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Inner Space/Outer Space Interface
Particle physics (Inner Space) is

necessary to explain the universe
dark matter
dark energy
baryon asymmetry
CMB fluctuations
origin of structure

The universe (Outer Space) is
a particle physics laboratory

 big bang as particle accelerator
 limits on Beyond Standard Model physics
 long lifetime/path length
 stellar energy loss
 large B fields

 



Assumption: particle of interest (e.g., dark matter) was a component of the 
primordial soup with present abundance determined by, e.g., freeze-out/freeze-in.

1. at some point T > m 
            2. particle has SM interactions

Maximum temperature of the radiation-dominated universe is the
 “reheat” temperature after inflation, TRH 

 TRH may be as low as 8 MeV (to set stage for BBN)!

What about particles with no SM interactions (or) too weak to be 
populated in the primordial soup?

 (No evidence that dark matter interacts with SM particles)

BUT

Inner Space/Outer Space Interface

Requires:



The big question: origin of dark matter?

JWST image



For 40 Years, Leading DM Candidate: 
“Weak”-Scale Cold Thermal Relic 

• Mass: GeV – TeV
• “Weak-scale” interaction strength with SM (WIMP miracle)
• No self-interactions
• Produced by “freeze-out” from primordial plasma.  COLD dark matter.  CDM.
• “Detectable” by direct detection, indirect detection, decay products, production at colliders
• Just BSM, e.g., low-energy SUSY!



… often used to give an 
impression of great and 
unusual value in a trivial 
context …

The WIMP “Miracle”

                 mir·a·cle 
                  \ˈmir-i-kəl \
                  noun 
  

1 : an extraordinary event manifesting
    divine intervention in human affairs



For 40 Years, Leading DM Candidate: 
“Weak”-Scale Cold Thermal Relic 

• Mass: GeV – TeV
• “Weak-scale” interaction strength with SM (WIMP miracle)
• No self-interactions
• Produced by “freeze-out” from primordial plasma.  COLD dark matter.  CDM.
• “Detectable” by direct detection, indirect detection, decay products, production at colliders
• Just BSM, e.g., low-energy SUSY!

But WIMPs have stubbornly evaded detection!

• Gravity must play a role in its cosmological production
• But gravity weak!

What if DM interacts only gravitationally with SM?

Cosmological Gravitational Particle Production (CGPP) can be the origin of DM!

• CGPP is not optional!  Can’t hide from gravity.



fi

Ideas for gravitational particle production

Produce particles through misalignment mechanism

• Scalar field has quantum fluctuations during inflation

• After inflation field frozen by “Hubble drag” until

• After which it oscillates with energy density in 
      oscillating field

• E.g., axion
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• EOM of scalar field



Produce particles via Hawking radiation from primordial black holes
(Hooper, Krnjaic, & McDermott)
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Ideas for gravitational particle production

• PBHs of current interest (after first LIGO event)
• Seeds for PBHs from inflation
• Assumes DM mass about 1011 GeV (WIMPzilla)



Ideas for gravitational particle production

Produce particles from SM plasma via 
graviton exchange 

Garny, Sandora, & Sloth

<latexit sha1_base64="fEvoaULzniM5jzPVnIO51J175uY="></latexit>

⌦h2

0.12
⇡

✓
h�vi

T 2/M4

Pl

◆⇣ m

1013GeV

⌘✓
TRH

1014GeV

◆3

DM
standard

model
plasma

<latexit sha1_base64="KoMfvZsv4eGiAaiqBxBO6gR3bG8=">AAACHXicbVDLSgMxFM34rPVVdekmWAQ3lhkp2o1QcONCoUJf0GmHTJq2oUlmSDJCGeZH3Pgrblwo4sKN+Dem0xG09UDg5Jx7ufceP2RUadv+spaWV1bX1nMb+c2t7Z3dwt5+UwWRxKSBAxbIto8UYVSQhqaakXYoCeI+Iy1/fDX1W/dEKhqIup6EpMvRUNABxUgbySuUXY70CCMW3yTwEt566V/yuMaSXnzqJCMvdnnkiiip936YVyjaJTsFXCRORoogQ80rfLj9AEecCI0ZUqrj2KHuxkhqihlJ8m6kSIjwGA1Jx1CBOFHdOL0ugcdG6cNBIM0TGqbq744YcaUm3DeV093VvDcV//M6kR5UujEVYaSJwLNBg4hBHcBpVLBPJcGaTQxBWFKzK8QjJBHWJtC8CcGZP3mRNM9KznmpfFcuVitZHDlwCI7ACXDABaiCa1ADDYDBA3gCL+DVerSerTfrfVa6ZGU9B+APrM9v1qKjBQ==</latexit>

L = M�1
Pl hµ⌫T

µ⌫

• Freeze-in
• For DM mass about 1013 GeV (WIMPzilla)
• Assumes m < TRH



Ideas for gravitational particle production
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Produce particles from inflaton field after quasi-de Sitter era via graviton exchange 
Ema, Nakayama, Tang; Mambrini & Olive

DM
cold

inflaton
condensate

• Only works for DM mass < inflaton mass
• DM mass for correct Wh2 involved function of several parameters 

• “Boltzmann” approach not complete treatment (Kaneta, Lee, Oda; Basso, Chung, EWK, Long)

⊂Boltzmann BolgolubovSchrödinger +



Particle creation through 
expansion of the universe



Disturbing the Quantum Vacuum

E


e+ e-

Particle creation

Sauter (1931); Heisenberg & Euler (1935); Weisskopf (1936); Schwinger (1951) 

Electric Field

2 3
16 1

crit 10  V cmem cE
e

-= »




e+ e-

Particle creation if energy gained in acceleration from E-field 
over a Compton wavelength exceeds the particle’s rest mass. 



NATURE, Vol 446/1 March 2007

“We’re going to change the 
index of refraction of the 
vacuum and produce new 
particles.”

 Gérard Mourou

Physicists are planning lasers 
powerful enough to rip apart the 
fabric of space and time.
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Crab pulsar 3 × 1013 G

Magnetars       1014 – 1015 G

Strong magnetic fields imply existence of strong electric fields.

Many unexplained phenomena associated with pulsars, magnetars, etc.

The Skeptics Guide to the Universe

could rip the iron
out of your blood

from 1,000 miles away.

MAGNETARS
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Disturbing the Quantum Vacuum

Particle creationExpanding universe

e+ e-
expansion
of space

v = c at Hubble radius

critH m=

e+ e-

Particle creation if energy gained in acceleration from expansion 
over a Compton wavelength exceeds the particle’s rest mass. 



CGPP Through Expansion of the Universe
• In Minkowskian QFT, a particle is an IR of the Poincaré group.
• But, expanding universe not Poincaré invariant.
• Notion of a “particle” is approximate. In the early days:

Schrodinger (1939); Parker (1965, 68);   
Fulling; Ford; Hu;  Zel’dovich;   
Starobinski;  Grib, Frolov, Mamaev, & 
Mostepanenko;  Mukhanov & Sasaki, 
Birrell & Davies…

cosmological
expansion

time-dependent
Hamiltonian

+ and – frequency modes mix

particle 
production



Representation Particle 1-point function
Dark Matter

2-point function
CMB Isocurvature

3-point function 
CMB Nongaussian

(0,0) Conformally Coupled Scalar 
x = 1/6  ( use as template) Kuzmin & Tkachev (99) Expected to be very 

small (blue) Chung & Yoo (13)

(0,0) Minimally Coupled 
Scalar x = 0  (e.g., inflaton) Kuzmin & Tkachev (99) Chung, EWK, Riotto, 

& Senatore (05)

(1/2,0) ⨁ (0,1/2)    “Dirac” Fermion Chung, EWK, & Riotto (98) Expected to be 
very small (blue)

(1/2,1/2) de Broglie-Proca Vector
Graham & Mardon (16); Ahmed, 
Grzadkowski,& Socha (20); EWK 
& Long (21)

(1,0) ⨁ (0,1) 2-Form (Pseudo) Vector
(e.g., Kalb-Ramond)

Capanelli, Jenks, EWK, &  
McDonough (next week)

(1/2,1) ⨁ (1,1/2) Rarita-Schwinger Fermion
(e.g., gravitino) EWK, Long, & McDonough (21) 

(1,1) Fierz-Pauli 
(massive graviton) EWK, Liang, Long, Rosen (23)

Higher-spin 
bosons

Jenks, Koutrolikos, McDonough, 
Alexander, Gates (23)



cosmological expansion ⇒ 
time-dependent background field ⇒ 
time-dependent Hamiltonian for spectator field

Time-dependent effective mass
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Gravity enters 

the picture

In spatially-flat FLRW background in conformal time: dt = a dh;  rescaled field f = a 𝜑 
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x is a dimensionless constant: x = 0 minimal coupling; x = 1/6 conformal coupling.

