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» The discovery of gravitational waves at LIGO, generated by black
hole merging, poses the problem of computing very precisely the
dynamics of binary black hole merging.

» and extract from the theory the waveform of the gravitational
waves to be compared with what is observed at LIGO/VIRGO.

» In the past this has mostly been done by solving Einstein’s
equations in the presence of the two black holes.

» Mostly using the Post-Newtonian (PN) expansion.

» It is an expansion for small Gy and small velocity v

2Gym V2
7rcl\é ~ ? << 1

» Recently a complementary approach has been used thanks also
to [Damour, 1710.10599].

» Extract classical quantities from the quantum scattering amplitude
using the Post-Minkowskian (PM) expansion.

» When the two black holes are far away from each other, one can
use perturbation theory expanding in powers of the Newton’s
constant Gy: Post-Minkowskian (PM) expansion.
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» When they get closer to each other, their interaction becomes very
strong and one must use Numerical Relativity (NR)
[Petrorius, 2306.03797].

» Another very useful approach is the so-called Effective One Body
(EOB) formalism introduced by Buonanno and Damour (1999).

» One constructs an effective Hamiltonian for a particle with mass
= % in an external metrics that is fixed by requiring that the
effective dynamics be the same as the original dynamics.

> |t leads to results faster than NR. See the recent papers by
[Damour and Rettegno, 2211.01399] and [Rettegno, Pratten,

Thomas, Schmidt and Damour, 2307.06999]

» EOB waveforms are an important class of
inspiral-merger-ringdown waveforms models employed by the
LIGO/VIRGO searches.

» Self-force approach: start from my >> m, and a metric generated
by the large mass and then compute corrections to this metric
produced by the small mass.
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» In this seminar we will be describing the two black holes with two
spinless particles with mass my and m», and we will consider their
scattering rather than their merging.

> There are techniques that allow to go from the scattering to the
merging.

» We will consider both the elastic scattering and the inelastic
scattering with the production of extra gravitons.

» In the case of the elastic scattering we will show that a physical
observable as the classical deflection angle can be extracted from
a classical quantity, called the eikonal, that can be computed from
the elastic scattering amplitude.

» In the inelastic case the eikonal becomes an operator containing
the graviton creation and annihilation operators.

» We will start discussing the simpler case in which the emitted
graviton is soft.

» Then we will generalise it to the case where the graviton has
arbitrary frequency.

» We will compute in both cases inelastic observables as the linear
and angular momentum of both particles and field.
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The leading and sub-leading eikonal
» We start from the tree-level scattering amplitude with one-graviton

exchange:
87G 1 87 GnS?
2y N g2 2( 2 N
AO(Gaq)_q2[4m1m2<O' _D—2>:|+:> q2
where ... stand for powers of g, 0 — — PP — S_M-M 4pq

mymo 2mymo
t = —g?. In the last step we took the high-energy limit.
» The process above involves the exchange of a single quantum.
» We can go to impact parameter space

dP2q Ao(o,q?)

ibq
(@n)P—=2 4Ep ©

200(0. b) = Ao(o,b) = [
getting the leading eikonal
2Gmim (o~ p1) (%)

o2 —1 (WbQ)%
Paolo Di Vecchia (NBI+NO) Observables ' Copenhagen 22082023  8/102

250 =




> In the classical limit, it is natural to take b, o and the length scale
RP—3 ~ Gun+\/mymj (in analogy with the Schwarzschild radius) as
classical quantities characterising the collision.

> In terms of these classical quantities the eikonal becomes:

- ()

» The regime we are describing is the one in which

h

— << R<<b

Vs
corresponding to classical regime on the left and perturbative
regime on the right.

> 24o is a big quantity and the factor 1/5 signals that this quantity

should appear in an exponential e2%, so it can describe the value
of the classical action.
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» By summing ladder diagrams with many exchanged gravitons it
has been shown that the previous quantity exponentiates
Kabat and Ortiz, hep-th/9203082

» Conversely, the hypothesis that the eikonal exponentiates fixes the
leading high energy behaviour of the multiloop diagrams.

> After the eikonal resummation the leading contribution to the
S-matrix is captured by the phase €%, which effectively resums
infinitely many exchanges.

» This can be seen by rewriting the resumed amplitude in
momentum space:

SM(q, Q) ~ /dD—zb o8 g2ido(ab)
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» The Fourier transform above is dominated by the saddle point

D—
L 9(200) Qs 4Gmim; (02— 55) T (%52)
Qs =h i Ng =~ ~ —
ob B I/o? — 1n % b3

Qs represents the momentum exchanged in the classical
deflection. It is also called the impulse.
> N is the number of soft particles exchanged during the scattering
obtained dividing Qs by the typical momentum of each soft particle
h
g~ p
» N is large and becomes infinite in the strict classical limit.
» Then, from the relation
Q2 = (1 — ps)? = (B1 — Ba)? = 2p?(1 — cos Os) one gets the
deflection angle
o Os _1Qs| _ h0(28) _2Gw(o® - 3)E
2 2p  2p Ob  (02-1)b
p is the momentum of each particle and E is the total energy, both
in the center of mass frame.
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» In conclusion at 1PM we get
QGNITH m2(202 — 1)
bvo2 — 1
» Straightforward to formally generalise this discussion beyond the
case of the 1PM elastic eikonal.

» One just needs to use the full eikonal and write the long-range
elastic S-matrix as follows

S(M)(a, Q) = /dD—zbe—i",? (1 4 2iA(0, b)) g2i5(o,b)

POs =~ Qipy =

where A represents quantum corrections that must be subtracted
from the full amplitude to isolate the classical eikonal 4(b, o).
» Again the classical deflection angle ©; is derived from the
momentum |Qs| by a saddle point now related to § instead of J
2R
Qs = hL ¢9) , sin s = 1Qs|
ob,, 2 2p
» The previous exponentiation is certainly correct up to two loops
but there is no proof that it continues to be valid for higher loops.
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» Problems with exponentiation at 3-loops in AV = 8 supergravity
[Naculich, Russo, Veneziano, White, DV, 1911.11716]
» The sub-leading eikonal is extracted from one-loop diagrams.
» Expanding the exponentiated expression one gets at order G3,
(2PM):
A = %(2/50)2 + 2i04 + 2iA
» For D = 4 the sub-leading eikonal turns out to be:
37TG,2Vm1 m2(m1 + m2)(502 = 1)
4bhv o2 — 1
» One gets the following deflection angle:
o._ 4Gn(0? - )E . 3rGLE(my + mp)(502 — 1)
ST (e2-1)b 4b2(02 — 1)
» The sub-leading eikonal contributes to smaller values of b.
» From the second term we get the 2PM impulse:

3rmymaG?(my + mp)(502 — 1)

Qopry —
2PM 4p2\/02 — 1

26y =
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The sub-sub-leading eikonal from the 3-particle cut
» The sub-sub-leading eikonal 26, comes from two-loop diagrams
and it has an imaginary part.
» It is computed from the 3-particle cut in the unitarity relation:

dD—1 K dD—1 ko dD—1 k
2[Ilm A2]3pc = / 0 0 D—190
(2m)P-12KY (2m)P—12k) (27)P 12k
el
i
x AES(Py, P3, =Ky, — Ko, —k)(2m) P00 (py + po + ki + ko + )
» In N = 8 supergravity the indices are 10-dim

XAé/’N(P17P27K17K27k)

