥ 109 1MeV

Electron-positron annihilation 6s 2⇥ 109 500keV

Big bang nucleosynthesis 3min 4⇥ 108 100keV

Matter-radiation equality 6⇥ 104yrs 3400 .75eV

Recombination 2.6� 3.8⇥ 105yrs 1100-1400 .26� .33eV

CMB 3.8⇥ 105yrs 1100 .26eV

Baryogenesis: As we discussed in lecture 5, there is an asymmetry between baryons and
anti-baryons that cannot be explained by the standard model of particle physics. Thus at
energies above 1TeV there must be some new physics that generates this asymmetry. While
there are many di↵erent theoretical ideas, there is no experimental test of any of these so
we cannot associate a time to baryogenesis. Since the observed universe is neutral under the
electric charge, there must be a similar asymmetry between electrons and positrons so that
after their annihilation we are left with one electron for each proton.

Electroweak-phase transition: During this phase transition that we discussed last time,
the particles get their mass due to the so called Higgs e↵ect. Once the standard model
particles are massive they start to drop out of equilibrium whenever the temperature of the
universe (i.e. the thermal bath) becomes smaller than their mass. Then the particles start
to annihilate with their anti-particles and their number densities decrease exponentially.
The remaining matter in our observed universe is due to the matter-anti-matter asymmetry
mentioned above.

QCD phase transition: The strong force is weaker at higher energies (temperatures)
and becomes stronger and stronger during the cooling of the universe. Around 150MeV the
strong force is so strong that free gluons and quarks cannot exist anymore and all the quarks
are bound into so called baryons and mesons. These are bound states that are neutral under
the strong force. The lightest baryons are the familiar proton and neutron. There are also
heavier baryons and mesons that can be lighter than the proton and neutron but all of these
are unstable and quickly decay. So a little bit after the QCD phase transition we are left
with essentially only protons and neutrons that are the building blocks for the atomic nuclei.

Neutrino decoupling: As we discussed today, at around 1MeV the weak interaction
becomes so weak that particles that are only charged under the weak force, i.e. the neutrinos,
decouple from the thermal plasma. These neutrinos, similarly to the photons in the CMB,

6



Particle decoupling in the early universe: Neutrinos

•We have seen that a very easy and straightforward hand-waving rule to compute a 
particle decoupling time in the early universe is:

•While the expansion rate of the universe is given by the Hubble factor:

� . H

•Neutrinos only interact via weak interactions, with a rate:

�⌫ = n�v ' T 3G2
FT
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•Therefore neutrinos decouple from the thermal bath around 1 MeV.



44

They do not inherit any of the energy associated to e+ e-  annihilations, being colder than photons:

2 FERMILAB–Pub–04/379–T

As a Gedankenexperiment, the prospect of cosmic-
neutrino absorption spectroscopy has great clarity and
appeal. Reality is more complicated, and it is our
purpose—building on earlier work—to analyze all the im-
portant e!ects that will influence the execution and in-
terpretation of neutrino-absorption experiments. We are
encouraged in this e!ort by the imminent construction
and operation of neutrino observatories and by imagi-
native e!orts to develop new techniques to detect super-
high-energy neutrinos. A novel aspect of the analysis pre-
sented here is our attention to the thermal motion of the
relics. We also raise the possibility that cosmic-neutrino
absorption spectroscopy might open a new vista on the
thermal history of the universe, as well as extending or
validating our understanding of neutrino properties.

In the body of this introductory section, we develop the
pieces that enter the analysis of neutrino absorption spec-
tra: our expectations for the relic neutrino background
now and in the past, details of the annihilation cross sec-
tion, and possible sources of extremely energetic cosmic
neutrinos. We also survey experiments that aim to de-
tect ultrahigh-energy neutrinos. In §II, we describe the
idealized situation of a super-high-energy neutrino beam
incident on a (very long) uniform column of relic neutri-
nos at today’s density, but with negligible temperature.
We describe the information that could be extracted from
absorption dips, assuming perfect energy resolution and
flavor tagging.

The extremely long interaction length for neutrinos
traversing the relic background means that we must inte-
grate over cosmic time, or redshift, and this takes up §III.
There we discuss the mechanisms that distort absorption
lines and how the distortions compromise the dream of
determining the absolute neutrino masses. We also re-
mark on the sensitivity of the line-shape to the thermal
history of the Universe.

We include Fermi motion due to the relic-neutrino
temperature—which evolves with redshift—in §IV. The
mean relic-neutrino momentum at the present epoch acts
as a rough lower bound on the e!ective target mass. Sec-
tion V is devoted to the implications of unconventional
neutrino histories, including neutrino decay and the con-
sequences of a lepton asymmetry in the early Universe.
We summarize what we have learned, and assess the
prospects for experimental realization of these ideas in
§VI. Looking forward to the experiments, we consider
how external information could enhance the potential
of cosmic-neutrino absorption spectroscopy, and we es-
timate the sensitivity required to make the technique a
reality.

B. Character of the Relic Neutrino Background

The cosmic microwave background is characterized by
a Bose–Einstein blackbody distribution of photons (per

unit volume)4

dn!(T )

d3p
=

1

(2!)3
1

exp (p/T )! 1
, (1)

where p is the relic momentum and T is the temperature
of the photon ensemble. The number density of photons
throughout the Universe is

n!(T ) =
1

(2!)3

!
d3p

1

exp (p/T ) ! 1
=

2"(3)

!2
T 3, (2)

where "(3) " 1.20205 is Riemann’s zeta function. In
the present Universe, with a photon temperature T0 =
(2.725 ± 0.002) K [8], the photon density is

n!0 # n!(T0) " 410 cm!3 . (3)

The present photon density provides a reference for
other big-bang relics. The essential observation is that
neutrinos decoupled when the cosmic soup cooled to
around 1 MeV, so did not share in the energy released
when electrons and positrons annihilated at T " me,
the electron mass. Applying entropy conservation and
counting interacting degrees of freedom, it follows that
the ratio of neutrino and photon temperatures (below
me) is

T"/T =
"

4
11

#1/3
, (4)

so that the present neutrino temperature is

T"0 =
"

4
11

#1/3
T0 = 1.945 K ! 1.697$ 10!4 eV . (5)

The momentum distribution of relic neutrinos follows
the Fermi–Dirac distribution (with zero chemical poten-
tial),
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The number distribution of relic neutrinos is therefore
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= 3
22n!(T ) .

In the present Universe, the number density of each (ac-
tive) neutrino species is 5

n"i0 = n"c

i
0 # n"i

(T"0) " 56 cm!3 , (8)

4 We adopt units such that h̄ = 1 = c, and we will mea-
sure temperature in kelvins or electron volts, as appropriate to
the situation. The conversion factor is Boltzmann’s constant,
k = 8.617343 ! 10!5 eV K!1.

5 The unconventional neutrino histories described in §V can alter
this expectation.



•The entropy density is: 

¿How are related the photon and the neutrino temperatures? 

•Electron positron annihilation takes place AFTER neutrino decoupling. 

•In an expanding universe the entropy density per comoving volume is 
conserved: 

•Boson’s entropy contribution:  
•Fermion’s entropy contribution:  

s ⌘ ⇢+ p

T

2⇡2T 3/45

7/8⇥ 2⇡2T 3/45

•Before electron/positron annihilation= electrons (g=2),  
positrons (g=2), neutrinos (3), antineutrinos (3)  and photons (g=2) therefore: 

•After, only neutrinos, antineutrinos and photons but at different temperature!
s(a2) = 2⇡2/45(2T 3
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Particle decoupling in the early universe: Neutrinos
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The total radiation in the universe can be written as: 

Neff = 3.0440 ± 0.0002 standard scenario: electron, muon and tau neutrinos

Neff < 3.044 (less neutrinos): Neutrino decays ?

Neff > 3.044 (more neutrinos): Sterile neutrino species ?

But….if they are sterile, and do not 
interact with other particles, how 
cosmologists measure them? 

That’s the dark side of the 
GRAVITATIONAL FORCE…

Number of neutrinos: Neff 

Bennett et al, 2012.02726



All particle species behave as ideal gases 


(ideal gas approximation)

The neutrino decoupling process is localised atT=Tν=Td       

the neutrino and QED sectors transit from a state of tight thermal contact 

to a state of zero thermal contact at the  neutrino decoupling temperature


(instantaneous decoupling approximation)


The electron/positron sector is fully ultra-relativistic at the time of neutrino 

decoupling 


Td/me→∞(ultra-relativistic approximation)

Bennett et al, 1911.04504
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Bennett et al, 2012.02726

The ultra relativistic approximation:


is not well satisfied in reality!

Td/me ! 1

MORE AT  RASMUS SLOTH SEMINAR!

Bennett et al, 1911.04504

There will be a change in the QED plasma entropy density 

•Physically, a non-zero δNeff  arising from relaxing the ultra relativistic approximation implies that electron-
positron annihilation is not a temporally localised event at T∼0.5 MeV.
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Bennett et al, 1911.04504 MORE AT  RASMUS SLOTH SEMINAR!



From Y. Wong

Modified QED Equation of State 



Neutrino decoupling and electron/positron annihilations are processes quite close in time.
None of these two events are localised in time!
There are relic interactions between electrons, positrons and neutrinos at cosmological 
temperatures smaller than 1MeV
These processes are more efficient for neutrinos with larger momenta, leading to non-
thermal distortions in the neutrino spectra at the percent level and a slightly smaller 
increase of the comoving photon temperature.

de Salas & Pastor, JCAP’16, Mangano et al NPB’05, Mangano et al, PLB’02



From S. Pastor



53Bennett et al, 2012.02726

10-4 Uncertainty due to measurement errors on the solar mixing angle

MORE AT  RASMUS SLOTH SEMINAR!



They do not inherit any of the energy associated to e+ e-  annihilations, being colder than 
photons:

If these neutrinos are massive, their energy density, at T<<m is 

Then, demanding that massive neutrinos do not over-close the universe,
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2 FERMILAB–Pub–04/379–T

As a Gedankenexperiment, the prospect of cosmic-
neutrino absorption spectroscopy has great clarity and
appeal. Reality is more complicated, and it is our
purpose—building on earlier work—to analyze all the im-
portant e!ects that will influence the execution and in-
terpretation of neutrino-absorption experiments. We are
encouraged in this e!ort by the imminent construction
and operation of neutrino observatories and by imagi-
native e!orts to develop new techniques to detect super-
high-energy neutrinos. A novel aspect of the analysis pre-
sented here is our attention to the thermal motion of the
relics. We also raise the possibility that cosmic-neutrino
absorption spectroscopy might open a new vista on the
thermal history of the universe, as well as extending or
validating our understanding of neutrino properties.

In the body of this introductory section, we develop the
pieces that enter the analysis of neutrino absorption spec-
tra: our expectations for the relic neutrino background
now and in the past, details of the annihilation cross sec-
tion, and possible sources of extremely energetic cosmic
neutrinos. We also survey experiments that aim to de-
tect ultrahigh-energy neutrinos. In §II, we describe the
idealized situation of a super-high-energy neutrino beam
incident on a (very long) uniform column of relic neutri-
nos at today’s density, but with negligible temperature.
We describe the information that could be extracted from
absorption dips, assuming perfect energy resolution and
flavor tagging.

The extremely long interaction length for neutrinos
traversing the relic background means that we must inte-
grate over cosmic time, or redshift, and this takes up §III.
There we discuss the mechanisms that distort absorption
lines and how the distortions compromise the dream of
determining the absolute neutrino masses. We also re-
mark on the sensitivity of the line-shape to the thermal
history of the Universe.

We include Fermi motion due to the relic-neutrino
temperature—which evolves with redshift—in §IV. The
mean relic-neutrino momentum at the present epoch acts
as a rough lower bound on the e!ective target mass. Sec-
tion V is devoted to the implications of unconventional
neutrino histories, including neutrino decay and the con-
sequences of a lepton asymmetry in the early Universe.
We summarize what we have learned, and assess the
prospects for experimental realization of these ideas in
§VI. Looking forward to the experiments, we consider
how external information could enhance the potential
of cosmic-neutrino absorption spectroscopy, and we es-
timate the sensitivity required to make the technique a
reality.

B. Character of the Relic Neutrino Background

The cosmic microwave background is characterized by
a Bose–Einstein blackbody distribution of photons (per

unit volume)4
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=
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where p is the relic momentum and T is the temperature
of the photon ensemble. The number density of photons
throughout the Universe is

n!(T ) =
1

(2!)3

!
d3p

1

exp (p/T ) ! 1
=
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where "(3) " 1.20205 is Riemann’s zeta function. In
the present Universe, with a photon temperature T0 =
(2.725 ± 0.002) K [8], the photon density is

n!0 # n!(T0) " 410 cm!3 . (3)

The present photon density provides a reference for
other big-bang relics. The essential observation is that
neutrinos decoupled when the cosmic soup cooled to
around 1 MeV, so did not share in the energy released
when electrons and positrons annihilated at T " me,
the electron mass. Applying entropy conservation and
counting interacting degrees of freedom, it follows that
the ratio of neutrino and photon temperatures (below
me) is

T"/T =
"

4
11

#1/3
, (4)

so that the present neutrino temperature is

T"0 =
"

4
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T0 = 1.945 K ! 1.697$ 10!4 eV . (5)

The momentum distribution of relic neutrinos follows
the Fermi–Dirac distribution (with zero chemical poten-
tial),
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The number distribution of relic neutrinos is therefore
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In the present Universe, the number density of each (ac-
tive) neutrino species is 5

n"i0 = n"c

i
0 # n"i

(T"0) " 56 cm!3 , (8)

4 We adopt units such that h̄ = 1 = c, and we will mea-
sure temperature in kelvins or electron volts, as appropriate to
the situation. The conversion factor is Boltzmann’s constant,
k = 8.617343 ! 10!5 eV K!1.

5 The unconventional neutrino histories described in §V can alter
this expectation.

This expression remains valid today.
Equation (4) provides a useful estimate for the temperature of the relic neutrino back-

ground. However, we do expect some small corrections owing to the fact that the processes
of neutrino decoupling and e+e� annihilation occur in close proximity in time and that these
processes are not instantaneous; At the time of e+e� annihilation, some neutrinos, particu-
larly those at the high energy tail of the Fermi–Dirac distribution, are still coupled to the
cosmic plasma and will partake in the reheating process. Thus in general we expect the
neutrino energy density to be a little higher than is implied by the relation (4).

This increase in the neutrino energy density is usually parameterised in terms of an in-
crease in the e↵ective number of neutrino families Ne↵ , defined via

P
i ⇢⌫,i ⌘ Ne↵⇥⇢⌫,0, whereP

i ⇢⌫,i is the total energy density residing in all neutrino species, and ⇢⌫,0 = (7/8)(⇡2/30)gT 4
⌫

denotes the “standard” neutrino energy density per flavour. Evidently, this relation is
uniquely defined only at early times when the neutrinos are still relativistic. Taking also into
account neutrino flavour oscillations and finite temperature QED e↵ects, Ne↵ = 3.046 [6].

2.3 Properties of the relic neutrino background today

Using equation (4) and measurements of the present CMB temperature TCMB,0 = 2.725 ±
0.001 K [7] leads us to expect a relic neutrino background of temperature T⌫,0 = 1.95 K ⇠
10�4 eV. The number density is expected to be 112 cm�3 per flavour from equation (2).

The exact energy density per flavour depends on whether the neutrinos are relativistic or
nonrelativistic today. The neutrinos are relativistic if m⌫ ⌧ T⌫,0, in which case their energy
density per flavour is ⇢⌫ = (7/8)(4/11)4/3⇢CMB. Normalised to the present-day critical density
⇢crit,0 = 3H2

0/8⇡G, where H0 = 100 h is the present Hubble parameter and G Newton’s
constant, we find ⌦⌫h2 ⌘ (⇢⌫,0/⇢crit,0)h2 = 6⇥ 10�6. In other words, the energy density due
to relativistic neutrinos today is completely negligible.