In principle, x could be anything (and presumably there is RGE).

Scalar field in FLRW background



Expansion of the universe causes explicit time dependence in action for “spectator” fields.   
Initial State ~ Minkowski (early-time) vacuum may not evolve to 
Final State   ~ Minkowski (late-time) vacuum, but to an excited state populated by particles. 

V

x

y

excited
state

V
y

x

ground
state

x

y

V ground
state

Spring constant varied 
abruptly (nonadiabatically)Initial State

Spring constant varied 
slowly (adiabatically)

CGPP Through Expansion of the Universe

( ) ( ) ( )2 0x t t x tw+ =

Think of a
harmonic 
oscillator



If start with only positive frequency modes, |ak| = 1 & |bk| = 0, 
Expansion of the universe will generate negative frequency modes (particles), bk ≠ 0.

Scalar field in FLRW background

Solutions to wave equation for mode functions include both + and - frequency terms
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Comoving number density of 
particles at late time is

nk = spectral density
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• Calculation assumes inflationary model 
      (quadratic, which is ruled out).

• But general picture holds in other models          
      since action occurs around end of inflation.

• Don’t know, but He ≈ 1011 GeV and 
     TRH ≈ 109 GeV are “common.”

• If stable and dark matter, W h2 = 0.12  ⟹ m ≈ He .    
Could have been anything! WIMPZILLA miracle!

• Perhaps inflation scale represents new physics scale, 
stable particle at that mass scale natural DM 
candidate.

Conformally-coupled scalar WIMPZILLA DM candidate
 if mc = 𝒪(minflaton)

Conformally coupled scalar x = 1/6

Quadratic Inflaton Potential for Conformally-Coupled Scalar: x = 1/6

<latexit sha1_base64="NYu/rmiUzH3PCMAbyqdg7TcpawY=">AAAB+HicbVDLTsJAFL3FF+KDqhsTN43ExBW24oMliRuWmMgjgdJMhylMmE6bmakJEr7EjQuNceunuPNvnBYWCp7k3pycc2/mzvFjRqWy7W8jt7a+sbmV3y7s7O7tF82Dw5aMEoFJE0csEh0fScIoJ01FFSOdWBAU+oy0/fFd6rcfiZA04g9qEhM3RENOA4qR0pJnFlG/wi+QR/qVeto8s2SX7QzWKnEWpFQ7hgwNz/zqDSKchIQrzJCUXceOlTtFQlHMyKzQSySJER6jIelqylFIpDvNDp9ZZ1oZWEEkdHFlZervjSkKpZyEvp4MkRrJZS8V//O6iQqq7pTyOFGE4/lDQcIsFVlpCtaACoIVm2iCsKD6VguPkEBY6awKOgRn+curpHVZdm7K1/dXpVp1ngbk4QRO4RwcuIUa1KEBTcCQwDO8wpvxZLwY78bHfDRnLHaO4A+Mzx+u5JJ7</latexit>

a
3
n
/
a
3 e
H

3 e

<latexit sha1_base64="Z2YDE8HVbI12Cp+7ZZvUiB9RMSI="></latexit>

⌦h2

0.12
=

m

He

✓
He

1012GeV

◆2 ✓
TRH

109GeV

◆ ⇥
na

3
�
a
3

eH
3

e ]

10�5

⇠
⇣

m

1011GeV

⌘2
✓

TRH

109GeV

◆
(m . minflaton)



• Inflation indicates a new mass scale

• In most models, minflaton » Hinflation » 1012 - 1014 GeV?

• Hinflation  detectable via primordial gravitational waves in CMB

• (I, at least) expect other particles with mass » minflaton

minflaton

lightest stable?   Dark Matter  “WIMPzilla”

mass 

all produced 
à la CGPP

GPP & Dark Matter
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Red Spectrum leads to dangerous 
isocurvature fluctuations

CMB limits      
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also EWK, Long, McDonough, 
Payeur 2211.14323

Model-T inflation model (Kallosh & Linde): 
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CGPP can produce dark matter in mass range 
milli-eV to 1013 GeV

Model-T inflation model (Kallosh & Linde): 
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Turok
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Dirac field y  in FRW background
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Dirac WIMPZILLA DM candidate for 
m = 𝒪(minflaton)

Dirac Equation in FRW:
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Dispersion relation same as 
conformally-coupled scalar

Blue spectrum: no isocurvature issues



Fields with Spin ＞ 1/2

For bosons, wk(h) tells all:
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Interesting (i.e., complicated)



de Broglie—Proca field in FLRW background
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• Two possible nonminimal terms
 
• Transverse mode looks like conformally-coupled scalar

• Longitudinal mode more complicated 

• For some choices of (x1, x2) kinetic term can be negative leading to ghost-like action
 
• CGPP of longitudinal mode dominates transverse mode  



de Broglie—Proca field in FLRW background
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Rarita—Schwinger field yµ  in FRW background

“Dirac” Equation in FRW:

s = 3/2; l = ± 3/2    (same as s = 1/2) 

s = 3/2; l = ± 1/2
CA & CB functions of (H, m, R, 𝜕h m)
CA

2 + CB
2 = cs

2 = sound speed

nonzero for gravitino
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New feature:                                                     time-dependent effective sound speed!

Can vanish when                             !! 
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Figure 2: The evolution of the pressure at the end of inflation in the chaotic inflation model. For a given choice of the
spin-3/2 field’s mass m, the sound speed cs vanishes when p = 3m2

M
2
Pl corresponding to intersections of the blue curve

with the corresponding gray-dashed curve.

different choices of the spin-3/2 field’s mass m/He. For a given mass choice, the sound speed vanishes cs = 0

whenever the blue and gray-dashed curves intersect. In this example, for m/He & 0.39 the sound speed never
vanishes, for m/He ' 0.39 it vanishes just once, and for m/He ⌧ 0.39 it vanishes many times as the pressure
oscillates at the end of inflation.

The evolution of the sound speed is illustrated directly in Fig. 3, which presents c
2
s for the same three

values of m/He that appear in Fig. 2. Every time c
2
s touches zero the sound speed vanishes. Note that the upper

limit to the sound speed is unity, so there is no superluminal propagation. As the pressure damps away with
time, it eventually decreases below the threshold |p| < 3m2

M
2
Pl and subsequently the sound speed has no more

zero-crossings and it remains positive.

4.4 Non-adiabatic particle production from vanishing sound speed

Here we seek to clarify how the vanishing sound speed leads to efficient production of the helicity-1/2 modes.
In general, particle production results from non-adiabatic mode evolution. If the mode equation takes the form
of @2

⌘�k + !
2
k(⌘)�k = 0 with time-dependent dispersion relation !k(⌘), then

Ak(⌘) ⌘
@⌘!k

!
2
k

(4.10)

provides a dimensionless measure of the nonadiabaticity. When the dispersion relation changes rapidly and
|Ak| � 1, efficient particle production results. (See, e.g., [69, 70] in the context of preheating.)

The mode equation for the helicity-1/2 modes (3.30) has the dispersion relation !
2
k,1/2 = c

2
sk

2 + a
2
m

2

from Eq. (3.29b). For simplicity, we consider the case of a constant mass, as studied in the numerics. The
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Figure 3: The evolution of c
2
s as a function of a/ae for three values of m/He. As illustrated in the upper panel, for

m/He ⌧ 1 after inflation, c2s = 0 many times in the oscillation of the inflaton field. If m/He ' 0.39, while c
2
s still

oscillates it vanishes only once (see the middle panel). As seen in the lower panel, if m/He & 0.39 the oscillations
become less important and the sound speed never vanishes. (Note the different lower limit in the bottom panel.)
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vanishing sound speed

Rarita—Schwinger field yµ  in FRW background
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Sound speed will vanish (perhaps many times) if m < 0.39 He
(assumes harmonic potential after inflation)



Rarita—Schwinger field yµ  in FRW background
Dispersion relation is 
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!2
k(⌘) = c2sk

2 + a2(⌘)m2

Usual case:                                          and constant for
        

                       GPP depends on changing wk (h), so no production of high-k modes!

If               :  as                                 is independent of k, production of high-k modes unsuppressed!
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c2s = 1 ) !k(⌘) = k
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Figure 1: Values of nk/a
3
eH

3
e = k

3
|�k|

2
/2⇡2 as a function of k for two values of m/He for helicity-3/2 and helicity-

1/2. (The helicity-3/2 results are identical to the results for a Dirac fermion.) If m/He = 0.01 then c
2
s vanishes during

the evolution (see Fig. 3) and catastrophic particle production results. If m/He = 1.0 the c
2
s does not vanish in the

evolution (but is less than unity). There is no catastrophic GPP, but particle production is enhanced over helicity-3/2 which
has c

2
s = 1. The oscillations for k & 5 can be compared to the oscillations seen in Figure 3 of Giudice, Riotto, and

Tkachev [16].