Z 65\9,\/6%)3 = TIMRITINS
i
while in GR they are 4-dim

N( 1 1
6;(;1)/6522 = 5 (77,up771/o =+ 77u077up) - mmunpa

i
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» In N = 8 it is convenient to choose the following 10-dim
kinematics:

= (p1;0,0,0,0,0, my) P? =0
Pg_(p20000m2,0) P =0
= (k1;0,0,0,0,0,—-my) KZ2=0

K2 = (k2;0,0,0,0,—m»,0) KZ=0

while in GR all momenta are 4-dim:

P1=(p1-000000) pf = —mf
= (p2;0,0,0,0,0,0) p5=-—m3
= (ky;0,0,0,0,0,0) k%= -—m?
Kg_( ;0,0,0,0,0,0) k5= —m3
and
gN=8 _ 052 . 6GR:202_% ; G:_%
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» The 5-point classical amplitude is given by

AN — (87rG)g{8 (P kPY — P2kP1’V;) £P1 kP) — ngP1N)
q14;

PM pN kP, _P(MPN) PM pN kPy _P(MPN)
L8P P, | 1kP12 1 2+22kP22 | e
% G
P kPM g — pokPM )
9593

PMPN(kgy)  PMPN(k
+2memip| — = 1(2(721)_ 2 2(2C722)

(P1k)?q; (P2k)?q;

M_N M_N
4o P, q1)_P£ q1)+q4wq4v . Ky AN — g AN _ o
(Pik)az  (PK)G? G505
W. Goldberger and A. Ridgway, 1611.03493

A. Luna, I. Nicholson, D. ’O Connell and C. White, 1711.03901
G. Mogull, J. Plefka and J. Steinhoff, 2010.02865.
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» We can go to impact parameter space and we get

dD 1k 5
2|m252(b,s):/(27r DT, Z\As, (b,K)|

just in terms of the classical tree five-point amplitude in impact
parameter space

. q dP2q1dP gz p PREICT)
Asi(b, k) _/(ZW)DZ(S (91 +Q2+k)W

x AUN(Py, Py, Ky, Ko, K)elfy
» The previous expression is very powerful because it allows to

compute Im(24,) directly from unitarity without needing to know
the complete two-loop amplitude.

\4

In GR sum over i means a sum over the two graviton polarisations.

» In N = 8 massive sugra is a sum over all massless degrees of
freedom (graviton, dilaton, 2 scalars and 2 vectors).
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> Im(26,) is infrared divergent as 1.

» |t turns out that the infrared divergent part of Im(242) is completely
fixed by the leading soft term of the 5-point amplitude .

» This is the quantity we want to compute.
> In the soft graviton limit the 5-point amplitude drastically simplifies

& pHp’.’
ALY~y ,tIJ-kI Ao(pi) Pi+pPs=—p2—pP3=q
i=1
Piq"+pP{q" | Ppq”+P5q"
~ K K) — +
(G~ ) @~ 2600 (02K)

in terms of a product of a soft factor times the four-point amplitude
without the graviton. Keep only linear term in q in classical limit.

PPy papy

Ao
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Inserting it in the 3-particle cut one gets:

G (2mmyG(20% — 1)\* 1
where » (207 _ 3)
1 _ 8-50 o(20° -3 4
EI(O’) = 302-1) - (02 1)% cosh™ ' (o)

Because of the imaginary part the eikonal is not unitary anymore.
This divergence implies that the elastic process is suppressed.

It emerges from the fact that, in the elastic process, we have
neglected the soft-graviton emission.

In the following we extend our analysis to the emission of extra
gravitons and the c-number eikonal becomes an operator.

Before doing that, let us extract Re(26£”)) from the divergent part
of Im 205



» Using arguments based on real analyticity, we argue that the
contribution to radiation reaction should appear in the following
combination:

142 (21 iogo? = 1) Re(265™)
2 (- )

» The part in the round bracket comes from the integral over the
frequency of the graviton given by

Do pyae (@D

1 _
bt - 1]
0o w 2¢ 2¢ + log(wb)

» Then we argue that wb = Vo2 — 1.
» Then real analyticity implies the connection with the real part

log(1 — 02) = log(6? — 1) — i

> In this way we extracted Re(25{™) from the divergent part of
Im(245), finding in GR agreement with T. Damour, 2010.01641.

» For the complete amplitude we have to use the technique of
differential equations and master integrals.
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» and we get
2
mas@ = & (2”"1 mpG(20° — 1)) 1

2n bvo? — 1 (02 —1)
" 1 8—502_0(3—202)COS
U e

+ (Iog( (02 —1) —3Iog(7rbze”’5))

8 — 50 o8- 20)
[ 5 o

cosh™ 1(0)]

2 o (3- 2a 2406—1604+902+3
(202 — 1)?
(880° — 2405 + 24002 —97)
3 (202 —1)% (02 — 1)z ]
o(3 — 202) —14006+22004—12702+56}

+(cosh™

+ cosh™1 () [

LI2(1 —Z )—I—

+7 2
(02 — 1)z 9 (202~ 1
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» The divergent term reproduces the one obtained using the leading
soft term of the amplitude.

> The divergent term and the term proportional to log(c® — 1) are
related precisely as argued above.

> It behaves as log s at high energy as predicted in ACV90.
» The complete Re(24,) is then given by

Re 259" —

4G3mEm3 | (202 — 1)?(8 — 55?) B o(1402 + 25)
b? 6(c2 —1)? 3Vo? —1
4 402
s(12¢* — 100 —1-31) +cosh 1o
2my ITI2(O‘2 — 1)5
y 0(20% —1)2(20%2 —=3) —40* +120%+3
2(02 —1)3 0% —1

}

» At high energy we get the same behaviour for GR and A/ = 8
supergravity: universality.
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_ 4Gmymy (02 — %) N 37r62m$m§ (my + my) (502 - 1)
jveo? -1 4Ej?
| 8G°mim [ (20° - 1)°(8-50%) o (140%+ 25)
sj3 6(c2—1) 3(02 — 1)—15
s(120* — 1002 + 1)
2myMmoy/ o2 —1
202 —1)? (202 — 3
+ arccosh(o) o (20 ) 03 ) —40* +120% +3
2(0%2-1)2
3
_2G°mim3 (20° —1)° = pb
33 (02 — 1)3/2
» Terms in black: potential gravitons. Terms in green: probe limit.
» Terms in blue: soft gravitons: radiation reaction

» The terms in green and black were computed by [Bern, Cheung,
Roiban, Shen and Solon, 1901.04424]
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» Anyway, at this point, there is no doubt that the contribution of
radiation reaction correctly completes the conservative
contribution of the classical amplitude, as shown in recent
beautiful papers by
N.E.J. Bjerrum-Bohr, P.H. Damgaard, L. Planté and P. Vanhove,
2104.04510, 2105.05218.

N.E.J. Bjerrum-Bohr, L. Planté and P. Vanhove, 2111.02976
A. Brandhuber, G. Chen, G. Travaglini and C. Wen, 2108.04216.
E. Herrmann, J. Parra-Martinez, M. Ruf, M. Zeng, 2104.03957.

» They managed to extract from the quantum amplitude the
complete classical integrand (including both the conservative part
and the part due to radiation reaction).

» They confirmed the previous results with a direct calculation.

By now there also complete results at 4PM.