However, if m⌫ � T⌫,0, then the energy density per flavour is ⇢⌫ = m⌫n⌫ , or, equivalently,

⌦⌫h
2 ' m⌫

93 eV
. (5)

Thus, even for a neutrino mass as small as m⌫ = 0.05 eV, we expect to find a non-negligible
⌦⌫ ⇠ 0.1%; These neutrinos then form a dark matter component in the universe. By de-
manding that massive neutrinos not overclose the universe, i.e., ⌦⌫ < 1, one can immediately
set an upper bound on the sum of the neutrino masses,

P
m⌫ < 93 eV [8, 9]. Historically

this is first upper bound on the neutrino mass from cosmology and is sometimes known as
the “closure” bound.

3 Linear cosmological perturbations

Neutrino dark matter satisfying the closure bound cannot constitute all of the dark matter
content of the universe because thermal relics that decouple when relativistic come with a
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As a Gedankenexperiment, the prospect of cosmic-
neutrino absorption spectroscopy has great clarity and
appeal. Reality is more complicated, and it is our
purpose—building on earlier work—to analyze all the im-
portant e!ects that will influence the execution and in-
terpretation of neutrino-absorption experiments. We are
encouraged in this e!ort by the imminent construction
and operation of neutrino observatories and by imagi-
native e!orts to develop new techniques to detect super-
high-energy neutrinos. A novel aspect of the analysis pre-
sented here is our attention to the thermal motion of the
relics. We also raise the possibility that cosmic-neutrino
absorption spectroscopy might open a new vista on the
thermal history of the universe, as well as extending or
validating our understanding of neutrino properties.

In the body of this introductory section, we develop the
pieces that enter the analysis of neutrino absorption spec-
tra: our expectations for the relic neutrino background
now and in the past, details of the annihilation cross sec-
tion, and possible sources of extremely energetic cosmic
neutrinos. We also survey experiments that aim to de-
tect ultrahigh-energy neutrinos. In §II, we describe the
idealized situation of a super-high-energy neutrino beam
incident on a (very long) uniform column of relic neutri-
nos at today’s density, but with negligible temperature.
We describe the information that could be extracted from
absorption dips, assuming perfect energy resolution and
flavor tagging.

The extremely long interaction length for neutrinos
traversing the relic background means that we must inte-
grate over cosmic time, or redshift, and this takes up §III.
There we discuss the mechanisms that distort absorption
lines and how the distortions compromise the dream of
determining the absolute neutrino masses. We also re-
mark on the sensitivity of the line-shape to the thermal
history of the Universe.

We include Fermi motion due to the relic-neutrino
temperature—which evolves with redshift—in §IV. The
mean relic-neutrino momentum at the present epoch acts
as a rough lower bound on the e!ective target mass. Sec-
tion V is devoted to the implications of unconventional
neutrino histories, including neutrino decay and the con-
sequences of a lepton asymmetry in the early Universe.
We summarize what we have learned, and assess the
prospects for experimental realization of these ideas in
§VI. Looking forward to the experiments, we consider
how external information could enhance the potential
of cosmic-neutrino absorption spectroscopy, and we es-
timate the sensitivity required to make the technique a
reality.

B. Character of the Relic Neutrino Background

The cosmic microwave background is characterized by
a Bose–Einstein blackbody distribution of photons (per

unit volume)4
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where "(3) " 1.20205 is Riemann’s zeta function. In
the present Universe, with a photon temperature T0 =
(2.725 ± 0.002) K [8], the photon density is

n!0 # n!(T0) " 410 cm!3 . (3)

The present photon density provides a reference for
other big-bang relics. The essential observation is that
neutrinos decoupled when the cosmic soup cooled to
around 1 MeV, so did not share in the energy released
when electrons and positrons annihilated at T " me,
the electron mass. Applying entropy conservation and
counting interacting degrees of freedom, it follows that
the ratio of neutrino and photon temperatures (below
me) is

T"/T =
"

4
11

#1/3
, (4)

so that the present neutrino temperature is
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In the present Universe, the number density of each (ac-
tive) neutrino species is 5
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4 We adopt units such that h̄ = 1 = c, and we will mea-
sure temperature in kelvins or electron volts, as appropriate to
the situation. The conversion factor is Boltzmann’s constant,
k = 8.617343 ! 10!5 eV K!1.

5 The unconventional neutrino histories described in §V can alter
this expectation.
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This expression remains valid today.
Equation (4) provides a useful estimate for the temperature of the relic neutrino back-

ground. However, we do expect some small corrections owing to the fact that the processes
of neutrino decoupling and e+e� annihilation occur in close proximity in time and that these
processes are not instantaneous; At the time of e+e� annihilation, some neutrinos, particu-
larly those at the high energy tail of the Fermi–Dirac distribution, are still coupled to the
cosmic plasma and will partake in the reheating process. Thus in general we expect the
neutrino energy density to be a little higher than is implied by the relation (4).

This increase in the neutrino energy density is usually parameterised in terms of an in-
crease in the e↵ective number of neutrino families Ne↵ , defined via

P
i ⇢⌫,i ⌘ Ne↵⇥⇢⌫,0, whereP

i ⇢⌫,i is the total energy density residing in all neutrino species, and ⇢⌫,0 = (7/8)(⇡2/30)gT 4
⌫

denotes the “standard” neutrino energy density per flavour. Evidently, this relation is
uniquely defined only at early times when the neutrinos are still relativistic. Taking also into
account neutrino flavour oscillations and finite temperature QED e↵ects, Ne↵ = 3.046 [6].

2.3 Properties of the relic neutrino background today

Using equation (4) and measurements of the present CMB temperature TCMB,0 = 2.725 ±
0.001 K [7] leads us to expect a relic neutrino background of temperature T⌫,0 = 1.95 K ⇠
10�4 eV. The number density is expected to be 112 cm�3 per flavour from equation (2).

The exact energy density per flavour depends on whether the neutrinos are relativistic or
nonrelativistic today. The neutrinos are relativistic if m⌫ ⌧ T⌫,0, in which case their energy
density per flavour is ⇢⌫ = (7/8)(4/11)4/3⇢CMB. Normalised to the present-day critical density
⇢crit,0 = 3H2

0/8⇡G, where H0 = 100 h is the present Hubble parameter and G Newton’s
constant, we find ⌦⌫h2 ⌘ (⇢⌫,0/⇢crit,0)h2 = 6⇥ 10�6. In other words, the energy density due
to relativistic neutrinos today is completely negligible.

However, if m⌫ � T⌫,0, then the energy density per flavour is ⇢⌫ = m⌫n⌫ , or, equivalently,
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Thus, even for a neutrino mass as small as m⌫ = 0.05 eV, we expect to find a non-negligible
⌦⌫ ⇠ 0.1%; These neutrinos then form a dark matter component in the universe. By de-
manding that massive neutrinos not overclose the universe, i.e., ⌦⌫ < 1, one can immediately
set an upper bound on the sum of the neutrino masses,

P
m⌫ < 93 eV [8, 9]. Historically

this is first upper bound on the neutrino mass from cosmology and is sometimes known as
the “closure” bound.

3 Linear cosmological perturbations

Neutrino dark matter satisfying the closure bound cannot constitute all of the dark matter
content of the universe because thermal relics that decouple when relativistic come with a
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They do not inherit any of the energy associated to e+ e-  annihilations, being colder than 
photons:

If these neutrinos are massive, their energy density, at T<<m is 

Then, demanding that massive neutrinos do not over-close the universe,

Their thermal motion is:
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Too much thermal energy to be squeezed into small volumes to form the 
smaller structures we observe today!
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As a Gedankenexperiment, the prospect of cosmic-
neutrino absorption spectroscopy has great clarity and
appeal. Reality is more complicated, and it is our
purpose—building on earlier work—to analyze all the im-
portant e!ects that will influence the execution and in-
terpretation of neutrino-absorption experiments. We are
encouraged in this e!ort by the imminent construction
and operation of neutrino observatories and by imagi-
native e!orts to develop new techniques to detect super-
high-energy neutrinos. A novel aspect of the analysis pre-
sented here is our attention to the thermal motion of the
relics. We also raise the possibility that cosmic-neutrino
absorption spectroscopy might open a new vista on the
thermal history of the universe, as well as extending or
validating our understanding of neutrino properties.

In the body of this introductory section, we develop the
pieces that enter the analysis of neutrino absorption spec-
tra: our expectations for the relic neutrino background
now and in the past, details of the annihilation cross sec-
tion, and possible sources of extremely energetic cosmic
neutrinos. We also survey experiments that aim to de-
tect ultrahigh-energy neutrinos. In §II, we describe the
idealized situation of a super-high-energy neutrino beam
incident on a (very long) uniform column of relic neutri-
nos at today’s density, but with negligible temperature.
We describe the information that could be extracted from
absorption dips, assuming perfect energy resolution and
flavor tagging.

The extremely long interaction length for neutrinos
traversing the relic background means that we must inte-
grate over cosmic time, or redshift, and this takes up §III.
There we discuss the mechanisms that distort absorption
lines and how the distortions compromise the dream of
determining the absolute neutrino masses. We also re-
mark on the sensitivity of the line-shape to the thermal
history of the Universe.

We include Fermi motion due to the relic-neutrino
temperature—which evolves with redshift—in §IV. The
mean relic-neutrino momentum at the present epoch acts
as a rough lower bound on the e!ective target mass. Sec-
tion V is devoted to the implications of unconventional
neutrino histories, including neutrino decay and the con-
sequences of a lepton asymmetry in the early Universe.
We summarize what we have learned, and assess the
prospects for experimental realization of these ideas in
§VI. Looking forward to the experiments, we consider
how external information could enhance the potential
of cosmic-neutrino absorption spectroscopy, and we es-
timate the sensitivity required to make the technique a
reality.

B. Character of the Relic Neutrino Background

The cosmic microwave background is characterized by
a Bose–Einstein blackbody distribution of photons (per

unit volume)4
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where p is the relic momentum and T is the temperature
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where "(3) " 1.20205 is Riemann’s zeta function. In
the present Universe, with a photon temperature T0 =
(2.725 ± 0.002) K [8], the photon density is

n!0 # n!(T0) " 410 cm!3 . (3)

The present photon density provides a reference for
other big-bang relics. The essential observation is that
neutrinos decoupled when the cosmic soup cooled to
around 1 MeV, so did not share in the energy released
when electrons and positrons annihilated at T " me,
the electron mass. Applying entropy conservation and
counting interacting degrees of freedom, it follows that
the ratio of neutrino and photon temperatures (below
me) is
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T"0 =
"

4
11

#1/3
T0 = 1.945 K ! 1.697$ 10!4 eV . (5)

The momentum distribution of relic neutrinos follows
the Fermi–Dirac distribution (with zero chemical poten-
tial),
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The number distribution of relic neutrinos is therefore
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In the present Universe, the number density of each (ac-
tive) neutrino species is 5

n"i0 = n"c

i
0 # n"i

(T"0) " 56 cm!3 , (8)

4 We adopt units such that h̄ = 1 = c, and we will mea-
sure temperature in kelvins or electron volts, as appropriate to
the situation. The conversion factor is Boltzmann’s constant,
k = 8.617343 ! 10!5 eV K!1.

5 The unconventional neutrino histories described in §V can alter
this expectation.

This expression remains valid today.
Equation (4) provides a useful estimate for the temperature of the relic neutrino back-
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of neutrino decoupling and e+e� annihilation occur in close proximity in time and that these
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density per flavour is ⇢⌫ = (7/8)(4/11)4/3⇢CMB. Normalised to the present-day critical density
⇢crit,0 = 3H2

0/8⇡G, where H0 = 100 h is the present Hubble parameter and G Newton’s
constant, we find ⌦⌫h2 ⌘ (⇢⌫,0/⇢crit,0)h2 = 6⇥ 10�6. In other words, the energy density due
to relativistic neutrinos today is completely negligible.

However, if m⌫ � T⌫,0, then the energy density per flavour is ⇢⌫ = m⌫n⌫ , or, equivalently,
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Thus, even for a neutrino mass as small as m⌫ = 0.05 eV, we expect to find a non-negligible
⌦⌫ ⇠ 0.1%; These neutrinos then form a dark matter component in the universe. By de-
manding that massive neutrinos not overclose the universe, i.e., ⌦⌫ < 1, one can immediately
set an upper bound on the sum of the neutrino masses,

P
m⌫ < 93 eV [8, 9]. Historically

this is first upper bound on the neutrino mass from cosmology and is sometimes known as
the “closure” bound.

3 Linear cosmological perturbations

Neutrino dark matter satisfying the closure bound cannot constitute all of the dark matter
content of the universe because thermal relics that decouple when relativistic come with a
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⌦⌫h
2 =

P
m⌫

93 eV

For a 1 eV neutrino, thermal motion is 

comparable to the typical velocity dispersion of a galaxy. 


For dwarf galaxies, 

the velocity dispersion is smaller, 10 km/s 
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X
m⌫ . 45 eV

⟨pν⟩
mν

≃ 150(1 + z)( eV
mν ) km/s



According to standard cosmology, 
there is a cosmic neutrino background, 

equivalent to the CMB photon background, albeit slightly colder T≃ 1.94 K
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This cosmic relic neutrino background has never been detected directly.



The universe is filled with a dense flux of “relic neutrinos” 
created in the Big Bang. 

This makes neutrinos the most abundant KNOWN form of…
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According to neutrino oscillation physics, 
we know that there are at least two Dirac or 
Majorana massive neutrinos:  
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FIG. 2: The range of probability of finding the !-flavor in the i-th mass eigenstate as indicated as the CP-violating phase, ",
is varied. The bottom of the bars is for the minimum allowed value of cos " = !1 and the top of the bars is for the maximum
value of cos " = 1. The other mixing parameters are held fixed: sin2 #12 = 0.30, sin2 #13 = 0.03 and sin2 #23 = 0.50. The
maximum to minimum variation of the fractional flavor content of µ or $ in mass eigenstates 1 or 2 is very close to sin #13. The
only parameter in the PMNS mixing matrix this figure is not sensitive to is the sign of sin ".

An extremely useful way to understand the meaning of
the various mixing angles is to relate them to the proba-
bility of finding the !-flavor in the i-th mass eigenstate.
This probability is given by the absolute square of the
PMNS matrix elements, |U!i|2. Thus the probability of
finding "e in the 3-th neutrino mass eigenstate is just
sin2 #13 which is known from the Chooz data to be no
larger than a few per cent (< 3%). Similarly the proba-
bility of finding "µ ("" ) in the 3-th mass eigenstate is just
cos2 #13 sin2 #23 ! sin2 #23 (cos2 #13 cos2 #23 ! cos2 #23)
since cos2 #13 is very close to unity. Also the probabil-
ity of finding the "e in the 2-th mass eigenstate is just
cos2 #13 sin2 #12 ! sin2 #12. Since the 8B solar neutrinos
exit the sun as nearly a pure "2 neutrino mass eigenstate,
due to matter e!ects[14], the measurement of the Charge
Current to Neutral Current (CC/NC) ratio by SNO is a
direct measurement of sin2 #12 up to small corrections.

In general the probability of finding the !-flavor in the
i-th mass eigenstate, P#(!, i) is given by

P#(!, i) = |U!i|
2 ! (9)

!
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where K = 1

2
sin 2#12 sin 2#23 (! 1

2
) and terms of order

sin2 #13 have been dropped except in the (e,3) component
which otherwise would be zero. Note, that up to this
order the sum of each row and each column of this prob-

ability matrix adds up to one as required by unitarity.
The probabilities (µ,1), (µ,2), (% ,1) and (% ,2) all depend
linearly on sin #13 cos $ whose sign is determined by cos $
and the magnitude can be quite significant compared to
the terms independent of sin #13 in these probabilities.