To better understand how the sound speed varies with time, we need to specify a model for the inflaton so
that ⇢(⌘) and p(⌘) can be calculated, and we must also specify how the spin-3/2 field’s mass varies with time, so
that @⌘m can be calculated. For simplicity we consider a quadratic potential, and the inflaton’s energy density
and pressure are given by

⇢ = 1
2 �̇

2 + 1
2m

2
��

2 and ⇢ = 1
2 �̇

2
�

1
2m

2
��

2
. (4.9)

Here and below “dot” denotes d/dt where t is cosmic time. The inflaton mass is related to He by m� =

2HeMPl/�e. Again, we emphasize that this is the potential that describes the oscillation of the inflaton about
its minimum after inflation, and it need not describe the inflaton potential when the scale factor was about 50
e-folds from the end of inflation when scales important for observable curvature fluctuations crossed the Hubble
radius. For the spin-3/2 field’s mass, we consider the simplest scenario first and assume that it is a constant so
that @⌘m = 0. Then it is possible for the squared sound speed (4.8) to vanish when p = 3m2

M
2
Pl.

It is easy to see that the sound speed cannot vanish during inflation: since ⇢+3p < 0 and ⇢ > 0, it follows
that p < 0 and c

2
s > 0. We study the evolution of cs(⌘) after inflation by numerically solving the inflaton’s field

equation to calculate the pressure p. In Fig. 2 we show the pressure p as as a function of a/ae, and we compare
with 3m2

M
2
Pl for several different values of the spin-3/2 field’s mass m. If the spin-3/2 field’s mass is static,

@⌘m = 0, then the sound speed cs vanishes when the pressure p equals 3m2
M

2
Pl [see Eq. (4.8)]. The blue curve

shows the pressure p (in units of H2
eM

2
Pl) and the gray-dashed lines show values of 3m2

M
2
Pl (same units) for
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Rarita—Schwinger field yµ  in FRW background

Supergravity employs spin-3/2 field (gravitino, inflation, …), the superpartner to graviton.

Catastrophic production of gravitinos dependent on model.

For models with a single chiral superfield gravitino mass is time dependent (                 ).
 

 cs = 1 at all times ⟹ no catastrophic production

For models with multiple chiral superfields (most modern models)
 cs depends on relative orientation of inflaton direction & susy breaking
 cs = 0 in models with a nilpotent superfield and orthogonal constraint KKLT
 mixing between the goldstino & inflatino may avoid the catastrophe (explicit calculation needed)
      Dudas, Garcia, Mambrini, Olive, Peloso, & Verner (2021); Antoniadis, Benakli, & Ke (2021)

Models with cs = 0 are in a SWAMPLAND!       Kolb, Long, & McDonough (2021)

GGP may provide constraints on SUGRA model building.
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Metric Perturbations About Minkowski Spacetime
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gµ⌫ ! ⌘µ⌫ +
2

MP
hµ⌫

Start with EH action:

Linearize about Minkowski spacetime:
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⇤
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h = ⌘µ⌫hµ⌫

We will be careful about counting degrees of freedom:

hµn :    16       - 6             - 4                       - 4                      =                       2  

symmetric gauge transverse/traceless
helicity modes of 
massless graviton
         ±2, or ⨉, +

<latexit sha1_base64="hOT+VsulC1iI3fefImWfwYcX5uo="></latexit>
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Now Add Fierz-Pauli (1939) Mass Term(s)
(see reviews by Hinterbichler 1105.3735; de Rahm 1401.4173)

<latexit sha1_base64="tqbn9GoEk26VKsDkjb8KhMJve4I="></latexit>
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2m
2
1hµ⌫h

µ⌫ � 1
2m

2
2h

2
⇤

Introduces unwanted 6th degree of freedom (a ghost) of mass 

So, choose                         to banish ghost to ∞	(but no symmetry enforces this!)

Spin-2 theories will be haunted by the spectre of ghosts  
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Fierz-Pauli mass term

<latexit sha1_base64="nFIf6CbEEoegvxOdwZoAdg3szoM="></latexit>
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m2
2 = �m2

1

hµn :    16        - 6             - 1                     - 4                      =                         5  

symmetric gauge transverse/traceless polarization modes ±2, ±1, 0 

Degrees of freedom as expected



Boulware—Deser Ghost
Boulware and Deser (1972) pointed out that Fierz-Pauli tuning breaks down with generic 
nonlinear extensions of Fierz-Pauli, and a sixth ghostly degree of freedom arises (zombie ghost?).

Once thought that all Lorentz-invariant massive gravity theories were ghostly, until …

        … de Rahm-Gabadadze-Tolley (dRGT) developed a ghost-free massive gravity theory in 2010.  

dRGT introduced second “reference” metric, taken to be Minkowski.  Metrics interact via 
potential                    .

Extended/completed to general metric by Hassan & Rosen → ghost-free bigravity (2011).  

This is our starting point.   Field content: two metric fields, gµn and fµn , coupling to two scalar 
fields, fg and ff .
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V (X;�n)
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Xµ
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p
g�1f)µ⌫

Bigravity With Minimal Coupling To Matter (Minimal Model)
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Kinetic terms for f and g     +    dRGT potential       +         Matter Lagrangians

Matter Lagrangians: 
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Lg(g,�g) = � 1
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µ⌫rµ�gr⌫�g � Vg(�g)
Source FRW background

After sausage making, want to end with: massless spin-2, massive spin-2, two scalar fields
                                                       DOFs:              2            +            5          +            2               =   9

dRGT Potential:
<latexit sha1_base64="/9yy/Tj/Cu8BnHbnC5Uu0t0P7HQ=">AAAClHicbVFraxQxFM2Mr3Z9dKsggl8uLkKFssxItQUVVorgJ6nobhc20yGTyXZDk8w0j8IS5hf5b/zmvzEzu0rteiHkcM65Nzf3FrXgxibJryi+dfvO3Xtb2737Dx4+2unvPp6YymnKxrQSlZ4WxDDBFRtbbgWb1poRWQh2Wlwct/rpFdOGV+q7XdYsk+Rc8TmnxAYq7/+Y7GFJ7KIo/LR5B7hgluTqFWB26fgVYONk7tWHpD nzB80fGb7l6lpacO/DPuBLR0robW+I61J/qTOPpcvTJvczWCHAi7KyZsOjgqe7IWugl/cHyTDpAjZBugaD0TPUxUne/4nLijrJlKWCGDNLk9pmnmjLqWBNDzvDakIvyDmbBaiIZCbz3VAbeBmYEuaVDkdZ6NjrGZ5IY5ayCM62a3NTa8n/aTNn50eZ56p2lim6emjuBNgK2g1ByTWjViwDIFTz0CvQBdGE2rDHdgjpzS9vgsnrYfp2+ObrwWB0tJoG2kLP0Qu0h1J0iEboMzpBY0Sj3egwGkUf46fx+/g4/rSyxtE65wn6J+IvvwETcMgd</latexit>

V (X;�n) ⌘
4X

n=0

�nSn(X) , Sn(X) ⌘ Xµ1

[µ1
. . .Xµn

µn]



Inflationary Bigravity

<latexit sha1_base64="QBRiZWQZB/4/MqpqXSuqeXeooYc=">AAAB8XicdVBNS8NAEJ3Ur1q/ql4EL4tF8BTS9NNbwYvHCrYVm1I22027dLMJuxuhhP4LLx4U8eq/8ea/cdMqqOiDgcd7M8zM82POlHacdyu3srq2vpHfLGxt7+zuFfcPuipKJKEdEvFI3vhYUc4E7WimOb2JJcWhz2nPn15kfu+OSsUica1nMR2EeCxYwAjWRrodD1MvTDyRzIfFkmOfN+tuzUWO7TgNt1LPiNuouhVUNkqGUusIFmgPi2/eKCJJSIUmHCvVLzuxHqRYakY4nRe8RNEYkyke076hAodUDdLFxXN0apQRCiJpSmi0UL9PpDhUahb6pjPEeqJ+e5n4l9dPdNAcpEzEiaaCLBcFCUc6Qtn7aMQkJZrPDMFEMnMrIhMsMdEmpIIJ4etT9D/puna5bteuqqVWa5kG5OEYTuAMytCAFlxCGzpAQMA9PMKTpawH69l6WbbmrM+ZQ/gB6/UD1haRvQ==</latexit>

gµ⌫

<latexit sha1_base64="8BtwrmqpWAObIhvjcWb3iNxIh5U=">AAAB7XicdVDLSsNAFL3xWeur6kZwM1gEVyFJn+4CblxWsA9oQ5lMJ+3YyYOZiVBC/8GNC0Xc+j/u/BsnrYKKHrhwOOde7r3HTziTyrLejZXVtfWNzcJWcXtnd2+/dHDYkXEqCG2TmMei52NJOYtoWzHFaS8RFIc+p11/epn73TsqJIujGzVLqBficcQCRrDSUmeQTNhwPCyVLfOiWXdqDrJMy2o4lXpOnEbVqSBbKznK7jEs0BqW3gajmKQhjRThWMq+bSXKy7BQjHA6Lw5SSRNMpnhM+5pGOKTSyxbXztGZVkYoiIWuSKGF+n0iw6GUs9DXnSFWE/nby8W/vH6qgqaXsShJFY3IclGQcqRilL+ORkxQovhME0wE07ciMsECE6UDKuoQvj5F/5OOY9p1s3ZdLbvuMg0owAmcwjnY0AAXrqAFbSBwC/fwCE9GbDwYz8bLsnXF+Jw5gh8wXj8AakSPvQ==</latexit>