» For the conservative part: [Bern, Parra-Martinez, Roiban, Ruf,
Shen, Solon, Zeng, 2112.10750] and [Dlapa, Kalin, Liu, Porto,
2112.11296] Including radiation: [Dlapa, Kalin, Liu, Neef, Porto,
2210.05541], [Damgaard, Planté, Vanhove, 2307.04746] and to
come from the Berlin group.
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> If we don’t integrate over the momentum of the graviton we get the
differential spectrum of the number of emitted gravitons according

. L2 Bk
ngr:Z‘Ag,,gr,i(b,k)‘ NE D
I/

that, because of a factor % is divergent in the classical limit.

» By multiplying it with 7w we get the differential spectrum of the
energy:

. 12 d%k
dEqr = huwdNgr = 5 XI: ‘A57gr,i(b, k)‘ 2y

that is a classical quantity.

> Integrating over the angles we get the spectrum %(w) of emitted
energy.

» For w = 0 we get the ZFL that we are now going to compute.
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The inelastic case: the soft eikonal operator (no static)

» The S-matrix element for the emission of N soft gravitons
factorises as the matrix element SM)(o, Q) for the background
elastic process and N universal factors w;(k)

N
S8 =TT wi (k) SM(0, Q) ; wi(k) = <]

i (KW ()

r=1

y P ol o 4
v -5

n
> We want to write an eikonal operator that reproduces the previous
equation.

» Then we will use it to compute inelastic observables (ZFL, linear
and angular momentum) up to 3PM.
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» We introduce the creation and annihilation operators for the
gravitons satisfying the following commutation relation:

[a(k), &l (K')] = 3(k, k")3;

and . o
5(k, k') = 2hw(2r)P~16P1 (k — k')

> We restrict ourselves to soft gravitons: w = |k| < w,.

> w, is a frequency scale below which the soft approximation is valid
( “—Vb < 1). vis the relative velocity given by o = ﬁ

» Following the approach of Bloch-Nordsieck, we can write the
S-matrix for the emission of soft gravitons as a product of two
terms: one describing the emission of gravitons and the other the
elastic scattering amplitude.

Paolo Di Vecchia (NBI+NO) Observables ' Copenhagen 22.08.2023  28/102



> We introduce the operator

285 exp ( /Z (K) &) (K) — w} (k) aj(k)})
Wi dD 1k
/ / 2w(27) 2w(2r)D-1

» Then the S-matrix for the emission of soft gravitons is given by

where

- (M)
Sgﬂf) — g2idsr. S (AU? Q)
<0‘e215s.r. ’0>

» The amplitude for the emission of N soft gravitons is obtained
from the following matrix element:

M
Sy = (0la, (kr) -~ a, (kn)SLY|0)
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» We can go to impact parameter space getting

Ssr.(0,b;a a’) = exp (% /k > [wj(k)ajT(k) - m*(k)a,-(k)})
J
x [1+ 2iAA(, b)] €¥/Reo(b)

» Because of the factor <0\ez"35»'< |0) in the denominator one gets
only the real part of the eikonal in the exponent.

» Remember

k) = =" W (k) 5w (k) = 3 “Pokn
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» Remember that w;(k) depends on the momenta of the massive
particles that are given by:

L

. Q _, Q¢ _ _
—py =Py — o —pp = P5 + o Péﬁg = my ,2U¢72

_.oan _oar
Pi=Pi+—5: Ps=P——F: PQ=0

— 2 s
where mZ = m? + & from mass-shell conditions.
» Going to Fourier space we can trade each Q* with a derivative

0 L n92Re0_ puopgin O

u
Q' — /habu—> o, 5

where b* = b*/|b|.
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> 7dpRe 25 ~ O(hP), while if we act on Re 26 more than once with
hdp, we would only produce terms of higher order in .

» Then in w;(k) we should use the following momenta for the
external hard particles (b* = %“):

S

, Py = —Maub — b*psin %

Os

2

;P =Mauy — b"psin %

Py =—miuf + b"psin

Os

Py =my uﬁ“ri)“psin 5

that are the initial and final momenta in the classical elastic
scattering.
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» The S-matrix is now unitary.

» Since the soft factor in the classical limit is proportional to Q, the
term 1 from the expansion of the exponential does not contribute.

» The exponential with the graviton oscillators can be regarded as a
soft dressing of the initial and final states.

» To this end, it is sufficient to define

t/i o * "Qpﬁpy
WjoU (k) = Ej;w(k) Z n o kn

neout/in

with n, = +1 (n, = —1) if nis a final (initial) state of the
background process
» Then introduce the dressed states

* out/in T __poutfinx .
lout/in) = e/ (03] () (k)aj(k))|wout/in>> (1)

> [Wouyin) only involve massive (hard) states and are related by
"Uout> _ elReZé‘win>.
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» By rewriting this relation in terms of the previous dressed states
jout)y = (W] t)—wp () (k) i (W (] (k)i (k) (k)
><eI Re25|in>

_ i ((wp—wi (k) af (k) (wp () —wi (k) 3(K)) i Re23 iy

one can check that the two dressings for initial and final states
commute as operators, owing to the reality of the combinations
wPUin (k) themselves.

» One obtains a total dressed state with w;(k) = wﬁ“‘(k) - Wji”(k).

> In this way, if [Wout) = €' Re20|W;,), then |out) = S |in) with Sg.
precisely taking the overall dressing factor into account.
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> In the present construction the real part of the eikonal is already
present in Sg . while the imaginary part comes from reordering of
the graviton oscillators using the BCH formula:
eAtB — gAeBe2[ABl,

> One gets

2
i25(b)

1 " 3 v, p0 i Re
(Win| Ss.r.|Win) =exp [—/k WW(k)I'I“ P (k)wpg(k)] g/ Re25(b)
=e
where

1 * * vo 17 loa
m25(6) = 5 [ Wi ) (107 = 5 ) W)
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> |t can be computed and one gets:

*\—2€
w G
Im 25(b) = [( _)26 ] = ngm: MMy, (0—,2,,,, = ;) Fom + O(°)

where .

arccos

an:nnnm 5 Unm, Onm = —Vn-'Vm
o5, — 1
nm

» For 2 — 2 scattering one gets the same expression obtained from
the 3-particle cut.
» One can also compute the momentum of the field:

P = [k a(Ra(). P = (ulSL,P"Sar i)
that is equal to
P = /k kwy, (k) <77W77W - ﬁ 77/“/77'00) Wyo (K)

» The term in the round bracket is there to compute the sum over
the two graviton polarisations.
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» From it we can compute the ZFL of the energy emitted spectrum:

dE  oP° B,
= |lim 2 —I 2 = | 4elm 2
O = — am 2w Im20(b) = lim [—4¢1m 25(b)]
2G cosh™
=— MpMm (Ulzvm > Fom i Fom = il B (Unm)
T oem — 1

)

» For the case 2 — 2 we must use oy = 1 = Fp, together with

2 QZ
012 =034 =0, 013=024=0 ouu=1+—>%, o3=1+-—>5
) Q’ 2m127 zmg
where
QQ
o =0 —
Q 2mymo
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> Finally we get
dE _ 4G 5 1) arccosho
o dw = w [2’”1’”2 (*-3) =

arccosh o

2
00—1

2 arCCOSh(1+%>
+Z [—m((”zmz) 2)\/(1+2‘3§;)21]

2 1
—2mymo (UQ — §)

where Q — 2psin
» Assuming that Q® << m? we get

. dE ) . 26/771 m2(202 — 1)
Yy dw = Q”°M2 (@) Quew == =
where » »
1I(a) _ [ 850 (20° — 3)o arccosh o

_|_
3(c2 - 1) (02 —1)3/2
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The inelastic case: the soft eikonal operator (static)

» The previous soft eikonal operator is based on the standard
Weinberg soft theorem, which includes soft gravitons with low but
nonzero frequency.