Translating the mixing angle information reported by
the experiments into ranges of probability of finding the
!-flavor in the i-th mass eigenstate we obtain

0.25 < sin2 #12
#= P#(e, 2) < 0.33

0.35 < sin2 #23
#= P#(µ, 3) < 0.65 (10)

sin2 #13 $ P#(e, 3) < 0.03

at the 90% confidence level. Clearly, using the proba-
bility metric, i.e. sin2 #, our current information of the
solar mixing is significantly better than that of the at-
mospheric mixing. This occurs because sin2 2# is a poor
measure of sin2 # near sin2 # = 1

2
. Eqn(9) and (10) can

be used to calculate the ranges for all the other the prob-
abilities with the unknown cos $ varying from -1 to +1.

In the past, the central value of all of these probabilities
has been presented in a bar graph with a separate hor-
izontal bar for each neutrino mass eigenstate with color
and/or shading coding for each of the neutrino flavors.
This is a very useful pictorial way of presenting all of the
neutrino mixing data with a physical interpretation. In
this letter we extend this diagram to include the range
of possible probabilities allowed by the data. To do this
we make use of the thickness of the bars so that the bot-
tom of the bar represents the minimum allowed value

(Mena,Parke, PRD’04)



According to neutrino oscillation physics, we know that there are at lest two Dirac or Majorana 
massive neutrinos:  
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and that at least one of these neutrinos has a mass larger than
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According to neutrino oscillation physics, 
we know that there are at least two Dirac 
or Majorana massive neutrinos:  

which translates into a lower bound on the total neutrino mass, depending on the ordering:
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Planck Coll. A&A’20
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Event Time Redshift Temperature

Baryogenesis ? ? ?

EW phase transition 2⇥ 10�11
s 1015 100GeV

QCD phase transition 2⇥ 10�5
s 1012 150MeV

Neutrino decoupling 1s 6⇥ 109 1MeV

Electron-positron annihilation 6s 2⇥ 109 500keV

Big bang nucleosynthesis 3min 4⇥ 108 100keV

Matter-radiation equality 6⇥ 104yrs 3400 .75eV

Recombination 2.6� 3.8⇥ 105yrs 1100-1400 .26� .33eV

CMB 3.8⇥ 105yrs 1100 .26eV

Baryogenesis: As we discussed in lecture 5, there is an asymmetry between baryons and
anti-baryons that cannot be explained by the standard model of particle physics. Thus at
energies above 1TeV there must be some new physics that generates this asymmetry. While
there are many di↵erent theoretical ideas, there is no experimental test of any of these so
we cannot associate a time to baryogenesis. Since the observed universe is neutral under the
electric charge, there must be a similar asymmetry between electrons and positrons so that
after their annihilation we are left with one electron for each proton.

Electroweak-phase transition: During this phase transition that we discussed last time,
the particles get their mass due to the so called Higgs e↵ect. Once the standard model
particles are massive they start to drop out of equilibrium whenever the temperature of the
universe (i.e. the thermal bath) becomes smaller than their mass. Then the particles start
to annihilate with their anti-particles and their number densities decrease exponentially.
The remaining matter in our observed universe is due to the matter-anti-matter asymmetry
mentioned above.

QCD phase transition: The strong force is weaker at higher energies (temperatures)
and becomes stronger and stronger during the cooling of the universe. Around 150MeV the
strong force is so strong that free gluons and quarks cannot exist anymore and all the quarks
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Big Bang Nucleosynthesis



BBN theory predicts the abundances of D, 3He, 4He and 7Li which are fixed by t≃180 s. They 
are observed at late times: low metallicity sites with little evolution are “ideal”. 

High z QSO absorption lines.
Destroyed in stars.

Low metallicity extragalactic HII regions.
Produced in stars.

Metal poor stars in our galaxy.
Destroyed in stars and produced by 
galactic cosmic ray interactions.

Solar system and high metallicity HII 
galactic regions. 
3He not used for cosmological constraints.
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P.A. Zyla et al. (Particle Data Group), 
Prog. Theor. Exp. Phys. 2020, 083C01 (2020).
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 Neff changes the freeze out temperature of weak interactions:

Yp =
2(n/p)

1 + n/p

�n$p ⇠ H

MORE NEUTRINOS:


Higher Neff: larger expansion rate & freeze out temperature, MORE HELIUM 4

n/p ' e
�mn�mp

Tfreeze
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Fields, Olive, Yeh & Young JCAP ‘20

Ne↵ = 2

Ne↵ = 3

Ne↵ = 4



Event Time Redshift Temperature

Baryogenesis ? ? ?

EW phase transition 2⇥ 10�11
s 1015 100GeV

QCD phase transition 2⇥ 10�5
s 1012 150MeV

Neutrino decoupling 1s 6⇥ 109 1MeV

Electron-positron annihilation 6s 2⇥ 109 500keV
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CMB 3.8⇥ 105yrs 1100 .26eV
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Also known as “photon decoupling”, as photons started freely travel 

through the universe without interacting with matter and the CMB is “frozen”
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Cosmic Background Radiation: Neff 
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CMB: Neff  
Spherical harmonics decomposition: With expansion coefficients:

The angular power spectrum measures the amplitude of the expansion coefficients as a function of the wavelength:



  

 

     

CMB: a lot to learn about….

Initial conditions

Geometry


mν 

Baryonmeter
 Diffusion 

Neff



Neff= 3 

Neff= 6 

CMB: Neff  

Elementary, my dear Watson! 

Ne↵ = 3

Ne↵ = 6



Higher Neff will increase the expansion rate AND 
the damping at high multipoles.

                                                

3

di↵usion distance at recombination is

r
2
d
= ⇡

2

Z
a⇤

0

da

a3�TneH


R

2 + 16
15 (1 +R)

6(1 +R2)

�
(1)

where ne is the number density of free electrons, �T is the
Thompson cross-section, a⇤ is the scale factor at recombi-
nation (defined below) and the factor in square brackets
is due to the directional and polarization dependence of
Thompson scattering [28, 29]. Although Eq. 1 is only an
approximation to the di↵usion length, it allows an an-
alytic understanding of the dependence of this di↵usion
length on model parameters [21].

If we approximate a⇤ as independent of H, then rd /
H

�0.5. This is as expected for a random walk process:
the distance increases as the square root of time. In-
creasing H (which happens when we increase Ne↵) leads
to smaller rd which would decrease the amount of damp-
ing. Why do we see, in Fig. 1, the damping increase as
Ne↵ increases?

The answer has to do with how rs and DA change to
keep ✓s fixed despite the increased expansion rate. The
comoving sound horizon is given by

rs =

Z
t⇤

0
cs dt/a =

Z
a⇤

0

cs da

a2H
. (2)

Since rs / 1/H, it responds even more rapidly to changes
in H than is the case for rd. To keep ✓s fixed at the
observed value, DA must also scale as 1/H. Since DA

decreases by more than would be necessary to keep ✓d

fixed, ✓d increases which means the damping is increased.
To look at it another way, if we knew DA perfectly,

we could use rs to determine H prior to recombination.
But we do not know DA, largely because we do not know
the value of the cosmological constant, or more generally
the density of the dark energy as a function of the scale
factor. Instead, we can use the two scales together to
form a ratio that is sensitive to H, with no dependence
on DA: ✓d/✓s = rd/rs / H

0.5.
Does this explanation hold together quantitatively? To

demonstrate that what we are seeing in the power spec-
trum actually is increased Silk damping (at fixed ✓s) we
experiment with also fixing ✓d as Ne↵ increases. The
bottom panel of Fig. 1 shows how the angular power
spectrum responds to the same variations in Ne↵ , only
now taken at constant ✓d as well. When we remove the
✓d variation, the impact of the Ne↵ variation almost en-
tirely disappears. We conclude that the variations we
are seeing in the top panel are indeed due to the impact
of Ne↵ on the amount of Silk damping. A very similar
demonstration was provided by [22].

To keep ✓d fixed as Ne↵ varies, we varied a parameter
whose sole impact is on the number density of electrons:
the primordial fraction of baryonic mass in Helium, YP.
Even as early as times when 99% of the photons have yet
to last scatter, Helium, with its greater binding energy
than Hydrogen, is almost entirely neutral. Thus ne =
Xe(np + nH) = Xenb(1 � YP) where the first equality

FIG. 1: Top panel: WMAP and SPT power spectrum mea-
surements, and theoretical power spectra normalized at ` =
200. The black (central) curve is for the best-fit ⇤CDM+Ne↵

model assuming BBN consistency. The other model curves
are for Ne↵ varying from 2 to 6 with ⇢b, ✓s, and zEQ held
fixed. Larger Ne↵ corresponds to lower power. Central panel:
Same as above except normalized at ` = 400 where the ISW
contribution is negligible. We see most of the variation re-
mains. Bottom panel: The same as the central panel except
we vary YP to keep ✓d fixed. The lack of scatter in these spec-
tra compared to those in the middle panel demonstrates that
the e↵ect of Ne↵ on small-scale data is largely captured by its
impact on the damping scale. We can also begin to see more
subtle e↵ects of the neutrinos, most noticeably a phase shift
in the acoustic oscillations [22].

defines Xe and we have kept nb (and thus ⇢b) fixed. The
limit of integration in the above equations for rs and rd

is only slightly a↵ected by changing YP and thus rs is
largely una↵ected. However, the damping length scales
with YP as rd / (1� YP)�0.5.
From our analysis one finds that rd/rs / (1 +

f⌫)0.25/
p
1� YP where f⌫ ⌘ ⇢⌫/⇢� is proportional to

Ne↵ . The first factor arises because increasing H at fixed
zEQ meansH2 / (1+f⌫). Thus asNe↵ is varied, we know
how to change YP to keep rd/rs (and hence ✓d/✓s) fixed.

(Hou et al, PRD’13)

@Cosmic Microwave Background in the damping tail, 

measured by SPT, ACT & Planck:

CMB: Neff  

r2
d
/

R
a?

0
da

a3�TneH



(!b,!m, h, As, ns, ⌧,Ne↵)

Only effect at l<1000 that can not be mimicked by others:  anisotropic stress, around 3rd peak

CMB: Neff  
Ne↵ = 6 Ne↵ = 3 Ne↵ = 6

It is elementary, Sherlock Holmes!

Neutrinos are free-streaming particles propagating at the speed of light, faster than the sound speed in the photon fluid, suppressing 
the oscillation amplitude of CMB modes that entered the horizon in the radiation epoch.



PlanckPl

• Planck 2018 CMB temperature polarization and lensing potential data:


• If we add large scale structure information in the BAO shape form:


• Perfectly consistent with BBN estimates: 

Neff  

Planck Collaboration: Cosmological parameters
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Fig. 39. Constraints in the !b–Ne↵ plane from Planck TT,TE,EE
+lowE and Planck TT,TE,EE+lowE+BAO+lensing data (68 %
and 95 % contours) compared to the predictions of BBN com-
bined with primordial abundance measurements of helium
(Aver et al. 2015, in grey) and deuterium (Cooke et al. 2018, in
green and blue, depending on which reaction rates are assumed).
In the CMB analysis, Ne↵ is allowed to vary as an additional
parameter to the base-⇤CDM model, while YP is inferred from
!b and Ne↵ according to BBN predictions. For clarity we only
show the deuterium predictions based on the PArthENoPEcode
with two assumptions on the nuclear rate d(p, �)3He (case (a) in
blue, case (b) in green). These constraints assume no significant
lepton asymmetry.

with the !b-only error between parentheses, followed by the to-
tal error including the theoretical uncertainty. These results are in
agreement with the Cooke et al. (2018) measurement to within
0.8�, 1.4�, and 1.7�, respectively. Thus no significant tensions
are found in any of these cases.

Nuclear rates from bounds from Planck. The previous para-
graphs highlighted the importance of assumptions on the
radiative-capture process d(p, �)3He for deuterium abundance
predictions. It is worth checking whether the comparison of
CMB and deuterium abundance data provides an indirect esti-
mate of this rate. This approach was suggested in Cooke et al.
(2014) and implemented in Di Valentino et al. (2014) and
PCP15. We can now update it using the latest Planck and deu-
terium data.

We parameterize the thermal rate R2(T ) of the d(p, �)3He
process in the PArthENoPE code by rescaling the rate R

ex
2 (T ) fit-

ted to experimental data by Adelberger et al. (2011) with a factor
A2:

R2(T ) = A2 R
ex
2 (T ) . (74)

This factor does not account in an exact way for the di↵erences
between the experimental fit and the theoretical predictions; it
should instead be seen as a consistency parameter, very much
like AL for CMB lensing in Sect. 6.2. The rate R

th
2 (T ) predicted

by Marcucci et al. (2005) has a temperature dependance that is
close to what is measured experimentally, and can be very well
approximated by a rescaling factor A2 = 1.055. The new theo-
retical rate obtained by Marcucci et al. (2016) has a slightly dif-
ferent temperature dependence but is well approximated by an

e↵ective rescaling factor A
th
2 = 1.16 (Mangano & Pisanti, pri-

vate communication).
Assuming the base-⇤CDM model, we then constrain A2 us-

ing Planck data combined with the latest deuterium abundance
measurements from Cooke et al. (2018). We still need to take
into account theoretical errors on deuterium predictions arising
from uncertainties on other rates, and from the di↵erence be-
tween various codes. According to Marcucci et al. (2016) and
Pitrou et al. (2018), the deuterium fusion uncertainties propagate
to an error �(yDP) = 0.03, which encompasses the di↵erence
on deuterium predictions between PArthENoPE versus PRIMAT.
Thus we adopt �(yDP) = 0.03 as the theoretical error on deu-
terium predictions in this analysis. Adding the theoretical error
in quadrature to the observational error of Cooke et al. (2018),
we obtain a total error of �(yDP) = 0.042 on deuterium, which
we use in our joint fits of Planck+deutrium (D) data. We find

A2 = 1.138 ± 0.072 (68 %, Planck TT+lowE+D), (75a)

A2 = 1.080 ± 0.061 (68 %, Planck TT,TE,EE
+lowE+D). (75b)

If we compare these results with those from PCP15, the tension
between the Planck TT+lowE+D prediction and the experimen-
tal rate slightly increases to 1.9�. However the inclusion of po-
larization brings the Planck TT,TE,EE+lowE+D prediction half-
way between the experimental value and the theoretical rate of
Marcucci et al. (2016), in agreement with both at the 1.3� level.
The situation is thus inconclusive and highlights the need for a
precise experimental determination of the d(p, �)3He rate with
LUNA (Gustavino 2017).

Varying the density of relic radiation. We can also relax the as-
sumption that Ne↵ = 3.046 to check the agreement between
CMB and primordial element abundances in the !b–Ne↵ plane.
Figure 39 shows that this agreement is very good, with a clear
overlap of the 95 % preferred regions of Planck and of the he-
lium+deuterium measurements. This is true with any of our as-
sumptions on the nuclear rates. For clarity in the plot, we only
include the predictions of PArthENoPE (cases (a) and (b)), but
those of PRIMAT are very close to case (b). Since all these data
sets are compatible with each other, we can combine them to
obtain marginalized bounds on Ne↵ , valid in the 7-parameter
⇤CDM+Ne↵ model, with an error bar reduced by up to 30 %
compared to the Planck+BAO bounds of Eq. (67b):

(a) Ne↵ = 2.89+0.29
�0.29

(b) Ne↵ = 3.05+0.27
�0.27

(c) Ne↵ = 3.06+0.26
�0.28

9>>>>>=
>>>>>;

95 %, Planck TT,TE,EE
+lowE+Aver (2015)
+Cooke (2018);

(76)

(a) Ne↵ = 2.94+0.27
�0.27

(b) Ne↵ = 3.10+0.26
�0.25

(c) Ne↵ = 3.12+0.25
�0.26

9>>>>>=
>>>>>;

95 %, Planck TT,TE,EE
+lowE+BAO+Aver (2015)
+Cooke (2018).

(77)

The bounds become even stronger if we combine the helium
measurements of Aver et al. (2015) and Peimbert et al. (2016):

(a) Ne↵ = 2.93+0.23
�0.23

(b) Ne↵ = 3.04+0.22
�0.22

(c) Ne↵ = 3.06+0.22
�0.22

9>>>>>=
>>>>>;

95 %, Planck TT,TE,EE
+lowE+BAO+Aver (2015)
+Peimbert (2016)
+Cooke (2018).