�g

<latexit sha1_base64="Ovb4GtTkGH5iW6hkbaexh/oqEB0=">AAAB8XicdVBNS8NAEJ34WetX1YvgZbEInkpStLa3gBePFewHNqFstpt26WYTdjdCCf0XXjwo4tV/481/4yZVUNEHA4/3ZpiZFyScKW3b79bS8srq2nppo7y5tb2zW9nb76o4lYR2SMxj2Q+wopwJ2tFMc9pPJMVRwGkvmF7mfu+OSsVicaNnCfUjPBYsZARrI92Gw8yLUk+k82Glatdsg0YD5cRp2o4hrVazXm8hp7Bsu+oeQoH2sPLmjWKSRlRowrFSA8dOtJ9hqRnhdF72UkUTTKZ4TAeGChxR5WfFxXN0YpQRCmNpSmhUqN8nMhwpNYsC0xlhPVG/vVz8yxukOmz6GRNJqqkgi0VhypGOUf4+GjFJieYzQzCRzNyKyARLTLQJqWxC+PoU/U+69ZrTqJ1fn1Vdd5EGlOAIjuEUHLgAF66gDR0gIOAeHuHJUtaD9Wy9LFqXrM+ZA/gB6/UDyOWRtQ==</latexit>

fµ⌫

<latexit sha1_base64="+k4HKDcecfpCovUyjsxvqLoMlrE=">AAAB9HicdVDLSsNAFL3xWeur6kZwM1gEN5akaG13ATcuq9gHpKFMppN26OTRmUmhhH6HGxeKuPVj3Pk3TlIFFT1w4XDOvdx7jxdzJpVpvhtLyyura+uFjeLm1vbObmlvvy2jRBDaIhGPRNfDknIW0pZiitNuLCgOPE473vgq8ztTKiSLwjs1i6kb4GHIfEaw0pLbkxOh0jN/fuv4br9UNiumRq2GMmLVTUuTRqNerTaQlVumWbYPIUezX3rrDSKSBDRUhGMpHcuMlZtioRjhdF7sJZLGmIzxkDqahjig0k3zo+foRCsD5EdCV6hQrn6fSHEg5SzwdGeA1Uj+9jLxL89JlF93UxbGiaIhWSzyE45UhLIE0IAJShSfaYKJYPpWREZYYKJ0TkUdwten6H/SrlasWuXi5rxs24s0oABHcAynYMEl2HANTWgBgQncwyM8GVPjwXg2XhatS8bnzAH8gPH6AaNWkro=</latexit>p
�fR[f ]

<latexit sha1_base64="QikVq9AJIZQkbdo9bx9h4xlMDns=">AAAB9HicdVDJSgNBEK1xjXGLehG8NAbBi2EyWb0NePEYxSwwGUJPp5M06VnS3RMIQ77DiwdFvPox3vwbexIFFX1Q8Hiviqp6XsSZVKb5bqysrq1vbGa2sts7u3v7uYPDlgxjQWiThDwUHQ9LyllAm4opTjuRoNj3OG1746vUb0+pkCwM7tQsoq6PhwEbMIKVltyunAiVXAznt87Q7eXyZuGyXrUqFjILplmzStWUWLWyVUJFraTI28ewQKOXe+v2QxL7NFCEYymdohkpN8FCMcLpPNuNJY0wGeMhdTQNsE+lmyyOnqMzrfTRIBS6AoUW6veJBPtSznxPd/pYjeRvLxX/8pxYDepuwoIoVjQgy0WDmCMVojQB1GeCEsVnmmAimL4VkREWmCidU1aH8PUp+p+0rEKxWqjclPO2vUwDMnACp3AORaiBDdfQgCYQmMA9PMKTMTUejGfjZdm6YnzOHMEPGK8fsgiSww==</latexit>p
�gR[g]

<latexit sha1_base64="FHGyOFcXNeTrtnM9Rp0GRpSiAc0=">AAAB/3icdVDLSgMxFL1TX7W+RgUR3ASL4MYynT7dFdy4cFHBPqBTSiZN29DMwyQjlLELf8WNC0Xc+hvu/BszrYKKHggczrmXe3LckDOpLOvdSC0sLi2vpFcza+sbm1vm9k5TBpEgtEECHoi2iyXlzKcNxRSn7VBQ7LmcttzxWeK3bqiQLPCv1CSkXQ8PfTZgBCst9cw9R14LFZ8Mp46H1YhgHl9Me8OembVyp9WyXbKRlbOsil0oJ8SuFO0CymslQba2DzPUe+ab0w9I5FFfEY6l7OStUHVjLBQjnE4zTiRpiMkYD2lHUx97VHbjWf4pOtJKHw0CoZ+v0Ez9vhFjT8qJ5+rJJKT87SXiX14nUoNqN2Z+GCnqk/mhQcSRClBSBuozQYniE00wEUxnRWSEBSZKV5bRJXz9FP1PmnYuX86VLovZWm3eBqThAA7hGPJQgRqcQx0aQOAW7uERnow748F4Nl7moynjc2cXfsB4/QB8epcd</latexit> p
�gLg

<latexit sha1_base64="uUjtmrXYzH9nLWEBWgXYJHsSTNk=">AAAB/3icdVDLSgMxFL1TX7W+RgUR3ASL4MYyU7S2u4IbFy4q2Ad0SsmkmTY08zDJCGWchb/ixoUibv0Nd/6NmVZBRQ8EDufcyz05bsSZVJb1buTm5hcWl/LLhZXVtfUNc3OrJcNYENokIQ9Fx8WSchbQpmKK004kKPZdTtvu+Czz2zdUSBYGV2oS0Z6PhwHzGMFKS31zx5HXQiVHXur4WI0I5slF2vf6ZtEqWRqVCsqIXbVsTWq1arlcQ/bUsqxifRemaPTNN2cQktingSIcS9m1rUj1EiwUI5ymBSeWNMJkjIe0q2mAfSp7yTR/ig60MkBeKPQLFJqq3zcS7Es58V09mYWUv71M/Mvrxsqr9hIWRLGiAZkd8mKOVIiyMtCACUoUn2iCiWA6KyIjLDBRurKCLuHrp+h/0iqX7Erp5PK4WK/P2oA87ME+HIINp1CHc2hAEwjcwj08wpNxZzwYz8bLbDRnfO5sww8Yrx9twJcU</latexit>p
�fLf

<latexit sha1_base64="njNf6e0FKuidmc+mGF4iPWBuOms=">AAAB6nicdVDJSgNBEK2JW4xb1IvgpTEInsLMZPU24MWLENEskAyhp9OTNOlZ6O4RwpBP8OJBEa9+kTf/xp5EQUUfFDzeq6KqnhdzJpVpvhu5ldW19Y38ZmFre2d3r7h/0JFRIghtk4hHoudhSTkLaVsxxWkvFhQHHqddb3qR+d07KiSLwls1i6kb4HHIfEaw0tLN1XA8LJbM8nmzbtdsZJZNs2FX6hmxG1W7giytZCg5R7BAa1h8G4wikgQ0VIRjKfuWGSs3xUIxwum8MEgkjTGZ4jHtaxrigEo3XZw6R6daGSE/ErpChRbq94kUB1LOAk93BlhN5G8vE//y+onym27KwjhRNCTLRX7CkYpQ9jcaMUGJ4jNNMBFM34rIBAtMlE6noEP4+hT9Tzp22aqXa9fVkuMs04A8HMMJnIEFDXDgElrQBgJjuIdHeDK48WA8Gy/L1pzxOXMIP2C8fgD5HY5P</latexit>