> |t does not include effects that arise due to exactly static fields,
whose Fourier transform is localized at zero frequency.

» To include them it is sufficient to replace the standard soft factor by

* v v \/871-76 nPh
(k) = k(R PGk = Y SR

n

» and to consider the following operator

Ser = & [1 (k) 8] (k)17 (k) 3 ()] 2i()

where 25 has to be specified.
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» By including the —/0 above prescription, even for real emissions of
gravitons, we are now dressing the full S-matrix, including the
identity term.

» Thus we include possible “emissions” localized at w = 0 from
disconnected pieces of the hard matrix element.

» To see how this modifies the definition of the dressed states,
compared to the one discussed in the previous subsection, let us
now consider

GBS V81 Gpn P}

out/in ¥
fh(k) = e " ok — i0

v
neout/in

and t
* ( rout/in __fout/inx .
Uty = e (PR w0-p (g ) -y
> If we start again from |W,.;) = €/Re20 W, ) and we rewrite it in
terms of the in and out states we get

_ e (PR al () —reut (K)ai(k) ) o= S (B (k)al (k)= (K)aj(k) ) iRe26
louT) = e’k \J e e |IN)
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» In this new setup, the two dressings for initial and final states no
longer commute, and using the Baker—Campbell-Hausdorff
formula e#eB = eA+Be+21A8l one obtains

|OUT> fk( k)aT(k (k)aj(k )62 fk <f0ul* k)fln( )— Gout(k),;jn*(k))+iRe25|lN>

where fi(k) = £t — £,

» Comparing with what we computed before, we see that
|ouT) = Ss.|IN) provided the phase takes the value

2i5 = iRe26—2i5%" ; 2j5%" = -5 /k (1;.0“‘ (k)" (k) — U (k)£ (k))

> It can be computed and one gets:

codr. > 1 arccosh opm
2/(5 == /G E mnmm(O'nm - 5)271
neout Onm —
mein

Paolo Di Vecchia (NBI+NO) Observables ' Copenhagen 22.08.2023  41/102



» Expanding for small deflections Q = Qypy + O(G?),

’GQ1 PM

2j dr. __
i 5

—I(a) = iRe205R + O(G*)

1 8 —50%2  0(20% — 3)arccosho
“T(o) =
2 (o) 3(c2—1) * (02_1)2

» In conclusion, the overall phase 2i5(b) contains only the
conservative part up to 3PM and not the radiation reaction.
» One can compute classical observables by

<O> = <Win’Sl.r.OSs.r.|win>

» In the case of the angular momentum of the field one must insert

<~

, vory O
Jog = _//EaLV(k)(P“ Ko 54T +2nupa[aaﬁ])apg(k)

PHYPT — (PP o gtP T — ph pp?)
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> In the case of 2 — 2 scattering, one gets

7% = 2 (py ~ p2)QY1(0) + O(GY

» Using

b? 2Gmimy 20° — 1

8 _ 2 . =
Q p Qrem i Qiem b o

we get

G2Pmimp 202 — 1
af 11112 «
‘72 - b2 m(p‘l - p2)[ bB]I(U)

that agrees with [Damour, 2010.01641].
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» Using instead

bb 37(G2m1 m2(m1 aF mg)(50'2 = 1)
Q" =2 Qopm : Gorm=
5 Qepum >PM TN
one gets
o GEmymp(my 4+ mp)3rm(502 — 1 -
oo = GEmme(m + Me)3n(So” = 1) (), p,)lepfiz(o)

8b3ve2 —1

that agrees with the corresponding static term of
[Manohar, Ridgway and Shen, 2203.04283].

» These static quantities come out naturally from an amplitude
approach and are physical quantities.

» In the framework of GR people are still debating about their
physical meaning: [Veneziano and Vilkovisky, 2201.11607],
[Javadinezhad and Porrati, 2211.06538]

[Riva, Vernizzi and Wong, 2302. 09065].
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Universality at high energy?

» In gravity the massless particle with the highest spin is the
graviton and a theory with a massless particle with spin 2 is
consistent only if it is invariant under any choice of coordinates.

> Since we expect that, at high energy, the massless particle with
the highest spin dominates, we should get, in this limit, a universal
behaviour of the various observables.

We have seen that this happens in the elastic process up to 3PM.
Will this also happen at 4PM?

Is it valid also for inelastic processes with extra gravitons?

We will limit ourselves to the case in which the graviton is soft.

We will see that, in the case of the inelastic processes, universality
is also recovered at high energy, but in a very not trivial way.

vVvyVvyyvyy
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» |t turns out that the PM approximation can break down even when
©s is small and the energy is high enough.
» This happens when

Q V2p . O . O

> T gin =2 >1 - = =s
Jam ~ 1 = = sin == 2 1, Q=2psin 5
discussed by D’Eath (1978) and by Kovacs and Thorne (1978).
For the ZFL we got

im 95 _ 4G lzm1 m, (02 - ;) arccosho
i

v

o2 —1

5 arccosh o
~omym, (o5~ 1) M0
o2 — 1

Q

>2 - 1) arccosh (1 + 23;)]
2
\/(‘ ") 1

> The last line starts to diverge when Q2 = —4m? for j = 1 or 2,
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> In the standard relativistic regime requiring that
Q2 ~ (pOs)? << m? we get

. dE _ 2G 2Gmymy(202 — 1
lim — Q1PM I(o) ; Qipm = 1M2(20 )
2 bva? — 1

1 8 — 502 (202 —3)carccosho
51(0) = {3(02 ) RS P § ]

» In V' = 8 massive supergravity one gets instead:

w—0 dw T

im dE _ 2GQ2p), [ o? o(0?—1)

—1
- + (02— 1)372 cosh (a)]

_ 2Gmymp(25?)
by o2—1

» It looks universal at high energy, but the factor log -
for zero mass.
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» Focusing on the extreme ultrarelativistic regime, or equivalently
the massless limit, where 2p — /s and my, m, < Q = /ssin
we get instead

dE™d 4G - @
0)~ — |sl 2|
A A
> |tis equal to
@i 4Gs 2 O 20s . 565 . 2O
do (w—>0)_—7 [cos ?Iogcos 7+sm ?Iogsm 2]

that agrees with the leading soft limit of
Sahoo and Sen, 2105.08739
> At leading order for ©s << 1 we get

rad 2
dgw (w—0)~ GsOs

» It reproduces the result obtained by
Gruzinov and Veneziano, 1409.4555
within a classical GR approach.

4
)
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» The same result has been obtained by
Ciafaloni, Colferai and Veneziano, 1812.08137
from a scattering amplitude perspective.

» One obtains a quantity that, written in terms of classical quantities,
is perfectly well defined in the UR limit:

1 gE™d _Re3 4
» The same thing happens for the angular momentum:
Vil ~ 25 | i
Eb ~“b ®e2

and also for the waveform.

» Needless to say that the same result holds also per N' =8
supergravity: universality at high energy.