(78)
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CMB Stage IV: Neff  

CMB-S4 Science Case, Reference Design, and Project Plan, 1907.04473

�Ne↵ < 0.06 95%CL



HANDS-ON SESSION (II)!

• PLEASE GO TO THE WEB PAGE:

• RUN THE CODE ALTER_NEUTRINOS WITH THE TWO REQUIRED PARAMETERS    Neff ΔNeff

• FIX  to 3.046 and change slightly  from 0. to 1.  Neff ΔNeff

https://alterbbn.hepforge.org/manuals/alterbbn2.2.pdf

https://alterbbn.hepforge.org/

•DOWNLOAD THE CODE AND FOLLOW THE MANUAL TO INSTALL IT AND RUN IT:

WHICH MODELS ARE EXCLUDED BY BBN OBSERVATIONS? WHY?
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Cosmic Background Radiation: mν  



@ CMB: Early Integrated Sachs Wolfe effect (ISW).

          Shift in the angular position of the peaks.
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ISW

horizontal shift

m⌫ = 2 eV

m⌫ = 1 eV

m⌫ = 0.5 eV

CMB: Σmν  



@ CMB: Early Integrated Sachs Wolfe effect (ISW)


In matter domination, the gravitational potential is constant: NO ISW effect!

The transition from the relativistic to the non relativistic neutrino regime gets imprinted in 
the decays of the gravitational potentials near the recombination 

period, contributing to the ISW effect! 


The presence of a relativistic or semi-relativistic species has an effect

⇥(n̂) =
�T

T
(n̂) ' ⇥0 + + n̂(v̂e � v) +

Z
 ̇+ �̇ d⌘

This early ISW effect leads to a depletion of:


on multipoles:


(Lesgourgues & Pastor, Phys.Rept’06)

�C`

C`
= �(

X
m⌫/0.1 eV)%

20 < ` < 200
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CMB
Matter power spectrum

CMB parameter dependence
Impact of Neff
Impact of M⌫

In neutrinoless ⇤CDM model,

CTT

l
controlled by 8

e↵ects/quantitites:

 0
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 5

 6

 7

 10  100  1000

[l(
l+

1
)/

2
!
] 
C

l

l

SW

ISW

Doppler

total

(C1) Peak location: depends on angle ✓ = ds(⌘LS )/dA(⌘LS )

(C2) Ratio of odd-to-even peaks: gravity-pressure balance in fluid, !b/!�

(C3) Time of equality: amplitude of all peaks (damping during MD), e↵ect
enhanced for 1st peak (early ISW); depends on (1 + zeq)/(1 + zLS )

(C4) Enveloppe of high-l peaks: di↵usion scale and angle ✓ = �d (⌘LS )/dA(⌘LS )

(C5) Global amplitude: As

(C6) Global tilt: ns

(C7) Slope of Sachs-Wolfe plateau (beyond tilt e↵ect): late ISW, z⇤

(C8) Relative amplitude for l � 40 w.r.t l ⌧ 40: optical depth ⌧reio

Julien Lesgourgues neutrino abundance & mass, CMB & P(k)

ISW m⌫ = 2 eV

m⌫ = 1 eV
m⌫ = 0.5 eV

CMB: Σmν  



@ CMB: Early Integrated Sachs Wolfe effect (ISW).

          Shift in the angular position of the peaks.

Strong degeneracy between Σmν  and the Hubble constant H0!

✓s =
rs
DA

The higher the neutrino mass, the lower the angular diameter distance. 

Peaks shift to lower multipoles. But this effect can be compensated with a lower 

Hubble constant:

DA =

Z zrec

0

dz

H(z)
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m⌫ = 2 eV
m⌫ = 1 eV
m⌫ = 0.5 eV

CMB: Σmν  
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Fig. 1.— Comparison of the physical scales as functions of !0h2 and the baryon fraction !b/!0. (a) The
equality scale vs. the sound horizon: keqs/! (unlabeled contours at 0.1 increments). (b) The sound horizon
vs. the Silk scale: kSilks/! (unlabeled contours 2 and 3). The factors of ! have been included to facilitate
comparison with the acoustic scale.

rate (see HS96, Eqn. C8, E2). A fit to the numerical recombination results is

zd = 1291
(!0h2)0.251

1 + 0.659(!0h2)0.828
[1 + b1(!bh

2)b2 ],

b1 = 0.313(!0h
2)!0.419[1 + 0.607(!0h

2)0.674],

b2 = 0.238(!0h
2)0.223, (4)

where we have reduced zd by a factor of 0.96 from HS96 on phenomenological grounds. For !bh2
!< 0.03,

this epoch follows last scattering of the photons.

Prior to zd, small-scale perturbations in the photon-baryon fluid propagate as acoustic waves. The
sound speed is cs = 1/

!

3(1 + R) (in units where the speed of light is unity), where R is the ratio of the
baryon to photon momentum density,

R " 3"b/4"! = 31.5!bh
2"!4

2.7(z/103)!1. (5)

We define the sound horizon at the drag epoch as the comoving distance a wave can travel prior to redshift
zd,

s =

" t(zd)

0
cs (1 + z)dt =

2

3keq

#

6

Req
ln

#
1 + Rd +

!

Rd + Req

1 +
!

Req
, (6)r



Strong degeneracy between Σmν  and the Hubble constant H0!

Planck Collaboration: Cosmological parameters

if we add CMB lensing, since the lensing measurements restrict
the lensing amplitude to values closer to those expected in base
⇤CDM.

The combination of the acoustic scale measured by the CMB
(✓MC) and BAO data is su�cient to largely determine the back-
ground geometry in the ⇤CDM+

P
m⌫ model, since the lower-

redshift BAO data break the geometric degeneracy. Combining
BAO data with the CMB lensing reconstruction power spectrum
(with priors on ⌦bh

2 and ns, following PL2015), the neutrino
mass can also be constrained to be
X

m⌫ < 0.60 eV (95 %, Planck lensing+BAO+✓MC). (61)

This number is consistent with the tighter constraints using the
CMB power spectra, and almost independent of lensing e↵ects
in the CMB spectra; it would hold even if the AL tension dis-
cussed in Sect. 6.2 were interpreted as a sign of unknown resid-
ual systematics. Since the constraint from the CMB power spec-
tra is strongly limited by the geometrical degeneracy, adding
BAO data to the Planck likelihood significantly tightens the neu-
trino mass constraints. Without CMB lensing we find

X
m⌫ < 0.16 eV (95 %, Planck TT+lowE+BAO), (62a)

X
m⌫ < 0.13 eV (95 %, Planck TT,TE,EE+lowE

+BAO), (62b)

and combining with lensing the limits further tighten to

X
m⌫ < 0.13 eV (95 %, Planck TT+lowE+lensing

+BAO), (63a)

X
m⌫ < 0.12 eV (95 %, Planck TT,TE,EE+lowE

+lensing+BAO). (63b)

These combined constraints are almost immune to high-` po-
larization modelling uncertainties, with the CamSpec likelihood
giving the 95 % limit

P
m⌫ < 0.13 eV for Planck TT,TE,EE

+lowE+lensing+BAO.
Adding the Pantheon SNe data marginally tightens the bound

to
P

m⌫ < 0.11 eV (95 %, Planck TT,TE,EE+lowE+lensing
+BAO+Pantheon). In contrast the full DES 1-year data prefer a
slightly lower �8 value than the Planck ⇤CDM best fit, so DES
slightly favours higher neutrino masses, relaxing the bound toP

m⌫ < 0.14 eV (95 %, Planck TT,TE,EE+lowE+lensing+BAO
+DES).

Increasing the neutrino mass leads to lower values of H0, and
hence aggravates the tension with the distance-ladder determina-
tion of Riess et al. (2018a, see Fig. 34). Adding the Riess et al.
(2018a) H0 measurement to Planck will therefore give even
tighter neutrino mass constraints (see the parameter tables in the
PLA), but such constraints should be interpreted cautiously until
the Hubble tension is better understood.

The remarkably tight constraints using CMB and BAO data
are comparable with the latest bounds from combining with
Ly↵ forest data (Palanque-Delabrouille et al. 2015; Yèche et al.
2017). Although Ly↵ is a more direct probe of the neutrino mass
(in the sense that it is sensitive to the matter power spectrum on
scales where the suppression caused by neutrinos is expected
to be significant) the measurements are substantially more dif-
ficult to model and interpret than the CMB and BAO data. Our
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Fig. 34. Samples from Planck TT,TE,EE+lowE chains in theP
m⌫–H0 plane, colour-coded by �8. Solid black contours

show the constraints from Planck TT,TE,EE+lowE+lensing,
while dashed blue lines show the joint constraint from Planck

TT,TE,EE+lowE+lensing+BAO, and the dashed green lines ad-
ditionally marginalize over Ne↵ . The grey band on the left shows
the region with

P
m⌫ < 0.056 eV ruled out by neutrino oscilla-

tion experiments. Mass splittings observed in neutrino oscilla-
tion experiments also imply that the region left of the dotted ver-
tical line can only be a normal hierarchy (NH), while the region
to the right could be either the normal hierarchy or an inverted
hierarchy (IH).

95 % limit of
P

m⌫ < 0.12 eV starts to put pressure on the in-
verted mass hierarchy (which requires

P
m⌫ >⇠ 0.1 eV) indepen-

dently of Ly↵ data. This is consistent with constraints from neu-
trino laboratory experiments which also slightly prefer the nor-
mal hierarchy at 2–3� (Adamson et al. 2017; Abe et al. 2018;
Capozzi et al. 2018).

7.5.2. Effective number of relativistic species

New light particles appear in many extensions of the Standard
Model of particle physics. Additional dark relativistic degrees
of freedom are usually parameterized by Ne↵ , defined so that
the total relativistic energy density well after electron-positron
annihilation is given by

⇢rad = Ne↵
7
8

 
4

11

!4/3

⇢�. (64)

The standard cosmological model has Ne↵ ⇡ 3.046, slightly
larger than 3 since the three standard model neutrinos were
not completely decoupled at electron-positron annihilation
(Mangano et al. 2002; de Salas & Pastor 2016).

We can treat any additional massless particles produced well
before recombination (that neither interact nor decay) as simply
an additional contribution to Ne↵ . Any species that was initially
in thermal equilibrium with the Standard Model particles pro-
duces a �Ne↵ (⌘ Ne↵ � 3.046) that depends only on the number
of degrees of freedom and decoupling temperature. Using con-
servation of entropy, fully thermalized relics with g degrees of
freedom contribute

�Ne↵ = g

"
43

4 gs

#4/3

⇥

(
4/7 boson,
1/2 fermion, (65)
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@ CMB: Early Integrated Sachs Wolfe effect (ISW).

          Shift in the angular position of the peaks.
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ISW

horizontal shift

m⌫ = 2 eV

m⌫ = 1 eV

m⌫ = 0.5 eV

CMB: Σmν  



Einstein’s relativity predicts that the presence of a massive body will curve space time, 
distorting the light trajectory. The shape of the background objects will change/multiplied 
by the presence of intervening galaxies.

 Gravitacional Lensing 



Einstein rings: Perfect alignment: Syzygy!

This movie shows a spiral galaxy acting as a lense of a background quasar 

(Quasi-stellar radio source) moving behind the galaxy. When the alignment 

source-lens-observer is perfect, we see the formation of the Einstein ring!



Double Einstein ring! 3 perfectly aligned

galaxies (probably less than 100 cases in all the 

universe, and we have seen one!)


 Gravitacional Lensing 



Lensing remaps the CMB fluctuations: 

(Kaplinghat et al PRL’03, Lesgourgues et al, PRD’06)

Lensing potential 𝟇 is a measure of the integrated mass distribution back to the last 
scattering surface

⇥lensed(n̂) = ⇥(n̂+r�(n̂))

Neutrinos are hot relics with large thermal 
velocities, implying less clustering on small scales, 
reducing therefore CMB lensing!

Geometry


Matter distribution
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Figure 4: Derivatives of C!!
" with respect to the same late universe parameters as in Fig. 3, showing

a large change in the power spectrum as the parameters are varied: the angular diameter

distance degeneracy is broken by lensing.

allowing each of these three parameters to be constrained from the CMB alone.
Constraining late universe parameters through lensing is a future application of CMB

experiments which measure the small-scale modes, and for experiments which measure small-
scale polarization in particular. As remarked in the introduction, in the limit of low noise and

high resolution, CMB polarization experiments can ultimately reconstruct the modes of !"m
with high signal-to-noise across a wider range of angular scales (" ! 1000) than are accessible
using CMB temperature alone. In the next few subsections, we will present forecasts for

parameter constraints from CMB lensing, using a Fisher matrix formalism described in detail
in App. B.

We include unlensed temperature and polarization power spectra (TT, EE, TE) in our
analysis and include the lensing information through the deflection angle power spectrum.

We do not use the lensed power spectra to avoid the complication of the correlation in their
errors between di!erent " values and with the error in C!!

" . Using the lensed spectra and
neglecting these correlations could lead to overly optimistic forecasts [55]. A previous study

[56] found that using lensed spectra instead of the unlensed ones (plus !"m power spectrum)
shrunk the expected errors on w and m# for their version of CMBpol by about 40% and 30%

respectively.
We now consider neutrino mass, dark energy and curvature in turn and forecast the

13

(Smith et al CMBPol’09)

Planck Collaboration: Gravitational lensing by large-scale structures with Planck
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Fig. 12. Upper left: Planck measurements of the lensing power spectrum compared to the ⇤CDM mean prediction and 68% con-
fidence interval (dashed lines) for models fit to Planck+WP+highL (see text). The eight bandpowers are those used in the Planck
lensing likelihood; they are renormalized, along with their errors, to account for the small di↵erences between the lensed CTT

` in
the best-fit model and the fiducial model used throughout this paper. The error bars are the ±1� errors from the diagonal of the
covariance matrix. The colour coding shows how C��L varies with the optical depth ⌧ across samples from the ⇤CDM posterior
distribution. Upper right: as upper-left but using only the temperature power spectrum from Planck. Lower left: as upper-left panel
but in models with spatial curvature. The colour coding is for ⌦K . Lower right: as upper-left but in models with three massive
neutrinos (of equal mass). The colour coding is for the summed neutrino mass

P
m⌫.

constrained only by the Planck temperature power spectrum is
illustrated in the upper-right panel of Fig. 12, and suggests that
the direct C��L measurements may be able to improve constraints
on ⌧ further. This is indeed the case, as shown in Fig. 13 where
we compare the posterior distribution of ⌧ for the Planck temper-
ature likelihood alone with that including the lensing likelihood.
We find
⌧ = 0.097 ± 0.038 (68%; Planck)
⌧ = 0.089 ± 0.032 (68%; Planck+lensing).
At 95% confidence, we can place a lower limit on the optical
depth of 0.04 (Planck+lensing). This very close to the optical
depth for instantaneous reionization at z = 6, providing further
support for reionization being an extended process.

The ⌧ constraints via the lensing route are consistent with,
though weaker, than those from WMAP polarization. However,
since the latter measurement requires very aggressive cleaning
of Galactic emission (see e.g. Fig. 17 of Page et al. 2007), the
lensing constraints are an important cross-check.

6.1.2. Effect of the large and small scales on the
six-parameter ⇤CDM model

Before exploring the further parameters that can be constrained
with the lensing likelihood, we test the e↵ect on the ⇤CDM
model of adding the large-scale (10  L  40) and small-scale
(400  L  2048) lensing data to our likelihood. Adding addi-
tional data will produce random shifts in the posterior distribu-
tions of parameters, but these should be small here since the mul-
tipole range 40  L  400 is designed to capture over 90% of the
signal-to-noise (on an amplitude measurement). If the additional
data is expected to have little statistical power, i.e., the error bars
on parameters do not change greatly, but its addition produces
large shifts in the posteriors, this would be symptomatic either
of internal tensions between the data or an incorrect model.