Mg

<latexit sha1_base64="6ESMcg11oa8j0ANTBB+JcF8QOAQ=">AAAB6nicdVDLSgNBEOyNrxhfUS+Cl8EgeAqzQWNyW/DiRYhoHpAsYXYymwyZfTAzK4Qln+DFgyJe/SJv/o2zGwUVLWgoqrrp7vJiwZXG+N0qLC2vrK4V10sbm1vbO+XdvY6KEklZm0Yikj2PKCZ4yNqaa8F6sWQk8ATretOLzO/eMal4FN7qWczcgIxD7nNKtJFurob+sFzBVWxQr6OM2A1sG9JsNmq1JrJzC+OKcwA5WsPy22AU0SRgoaaCKNW3cazdlEjNqWDz0iBRLCZ0Ssasb2hIAqbcND91jo6NMkJ+JE2FGuXq94mUBErNAs90BkRP1G8vE//y+on2G27KwzjRLKSLRX4ikI5Q9jcaccmoFjNDCJXc3IrohEhCtUmnZEL4+hT9Tzq1ql2vnl2fVhxnkQYU4RCO4ARsOAcHLqEFbaAwhnt4hCdLWA/Ws/WyaC1YnzP78APW6wfr9Y5H</latexit>

Mf

<latexit sha1_base64="FbghrrWn212988x5wvkcu42rBIA=">AAAB/3icbVDLSsNAFL2pr1pfUUEEN8Ei1IUlER9dFty4rGAf0IQymU7bwckkzkyEErPwV9y4UMStv+HOv3GSdqGtBwYO59zLPXP8iFGpbPvbKCwsLi2vFFdLa+sbm1vm9k5LhrHApIlDFoqOjyRhlJOmooqRTiQICnxG2v7dVea3H4iQNOS3ahwRL0BDTgcUI6WlnrnnynuhkpNh2qq4AVIj30866XHPLNtVO4c1T5wpKdf3IUejZ365/RDHAeEKMyRl17Ej5SVIKIoZSUtuLEmE8B0akq6mHAVEekmeP7WOtNK3BqHQjysrV39vJCiQchz4ejKLKGe9TPzP68ZqUPMSyqNYEY4nhwYxs1RoZWVYfSoIVmysCcKC6qwWHiGBsNKVlXQJzuyX50nrtOpcVM9vzsr12qQNKMIBHEIFHLiEOlxDA5qA4RGe4RXejCfjxXg3PiajBWO6swt/YHz+AFMillI=</latexit> p
�gV (X)

<latexit sha1_base64="pjGzpFp7IOsfadJaPJMfsoc87Tk=">AAAB+nicbVDLSsNAFL2pr1pfqW4EN4NFcSElEV/LgBs3QgX7gCaEyXTSDp08mJkoJfZT3LhQxK1f4s6/cZp2odUDl3s4517mzglSzqSyrC+jtLC4tLxSXq2srW9sbpnV7ZZMMkFokyQ8EZ0AS8pZTJuKKU47qaA4CjhtB8Orid++p0KyJL5To5R6Ee7HLGQEKy35ZvXGd7FU7jFC7iHSLfLNmlW3CqC/xJ6RmrMLBRq++en2EpJFNFaEYym7tpUqL8dCMcLpuOJmkqaYDHGfdjWNcUSllxenj9GBVnooTISuWKFC/bmR40jKURToyQirgZz3JuJ/XjdT4aWXszjNFI3J9KEw40glaJID6jFBieIjTTARTN+KyAALTJROq6JDsOe//Je0Tur2ef3s9rTmONM0oAx7sA9HYMMFOHANDWgCgQd4ghd4NR6NZ+PNeJ+OlozZzg78gvHxDeaokoQ=</latexit>

M⇤ &m

<latexit sha1_base64="2TN3ju9PGfao6ZG5va5SgdOx0lY=">AAAB7nicdVBNSwMxEJ2tX7V+Vb0IXoJF8FR2i9b2tuDFYwX7Ae1Ssmm2Dc1mQ5IVSumP8OJBEa/+Hm/+G7NbBRV9MPB4b4aZeaHkTBvXfXcKK6tr6xvFzdLW9s7uXnn/oKOTVBHaJglPVC/EmnImaNsww2lPKorjkNNuOL3K/O4dVZol4tbMJA1iPBYsYgQbK3UHcsKGUWlYrrhV16JeRxnxGq5nSbPZqNWayMst1634R5CjNSy/DUYJSWMqDOFY677nShPMsTKMcLooDVJNJSZTPKZ9SwWOqQ7m+bkLdGqVEYoSZUsYlKvfJ+Y41noWh7Yzxmaif3uZ+JfXT03UCOZMyNRQQZaLopQjk6DsdzRiihLDZ5Zgopi9FZEJVpgYm1AWwten6H/SqVW9evXi5rzi+8s0oAjHcAJn4MEl+HANLWgDgSncwyM8OdJ5cJ6dl2VrwfmcOYQfcF4/AJOUj8k=</latexit>

�f



Perturbations, Backgrounds, Mirroring (Bar Denotes Background)

<latexit sha1_base64="nY0PQyDJOOa0bDPgbHvrAZRPG2Q=">AAACJHicbVDLSsNAFL3xWeur6kZwM1gUQShJ8VEQoeDGjVDBqtCUMJlO0qGTSZiZCCXkY9z4K25c+MCFG7/F6QPq68CFwzn3cu89fsKZ0rb9YU1Nz8zOzRcWiotLyyurpbX1axWnktAmiXksb32sKGeCNjXTnN4mkuLI5/TG750N/Js7KhWLxZXuJ7Qd4VCwgBGsjeSVTkIvc6PUFWmOdtEpcn0sszCfiPvIDSQmWTXPLrwwR9 2J5ZXKdsUeAv0lzpiU65swRMMrvbqdmKQRFZpwrFTLsRPdzrDUjHCaF91U0QSTHg5py1CBI6ra2fDJHO0YpYOCWJoSGg3V7xMZjpTqR77pjLDuqt/eQPzPa6U6qLUzJpJUU0FGi4KUIx2jQWKowyQlmvcNwUQycysiXWwy0SbXognB+f3yX3JdrThHlcPLg3K9NkoDCrAF27AHDhxDHc6hAU0gcA+P8Awv1oP1ZL1Z76PWKWs8swE/YH1+ARwXpSc=</latexit>

gµ⌫ = ḡµ⌫ +
2

Mg
hµ⌫

<latexit sha1_base64="Sr8YSP5+SXG+8yuKx8OClTS9ryE=">AAACIXicbVDLSsNAFL3xWesr6kZwM1gEQShJ8dGNUHDjRqhgW6EJYTKd6NDJJMxMhBLyK278FTcuFOlO/BmnD3wfuHA4517uvSdMOVPacd6smdm5+YXF0lJ5eWV1bd3e2GyrJJOEtkjCE3kdYkU5E7Slmeb0OpUUxyGnnbB/NvI7d1QqlogrPUipH+MbwSJGsDZSYNejIPfizBNZgU6RF2KZR8WXdIC8SGKS14r8IogK1P+0Ar viVJ0x0F/iTkmlsQ1jNAN76PUSksVUaMKxUl3XSbWfY6kZ4bQoe5miKSZ9fEO7hgocU+Xn4w8LtGeUHooSaUpoNFa/T+Q4VmoQh6YzxvpW/fZG4n9eN9NR3c+ZSDNNBZksijKOdIJGcaEek5RoPjAEE8nMrYjcYhOJNqGWTQju75f/knat6h5Xjy4PK436JA0owQ7swj64cAINOIcmtIDAPTzCM7xYD9aT9WoNJ60z1nRmC37Aev8A5dukow==</latexit>

fµ⌫ = f̄µ⌫ +
2

Mf
kµ⌫

<latexit sha1_base64="zTr8A/s+JxZUEvwm4OVhkbqIQlE=">AAACGXicbZDLSgMxFIbPeLfeqm4EN8EiuCoz4qUboSCIyyrWFjqlZNJMG5pkhiQjlGFew42v4saFIi515duYTgtq9YfAz3fOIef8QcyZNq776czMzs0vLC4tF1ZW19Y3iptbtzpKFKF1EvFINQOsKWeS1g0znDZjRbEIOG0Eg/NRvXFHlWaRvDHDmLYF7kkWMoKNRZ2i6wdYpb2sk/oi8WWSoTOUo/AbnfkCm74S6cV1I+sUS2 7ZzYX+Gm9iStUdyFXrFN/9bkQSQaUhHGvd8tzYtFOsDCOcZgU/0TTGZIB7tGWtxILqdppflqF9S7oojJR90qCc/pxIsdB6KALbOdpRT9dG8L9aKzFhpZ0yGSeGSjL+KEw4MhEaxYS6TFFi+NAaTBSzuyLSxwoTY8Ms2BC86ZP/mtvDsndSPr46KlUr4zRgCXZhDw7Ag1OowiXUoA4E7uERnuHFeXCenFfnbdw640xmtuGXnI8vk6uh8A==</latexit>