» In conclusion, going over the bound of D’Eath and Kovacs and
Thorne one recovers a universal behaviour, but the PM expansion
breaks down even when ©; is small.
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Elastic case in KMOC formalism

» Here in the elastic case we follow [Cristofoli, Gonzo, Moynihan,
O’Connell, Ross, Sergola and White, 2112.07556].
» In the elastic scattering write the momenta

. Q _ Q.
P4=P1+§;P3=P2—§;P1,2Q=0

_ A _9._ __+9
—P1 =P+ 5 P2 = p2 5

» In KMOC ([Kosower, Maybe, O’'Connell, 1811.10950]) one starts
from an in state:

D D
) = [ oo [(2m)3(6% + mo—e)] o) [ 52

X |(27)3(63 + mB)0(—pB)| P(—pe)eP P iPete| — py, —py)
in terms of on-shell integrals.

> ®(p) is the wave-packet that is peaked around the momentum p.

» b, = by — by is the impact parameter that is orthogonal to p ».
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» [t can be rewritten as follows:

1 [/ .55] nroeapseapo-po(-paeee o
=12

X | — py,—P2)
» Then one introduces an out state
Slb) = |[¢) + iTp)

» where

iTlp) = /H< il p’ )Ips,m/H <2EdD27T1% 1>

(—py)d (—pz)e”""1 HiP2bz (b oy |iT| — py, —p2)
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> with
; alaQ
(P3; PaliT| — p1, —p2) :/W
x(2m)P6P(py + ps — Q)(27)P6P (D2 + ps + Q)iA(s12, Q?)

where si2 = —(py + p2)2.
» The integral over p; and po can be done getting:

dP » »
iTly) = / H <2E 27’['% 1> |p3, ps)e ib1p4 g~ ib2ps

DQ
IQ by—b)
< [ Garyp®(ps — Qo(pa + Qe
x (27)0(2p1 Q)276(2P2 Q)iA(S12, Q?)
» Using the inverse Fourier transform of the eikonal result
i(27)8(2p2Q)(27)5(2P1 Q)A(S12, QP) = / dPx(e?9(b) — 1)~

and neglecting for simplicity the quantum part,
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> we get

4
dD 1,0, —ib1ps o—ibop3 —dDQ b
Sly) = (H (27)P—12E; |P3, pa)e e /(QW)D/d X
x €/Qb1=b2) g213(0) g=¥Cp(p, — Q)d(Q + ps3)

» In order to reproduce the é-functions on the I.h.s. we need to
impose that b does not depend on the component of x along p;.

v

We introduce b to indicate the component of x orthogonal to p;.
In this way we recover also that b - p; = 0, while by - p; = 0.
» More explicitly we can write:

v

xt = b" 4 (p1 + P2)" Ay + (B1 — P2)" A2

where Aq > can be determined by imposing that b- py » = 0.
» We can perform the integrals by saddle point.
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> We get two saddle-point equations:

0 123
o — 028(b.siz) _ 025(b.siz) b _ b
8)(# ob b b
where we have used
b _ b 920(bsie)
oxw b T ob

» The second saddle-point equation is:

_826(b, 512) _825([’), 312) ob

Byl — _
(b1 = )" = x oQH ob  oQe
ob b ob
aQr ~ b oQn

» Since we are integrating over Q and x they should be seen as
independent variables and we need to compute 8%’“ keeping x
fixed. We keep also ps 4 fixed.
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» To make this more explicit we need to decompose x along b and
P12
xt = b + (p1 + P2)A1 + (P1 — P2)A2
= b+ (p3 + pa) A1 + (Ps — p3 — Q) Az
> and we get
obY L0 0As
ETeTie —(P1 + p2) aoﬂ —(P1 — P2)" 201
» Using it in the second saddle point equation we see that only the
last term contributes (b - py 2 = 0)

+ 6, A2

L
bg—XM:beAQZ—QMAZ ; bJ:b1—b2

by =b" — (p1 + p2)" A1 — (P1 — p2)" Az
=b!" + (py + p2)!'A1 + (P1 — P2 — Q)" Az
» We can fix A; and A; by imposing the conditions:

pi-by=p2-by=0; pi-b=p2-b=0
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> We get

_(m-mpi@b , __ slab
T amemi(0? —1) ' T AmEmE(0? —1)

» We can also compute:

L
b5=by-b; bj-b=b*>—Q-bAs ; Q":—ZQ

» They imply

Q2
e . s
< 4m2ma(o2 — 1))

» Taking into account that

/52 —

2 NG 2

we get

b3 :bzcosz% = by = bcos%
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Inelastic case
> In the inelastic case we have also a graviton in the final state.
> Treat the massive particles 1 and 4 independently from 2 and 3:

(X, Q) = (X1@) + (X2, Qo)

» We propose the following extension to the inelastic case

Sl =~ / / o b1 Pe—ibe:ps
P3 7 P4

dQ, [ dPQ
< | Gmp / @m0 ®1(ps — Q1) P2(p3 — Q)

/d /d o €01 Qr +ilbe)- Q2 g2i3(x1,32) g, 0)

where
P1+pPs=Q ; po+p3=0Qs
that follow from the wave packets.
> We present two eikonal operators: one without and another with
static modes.
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» We construct them in order to reproduce all data up to 3PM.
» Both of them include the Fourier transform of the 2 — 3 scattering
amplitude in the classical limit:

- db
A5 (X1, X2, k) = (Zﬂ%fx&% - G1)0(2p2 - Qo)

X eiX1 ~Q1+iX2~q2A/51«V(q1 , @2, k)

where g1 + g2 + k = 0.
> |t satisfies the important property:

Xip = Xi2+a; AL (xy, X, k) — e ®K2ALY (x4, X2, K)

» We go from the soft eikonal operator valid for wb < 1 to the eikonal
operator valid for arbitrary w by changing the Fourier transform of
soft factor with the FT of the classical 5-point amplitude.

> We call it W; = €/ s, and here we restrict ourselves to the tree
level classical 5-point amplitude.

» Both of them contain the information of the 5-point amplitude and
of the 4-point elastic amplitude through the c-number eikonal.
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» To clarify a bit the meaning of the various integrations it is
convenient to change variables as follows:

X_ X_ P P
X1:X++?, X2:X_—?, Q1—Qe—§, Qg——oe‘i‘i
» Rewritten in terms of these variables we see that .A** depends on

x; only through the factor e=*+k.

» The integration over x; then implies that P is equal to the sum of
the momenta of the emitted graviton, as one can see by
expanding the exponential with the creation modes.
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Inelastic without static modes

» The first one without static modes is

i 3) _ / a“Q
(2m)b

ek [Wj(xa 0, k)a (k)1 W7 (1,30, K) ()]

/ dPx e iQUx—xi+x2) g2ids(b)

where [, = f(de 2710(k%)5(K?).
» |t reduces to the elastic one without the last term.
» Classical unitarity imposes:

(W|STSp) = (y[)

» See if the large phases cancel at the stationary point.
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» The saddle point conditions are satisfied for:

254(b)
aQu

9264(b)

XL = X,u, = (X1 = Xg)“ =+ OxH 5

Qlu =Qu =
o
Q= Q= (1H1Qu =7 [ Wi 20, K) 5 W1 2K

<~

026(b

P! |
(% = i) = (X = bi)u = ao“ /W’ X2 0 5 gu i, 2. K

where 5
fog = (fog — gofr)/2

» |t turns out that, using the saddle point conditions, the large phase
in the exponential cancel, consistently with classical unitarity.
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Inelastic with static modes
» [n this case we have:

2id(x ) _ / (dDQ / dPx e~ 1QU—x1+%) gi2ds(b)

j 6 (w* _kO){fjoutaT fout aj] _fk w* —kO) [fma;_’;'m* 1]

X e’k

o 80— [0 03] ()47 3130 030

» Following the same steps as before we simply redefine the eikonal
phase: y
2i5(b) = 2i6(b) — 2i5%"(b)

with
25%(6) = 5 [ (P00 - £ (F40) = 4 GOy (o).