In Fig. 14, we compare the posterior distributions of the
⇤CDM parameters for Planck+WP+highL alone with those af-
ter combining with various lensing likelihoods. Adding our fidu-
cial lensing likelihood (second column) reduces the errors on pa-
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(Planck coll., A&A’14)
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X
m⌫ < 0.24 eV 95%CL

Planck TTTEEE+lowT+lowE+lensing

CMB: Σmν  
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Large scale structure formation: mν



Neutrino masses suppress structure formation on scales larger than their free streaming scale when they turn non 
relativistic. (Bond et al PRL’80)

95

Neutrinos with eV or sub-eV masses are HOT relics with LARGE thermal velocities!

Cold dark matter instead has zero velocity and therefore it clusters at any scale!
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Only CDM 
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Both CDM and
neutrinos cluster

ν

Consider a neutrino and a cold dark matter particle encountering two gravitational 
potential wells of different sizes in an expanding universe:

→ Cosmological neutrino mass measurement is based on observing this free-
streaming induced potential decay at λ<< λFS.
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potential wells of different sizes in an expanding universe:

→ Cosmological neutrino mass measurement is based on observing this free-
streaming induced potential decay at λ<< λFS.
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(From Y. Wong)

� ⌧ �fs,⌫ ! k � kfs,⌫ � � �fs,⌫ ! k ⌧ kfs,⌫

Large scale structure: mν



Growth equation for a single uncoupled fluid, linear regime, 

with constant sound speed:

Gravity 


Pressure 

Hubble drag

�̈ + 2
ȧ

a
�̇ � c2sk

2 �

a2
= 4⇡G⇢�

Jeans scale:


k>kJ no growth can occur

k<kJ density perturbations growth

kJ ⌘

s
4⇡G⇢

c2s(1 + z)2
kfs,⌫(z) ⌘

r
3

2

H(z)

(1 + z)�v,⌫(z)

Neutrino free streaming scale:
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(
Compute the neutrino free streaming scale
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(From M. Tegmark)

Matter power spectrum suppression: 

Large scale structure: mν

Small scales

�P

P
= �8f⌫ = �8

⌦⌫

⌦DM

�P

P
= �(

X
m⌫/0.01 eV)%
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@LSS: Caveats, NON-LINEARITIES

2.5. Neutrino properties and cosmological observations 47

Figure 2.3: Linear power spectrum for three cosmological models with three degenerate massive
neutrinos and one with massless neutrinos. The red line depicts the matter power spectrum
P (k) for the best fit parameters for a !CDM model with massless neutrino from the Planck
data set. Neutrino large free-streaming produces a decrease in the amplitude of the power
spectrum on small scales.

The growth of CDM perturbations is reduced due the fact that one of the component in
the universe contributes to the homogeneous expansion rate but not to the gravitational
clustering.

In Fig. 2.3 we plot the linear power spectrum, computed with CAMB, for a massless neu-
trino universe using the best fit parameters from Planck measurements, [8], (red line) . We
also plot the linear power spectrum of di!erent cosmological models with three degenerate
massive neutrinos.

Notice that neutrinos suppress the power on scales below the free streaming scale when
they become non relativistic. We will carefully explain this e!ect in Chapter IV. This
suppression comes from the two e!ects. The first one is that neutrinos modify the matter
radiation equality. This time represents the epoch when the contribution of radiation to the
total energy content of the universe equals the contribution from matter and is given by:

aeq =
"r

"b + "CDM
(2.67)

with "r taking contributions from both photons and neutrinos. Since both cosmological

9

FIG. 1. Top: Non-linear galaxy power spectrum computed using the Halofitmethod with the camb code [147] (red line) and the
Coyote emulator (blue line) [114–116] at z=0.57 for the ⇤CDM best-fit parameters from Planck TT 2015 data and M⌫ = 0 eV
(given that the emulator does not fully implement corrections due to non-zero neutrino masses on small scales). Green triangle
data points are the clustering measurements from the BOSS DR12 CMASS sample. The error bars are computed from the
diagonal elements Cii of the covariance matrix. For comparison with previous work [23], purple circles represent clustering
measurements from the BOSS Data Release 9 (DR9) CMASS sample. A very slight suppression in power on small scales (large
k) of the DR12 sample compared to the DR9 sample is visible. Note that the binning strategy adopted in DR9 and DR12 is
di↵erent. Bottom: Residuals with respect to the non-linear model with Halofit. The orange horizontal line indicates the k

range used in our analysis. As it is visually clear, the k range we choose is safe from large non-linear corrections.

CMASS P (k), we consider data from the Six-degree Field
Galaxy Survey (6dFGS) [157], the WiggleZ survey [158],
and the DR11 LOWZ sample [159], as done in [23]. We
refer to the combination of these three BAO measure-
ments as BAO . When combining BAO with the base

CMB dataset and the DR12 CMASS P (k) measure-
ments, we refer to the combination as basePK . When
combining BAO with the basepol CMB dataset and the
DR12 CMASS P (k) measurements, we refer to the com-
bination as basepolPK . Recall that we have summa-
rized our nomenclature of datasets (including baseline
datasets) and their combinations in Tab. II.

The 6dFGS data consists of a measurement of
rs(zdrag)/DV (z) at z = 0.106 (as per the discussion
above, rs/DV decreases as M⌫ is increased). The Wig-
gleZ data instead consist of measurements of the acoustic
parameter A(z) at three redshifts: z = 0.44, z = 0.6, and
z = 0.73, where the acoustic parameter is defined as:

A(z) =
100Dv(z)

p
⌦mh2

cz
. (16)

Given the e↵ect of M⌫ on Dv(z), A(z) will increase as
M⌫ increases. Finally, the DR11 LOWZ data consists

of a measurement of Dv(z)/rs(zdrag) (which increases as
M⌫ is increased) at z = 0.32.
Since the BAO feature is measured from the galaxy

two-point correlation function, to avoid double counting
of information, when considering the base and basepol

datasets we do not include the DR11 CMASS BAO mea-
surements, as the DR11 CMASS and DR12 CMASS vol-
umes overlap. However, if we drop the DR12 CMASS
power spectrum from our datasets, we are allowed to add
DR11 CMASS BAO measurements without this leading
to double-counting of information. Therefore, for com-
pleteness, we consider this case as well. Namely, we drop
the DR12 CMASS power spectrum from our datasets,
replacing it with the DR11 CMASS BAO measurement.
This consists of a measurement of Dv(ze↵)/rs(zdrag) at
ze↵ = 0.57.

Baseline combinations of datasets used, and
their definitions, III.

We refer to the combination of the four BAO measure-
ments (6dFGS, WiggleZ, DR11 LOWZ, DR11 CMASS)

(Vagnozzi et al, PRD’17)

Beyond a given scale knl, linear perturbation theory 

breaks down!

z = 0.57

Large scale structure: mν
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@LSS: Caveats, BIAS!

Pgg(k, z) = bias2P (k, z)

Neutrinos themselves induce a scale-dependent bias  (LoVerde & Zaldarriaga; Castorina et al)

Galaxies are biased tracers of the underlying matter density field!   (Kaiser, APJ’84)

Large scale structure: mν



                            Baryon Acoustic Oscillations


Photons and baryons in the early universe behave as a tightly coupled 

fluid, resembling acoustic waves, generated as the baryon-photon fluid 

is attracted and falls onto the overdensities: 

September 30, 2010

Dear JCAP Editor:

rs⇤ ⇥ 1� = rs(z⇥)
DA(z⇥) �̈ + [Pressure - Gravity]� = 0 p⇥ = 1

2 ⇤̇
2 � V (⇤) w⇥ =

p�

��
⇥ �1

⇥ �dmh2 H0(km/s/Mpc)

0 0.1099 68.29
-0.1 0.097 69.48
-0.2 0.083 70.68
-0.3 0.067 71.90
-0.4 0.050 73.13
-0.5 0.032 74.37
-0.6 0.012 75.63

Sincerely,

The time when the baryons are “released” from the drag of the photons is known as 

the drag epoch. From then on photons expand freely while the acoustic waves 

“freeze in” the baryons at a scale given by the size of the horizon at the drag epoch: 


October 1, 2010

Dear JCAP Editor:

DV (z) =
�
s⌅s2

⇤
⇥1/3

s⇤ = ��c
⇤ z

0
1

H(z�)dz⇥ ⇥(⇧x) ⇥ �(⇥x)��̄(⇥x)
�̄(⇥x)

bgalaxies ⇥ ⇥galaxies/⇥dm

⇤⇥̃(⇧k)⇥̃(⇧k⇥)⌅Volume = (2⌅)3P (k)⇥3(⇧k � ⇧k⇥)

⇥̃(⇧k) ⇥
⇤

d3⇧r ei⇥k⇥r ⇥(⇧r)

⇤ ⇥dmh2 H0(km/s/Mpc)

0 0.1099 68.29
-0.1 0.097 69.48
-0.2 0.083 70.68
-0.3 0.067 71.90
-0.4 0.050 73.13
-0.5 0.032 74.37
-0.6 0.012 75.63

Sincerely,
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Fig. 1.— Comparison of the physical scales as functions of !0h2 and the baryon fraction !b/!0. (a) The
equality scale vs. the sound horizon: keqs/! (unlabeled contours at 0.1 increments). (b) The sound horizon
vs. the Silk scale: kSilks/! (unlabeled contours 2 and 3). The factors of ! have been included to facilitate
comparison with the acoustic scale.

rate (see HS96, Eqn. C8, E2). A fit to the numerical recombination results is

zd = 1291
(!0h2)0.251

1 + 0.659(!0h2)0.828
[1 + b1(!bh

2)b2 ],

b1 = 0.313(!0h
2)!0.419[1 + 0.607(!0h

2)0.674],

b2 = 0.238(!0h
2)0.223, (4)

where we have reduced zd by a factor of 0.96 from HS96 on phenomenological grounds. For !bh2
!< 0.03,

this epoch follows last scattering of the photons.

Prior to zd, small-scale perturbations in the photon-baryon fluid propagate as acoustic waves. The
sound speed is cs = 1/

!

3(1 + R) (in units where the speed of light is unity), where R is the ratio of the
baryon to photon momentum density,

R " 3"b/4"! = 31.5!bh
2"!4

2.7(z/103)!1. (5)

We define the sound horizon at the drag epoch as the comoving distance a wave can travel prior to redshift
zd,

s =

" t(zd)

0
cs (1 + z)dt =

2

3keq

#

6

Req
ln

#
1 + Rd +

!

Rd + Req

1 +
!

Req
, (6)
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Fig. 1.— Comparison of the physical scales as functions of !0h2 and the baryon fraction !b/!0. (a) The
equality scale vs. the sound horizon: keqs/! (unlabeled contours at 0.1 increments). (b) The sound horizon
vs. the Silk scale: kSilks/! (unlabeled contours 2 and 3). The factors of ! have been included to facilitate
comparison with the acoustic scale.
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The time when the baryons are “released” from the drag of the photons is known as 

the drag epoch. From then on photons expand freely while the acoustic waves 

“freeze in” the baryons at a scale given by the size of the horizon at the drag epoch: 
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                            Baryon Acoustic Oscillations


Photons and baryons in the early universe behave as a tightly coupled 

fluid, resembling acoustic waves, generated as the baryon-photon fluid 

is attracted and falls onto the overdensities: 
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From D. Eisenstein and M. White

     Baryon Acoustic Oscillations



The time when the baryons are “released” from the drag of the photons is known as 

the drag epoch. From then on photons expand freely while the acoustic waves 

“freeze in” the baryons in a scale given by the size of the horizon at the drag epoch: 
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There should be a small excess 

in the two-point galaxy correlation 

function around 150 Mpc!


rs = 147.09± 0.26 Mpc Planck Coll. A&A’20

                            Baryon Acoustic Oscillations


Photons and baryons in the early universe behave as a tightly coupled 

fluid, resembling acoustic waves, generated as the baryon-photon fluid 

is attracted and falls onto the overdensities: 
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Galaxy Redshift Surveys

early surveys (eg. CfA2) 
were too small to 
measure BAO...

SDSS main galaxy survey
1 million redshifts

but volume too little for BAO 

Galaxy Redshift Surveys

early surveys (eg. CfA2) 
were too small to 
measure BAO...

SDSS main galaxy survey
1 million redshifts

but volume too little for BAO 

SDSS LRG sample

Luminous Red Galaxies (LRG): 
brightest & reddest galaxies in the universe, easily detected up to z=0.6 

47,000 galaxies over 4000 sq.deg - 2004
(80,000 over 8000 sq.deg planned by 
July 2008)

covers 0.72 h-3 Gpc 3

0.16 < z < 0.47

ideal tool for the first detection of 
the BAO feature...

80’s: Tiny surveys 

 

2000: Main galaxies @SDSS. 
Big number, but small volume 
 

2005: Luminous Red Galaxies @ SDSS. 
Big Volume: first detection of the BAO  
signature 
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BAO scale

80’s: Tiny surveys                            Baryon Acoustic Oscillations




(Peloso et al JCAP’15)

Large scale structure measurements can be 

interpreted either in the geometrical or shape forms


2 point correlation function 

  


Matter power spectrum
Fourier Transform
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BAO information  more powerful

(Peloso et al, JCAP’15)

Large scale structure: mν

S. Vagnozzi, E. Giusarma, O. Mena, K. Freese, M. Gerbino, S. Ho and M. Lattanzi, PRD’17



PlanckPl
Σmν  

• Planck 2018 CMB temperature polarization and lensing potential data:


• If we add large scale structure information in its BAO form

X
m⌫ < 0.24 eV 95%CL

X
m⌫ < 0.12 eV 95%CL

Planck Coll. A&A’20



PlanckPl
Σmν  Planck 2018 results, 1807.06209

• Planck 2018 CMB temperature polarization and lensing potential data:


• If we add large scale structure information in its BAO form

X
m⌫ < 0.24 eV 95%CL

X
m⌫ < 0.12 eV 95%CL

∑ mν < 0.099 eV(CMB + SDSS-IV BAO+RSD + SN)



Riess et al, APJ’18

X
m⌫ < 0.24 eV 95%CL

X
m⌫ < 0.12 eV 95%CL

X
m⌫ < 0.11 eV 95%CL

X
m⌫ < 0.0970 eV 95%CL

Planck TTTEEE+lowT+lowE+lensing

+ BAO

+ BAO + SNIa

+ BAO + SNIa + H0=73.45 ±1.66 km/s/Mpc

Σmν  Planck Coll. A&A’20

+ SDSS-IV (BAO + RSD) + SNIa

∑ mν < 0.099 eV 95 %CL eBOSS Coll. PRD’21



DESI + Planck

• Neutrino mass ordering 



COrE + Euclid +LSST

DESI + Euclid +LSST

• Neutrino mass ordering 



!!!!

??????

• Neutrino mass ordering 
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Another array layout giving higher resolution is to
build an array whose elements consist of FFTTs placed
far apart. After performing a spatial FFT of their indi-
vidual outputs, these can then be multiplied and inverse-
transformed pairwise, and the resulting block coverage of
the UV plane can be filled in by Earth rotation. As long
as the number of separate FFTTs is modest, the extra
numerical cost for this may be acceptable.
Above we discussed the tradeo! between di!erent

shapes for fixed collecting area. If one instead replaces
a D ! D two-dimensional FFTT by a one-dimensional
FFTT of length D using rotation synthesis, then equa-
tion (18) shows that one loses sensitivity in two separate
ways: at the angular scale ! " D/"where the power spec-
trum error bar "C! from equation (31) is the smallest,
one loses one factor of D/" from the drop in f cover, and
a second factor of D/" from the drop in collecting area
A. Another way of seeing this is to note that the avail-
able information scales as the number of baselines, which
scales as the square of the number of antennas and hence
as A2. This quadratic scaling can also be seen in equa-
tion (30): the total amount of information ("#)!2 scales
as A2#$"%, so whereas field of view, observing time and
bandwidth help only linearly, area helps quadratically.
This is because we can correlate electromagnetic radia-
tion at di!erent points in the telescope, but not at di!er-
ent times, at di!erent frequencies or from di!erent points
in the sky. The common statement that the information
gathered scales as the etendu A# is thus true only at
fixed !; when all angular scales are counted, the scaling
becomes A2#.
If in the quest of more sensitivity, one keeps length-

ening an oblong or one-dimensional FFT to increase the
collecting area, one eventually hits a limit: the curvature
of Earth’s surface makes a flat D # 10km exceedingly
costly, requiring instead telescope curving along Earth’s
surface and the alternative analysis frameworkmentioned
above in Section III F. If one desires maximally straight-
forward data analysis, one thus wants to grow the tele-
scope in the other dimension to make it less oblong, as
discussed in Section III F. This means that if one needs
# 104 antennas for adequate 21 cm cosmology sensitiv-
ity, one is forced to build a 2D rather than 1D telescope.
For comparison, even the currently funded MWA exper-
iment with its 512! 42 = 8192 antennas is close to this
number.
One final science application where 2D is required

is the study of transient phenomena that vary on a
time scale much shorter than a day, invalidating the
static sky approximation that underlies rotation synthe-
sis. This was the key motivation behind the aforemen-
tioned Waseda telescope [10–12].