ḡµ⌫ = f̄µ⌫ = FRW

<latexit sha1_base64="lYrkvAkiD8KVqED7mDngtiZ7JpE=">AAACCnicbVDLSsNAFL2pr1pfUTeCm9EiCEJJxEc3QsGNywr2AU0Ik+m0HTp5MDMplNC1G3/FjQtF3PoF7vwbJ2kX2npg4Nxz7uXOPX7MmVSW9W0UlpZXVteK66WNza3tHXN3rymjRBDaIBGPRNvHknIW0oZiitN2LCgOfE5b/vA281sjKiSLwgc1jqkb4H7IeoxgpSXPPHLiAfP66AY5PhZpVk10eYacERa55Zllq2LlQIvEnpFy7QBy1D3zy+lGJAloqAjHUnZsK1ZuioVihNNJyUkkjTEZ4j7taBrigEo3zU+ZoBOtdFEvEvqFCuXq74kUB1KOA193BlgN5LyXif95nUT1qm7KwjhRNCTTRb2EIxWhLBfUZYISxceaYCKY/isiAywwUTq9kg7Bnj95kTTPK/ZV5fL+olyrTtOAIhzCMZyCDddQgzuoQwMIPMIzvMKb8WS8GO/Gx7S1YMxm9uEPjM8fgxyaMA==</latexit>

�g = �̄g + 'g
<latexit sha1_base64="NqwywZGaRObO0bPz/Cvazb1W+aQ=">AAACC3icbVDLSgMxFL1TX7W+Rt0IbkKLIAhlRnx0IxTcuKxgH9ApJZNm2tBMZkgyhTJ078ZfceNCEbf+gDv/xnTahbYeCJx7zr3c3OPHnCntON9WbmV1bX0jv1nY2t7Z3bP3DxoqSiShdRLxSLZ8rChngtY105y2Yklx6HPa9Ie3U785olKxSDzocUw7Ie4LFjCCtZG6dtGLB6wboBvk+Vim02piyjPkjbCcWV275JSdDGiZuHNSqh5BhlrX/vJ6EUlCKjThWKm268S6k2KpGeF0UvASRWNMhrhP24YKHFLVSbNbJujEKD0URNI8oVGm/p5IcajUOPRNZ4j1QC16U/E/r53ooNJJmYgTTQWZLQoSjnSEpsGgHpOUaD42BBPJzF8RGWCJiTbxFUwI7uLJy6RxXnavypf3F6VqZZYG5OEYinAKLlxDFe6gBnUg8AjP8Apv1pP1Yr1bH7PWnDWfOYQ/sD5/AOAMmlc=</latexit>

�f = �̄f + 'f
<latexit sha1_base64="iEVM7HI2e0bhI6WUMaFQAkX6dC4="></latexit>

1

Mg
�̄g =

1

Mf
�̄f ⌘ 1

MP
�̄

<latexit sha1_base64="bFqG0BN101H0NVgLAdtIaSrAUjI="></latexit>

1

M2
g

Vg

⇣
Mg

MP
�
⌘
=

1

M2
f

Vf

⇣
Mf

MP
�
⌘
⌘ 1

MP
V (�)

Tensor sector Scalar sector

Background EoMs:

<latexit sha1_base64="U/fo1+mBJOt+ymcZ/127lopv5s8=">AAACEXicbVC7SgNBFL0bXzG+Vm0Em8EgxsKwKz7SCEEbywjmAdklzE4myZDZBzOzYljyCzb+io2FIrZ2dv6Nk01ATTxw4cw59zL3Hi/iTCrL+jIyc/MLi0vZ5dzK6tr6hrm5VZNhLAitkpCHouFhSTkLaFUxxWkjEhT7Hqd1r3818ut3VEgWBrdqEFHXx92AdRjBSksts4A0nMvwHjkeFokT9dgQHaHaQeHnfYgukNUy81bRSo FmiT0h+fIOpKi0zE+nHZLYp4EiHEvZtK1IuQkWihFOhzknljTCpI+7tKlpgH0q3SS9aIj2tdJGnVDoChRK1d8TCfalHPie7vSx6slpbyT+5zVj1Sm5CQuiWNGAjD/qxBypEI3iQW0mKFF8oAkmguldEelhgYnSIeZ0CPb0ybOkdly0z4qnNyf5cmmcBmRhF/agADacQxmuoQJVIPAAT/ACr8aj8Wy8Ge/j1owxmdmGPzA+vgFtH5rs</latexit>

⇤�̄� V 0(�̄) = 0

<latexit sha1_base64="6w08SZhVpKVHKe4emzPUtVl1EfY=">AAACRnicbVBLSwMxGPy2vmp9Vb0IXoJF8KBlt/joRSh48SJUsSp01yWbZmswm12SrFCW/XVePHvzJ3jxoIhX023B50BgmJnvSzJBwpnStv1klSYmp6ZnyrOVufmFxaXq8sqFilNJaIfEPJZXAVaUM0E7mmlOrxJJcRRwehncHg39yzsqFYvFuR4k1ItwX7CQEayN5Fc9N8AyO8v9zI1SV6Q52kFuKDHJnDxr5IXb/3LHaYQOv1 Infvu6kSN3GxXu+bddfrVm1+0C6C9xxqTWWoMCbb/66PZikkZUaMKxUl3HTrSXYakZ4TSvuKmiCSa3uE+7hgocUeVlRQ052jRKD4WxNEdoVKjfJzIcKTWIApOMsL5Rv72h+J/XTXXY9DImklRTQUYXhSlHOkbDTlGPSUo0HxiCiWTmrYjcYFOPNs1XTAnO7y//JReNurNf3zvdrbWaozagDOuwAVvgwAG04Bja0AEC9/AMr/BmPVgv1rv1MYqWrPHMKvxACT4ByZiyhw==</latexit>

R̄µ⌫ � 1

2
ḡµ⌫R̄ =

1

M2
P

T̄µ⌫

<latexit sha1_base64="Z/IEAwYrGuyq19iyvQ0ElacI5JQ="></latexit>

T̄µ⌫ = rµ�̄r⌫ �̄+ ḡµ⌫L̄(ḡ, �̄)
<latexit sha1_base64="H/78hQX7BAW/Uf3lJJYabDXCp6s="></latexit>

L̄(ḡ, �̄) = � 1
2 ḡ

µ⌫rµ�̄r⌫ �̄� V (�̄)



Change Perturbation Variables: Massive and Massless Modes Decouple

<latexit sha1_base64="AMRK4V5GYwwfy3Tw1RiHSyvgCZ8=">AAACe3icjVHLSgMxFM2M7/qquhEECRZRfJQZsdqNUHDjRlCwrdApQybNTEMzmSEPoQz5CT/NnX/iRjB9LKy68EDgcM69N8m5Uc6oVJ737rhz8wuLS8srpdW19Y3N8tZ2S2ZaYNLEGcvEc4QkYZSTpqKKkedcEJRGjLSjwe3Ib78QIWnGn9QwJ90UJZzGFCNlpbD8GsQC4UKHRZDqgGtjivvwxMAbODH6M0ZsTqf6YEZPDAyCqf Pyv1GJOf9zVGzCcsWremPA38SfkkpjF4zxEJbfgl6GdUq4wgxJ2fG9XHULJBTFjJhSoCXJER6ghHQs5SglsluMszPw0Co9GGfCHq7gWP3eUaBUymEa2coUqb786Y3Ev7yOVnG9W1Cea0U4nlwUawZVBkeLgD0qCFZsaAnCgtq3QtxHNhBl11WyIfg/v/ybtC6q/lW19nhZadQnaYBlsAcOwDHwwTVogDvwAJoAgw9n3zlyjp1Pt+KeuGeTUteZ9uyAGbi1L9PCxTc=</latexit>

uµ⌫

M⇤
=

hµ⌫

Mf
+

kµ⌫
Mg

vµ⌫
M⇤

=
hµ⌫

Mg
� kµ⌫

Mf

<latexit sha1_base64="RgOt7ZHgyVZIABBBYG56bMHxnhk="></latexit>

'u

M⇤
=

'g

Mf
+

'f

Mg

'v

M⇤
=

'g

Mg
� 'f

Mf

<latexit sha1_base64="ezDs/qDZJWFFAH7cvoz+Pn3Zjg4="></latexit>

{'g, 'f} ! {'u, 'v}
<latexit sha1_base64="QbCGqWIaxBXBIe7RBys5LOo5NDQ="></latexit>