» §(b) contains only the conservative part as in the soft case with
static modes.
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» Then we get
2id(0.x2) _ / dD% / dPx e 1QUx—xi+x2) gi25(b)
A —kO)[f,a,(k)f Al k)a,(k)] i f, 0 [W,(x1 xe.k)af (K)+ W7 (x5, %2, K) (¢

where fi(k) = 1;°“t(k) - );.'”(k).
> We get the following saddle point conditions:

d25(b) a. - d25(b)

X = (X1 = X2) +

oQu B gxn
a
Qi = (=1)71Qu = [ Wy 1.0, ) W1, 32.K)
k i
<~

0 b = 28— [ 0t ) 1100 300

<—>

_I/ke( —w )Wj (X17X27k)aouyvj(x17x2)k)a
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The linear and angular momentum
» Compute from the eikonal operator the emitted energy and

momentum
p — / AG) g fO)
k

» Conveniently rewritten in terms of the Fourier transform of the
three-particle cut:

pr ==k | =" P4
Ja [ (o7

Pt = FT / d(LIPS)k* =g | = b
V2|l [RCCE

Po =—~—=k | == Ps3

with the Lorentz invariant phase space measure

(ZD;(Dz e(k")a(kz)(d ?1 2r6(2p1G1)2n6(2p2(q1 + k)
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» By reinterpreting the J-functions in the LIPS as cut propagators,
one can use reverse unitarity to get

GEm2m?2 5 5 . ovh, — Vi2

Pha= g (W + W) £0); Wy=—"5—— pi=—my
» where

E 1 h

) _ (o) + o) tog 5 + 1) S 2T

2vVe2 -1’
(o) 2100% — 5520° + 33904 — 9125° + 314802 — 33360 + 1151
g)=
‘ 48(c2 —1)3/2
35064 + 6003 — 15002 + 760 — 5
fo(o) = — ,
8vVo? — 1
202 — 3) (3504 — 3002 + 11
o) = 2223 (350t 3002 1)
8 (02 — 1)

[Herrmann, Parra-Martinez, Ruf and Zeng, 2101.07255]
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» Check that this emission of energy and momentum is matched by
the corresponding radiative losses of energy-momentum of the
colliding objects by using the saddle point conditions

A1(5 1(5)*
L [_; 04D i 4 144
k

Q2= 5
(12n = 5 3)((#172)

» Using again reverse unitarity we get

_GPmEms _GPmEmg
b3 b3

» The radiative part of energy and momentum is then conserved:

P'+Q{+ Q@ =0

Qf = vy E(o) ; @) = Vi E(o)

» The saddle point equation contains two additional contributions for
the two particles that cancel among themselves:

Qf+ Q=

» They are obtained in different way in the two cases.
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> [f static modes are not included they are obtained from

92RedFR(b) b b
gy = BROTE) 2 pope = 2oy (o)
1 abu b 5 1PM 12 b2
where ) )
11(0) _ 8-50 o(20° —3) cosh=" ()

2 302 1) (02— 1)32
» With static modes, from one of saddle point conditions and from
the relation between b and b, one gets
GQ(b=x)
2x
» Then from another saddle point equation one gets:

025(x + G21(0))  925(x) N GQ_ | 9225(x)

b* = x*(1 + ) 5 Q= Qipu + Qopy

b — -
Q= OxH OxH 2 o) OXOXH
> It implies
G 802 10Q% G b+
w_ = o _ —_
% = 267 5h = 5 b 2I( o) = Q”’Mb2 ()
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» For the angular momentum we have two terms:
Ja,B — Ja,B_{_jaﬁ.

» The second is the contribution of the static modes that starts at
2PM and that we have already computed.

» The first is a genuine radiative term that starts at 3PM and is
obtained by replacing the “soft factor” F#¥ with the gravitational
waveform AGk

> It is given by:

(s) . (s) QL
Jog = SO+ SO — - /k Wﬂ I =i [ 240G,
» It is computed with reverse unitarity getting:
op . Gomims VB playf
P T2 F () o))
where

E(o—1)—2CVo2 -1
2(c+1)
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> and
L +g2IogU+1 +g3a arccosh o
™ 2 202 1
- 10507 — 4110° 4 2400° + 5370* — 68302 + 11102 + 3860 — 2

< 24(0% —1)2
_ 350° — 900* — 700° 4 1602 + 1550 — 62
= 4(02 1) :
(202 — 3) (850° — 600* — 7002 + 7202 + 190 — 12)
g3 = - 2
4 (02 — 1)

» The previous result is valid in the frame where by + b, =0
» We can go to another frame by the transformation:

b — b+ at; JOP s goB oy glophl
that follows from

Iz I L ALY —ik-a ppv
b1’2—>b172+a = Ay — e Aj
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» By choosing
E, — E;

2(E1 + E2)
we go to the center of energy frame (E1 b} + Exb, = 0) and in this

frame we agree with the corresponding radiative term of
[Manohar, Ridgway and Shen, 2203.04283].



» Compute now the angular momentum lost by each particle given,
for particle 1, by

AL1yap = (®1STL1yapSIv) — (®|Le)apl¥)

. dal
Lityap = —//ai(lﬁ)kqak;]

/ / (—p2)ePitrtibele| — py —po)
P1

bq
slo) = [ [ pa / [ @x
) . |P3, Pa) (2r)D
% e,'Q(b17b2)62i5(x)efXQq>(p4 — Q)®(Q+ ps)
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> After some calculation we get:

925 0
AL1 _X1[a|Q1|5]+P4[a] —’/A P4[ap—v4( )—’/F O(UocﬁF

4
where

P oF™ +p oF™
i e 1
c‘)pf] 8p1ﬁ]

> We kept the second term of O(4) only in the last term because it
gives higher powers of G in the other terms.
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» |t consists of three terms:

ALY = AL+ ALY - ALY

and similarly for particle 2.
» The radiative term is

AG)
ALaﬂ ImJa,B_i_b[O‘QB] . Jl s —/P/[aaA 5*

where Q7' is the radiative contribution to the impulse.
> We use again reverse unitarity getting:

GPmPm2 | E.bleu ﬁ] 1
af 17772 + [av/B]
ALY ~ b3 [+ — 1 5 Eb
G3 2 m2 c.pley ﬁ]
aB 11772 + [avB]
ALY ~ 53 [ p— 1 é’b

» The balance equation for the radiative modes is satisfied:
J ALY + ALy’ =0
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» The contribution of the static modes is given by:

< -
. o 9 P .
A£15:—I/F P4[a ]+p1[a 7 F-i-b.[l Qf]
k ap; op;

where Q1 is the static contribution to the impulse.
> [t can be shown that it is equal to

ALY = Jiyas + Jayas + 0"

where
2nmd, (m) = Z Cnm pkapﬁl Z dhm pn Pm

Mn=—"m
n;ém
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> |n conclusion, we get

ALY =P L P L Bl ALSP = 2P 2P 4 B
where
o o GQ25,b% _ 2Gmymy(202 — 1)

is the 3PM radiation-reaction contribution to the impulse
» |t can be shown that

O N R A

> Moreover, bi* Q7 + bi* 01 — (by — by)l @ = bl — 0 (Uup to
O(G*)) which vanishes by antisymmetry.