IV. APPLICATION TO 21 CM TOMOGRAPHY

In the previous section we discussed the pros and cons
of the FFTT telescope, and found that it’s main strength

is for mapping below about 1 GHz when extreme sensi-
tivity is required. This suggests that the emerging field
of 21 cm tomography is an ideal first science applica-
tion of the FFTT: it requires sky mapping in the sub-
GHz frequency range, and the sensitivity requirements,
especially to improve cosmic microwave background con-
straints on cosmological parameters, are far beyond what
has been achieved in the past [24, 37–39].

A. 21cm tomography science

It is becoming increasingly clear that 21 cm tomog-
raphy has great scientific potential for both astrophysics
[18–21, 35] and fundamental physics [24, 36–39]. The ba-
sic idea is to produce a three-dimensional map of the mat-
ter distribution throughout our Universe through preci-
sion measurements of the redshifted 21 cm hydrogen line.
For astrophysics, much of the excitement centers around
probing the cosmic dark ages and the subsequent epoch
of reionization caused by the first stars. Here we will
focus mainly on fundamental physics, as this arguably
involves both the most extreme sensitivity requirements
and the greatest potential for funding extremely sensitive
measurements.

FIG. 5: 21 cm tomography can potentially map most of
our observable universe (light blue/gray), whereas the CMB
probes mainly a thin shell at z ! 1100 and current large-
scale structure maps (here exemplified by the Sloan Digital
Sky Survey and its luminous red galaxies) map only small
volumes near the center. Half of the comoving volume lies at
z > 29 (Appendix B). This paper focuses on the convenient
7
"
< z

"
< 9 region (dark blue/grey).

M. Tegmark and M. Zaldarriaga, PRD’09

SDSS

The 21 cm universe
21 cm cosmology could be able to map most of our observable universe, whereas the CMB 
probes mainly a thin shell at z≈1100 and large-scale structure maps only small volumes near the 
center so far.



The 21 cm universe 
21cm Line

Picture from C. Hirata

-- Hyperfine transition of neutral hydrogen
-- Hydrogen:  most abundant element, optically thin  
-- Line transition:  Probe 3D structure of the Universe                                
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-- Brightness Temperature
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-- Brightness Temperature
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From C. Hirata

J. Pritchard & A. Loeb, 
Rept. Prog. Phys’12 http://homepage.sns.it/mesinger/21CMMC.html

Hyperfine transition of neutral hydrogen, that will be the TRACER. Can be measured in  
emission or absorption with respect to the in CMB emission (z<10) or in absorption (z>10) 
  



kilometre

2000 high & mid frequency dishes plus a million low-frequency antennas: 


Effective collecting area of one million m2


The 21 cm universe: Square Kilometer Array
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The 21 cm universe: SKA

The Murchison region where the ASKAP and SKA telescopes will eventually be located, 

are traditional lands of the Wajarri Yamatji People, who signed an indigenous land use agreement, which protects the Aboriginal people’s cultural 
heritage. 

The agreement also brought significant benefits in terms of education and infrastructure to the local 

peoples in what is one of the most sparsely populated regions on Earth.





The data collected by the SKA in a single day would take nearly two million years to playback on an 
ipod. 


The SKA will be so sensitive that it will be able to detect an airport 


radar on a planet tens of light years away. 


The SKA central computer will have the processing power of about one hundred million PCs.


The dishes of the SKA will produce 10 times the global internet traffic. 


The SKA will use enough optical fibre to wrap twice around the Earth!
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1. INTRODUCTION: FUNDAMENTAL INGREDIENTS &                       & 
THERMAL HISTORY OF THE UNIVERSE ✓ 

2. NEUTRINO DECOUPLING IN THE EARLY UNIVERSE ✓ 

3. BIG BANG NUCLEOSYNTHESIS & Neff ✓ 

4. COSMOLOGY & Neff ✓ 

5. COSMOLOGY & NEUTRINO MASSES ✓ 

6. TAKE HOME MESSAGES



The “Take Home” messages

• ν masses & abundances leave key signatures in cosmological observables. 


• NO hints so far for neutrino masses or extra dark radiation species!


• Neff @BBN: Light element abundances (4He) abundances. 


• Neff @CMB: damping tail


• Neff = 2.99 +0.34-0.33,  (95% CL) from 2018 Planck TTTEEE+lensing, perfectly 
consistent with BBN.


• Cosmology provides currently the tightest bounds to neutrino masses. 


• ν masses@CMB: Early ISW, gravitational lensing 


• ν masses@LSS: Free streaming 


• Σmν < 0.099 eV (95%CL) from 2018 Planck TTTEEE+lensing plus RSD+BAO 
+SNIa data
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HANDS-ON SESSION (III)!

• PLEASE GO TO THE WEB PAGE:

 

https://lambda.gsfc.nasa.gov/toolbox/tb_camb_form.cfm

•COMPUTE THE TEMPERATURE ANISOTROPIES AND THE MATTER POWER SPECTRUM FOR  

•CHANGE SOME OF THE OTHER COSMOLOGICAL PARAMETERS AND STUDY THE PARAMETER 
DEGENERACIES  

∑ mν = 0.06,0.1,0.3 and 1 eV



BACKUP SLIDES
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(Agostini et al, PRD’17)

mββ < 2 10-4 would require

some fine tuning in the Majorana phases 



(Palanque et al, JCAP’15)

Neutrino properties from cosmology - J. Lesgourgues 17

su
m

m
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s 

95%CL upper bounds on Σimi beyond 7 parameters
Usual suspects: 
• extra massless relics 
• extra light relics 
• spatial curvature 
• simplest dynamical DE 
• primordial GWs 
• primordial tilt running 

Even more freedom in: 
• modified Einstein Gravity 
• interactions in DM sector 
• primordial perturbations

with very conservative 2015 dataset 
Planck 2015 {TT+lowl+lensing} + BAO 

MG, interactions… 
difficult to quantity, 

 but no known example  
giving weaker bounds 

9 to 12 params < 600 meV 
8 params < 370 meV 
7 params < 250 meV

[Planck col.] 1502.01589; Di Valentino et al. 1507.06646

Robustness of mass bounds against 
cosmological model extensions

J.  Lesgourgues, talk at Neutrino 2018

Σmν  
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And two neutrinos have a mass above:  

at least one of these neutrinos has a mass larger than

q
�m2

12 ' 0.008 eV
q

|�m2
13| ' 0.05 eV

Methods to detect non-non-relativistic neutrinos: PTOLEMY

2 FERMILAB–Pub–04/379–T

As a Gedankenexperiment, the prospect of cosmic-
neutrino absorption spectroscopy has great clarity and
appeal. Reality is more complicated, and it is our
purpose—building on earlier work—to analyze all the im-
portant e!ects that will influence the execution and in-
terpretation of neutrino-absorption experiments. We are
encouraged in this e!ort by the imminent construction
and operation of neutrino observatories and by imagi-
native e!orts to develop new techniques to detect super-
high-energy neutrinos. A novel aspect of the analysis pre-
sented here is our attention to the thermal motion of the
relics. We also raise the possibility that cosmic-neutrino
absorption spectroscopy might open a new vista on the
thermal history of the universe, as well as extending or
validating our understanding of neutrino properties.

In the body of this introductory section, we develop the
pieces that enter the analysis of neutrino absorption spec-
tra: our expectations for the relic neutrino background
now and in the past, details of the annihilation cross sec-
tion, and possible sources of extremely energetic cosmic
neutrinos. We also survey experiments that aim to de-
tect ultrahigh-energy neutrinos. In §II, we describe the
idealized situation of a super-high-energy neutrino beam
incident on a (very long) uniform column of relic neutri-
nos at today’s density, but with negligible temperature.
We describe the information that could be extracted from
absorption dips, assuming perfect energy resolution and
flavor tagging.

The extremely long interaction length for neutrinos
traversing the relic background means that we must inte-
grate over cosmic time, or redshift, and this takes up §III.
There we discuss the mechanisms that distort absorption
lines and how the distortions compromise the dream of
determining the absolute neutrino masses. We also re-
mark on the sensitivity of the line-shape to the thermal
history of the Universe.

We include Fermi motion due to the relic-neutrino
temperature—which evolves with redshift—in §IV. The
mean relic-neutrino momentum at the present epoch acts
as a rough lower bound on the e!ective target mass. Sec-
tion V is devoted to the implications of unconventional
neutrino histories, including neutrino decay and the con-
sequences of a lepton asymmetry in the early Universe.
We summarize what we have learned, and assess the
prospects for experimental realization of these ideas in
§VI. Looking forward to the experiments, we consider
how external information could enhance the potential
of cosmic-neutrino absorption spectroscopy, and we es-
timate the sensitivity required to make the technique a
reality.

B. Character of the Relic Neutrino Background

The cosmic microwave background is characterized by
a Bose–Einstein blackbody distribution of photons (per

unit volume)4

dn!(T )

d3p
=

1

(2!)3
1

exp (p/T )! 1
, (1)

where p is the relic momentum and T is the temperature
of the photon ensemble. The number density of photons
throughout the Universe is

n!(T ) =
1

(2!)3

!
d3p

1

exp (p/T ) ! 1
=

2"(3)

!2
T 3, (2)

where "(3) " 1.20205 is Riemann’s zeta function. In
the present Universe, with a photon temperature T0 =
(2.725 ± 0.002) K [8], the photon density is

n!0 # n!(T0) " 410 cm!3 . (3)

The present photon density provides a reference for
other big-bang relics. The essential observation is that
neutrinos decoupled when the cosmic soup cooled to
around 1 MeV, so did not share in the energy released
when electrons and positrons annihilated at T " me,
the electron mass. Applying entropy conservation and
counting interacting degrees of freedom, it follows that
the ratio of neutrino and photon temperatures (below
me) is

T"/T =
"

4
11

#1/3
, (4)

so that the present neutrino temperature is

T"0 =
"

4
11

#1/3
T0 = 1.945 K ! 1.697$ 10!4 eV . (5)

The momentum distribution of relic neutrinos follows
the Fermi–Dirac distribution (with zero chemical poten-
tial),

dn"i
(T")

d3p
=

dn"c

i
(T")

d3p
=

1

(2!)3
1

exp (p/T") + 1
. (6)

The number distribution of relic neutrinos is therefore

n"i
(T") = n"c

i
(T") =

1

(2!)3

!
d3p

1

exp (p/T") + 1

=
3"(3)

4!2
T 3

" , (7)

= 3
22n!(T ) .

In the present Universe, the number density of each (ac-
tive) neutrino species is 5

n"i0 = n"c

i
0 # n"i

(T"0) " 56 cm!3 , (8)

4 We adopt units such that h̄ = 1 = c, and we will mea-
sure temperature in kelvins or electron volts, as appropriate to
the situation. The conversion factor is Boltzmann’s constant,
k = 8.617343 ! 10!5 eV K!1.

5 The unconventional neutrino histories described in §V can alter
this expectation.

Today neutrinos have a mean temperature:

Therefore there are at least two non-relativistic neutrino states.

A process without energy threshold is mandatory! 

(Anti)neutrino capture on β-decaying nuclei

⌫e +N ! N 0 + e� ⌫̄e +N ! N 0 + e+

M(N)�M(N 0) = Q� > 0

Cocco et al 2007



130

Methods to detect non-non-relativistic neutrinos:

(Anti)neutrino capture on β-decaying nuclei

Long, Lunardini & Sabancillar, JCAP’14

For finite mν, the electron kinetic energy isQβ+Eν≥Qβ+mν, while electrons emerging from the analogous beta decay 

have at most an energy Qβ−mν, neglecting nucleus recoil energy. A minimum gap of 2mν is thus present and 

this at least in principle allows to distinguish between beta decay and NCB interaction: GOOD ENERGY RESOLUTION!
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PTOLEMY (PonTecorvo Observatory for Light, Early-universe, Massive-neutrino 
Yield) @ LNGS
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PTOLEMY (PonTecorvo Observatory for Light, Early-universe, Massive-neutrino 
Yield) @ LNGS

The expected rate is:

For unclustered neutrinos (i.e. fc= 1) and 100 g of tritium, the expected number 
of events per year:

If neutrinos are Majorana particles, the expected number of events is doubled with respect to the Dirac case. 

The reason is related to the fact that, during the transition from ultra-relativistic to non-relativistic particles, helicity is conserved, but not chirality. 
The population of relic neutrinos is then composed by left- and right-helical neutrinos in the Majorana case, and only left-helical neutrinos in the Dirac 
case. Since the neutrino capture can only occur for left-chiral electron neutrinos, the fact that in the Majorana case the right-handed neutrinos can 
have a left-chiral component leads to a doubled number of possible interactions.

de Salas et al, JCAP’17
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From C. Hirata

J. Pritchard & A. Loeb, 
Rept. Prog. Phys’12 http://homepage.sns.it/mesinger/21CMMC.html

Hyperfine transition of neutral hydrogen, that will be the TRACER. Can be measured in  
emission or absorption with respect to the in CMB emission (z<10) or in absorption (z>10) 
  



One can look for  
(sterile) neutrinos in 
something not so 

shiny and bright….



HOT dark matter
COLD dark matter

WARM dark matter

HDM

CDM

WDM
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Small scale crisis of ΛCDM@galactic and sub-galactic scales

CDM:%challenged

BoylanHkolchin%et%al,%MNRAS%(2011,%2012)

Why$do$these$subhalos$not$
“light”$up?

CDM$is$challenged$on$observations$probing$small$scales$
1. Core/cusp$problem:$inner$density$profile$steeper$than$data$
2. Missing$satellites$problem:$expect$O(100)$satellites$but$see$~20$
3. Too$big$to$fail$problem:$massive$subhalos$are$too$dense$to$match$data

Expect$5$–$40$subhalos$with$
Vmax$>$25$km/s$$
(based$on$48$realizations)

(Boylan et al, MNRAS’11)

Core/Cusp problem

Missing satellite problem

Too big to fail (TBTF) problem
Observations seem to indicate an approximately constant dark matter density in the inner parts of galaxies 
(core), while cosmological simulations indicate a steep power-law-like behaviour (cusp)

The predicted satellite population far exceeds the observed one

Massive dark subhalos are too 

dense to match data. 

Expected 10 subhalos in the Milky

Way with v >30 km/s, only 3 known!
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Sterile keV (0.01 me) neutrino as a warm dark matter candidate?

A controversial unidentified line has 

been detected at with a significance > 3σ 

in two independent samples of X-ray clusters 

with XMM-Newton. 


It is independently seen by the same 

group in the Perseus Cluster with Chandra data. 