{hµ⌫ , kµ⌫} ! {uµ⌫ , vµ⌫}



<latexit sha1_base64="2TN3ju9PGfao6ZG5va5SgdOx0lY=">AAAB7nicdVBNSwMxEJ2tX7V+Vb0IXoJF8FR2i9b2tuDFYwX7Ae1Ssmm2Dc1mQ5IVSumP8OJBEa/+Hm/+G7NbBRV9MPB4b4aZeaHkTBvXfXcKK6tr6xvFzdLW9s7uXnn/oKOTVBHaJglPVC/EmnImaNsww2lPKorjkNNuOL3K/O4dVZol4tbMJA1iPBYsYgQbK3UHcsKGUWlYrrhV16JeRxnxGq5nSbPZqNWayMst1634R5CjNSy/DUYJSWMqDOFY677nShPMsTKMcLooDVJNJSZTPKZ9SwWOqQ7m+bkLdGqVEYoSZUsYlKvfJ+Y41noWh7Yzxmaif3uZ+JfXT03UCOZMyNRQQZaLopQjk6DsdzRiihLDZ5Zgopi9FZEJVpgYm1AWwten6H/SqVW9evXi5rzi+8s0oAjHcAJn4MEl+HANLWgDgSncwyM8OdJ5cJ6dl2VrwfmcOYQfcF4/AJOUj8k=</latexit>

�f

Inflationary Bigravity

<latexit sha1_base64="azD2N1LFvICNnE8jdarUNTf02os=">AAAB7XicdVDLSsNAFL2pr1pfVTeCm8EiuJCQlEZdBty4ESrYB7ShTKaTduzkwcxEKKH/4MaFIm79H3f+jZO0gopeGOZwzrnce4+fcCaVZX0YpaXlldW18nplY3Nre6e6u9eWcSoIbZGYx6LrY0k5i2hLMcVpNxEUhz6nHX9ymeudeyoki6NbNU2oF+JRxAJGsNJUOzxF14PmoFqzTMfSVUeWmf8NBy0YB9kFY1k19wCK0v73/jAmaUgjRTiWsmdbifIyLBQjnM4q/VTSBJMJHtGehhEOqfSyYtsZOtbMEAWx0C9SqGC/d2Q4lHIa+toZYjWWv7Wc/EvrpSq48DIWJamiEZkPClKOVIzy09GQCUoUn2qAiWB6V0TGWGCidEAVHcLXpeh/0K6b9pnp3DRqrjtPA8pwCEdwAjacgwtX0IQWELiDB3iCZyM2Ho0X43VuLRmLnn34UcbbJyNEjuU=</latexit>

m,MP

Linearize On Equal FRW Backgrounds

<latexit sha1_base64="BcobJlFX/W1z7hLxDU6Dtkc4bVw=">AAAB8HicdVDLSsNAFL2pr1pfVTeCm8EiuApJqdVlwI3LCvYhbSiT6aQdOpmEmUmhlH6FGxeKuPVz3Pk3ThIFFT0wzOGce7n3niDhTGnHebdKK6tr6xvlzcrW9s7uXnX/oKPiVBLaJjGPZS/AinImaFszzWkvkRRHAafdYHqV+d0ZlYrF4lbPE+pHeCxYyAjWRrobzLBMJmyYDqs1x246Bi5y7Eb21w2pF4prOzlq3hHkaA2rb4NRTNKICk04VqrvOon2F1hqRjhdVgapogkmUzymfUMFjqjyF/nCS3RqlBEKY2me0ChXv3cscKTUPApMZYT1RP32MvEvr5/q8NJfMJGkmgpSDApTjnSMsuvRiElKNJ8bgolkZldEJlhiok1GFRPC16Xof9Kp227TPr9p1DyvSAPKcAwncAYuXIAH19CCNhCI4B4e4cmS1oP1bL0UpSXrs+cQfsB6/QCfxJD/</latexit>

'u

<latexit sha1_base64="T9BJDlmKh+tUE2VpT5co37N1tVE=">AAAB8XicdVDLSsNAFL2pr1pfVTeCm8EiuApJqdVlwY3LCrYWm1Am02k7dDIJ8xBK6F+4caGIW//GnX/jpFFQ0QPDHM65l3vviVLOlPa8d6e0tLyyulZer2xsbm3vVHf3uioxktAOSXgiexFWlDNBO5ppTnuppDiOOL2Jphe5f3NHpWKJuNazlIYxHgs2YgRrK92aQRbEJhBmPqjWPLfpWfjIcxv5X7ekXii+6y1Qax3AAu1B9S0YJsTEVGjCsVJ930t1mGGpGeF0XgmMoikmUzymfUsFjqkKs8XGc3RslSEaJdI+odFC/d6R4VipWRzZyhjrifrt5eJfXt/o0XmYMZEaTQUpBo0MRzpB+floyCQlms8swUQyuysiEywx0Takig3h61L0P+nWXb/pnl41aq1WkQaU4RCO4AR8OIMWXEIbOkBAwD08wpOjnAfn2XkpSkvOZ88+/IDz+gGhtJGY</latexit>

uµ⌫

<latexit sha1_base64="ky5vd+CdEa0NvwcQ5/2+Yqyg30k="></latexit>p
�ḡL(2)

massless

<latexit sha1_base64="XqI2Nfx0Ob+IGSxk/hhk3/HKTbw=">AAAB8XicdVBNS8NAEJ3Ur1q/ql4EL4tF8BSS0qjHghePFWwtNqFstpt26WYTdjeFEvovvHhQxKv/xpv/xk1bQUUfLPt4b4aZeWHKmdKO82GVVlbX1jfKm5Wt7Z3dver+QUclmSS0TRKeyG6IFeVM0LZmmtNuKimOQ07vwvFV4d9NqFQsEbd6mtIgxkPBIkawNtL9pJ/7ceaLbNav1hzbcwzqyLGLv+GhpeIhd644Tq15BHO0+tV3f5CQLKZCE46V6rlOqoMcS80Ip7OKnymaYjLGQ9ozVOCYqiCfbzxDp0YZoCiR5gmN5ur3jhzHSk3j0FTGWI/Ub68Q//J6mY4ug5yJNNNUkMWgKONIJ6g4Hw2YpETzqSGYSGZ2RWSEJSbahFQxIXxdiv4nnbrtntveTaPWbC7SgDIcwwmcgQsX0IRraEEbCAh4gCd4tpT1aL1Yr4vSkrXsOYQfsN4+Aa/rkaI=</latexit>

vµ⌫

<latexit sha1_base64="bv9ZI35lTg5BcVzoyvCCJreHymc=">AAAB8HicdVBNS8NAEJ3Ur1q/ql4EL4tF8BTS0qjHgBePFWyttKFstpt26WYTdjeFEvorvHhQxKs/x5v/xk1aQUUfLPt4b4aZeUHCmdKO82GVVlbX1jfKm5Wt7Z3dver+QUfFqSS0TWIey26AFeVM0LZmmtNuIimOAk7vgslV7t9NqVQsFrd6llA/wiPBQkawNtJ9f4plMmaD6aBac2zXMWggx87/pouWiovqheI4Ne8ICrQG1ff+MCZpRIUmHCvVqzuJ9jMsNSOcziv9VNEEkwke0Z6hAkdU+Vmx8BydGmWIwliaJzQq1O8dGY6UmkWBqYywHqvfXi7+5fVSHV76GRNJqqkgi0FhypGOUX49GjJJieYzQzCRzOyKyBhLTLTJqGJC+LoU/U86Dbt+brs3zZrnLdKAMhzDCZxBHS7Ag2toQRsIRPAAT/BsSevRerFeF6Ula9lzCD9gvX0CrfKRCQ==</latexit>

'v

<latexit sha1_base64="t3tecu9hde3EfV66vfCGTsgjMk8="></latexit> p
�ḡL(2)

massive

+ Interactions with background

<latexit sha1_base64="vzlOcVhXcrVWHoI5Jk8KsJ0x86c=">AAAB6nicdVDLSsNAFL2pr1pfVTeCm8EiuApJqdVlwI0boaJ9QBvKZDpth04mYWYilNBPcONCEbd+kTv/xkmioKIHhjmccy/33hPEnCntOO9WaWl5ZXWtvF7Z2Nza3qnu7nVUlEhC2yTikewFWFHOBG1rpjntxZLiMOC0G8wuMr97R6VikbjV85j6IZ4INmYEayPdXA1bw2rNsZuOgYscu5H9dUPqheLaTo6adwA5TP3bYBSRJKRCE46V6rtOrP0US80Ip4vKIFE0xmSGJ7RvqMAhVX6ar7pAx0YZoXEkzRMa5er3jhSHSs3DwFSGWE/Vby8T//L6iR6f+ykTcaKpIMWgccKRjlB2NxoxSYnmc0MwkczsisgUS0y0SadiQvi6FP1POnXbbdqn142a5xVpQBkO4QhOwIUz8OASWtAGAhO4h0d4srj1YD1bL0Vpyfrs2YcfsF4/AIwpjgU=</latexit>