» In conclusion, also the static part of the angular momentum is
conserved
TP+ ALy’ + ALy’ =0
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» Finally, we can also compute the conservative part of the angular
momentum:
026(b 026(b)

) .
Alticas = 1o+ Pugapy = i Aleeoas = baally + Palagy F

» They satisfy:
AL1e)as + Algcyas =0

> As expected, no mechanical momentum is lost by the two-body
system in the conservative approximation.
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Waveform
» The waveform observed at distance r from the source is given by
— 2G WH (k)
WH (k) = ==
(k) r +8rG

in terms of the FT transform of the tree-level 5-point amplitude:

4
WHY (K) = 1 / dqy eib1~q1+ib2~q227T5(V1 Q1)
4mymo (271')4

x216(va - o) A" (G, G, K)

where g1 + g2 + k = 0.
» We introduce the explicit parametrisation for k

k" = w(1,sin @ cos ¢, sin Osin ¢, cos 0)
and of the polarisation vectors
1
2o H_ () _ i
) = Sine(cose,O,O, 1), e, (0, —sin ¢, cos ¢, 0),

satisfying kéy = ke, = €48y = 0.
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» In terms of them we can construct the following
transverse-traceless polarization tensors

= (B Ee), = (Ehe —ehel)
and define
Wi (k) = exuu Wg" (K) . Wi (k) = 4,0 WG (K)
» Separate the two contributions according to
W/ (K) = Whg sy (K) + Wi (K)

» For the x polarisation we get

Wiz, (k) = - m b-&
x (67 KKy (1) vi-8y — €K K (22) va-8y )
where
Q2= ?272b1 s wig=—kvig ; G =20°-1(20%) (GR,N =8)
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» and

— 4iG°Pmym, [ ¢
Vvirr,><(k) = r\/<7271—12 ( 0:7—7:2 _20\/5)

1 .
x b-e, / e Pk K (Q(x))dx
0

where

Q(x) == \/Q$x2+291920xy+£2§y2 ; bM(x) = bix+ by(1 —x)

and
P = —w? 4 2wiwao — w3 = w?(o? — 1)sin? 4

> Kp and K; are two Bessel functions.

» The waveform was originally computed by Kovacs and Thorne
(1978). Recently it has been computed using scattering
amplitudes by
[Jakobsen, Mogull,Plefka and Steinhoff, 2101.12688] in time
domain and by
[Riva and Vernizzi, 2102.08339] in frequency domain.
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» For the + polarization, we find
2G°mymy  [.b-k
T =T B
x (e"bZ'kK1 () (va-89)2wi — e~ PrRK; (Q4) (vy -ég)%z)
e 1 KKy (Q) vy - Bpwa — € P2 KKy (Q2) v - €9
02 — 1P
x ((02 _ 1) (4Po — Cowiws) — COPJ) ]

and finally

P 2
|/Virr,—&-(k 2G m1m2/d x @ o(x)-k

Wiz (k) = Co

b-e
<[l b;” ok (Q()0Ax) — coko(QAx)
bPKi (2(x))

Q(x)P
» They are functions of o, by, bo, wq,ws and of r,w, 6, ¢.
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» To leading order in the soft limit (term of order :7)’ we find

4G? imymo Co
b2rvo? —1 w1 w2

X (VQ#V2yw1z(b~k) = (b-k)V1“V1 ”w% — W (“b”)wgm T Vg(‘uby)u@w%)

W (k) =

which is in agreement with the PM limit of Weinberg'’s soft theorem
translated to b-space.
> At the next to the leading order we get:

4sz1 my (202 — 3) o log(wb)

r (02 — 1)3/20.)1(,02

x (vifviwd — vi P veV wyws + w2 VEVE
2 Vo V2

where et = WH” — %nﬂ”naﬁwaﬁ, in agreement with
[Sahoo and Sen, 1808.03288] and [Addazi, Bianchi and
Veneziano, 1901.10986]

» In our case the log term comes automatically from the calculation.
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The impulse at 4PM
» From the eikonal operator we can get also the impulse at 4PM.
» Using:
_ (p1 +p2)P + 3P EPLy 6
034 = 012 — s =viE +0(G°)

in the eikonal written as follows

2(55(b) = %[Re 2(5(312, b) + Re 2(5(334, b)]

we get a contribution to the impulse of order G*
0 0
ol _ EP., 8<625(b))  EP, 8<O1PM%>

" 2myms do oxH 2mymo do
_ G*mEm3(my + mz)g(a)@g 202 — 1
B b4 b 80‘ \/0'2 —1

where we have used
po G3m1 m2(m1 + m2)5 2Gm, m2(202 - 1)

rad = Eb? + Quem = bvo? —1
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» From reverse unitarity one gets:

my + me)GPmym
QY (x—b), = QL ; =t 12(022_)1)b21 2(c€ — o2 —1C)

» Since Q* = ——Q the previous condition implies:

b-x:bz—bL:>x“:b“(1—é):>x:b—L

» Then one gets a new RR term from:
a(25(b))  9(25(x)) N La225(x)
oxe  Oxwe OxXOxH

» Going back to b it is given by
Q _Lg <—Q) G4m2m2(m1 + mg)(ZU — 1)

Q. =

xRR 8b b (02 —1)3/2p#
0Q Qipm
>< 5 (05 Vo2 —-1C) ; b b
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» Finally from the following equation that we have already derived:

3 G 02 10Q°G
Q/(I,RR = 4_bI(U)b ab 2 aba _Z(U) ; Q = Q1PM + QZPM

we get

3) G*mZm3(my + mp) \ 37(202 —1)(50% — 1) 3Z(0) by,
Qu RR — — b H

o2 — 1 4 b
» In conclusion, we get:

G*mZm3(my + my)

2 3
QYRR = MRR+ Qf f)?R+ Q,S%R:

it b
0 (2021 20 - 1 o
_37r(202 —1)(502 — 1) 3Z(0) @
02 —1 4 b
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> If we want it along b/, instead of b we need to add a term that is
orthogonal to b* but will contribute along b/;.

» Such additional term is constructed starting from the radiative
momentum:

_ GPmim3 (ous — wp)"
b3 o2 —1

Q) = E(o)

that implies (—u}' = (£,0,0,2) and —uj = (£,0,0,-2))

3 G®mym
@7 = == p(omz + mi)E(o)
> From it we can compute (sin § = %)
. %Qs _ GEmema(my + mp) 202 — 1 (o my + Mo
2 1 b3 (02 —1)3/2 my + mo
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> Finally we get

_ G*mEm3(my + my)
Q'pr = b

< o(602 — 5) my 202 —1
8 (62— 1)32  my +my (o +1)(c2 —1)1/2
31(20% — 1)(50% — 1) 3Z(o ) 20% —1 b
- 02 — 1 7R P )]

that agrees with [Bini, Damour and Geralico, 2107.08896], with
[Manohar, Ridgway and Shen, 2203.04283], with

[Bini, Damour, Geralico, 2210.07165], with the first line of Eq. (15)
of [Dlapa, Kalin, Liu, Neef and Porto, 2210.05541]

and with Egs. (4.15) and (4.22) of

[Damgaard, Hansen, Planté and Vanhove, 2307.04746].

> Actually, the last two papers have computed the elastic amplitude
at 4PM including both potential and radiation.
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Extension to the case with spin

» Both the Schwarzschild and Kerr solutions involve the full
non-linear structure of GR.