(Bulbul et al, APJ’14)

Virgo Cluster: 1070 DM particles

Sterile ν WDM Radiative Decay in the X-ray

“⌫s”! “⌫↵” + �

E� =
ms

2
⇠ 1 keVN2 W+ N1

l -l -

G
Decay: Shrock 1974; Pal & Wolfenstein 1981 
X-ray: Abazajian, Fuller & Tucker 2001

�� = 1.62⇥ 10�28 s�1

✓
sin2 2✓

7⇥ 10�11

◆⇣ ms

7 keV

⌘5

⌫s ! ⌫↵ + �

ms = 2E = 7.1keV

An independent group finds a line at the same 

energy toward Andromeda and Perseus with 

XMM-Newton, with a combined statistical evidence 

of 4.4σ. (Boyarsky et al, PRL’14)

(Bulbul et al, APJ’14)14
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Figure 6. 3�4 keV band of the rebinned XMM-Newton spectra of the detections.The spectra were rebinned to make the excess at ⇠3.57
keV more apparent. (APJ VERSION INCLUDES ONLY THE REBINNED MOS SPECTRUM OF THE FULL SAMPLE).

nax dwarf galaxies (Boyarsky et al. 2010; Watson et al.
2012), as showin in Figure 13(a). It is in marginal (⇠90%
significance) tension with the most recent Chandra limit
from M31 (Horiuchi et al. 2014), as shown in Figure
13(b).
For the PN flux for the line fixed at the best-fit MOS

energy, the corresponding mixing angle is sin2(2✓) =
4.3+1.2

�1.0
(+1.8

�1.7
) ⇥ 10�11. This measurement is consistent

with that obtained from the stacked MOS observations

at a 1� level. Since the most confident measurements
are provided by the highest signal-to-noise ratio stacked
MOS observations of the full sample, we will use the flux
at energy 3.57 keV when comparing the mixing angle
measurements for the sterile neutrino interpretation of
this line.

3.2. Excluding Bright Nearby Clusters from the Sample
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Sterile keV (0.01 me) neutrino as a warm dark matter candidate?

(Lovell et al, MNRAS’12)

WDM leads to an identical large scale structure pattern than CDM, but very different 
subhaloes abundance, structure and dynamics: the free streaming of a keV sterile 
neutrino will reduce power at the small scales, delaying structure formation and lowering 
the haloes concentration.

4 M. R. Lovell et al.

Simulation mWDM[keV] ![h!1Mpc] Mth[M!] m!=1.12
WDM [keV]

CDM-W7 – 0.0 – –
m2.3 2.322 0.01987 1.4" 109 1.770
m2.0 2.001 0.02357 1.8" 109 1.555
m1.6 1.637 0.02969 3.5" 109 1.265
m1.5 1.456 0.03399 5.3" 109 1.106

Table 1. Parameters of the simulations. The parameter ! determines the power spectrum cuto! (Eqn. 2); mWDM is the thermal relic
mass corresponding to each value of !; and Mth is the cuto! mass scale defined using a top hat filter as described in the text. The final
column gives the particle masses that, when combined with the " = 1.12 transfer function and mWDM # ! relation of Viel et al. (2005),
give the best approximation to our " = 1 transfer functions.

which we define as the mass within a top hat filter which,
when convolved with the CDM power spectrum, results in
a function that peaks at the same value of k as the WDM
power spectrum.

In order to compare our study to that of Viel et al.
(2005) and Viel et al. (2013) we need to take into account
that the transfer function that we use assumes ! = 1 in
Eqn. 2 while theirs assumes ! = 1.12. For values of k near
the power spectrum cuto!, the transfer function for a given
mWDM has a higher amplitude if ! = 1.12 than if ! = 1. To
match the power on this scale then requires a higher value of
mWDM if ! = 1 than if ! = 1.12. We can therefore derive an
‘equivalent ! = 1.12’ mass for each of our models which gives
the best approximation to the transfer function in our ! = 1
simulations. These masses are listed in the final column in
Table 1. (We carry out the comparison for T 2(k) > 0.5 and
use the equation relating mWDM and " given in Eqn. 7 of
Viel et al. 2005).

The linear theory power spectra used to set up the ini-
tial conditions are plotted in Fig. 1. By construction, the
peak of the power spectrum moves to higher k as " decreases
(and the particle mass increases). For all WDM models the
initial power spectrum peaks at a value of k smaller than
the Nyquist frequency of the particle load in the simula-
tion. This will lead to the formation of spurious haloes as
mentioned in Section 1.

Self-bound haloes were identified using the subfind al-
gorithm (Springel et al. 2001); they are required to contain
at least 20 particles. The largest subfind group is the galac-
tic halo itself, to which we will refer as the ‘main halo’.
Smaller haloes that reside within the main halo are known
as ‘subhaloes’, whereas those that are outside the main halo
are ‘independent haloes’. Most of the subhaloes will have
experienced gravitational stripping whilst most of the inde-
pendent haloes will have not.

A first view of the simulations is presented in Fig. 2.
The smooth component of the main haloes is very similar
in all five models: in all cases, the haloes are similarly cen-
trally concentrated and elongated. The main di!erence is
in the abundance of subhaloes. The myriad small subhaloes
evident in CDM-W7 are mostly absent in the WDM models.
For these, the number of subhaloes decreases as " increases
(and the WDM particle mass decreases).

The apparent similarity of the main haloes displayed
in Fig. 2 is quantified in Table 2 which lists the masses and
radii of the largest friends-of-friends halo in each simulation.
The table gives their masses enclosed within radii of mean
density 200 times the critical density (M200) and 200 times
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Figure 1. The linear theory power spectrum used in the simula-
tions. The black line corresponds to the CDM model, CDM-W7,
while the blue, green, orange and red lines correspond to the
m2.3, m2.0, m1.6, and m1.5 WDM models respectively. The ar-
rows mark, in order of smallest to largest, the Nyquist frequency
of our low, medium, and high resolution simulations.

Simulation M200[M!] r200[kpc] M200b[M!] r200b[kpc]

CDM-W7 1.94"1012 256.1 2.53"1012 432.1
m2.3 1.87"1012 253.4 2.52"1012 431.4
m2.0 1.84"1012 251.7 2.51"1012 430.8
m1.6 1.80"1012 250.1 2.49"1012 429.9
m1.5 1.80"1012 249.8 2.48"1012 429.0
Aq-A2 1.84"1012 245.9 2.52"1012 433.5

Table 2. Properties of the main friends-of-friends halo in each
high resolution simulation. The radii r200 and r200b enclose re-
gions within which the mean density is 200 times the critical and
background density respectively. The masses M200 and M200b are
those contained within these radii. We also reproduce data from
the original Aquarius Aq-A2 halo.

the background density (M200b). There is a slight trend of
decreasing mass with increasing ", but the maximum change
is only 7 percent for M200 and 2 percent for M200b. The
change in cosmological parameters also makes only a small
di!erence: M200 is 5 percent higher for CDM-W7 than for
the original Aquarius halo with WMAP year 1 parameters.

c$ 2012 RAS, MNRAS 000, ??–21

“The properties of warm dark matter haloes”
By

Mark R. Lovell, Carlos S. Frenk, Vincent R. Eke, 
Adrian Jenkins, Liang Gao  & Tom Theuns, 

MNRAS’14
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Sterile keV (0.01 me) neutrino as a warm dark matter candidate?

(Lovell et al, MNRAS’12)

Simulations have shown that WDM can solve/alleviate the small scale crisis of ΛCDM

WDM leads to an identical large scale structure pattern than CDM, but very different 
subhaloes abundance, structure and dynamics: the free streaming of a keV sterile 
neutrino will reduce power at the small scales, delaying structure formation and lowering 
the haloes concentration.
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CMB Stage IV: Neff  

CMB-S4 Science Case, Reference Design, and Project Plan, 1907.04473

�Ne↵ < 0.06 95%CL
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CMB: Neff  

Fields, Olive, Yeh & Young JCAP ‘20

CMB: Neff  

BBN+ CMB 
Astronomical measurements
CMB He determinations
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Fields, Olive, Yeh & Young JCAP ‘20

CMB Stage IV: Neff  
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CMB Stage IV: Neff  

Green, Meyers & van Engelen, JCAP’17
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Sterile keV (0.01 me) neutrino as a warm dark matter candidate?

(Lovell et al, MNRAS’12)

WDM could reconcile theory with observations!

“The Haloes of Bright Satellite Galaxies in a Warm Dark Matter Universe”,  Mark R. Lovell, Vincent R. Eke, Carlos S. Frenk, Liang Gao, Adrian Jenkins, Tom Theuns, 
Jie Wang, D.M. White , Alexey Boyarsky & Oleg Ruchayskiy MNRAS’12
“The properties of warm dark matter haloes”,  Mark R. Lovell, Carlos S. Frenk, Vincent R. Eke, Adrian Jenkins, Liang Gao  & Tom Theuns, MNRAS’14

WDMCDM



Figure 1: Fig. 1 (left): The first detection of BAO by the Sloan Digital Sky Survey. Points show
the measured correlation function of luminous red galaxies (LRGs) as a function of comoving sepa-
ration. The enhancement of clustering at 100h!1 Mpc (approximately 150 Mpc for h = 0.7) reveals
the imprint of baryon acoustic oscillations. Curves show theoretical predictions for di!erent values
of the baryon-to-dark matter ratio. Fitting the peak of the correlation function bump yields the
BAO scale, with 1! precision of 4% in this measurement. Fig. 2 (right): Anticipated precision of
the correlation function measurement from the LRG sample of the Baryon Oscillation Spectroscopic
Survey. These measurements will allow determination of the angular diameter distance dA with
errors of 1.0% at z = 0.35, and 1.1% at z = 0.6, and determination of the Hubble parameter H(z)
with errors of 1.8% and 1.7% at the same redshifts. BOSS will also use the distribution of neutral
hydrogen absorption in the spectra of high-redshift quasars to measure the BAO scale, determining
dA to 1.5% and H(z) to 1.8% at z = 2.5.

measurement of the BAO feature in the galaxy correlation function. Because we can measure both
the angular size and the line-of-sight separation of the BAO scale, we obtain measurements of both
the angular diameter distance dA(z) and the Hubble expansion parameter H(z), which provide
complementary information about dark energy and space curvature. Our forecasts show that the
LRG sample will yield 1! errors on dA of 1.0% at z = 0.35 and 1.1% at z = 0.6 and corresponding
H(z) errors of 1.8% and 1.7%. All current evidence indicates that these errors will be dominated
by statistical rather than systematic uncertainties.

The BOSS LRG survey will be the definitive low redshift BAO experiment for the foreseeable
future, reaching within a factor of 2 of the full-sky cosmic variance errors for z < 0.5. The BOSS
spectroscopic survey covers 1/4 of the sky with precise redshifts of strongly clustered tracers,
with sampling density su"cient to extract nearly all of the BAO information. Even a full-sky
photometric redshift survey cannot match the BOSS BAO precision at z < 0.7 because of the loss
of BAO information due to imprecise redshifts. Photometric surveys also cannot measure H(z)
because they do not resolve the BAO peak in the line-of-sight direction. In contrast to Type
Ia supernovae, which are calibrated by objects in the local Hubble expansion, the BAO scale is
anchored in the cosmic microwave background at z = 1100, so the leverage of BAO measurements

2

Eisenstein et al’05 
 

14 Beth A. Reid et al.

Figure 8. Points with errors show our measurement of P̂halo(k). We show
!

Cii as error bars; recall that the points are positively correlated. We plot

the best-fitting WMAP5+LRG !CDM model ("m,"b, "!, ns, !8, h) = (0.291, 0.0474, 0.709, 0.960, 0.820, 0.690) with best-fitting nuisance parameters
a1 = 0.172 and a2 = "0.198 (solid curve), for which "2 = 40.0; the dashed line shows the same model but with a1 = a2 = 0, for which "2 = 43.3.
The BAO inset shows the same data and model divided by a spline fit to the smooth component, Psmooth, as in Fig. 4 of P09. In Section 5.1 we find the

significance of the BAO detection in the P̂halo(k) measurement is#"2 = 8.9.

WMAP5 are used, our constraint on the BAO scale provides a much

more precise determination of DV at the effective redshift of the

survey than the shape information alone.

In more extended models than we have thus far considered,

we may expect the additional shape information to allow tighter

constraints. The cosmological parameters most closely constrained

by the broad P (k) shape are those which affect the shape di-
rectly or which affect parameters degenerate with the shape: these

are expected to be the power spectrum spectral slope ns, its run-

ning dns/d ln k, neutrino mass m! , and the number of relativis-

tic species Neff . Thus far in our analysis, we have assumed

dns/d ln k = 0,m! = 0, and Neff = 3.04.

One intuitively expects the measurement of P̂halo(k) to im-
prove constraints on the primordial power spectrum. In a !CDM
model where both running of the spectral index and tensors are

allowed, WMAP5 still places relatively tight constraints on the pri-

mordial power spectrum: ns = 1.087+0.072
!0.073 and d ln ns/d ln k =

!0.05 ± 0.03. The measurement reported in this paper probes

at most " ln k " 2 and covers a range corresponding to ! "
300!3000; this range overlaps CMB measurements but extends to
smaller scales. Over this k-range and for this model, WMAP5 con-
strains the P (k) shape to vary by " 8% from variations in the pri-

mordial power spectrum. Due to the uncertainties in the relation be-

tween the galaxy and underlying matter density fields, our nuisance

parameters alone allow Phalo(k,p) to vary by up to 10!14% over

this region. Therefore we do not expect significant gains on ns or

d ln ns/d ln k from our measurement.

The effect of massive neutrinos in the CMB power spec-

trum is to increase the height of the high ! acoustic peaks: free
streaming neutrinos smooth out perturbations, thus boosting acous-

tic oscillations. In the matter power spectrum instead, neutrino

free streaming gives a scale-dependent suppression of power on

the scales that large scale structure measurements currently probe

(Lesgourgues & Pastor 2006). This makes these two observables

highly complementary in constraining neutrino masses with cos-

mology.

c# 0000 RAS, MNRAS 000, 000–000

Reid et al’09 
 

SDSS II 2009:  110 000 LRGs, 8000 deg2 , z=0.35.

SSDS 2005: Primera detección de la señal BAO (3.4s) (47000 LRGs, 4000 deg2 , z=0.35)

Los catálogos de galaxias miden la función de correlación:
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Figure 7. WMAP5, Union supernova sample, and the LRG P̂halo(k)
A0.35 constraint on the geometry of the universe. Upper panel: curva-

ture varies and w = !1 is fixed. The dashed line shows a flat universe,
!m + !! = 1. Lower panel: w varies (assumed independent of redshift),

and a flat universe is assumed. The dashed line indicates a cosmological

constant, w = !1. WMAP5 and Union supernova contours are MCMC
results, while for P̂halo(k), we approximate "!2 = 2.3 and "!2 = 6
contours by showingA0.35±

"
2.3"A0.35

andA0.35±
"

6.0"A0.35
from

the constraints in the top row of Table 2.

have assumed w = !1 and allow curvature to vary. The three in-
dependent constraints intersect near !m = 0.3 and a flat universe
(dashed line). In the lower panel, we assume flatness but allow w
to vary; again the contours intersect near !m = 0.3 and w = !1,
a cosmological constant.

In this Section we combine these probes using the Markov

Chain Monte Carlo (MCMC) method to obtain constraints on four

cosmological models: a flat universe with a cosmological constant

("CDM), a "CDM universe with curvature (o"CDM), a flat uni-
verse with a dark energy component with constant equation of

state w (wCDM), and a wCDM universe with curvature (owCDM).

In each model we combine the constraints from P̂halo(k) with

the WMAP5 results (Dunkley et al. 2009). In the last model, we

also present constraints in combination with both WMAP5 and

the Union Supernova Sample (Kowalski et al. 2008). Marginalized

one-dimensional parameter constraints are presented in Table 3.

The best-fitting "CDM fit to the WMAP5+LRG likelihoods
is (!m, !b, !!, ns, !8, h) = (0.291, 0.0474, 0.709, 0.960, 0.820,
0.690) with best-fitting nuisance parameters a1 = 0.172 and

a2 = !0.198. This model has "2
LRG = 40.0 when fitting to 45

bandpowers, and is shown with the data in Fig. 8. In this model

adding the information from P̂halo breaks the partial degeneracy

between !m and H0 in the WMAP5 data and reduces the uncer-

tainties in each by a factor of " 1.6 compared to WMAP5 alone:
!m = 0.289 ± 0.019 and H0 = 69.4 ± 1.6 km s!1 Mpc!1

(!m = 0.258 ± 0.03 and H0 = 71.9+2.6
!2.7 km s!1 Mpc!1 for

WMAP5). The constraint on !8 also tightens by 30% because of

the !8 ! !mh2 partial degeneracy in the WMAP5 data. Note that

since we marginalize over the galaxy bias, we have no constraint

on !8 directly from the LRGs.