» Construct a linearised version of the Kerr black hole by keeping in
the GR Lagrangian only the kinetic term of the gravitational field
and a term that describes its interaction with the
energy-momentum tensor of the spinning matter.

» Then, from it, one can extract the three-point amplitude involving
two massive particles with spin and a graviton:

™ (p,p,k; a) = ik [cosh(a. ke + 12 K
D 5+ B _ _ 1
x (P pd KB + B sk D) | i B =5 (P = p)

[J. Vines, 1709.06016]
» The vertex involves the spin vector a* of the massive object.

Paolo Di Vecchia (NBI+NO) Observables ' Copenhagen 22.08.2023  88/102



» This is related to the spin tensor S#¥ through the following
relations:

o Mpo o = D=

S 5t Byl a p= a-p=0

» From it we can compute the four-point vertex by sewing together
two three-point vertices and a de Donder propagator:

iAo = 7" (P1, P4, —q; @1) G, po ()77 (P2, P3, G; @2)
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» One obtains
2k2mPm2o? D o = e o

Ao = % (1+v?) cosh(i(px 8)-G)+2vsinh(i(px 8)-G)

neglecting analytic terms in g2.

A. Guevara, A. Ochirov and J. Vines, 1812.06895, 1906.10071

Y.F. Bautista and A. Guevara, 1903.12419

» We can go to impact parameter space and compute the eikonal:

K2mympo 1 M(—e)
200 = e D (v
4v 4m n==+1 (|b+T]C‘ )
where ¢ = p x a.
» The impulse is given by

8260 KEmimpo 1 b+ 1é
% _ 21V2 - (14 nv)2— 77#2
ob = |b+nc|
> We see that the entire spin dependence is encoded in the shift
b — b+ &, which is reminiscent of the Newman-Janis shift,
relating Kerr to Schwarzschild black holes.

G
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» These results are valid for generic spin orientations.

> Let us now consider the case in which both spins are parallel (or
anti-parallel) to the orbital angular momentum in the centre of
mass frame.

> We take
b=(b,0,0) ; p=(0,0,p) ; L=bxp=(0,—pb,0)
3=(0,7a,0) ; =pxd=(+a0,0) : b+né=(b*na,0,0)

» In this case we get

/€2m1m20 1 2 2 b:l:a
260 = =5~ | (1+v?)log(b —a2)+2v|ogb:Fa +O(e)
» The impulse is given by
2 2\ - 2va
—Q'“:Qg:—az&), Q:nm1m20 1 (1—|—V):2Fb
b ObH v 47b 1-2

where — (+) for spins parallel (anti-parallel) to the orbital angular
momentum.
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» We do not have the complete five-point amplitude with spin to use
in the three-particle cut to compute Im2s.

» But, in order to compute the divergent contribution we need only
its soft limit.

» The leading soft term of the 5-point amplitude is given by

. plpy
A (q.k) = nY P A (q.0) + O(K)
i=1 !
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» Proceeding as in the case without spin we get

1 71' m3m1m202 2 (1 :|:V)2b:|: 2
2000, > 3. 1505 (gt @ T) He)

where by =b £ p x a and

8 — 50° o(8 — 202 _
I(a):2[3(02_1)— ( 1 3)cosh 1(a)]

» Introducing the spatial vector

5 (1+£v)?by  2(202 — 1)f(a, b.o)

bzi - o2b

+
» we finally get
_l G3(2m1 m2(2<72 — 1))2
2¢  27h(o? —1)b?
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» When the spins are anti-parallel to the orbital angular momentum
the vector f is

b 1 +2‘7\/2£§
f(abo)=fabo)y, flabo)=—72""12
o 1- (3)°

» Otherwise f has non-vanishing components also along p x a
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» The ZFL of the spectrum of emitted energy:

dE™d _ 4G3mEm3(202 — 1)?2

dw 7Tb2(02 —1 ) I(U)fz(aa ba U)

w—0

> As before, using analyticity, one gets the radiative contribution to
the real part of the eikonal:

G 2

= Re 263 (0, b)|,_,F(a b, o)

Z(0)(a, b, o)
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» and the radiative part of 3PM deflection angle:

GS(2m1 m2(202 —1 ))2

%00 = =5z gy 1)
(1+ 5200 |1+ 2 1+ 3

X

G



» For spin 1 we get

_ G3(2m1 m2(202 = 1))2

rad 7T

03 (0’, b) 2(0_2 _ 1)pb3 (U)

» 1+60\/0271§+46047602+1372
202 -1 b (202 —1)2 b2

that agrees with [Jakobsen and Mogull, 2201.07778].

» When added to the conservative part one gets a perfectly well
defined deflection angle at high energy.
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» Finally, from the Bini-Damour relation:

1 Hgeons 1 Hgeons
erad - Erad Jlost
2 OE 2 aJ

and the conservative deflection angle 6°"

2my I7"I2G(2()‘2 — 1)
f(a, b,
pbva? —1 ( ?)
_ 2mymyG(202 — 1) [ 1 + 2yt pa

Ve @

05" (0, b) =

we can extract the loss of angular momentum.
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> We find the 2PM loss of angular momentum
_ 2mymyG(25°%—1)f(a,b,0)

(Q=pOs,0s = = )
lost . 2my m262(202 — 1) & b
J3%(o,b) = J N Z(o)p x | f(a, b, U)B
. 2m1m262(202 — 1)
=J Nt Z(o)f(a,b,0)es
—Plimi—
=0 eh—% [-4melm 28] f(a, b, o)es

in agreement with the angular momentum computed by
[C.Heissenberg, R.Russo, PDV, 2203.11915] with f = 1.

Note that the angular momentum is lost only along the e»
direction, perpendicular to the scattering plane.

» This is due to the fact that in the aligned-spin case the scattering
dynamics is planar, just as in the spinless scenario.

v
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> A natural generalisation to non-aligned spin is

2my m2G2(202 — 1)I
b2V o2 — 1
» In this case f does not lie entirely along b, but has also one
non-vanishing component along p x a.

» Jst for spin one agrees with the expression found by [G.Jakobsen
and G.Mogull, 2201.07778]

> |t agrees also with [C.Heissenberg, R.Russo, PDV, 2203.11915]
for non-aligned spin.

oo, b) = J (o)p x f(a, b, o)
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Conclusions and Outlook

» We have constructed an eikonal operator that reproduces all data
up to 3PM.

» With some small modifications we reproduce the part of the
impulse along b, at 4PM.

» Since, in gravity theories, the graviton is the massless particle with
the highest spin we expect universality at high energy.

» For instance, what one gets from GR and from N’ = 8 massive
supergravity should be the same at high energy.

» To achieve this we must go over the bound of D’Eath, Kovacs and
Thorne characterised by

m m
max {10 S eg} > 1
mo m
> In this regime we cannot neglect Q? with respect to m?.
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» The PM expansion is not valid anymore and we get a
non-perturbative answer

» This may also be the solution of the energy-crisis’s problem:

Erad

Erad
—3PM @3\f 4PM @ésl Iog(a)

and of the divergence of the deflection angle at high energy at

4PM :
Y~ oo

[Dlapa, Kalin, Liu, Neef and Porto, 2210.05541].
» Or may be not and then one needs to find another mechanism for
explaining the divergence at high energy of the deflection angle.

» More data from NR at higher and higher energy would be very
useful to confirm or exclude the trend shown in [Rettegno, Pratten,
Thomas, Schmidt and Damour, 2307.06999].
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