In Fig. 9 we show the effect of opening the cosmological pa-

rameter space to include curvature and a constant dark energy equa-

tion of state w. Solid contours show the "CDM constraint in each

panel for comparison. The dashes show WMAP5-only constraints.

Without the "CDM assumption, WMAP5 cannot constrain !m

and H0 separately from !mh2. In each of these models, the inclu-

sion of the P̂halo(k) information can break the degeneracy through
the BAO constraint on rs/DV . Table 3 shows that the cold dark

matter density, !ch
2, constraint improves by " 15% compared

to the WMAP5-only constraint (" ±0.0063) due to the power
spectrum shape information in the non-"CDM models. Moreover,

the rs/DV (0.35) constraint does not deviate substantially from the
P̂halo(k)+!mh2 prior constraint presented in Table 2. In the con-

text of power-law initial conditions, P̂halo(k) information does not
improve constraints on the spectral index ns.

Allowing curvature relaxes the constraints on !m and H0 to

the WMAP5-only "CDM errors on these parameters, while tightly

constraining !tot = 1 ! !k to 1.0114+0.0077
!0.0076 (!0.027 < !k <

0.003 with 95% confidence). If instead we assume flatness but al-

low the dark energy equation of state as an additional parameter w
(assumed constant), w is constrained to !0.79 ± 0.15. Since the
effective LRG sample redshift is zeff = 0.313, allowing w to de-

viate from !1 significantly degrades the z = 0 constraints, !m

andH0.

When both !k and w vary, there remains a large degeneracy

between !m, H0, and w. Curvature is still tightly constrained and
consistent with flatness at the percent level:!tot = 1.009±0.012.
Figure 10 demonstrates that supernovae can break the degeneracy

in this model. The combination of all three data sets simultaneously

constrains !k within 0.009 and w to 11%, while still improving

constraints on !m and H0 compared with WMAP5 alone in the

"CDMmodel. Allowing!k #= 0 and/orw #= !1 all act to increase
!m and decreaseH0 compared with the "CDMmodel. The upper

panel of Figure 10 shows that the"CDMmodel is only" 1! away
from the best fit. The full set of constraints on all parameters is

reported in Table 3.

5.4 Additional constraints from the broad P̂halo(k) shape

For the models considered thus far, we have shown that gains in

cosmological parameter constraints from adding constraints on the

broad shape of P̂halo(k) to WMAP5 results are moderate: " 15%
improvement in !ch2 for all the models considered in Table 3.

On the other hand, when the constraints on !bh
2 and !ch
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p + n ! 2H + !
2H + p ! 3He + !
2H + 2H ! 3H + p
2H + 2H ! 3He + n

n + 3He ! 3H + p

p + 3H ! 4He + !
2H + 3H ! 4He + n
2H + 3He ! 4He + p
4He + 3He ! 7Be + !
4He + 3H ! 7Li + !
7Be + n ! 7Li + p
7Li + p ! 4He + 4He

The cross sections of these strong reactions can’t be calculated from first prin-
ciples, i.e., from QCD, since QCD is too di!cult. Instead one uses cross sections
measured in laboratory. The cross sections of the weak reactions (10) are known
theoretically (there is one parameter describing the strength of the weak interac-
tion, which is determined experimentally, in practice by measuring the lifetime "n

of free neutrons). The relevant reaction rates are now known su!ciently accurately,
so that the nuclear abundances produced in BBN (for a given value of #) can be
calculated with better accuracy than the present abundances can be measured from
astronomical observations.

The reaction chain proceeds along stable and long-lived (compared to the nu-
cleosynthesis timescale—minutes) isotopes towards larger mass numbers. At least

lower, but the densities are higher and there is more time available. In addition, second generation
stars contain heavier nuclei (C,N,O) which can act as catalysts in helium production. Some of the
most important reaction chains in stars are [Karttunen et al: Fundamental Astronomy, s. 251] :

1. The proton-proton chain

p + p !
2H + e+ + !e

2H + p !
3He + "

3He + 3He !
4He + p + p,

2. and the CNO-chain

12C + p !
13N + "

13N !
13C + e+ + !e

13C + p !
14N + "

14N + p !
15O + "

15O !
15N + e+ + !e

15N + p !
12C + 4He.

The cross section of the direct reaction d+d !
4He + " is small (i.e., the 3H + p and 3He + n

channels dominate d+d !), and it is not important in either context.
The triple-# reaction 4He+ 4He+ 4He !

12C, responsible for carbon production in stars, is also
not important during big bang, since the density is not su!ciently high for three-particle reactions
to occur (the three 4He nuclei would need to come within the range of the strong interaction within
the lifetime of the intermediate state, 8Be, 2.6"10!16 s). (Exercise: calculate the number and mass
density of nucleons at T = 1 MeV.)



BOLTZMANN EQUATIONS 

L̂ =
d

dt
+ ~v · ~rx + ~F/m · ~rv

•The non-relativistic Boltzmann equation: the Liouville operator is just the total  
time derivative

25

where the ‘collision’ term C gives the rate of particles being created and destroyed (annihilations,
decays), and scattering events that transfer momentum from p0 into p, or from p into p00, which all
lead to a change in f(x,p, t). Dividing through we therefore have

f(x+ p
mdt,p+ Fdt, t + dt) � f(x,p, t)

dt
=

@

@t
f(x,p, t) +

pi

m

@

@xi
f(x,p, t) + F i @

@pi
f(x,p, t)

= C(x,p, t). (125)

The Boltzmann equation can therefore be written

LNRf = C, (126)

where since F = dp/dt and p/m = dx/dt

LNR =
@

@t
+

dxi

dt

@

@xi
+

dpi

dt

@

@pi
=

d

dt
. (127)

This is of course just what you’d expect when writing out the total derivative in terms of partial
derivatives: the Boltzmann equation just gives the total change in the distribution function with time
accounting for particles moving under a force and collisions.

B. Relativistic Boltzmann equation

The relativistic generalisation is the total derivative with respect to an a�ne parameter � along
some world line (e.g. could be taken to be proportional to the proper time):

L̂ =
d

d�
=

dxµ

d�

@

@xµ
+

dpµ

d�

@

@pµ
. (128)

The second term encodes the change in the distribution function just from changes in momentum as
particles move along geodesics (or in principle also the e↵ect of external forces). As in Sec. I C we can
choose to normalize the a�ne parameter so that

pµ =
dxµ

d�
, (129)

so the geodesic equation becomes

dpµ

d�
+ �µ

↵�p↵p� = 0. (130)

Assuming there are no external (non-gravitational) forces, the particles will follow geodesics, so the
relativistic generalisation of L̂ in Eq. (128) can then be written

L̂ = pµ
@

@xµ
� �µ

↵�p↵p�
@

@pµ
. (131)

Here pµpµ = E2
� p2 = E2

� p2 = m2.
For the isotropic and homogenenous FRW model, the distribution function fA can be taken to only

depend on p0 (the energy), such that fA = fA(E, t) (or equivalently on |p| via m2 = E2
� p2). So

only the µ = 0 components do not vanish, and we find using the FRW metric

L̂[fA] =


E

@

@t
�

ȧ

a
p2

@

@E

�
fA(E, t) . (132)

this by showing that the Jacobian from ⌘ to ⌘0 is constant, see e.g. http://www.nyu.edu/classes/tuckerman/stat.
mech/lectures/lecture_2/node2.html. Clearly if dN is constant (no collision), and d3xd3p is constant, then f must
be constant, which is just the collisionless Boltzmann equation.
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BOLTZMANN EQUATIONS 

•The relativistic version is: 

L̂ = p↵
@

@x↵
� �↵

��p
�p�

@

@p↵

•FLRW geometry, the only non-vanishing component is α = 0: 

L̂f = E
@f

@t
�Hp

2 @f

@E

dn

dt
+ 3Hn =

g

(2⇡)3

Z
Cf

d
3
p

E

P↵ = (E, ~P ) P↵ =
dx↵

d�
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We can also write the Boltzmann equation in terms of the number density

nA = 4⇡

Z
dpp2fA(E, t) , (133)

by dividing Eq. (132) by the energy and then integrating over the momentum,

4⇡

Z
dpp2

L̂[fA]

E
=

dnA

dt
� H4⇡

Z
dp

p4

E

@fA
@E

=
dnA

dt
+ H4⇡

Z
dp

@(p3)

@p
fA (134)

= ṅA + 3HnA , (135)

where we used m2 = E2
� p2 so pdp = EdE and integrated by parts. Notice that in the absence of

interactions, the Boltzmann equation would reduce to:

ṅA + 3HnA = 0 , (136)

just the conservation of particles per comoving volume, d(a3nA)/dt = 0, when there are no interactions
or decays. For very massive particles (so ⇢A = mAnA, PA = 0) it is just the energy conservation
equation.

C. The Collision operator

The collision operator roughly gives the change in the number of particles A due to interactions or
spontaneous decays. That is, given a space volume d3pd3x, it would give the number of particles “in”
minus the number “out”. For a process of the kind A + X $ Y , where X and Y denote collectively
any set of other particles, in the case of a homogeneous and isotropic universe we have

ṅA + 3HnA = �R(AX!Y )nAnX + R(Y!AX)nY (137)

= ��(AX!Y )nA + �(Y!AX)nY (138)

for some forward and backward rate coe�cients, R = h�vi, �(AX!Y ) = R(AX!Y )nX , and �(Y!AX)

is the spontaneous decay rate. Here we’ve assumed occupation numbers are low (e.g. all massive
particles), so there are no fermi blocking or bose enhancement e↵ects: the rate of producing Y is
independent of the existing Y . The equation immediately shows that for � ⌧ H the collision term is
small compared to the Hubble expansion, so the system will go out of equilibrium.

For annihilation and inverse annihilation A + Ā $ Y + Ȳ we have

ṅA + 3HnA = �R(ĀA!Ȳ Y )nAnĀ + R(Ȳ Y!ĀA)nY nȲ . (139)

In equilibrium the RHS must be zero to have no net change in particle numbers so the rates are related
by

R(Ȳ Y!ĀA)n
(eq)
Y n(eq)

Ȳ
= R(ĀA!Ȳ Y )n

(eq)
A n(eq)

Ā
. (140)

This relation is called detailed balance, and can be very useful for relating the backward and forward
rates.

D. Relic abundance of massive stable particles

If the species A is stable, then the dominant process which can change the number of particles in a
comoving volume are the annihilation and inverse annihilation A+ Ā $ X + X̄. We will also assume
that there is no asymmetry between particles and antiparticles, and that X and X̄ are in thermal
equilibrium, i. e.,

nA = nĀ , (141)

nX = nX̄ = n(eq)
X (142)

•We can also write the Boltzmann equation in terms of the number density:
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= ṅA + 3HnA , (135)

where we used m2 = E2
� p2 so pdp = EdE and integrated by parts. Notice that in the absence of

interactions, the Boltzmann equation would reduce to:
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•Dividing by the energy and integrating over the momentum:



Event Time Redshift Temperature

Baryogenesis ? ? ?

EW phase transition 2⇥ 10�11
s 1015 100GeV

QCD phase transition 2⇥ 10�5
s 1012 150MeV

Neutrino decoupling 1s 6⇥ 109 1MeV

Electron-positron annihilation 6s 2⇥ 109 500keV

Big bang nucleosynthesis 3min 4⇥ 108 100keV

Matter-radiation equality 6⇥ 104yrs 3400 .75eV

Recombination 2.6� 3.8⇥ 105yrs 1100-1400 .26� .33eV

CMB 3.8⇥ 105yrs 1100 .26eV

Baryogenesis: As we discussed in lecture 5, there is an asymmetry between baryons and
anti-baryons that cannot be explained by the standard model of particle physics. Thus at
energies above 1TeV there must be some new physics that generates this asymmetry. While
there are many di↵erent theoretical ideas, there is no experimental test of any of these so
we cannot associate a time to baryogenesis. Since the observed universe is neutral under the
electric charge, there must be a similar asymmetry between electrons and positrons so that
after their annihilation we are left with one electron for each proton.

Electroweak-phase transition: During this phase transition that we discussed last time,
the particles get their mass due to the so called Higgs e↵ect. Once the standard model
particles are massive they start to drop out of equilibrium whenever the temperature of the
universe (i.e. the thermal bath) becomes smaller than their mass. Then the particles start
to annihilate with their anti-particles and their number densities decrease exponentially.
The remaining matter in our observed universe is due to the matter-anti-matter asymmetry
mentioned above.

QCD phase transition: The strong force is weaker at higher energies (temperatures)
and becomes stronger and stronger during the cooling of the universe. Around 150MeV the
strong force is so strong that free gluons and quarks cannot exist anymore and all the quarks
are bound into so called baryons and mesons. These are bound states that are neutral under
the strong force. The lightest baryons are the familiar proton and neutron. There are also
heavier baryons and mesons that can be lighter than the proton and neutron but all of these
are unstable and quickly decay. So a little bit after the QCD phase transition we are left
with essentially only protons and neutrons that are the building blocks for the atomic nuclei.

Neutrino decoupling: As we discussed today, at around 1MeV the weak interaction
becomes so weak that particles that are only charged under the weak force, i.e. the neutrinos,
decouple from the thermal plasma. These neutrinos, similarly to the photons in the CMB,

6



BOLTZMANN EQUATIONS 

•At temperatures smaller than             :E � µ f(E) ! eµ/T e�E/T

• Therefore :

f3f4 � f1f2 ! e�(E1+E2)/T
⇣
e(µ3+µ4)/T � e(µ1+µ2)/T

⌘

• Using the following definitions for the number density and the equilibrium number 
density of species as:

ni = gie
µi/T

Z
d3p

(2⇡)3
e�Ei/T n(0)

i ⌘ gi

Z
d3p

(2⇡)3
e�Ei/T

f3f4 � f1f2 ! e�(E1+E2)/T

 
n3n4

n(0)
3 n(0)

4

� n1n2

n(0)
1 n(0)

2

!• Using these two expressions:
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•Defining the thermally averaged cross-section as:

dn

dt
+ 3Hn =

Z
d
3
p1

(2⇡)32E1

Z
d
3
p2

(2⇡)32E2

Z
d
3
p3

(2⇡)32E3

Z
d
3
p4

(2⇡)32E4

⇥(2⇡)4�3(p1 + p2 � p3 � p4)�(E1 + E2 � E3 � E4)|M|2

h�vi ⌘ e�(E1+E2)/T

 
1

n(0)
1 n(0)

2

!



  

Rµ⌫ � 1

2
gµ⌫R = 8⇡Tµ⌫

•R𝝁𝛎  is the Ricci tensor, depending on the metric g𝝁𝛎 and its derivatives: 

(It seems tedious but there are only two components different from 0, the 00 and  
the ii ones) 

•R is the Ricci scalar, R=g𝝁𝛎R𝝁𝛎.

•T𝝁𝛎  is the energy-momentum tensor. 

•The Christoffel symbols: 

Rµ⌫ = �↵
µ⌫,↵ � �↵

µ↵,⌫ + �↵
�↵�

�
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gµ⌫
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Einstein Equations
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Einstein Equations

•EXERCISE, Check that: 
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• Lets compute the 00 component for the Einstein equations: 
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•EXERCISE, Check that: 

•And consequently: 
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•T𝝁𝛎  is the energy-momentum tensor, that in the case of a isotropic perfect fluid: 
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Friedmann Equation (1)

•Exercise! From: 

•Derive the Friedmann Equation (2): 

Tµ
⌫ =

0

BB@

�⇢ 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p

1

CCA

Rij �
1

2
gijR = 8⇡GTij

ä
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