MP

<latexit sha1_base64="QBRiZWQZB/4/MqpqXSuqeXeooYc=">AAAB8XicdVBNS8NAEJ3Ur1q/ql4EL4tF8BTS9NNbwYvHCrYVm1I22027dLMJuxuhhP4LLx4U8eq/8ea/cdMqqOiDgcd7M8zM82POlHacdyu3srq2vpHfLGxt7+zuFfcPuipKJKEdEvFI3vhYUc4E7WimOb2JJcWhz2nPn15kfu+OSsUica1nMR2EeCxYwAjWRrodD1MvTDyRzIfFkmOfN+tuzUWO7TgNt1LPiNuouhVUNkqGUusIFmgPi2/eKCJJSIUmHCvVLzuxHqRYakY4nRe8RNEYkyke076hAodUDdLFxXN0apQRCiJpSmi0UL9PpDhUahb6pjPEeqJ+e5n4l9dPdNAcpEzEiaaCLBcFCUc6Qtn7aMQkJZrPDMFEMnMrIhMsMdEmpIIJ4etT9D/puna5bteuqqVWa5kG5OEYTuAMytCAFlxCGzpAQMA9PMKTpawH69l6WbbmrM+ZQ/gB6/UD1haRvQ==</latexit>

gµ⌫

<latexit sha1_base64="8BtwrmqpWAObIhvjcWb3iNxIh5U=">AAAB7XicdVDLSsNAFL3xWeur6kZwM1gEVyFJn+4CblxWsA9oQ5lMJ+3YyYOZiVBC/8GNC0Xc+j/u/BsnrYKKHrhwOOde7r3HTziTyrLejZXVtfWNzcJWcXtnd2+/dHDYkXEqCG2TmMei52NJOYtoWzHFaS8RFIc+p11/epn73TsqJIujGzVLqBficcQCRrDSUmeQTNhwPCyVLfOiWXdqDrJMy2o4lXpOnEbVqSBbKznK7jEs0BqW3gajmKQhjRThWMq+bSXKy7BQjHA6Lw5SSRNMpnhM+5pGOKTSyxbXztGZVkYoiIWuSKGF+n0iw6GUs9DXnSFWE/nby8W/vH6qgqaXsShJFY3IclGQcqRilL+ORkxQovhME0wE07ciMsECE6UDKuoQvj5F/5OOY9p1s3ZdLbvuMg0owAmcwjnY0AAXrqAFbSBwC/fwCE9GbDwYz8bLsnXF+Jw5gh8wXj8AakSPvQ==</latexit>

�g

<latexit sha1_base64="Ovb4GtTkGH5iW6hkbaexh/oqEB0=">AAAB8XicdVBNS8NAEJ34WetX1YvgZbEInkpStLa3gBePFewHNqFstpt26WYTdjdCCf0XXjwo4tV/481/4yZVUNEHA4/3ZpiZFyScKW3b79bS8srq2nppo7y5tb2zW9nb76o4lYR2SMxj2Q+wopwJ2tFMc9pPJMVRwGkvmF7mfu+OSsVicaNnCfUjPBYsZARrI92Gw8yLUk+k82Glatdsg0YD5cRp2o4hrVazXm8hp7Bsu+oeQoH2sPLmjWKSRlRowrFSA8dOtJ9hqRnhdF72UkUTTKZ4TAeGChxR5WfFxXN0YpQRCmNpSmhUqN8nMhwpNYsC0xlhPVG/vVz8yxukOmz6GRNJqqkgi0VhypGOUf4+GjFJieYzQzCRzNyKyARLTLQJqWxC+PoU/U+69ZrTqJ1fn1Vdd5EGlOAIjuEUHLgAF66gDR0gIOAeHuHJUtaD9Wy9LFqXrM+ZA/gB6/UDyOWRtQ==</latexit>

fµ⌫

<latexit sha1_base64="+k4HKDcecfpCovUyjsxvqLoMlrE=">AAAB9HicdVDLSsNAFL3xWeur6kZwM1gEN5akaG13ATcuq9gHpKFMppN26OTRmUmhhH6HGxeKuPVj3Pk3TlIFFT1w4XDOvdx7jxdzJpVpvhtLyyura+uFjeLm1vbObmlvvy2jRBDaIhGPRNfDknIW0pZiitNuLCgOPE473vgq8ztTKiSLwjs1i6kb4GHIfEaw0pLbkxOh0jN/fuv4br9UNiumRq2GMmLVTUuTRqNerTaQlVumWbYPIUezX3rrDSKSBDRUhGMpHcuMlZtioRjhdF7sJZLGmIzxkDqahjig0k3zo+foRCsD5EdCV6hQrn6fSHEg5SzwdGeA1Uj+9jLxL89JlF93UxbGiaIhWSzyE45UhLIE0IAJShSfaYKJYPpWREZYYKJ0TkUdwten6H/SrlasWuXi5rxs24s0oABHcAynYMEl2HANTWgBgQncwyM8GVPjwXg2XhatS8bnzAH8gPH6AaNWkro=</latexit>p
�fR[f ]

<latexit sha1_base64="QikVq9AJIZQkbdo9bx9h4xlMDns=">AAAB9HicdVDJSgNBEK1xjXGLehG8NAbBi2EyWb0NePEYxSwwGUJPp5M06VnS3RMIQ77DiwdFvPox3vwbexIFFX1Q8Hiviqp6XsSZVKb5bqysrq1vbGa2sts7u3v7uYPDlgxjQWiThDwUHQ9LyllAm4opTjuRoNj3OG1746vUb0+pkCwM7tQsoq6PhwEbMIKVltyunAiVXAznt87Q7eXyZuGyXrUqFjILplmzStWUWLWyVUJFraTI28ewQKOXe+v2QxL7NFCEYymdohkpN8FCMcLpPNuNJY0wGeMhdTQNsE+lmyyOnqMzrfTRIBS6AoUW6veJBPtSznxPd/pYjeRvLxX/8pxYDepuwoIoVjQgy0WDmCMVojQB1GeCEsVnmmAimL4VkREWmCidU1aH8PUp+p+0rEKxWqjclPO2vUwDMnACp3AORaiBDdfQgCYQmMA9PMKTMTUejGfjZdm6YnzOHMEPGK8fsgiSww==</latexit>p
�gR[g]

<latexit sha1_base64="FHGyOFcXNeTrtnM9Rp0GRpSiAc0=">AAAB/3icdVDLSgMxFL1TX7W+RgUR3ASL4MYynT7dFdy4cFHBPqBTSiZN29DMwyQjlLELf8WNC0Xc+hvu/BszrYKKHggczrmXe3LckDOpLOvdSC0sLi2vpFcza+sbm1vm9k5TBpEgtEECHoi2iyXlzKcNxRSn7VBQ7LmcttzxWeK3bqiQLPCv1CSkXQ8PfTZgBCst9cw9R14LFZ8Mp46H1YhgHl9Me8OembVyp9WyXbKRlbOsil0oJ8SuFO0CymslQba2DzPUe+ab0w9I5FFfEY6l7OStUHVjLBQjnE4zTiRpiMkYD2lHUx97VHbjWf4pOtJKHw0CoZ+v0Ez9vhFjT8qJ5+rJJKT87SXiX14nUoNqN2Z+GCnqk/mhQcSRClBSBuozQYniE00wEUxnRWSEBSZKV5bRJXz9FP1PmnYuX86VLovZWm3eBqThAA7hGPJQgRqcQx0aQOAW7uERnow748F4Nl7moynjc2cXfsB4/QB8epcd</latexit> p
�gLg

<latexit sha1_base64="uUjtmrXYzH9nLWEBWgXYJHsSTNk=">AAAB/3icdVDLSgMxFL1TX7W+RgUR3ASL4MYyU7S2u4IbFy4q2Ad0SsmkmTY08zDJCGWchb/ixoUibv0Nd/6NmVZBRQ8EDufcyz05bsSZVJb1buTm5hcWl/LLhZXVtfUNc3OrJcNYENokIQ9Fx8WSchbQpmKK004kKPZdTtvu+Czz2zdUSBYGV2oS0Z6PhwHzGMFKS31zx5HXQiVHXur4WI0I5slF2vf6ZtEqWRqVCsqIXbVsTWq1arlcQ/bUsqxifRemaPTNN2cQktingSIcS9m1rUj1EiwUI5ymBSeWNMJkjIe0q2mAfSp7yTR/ig60MkBeKPQLFJqq3zcS7Es58V09mYWUv71M/Mvrxsqr9hIWRLGiAZkd8mKOVIiyMtCACUoUn2iCiWA6KyIjLDBRurKCLuHrp+h/0iqX7Erp5PK4WK/P2oA87ME+HIINp1CHc2hAEwjcwj08wpNxZzwYz8bLbDRnfO5sww8Yrx9twJcU</latexit>p
�fLf

<latexit sha1_base64="FbghrrWn212988x5wvkcu42rBIA=">AAAB/3icbVDLSsNAFL2pr1pfUUEEN8Ei1IUlER9dFty4rGAf0IQymU7bwckkzkyEErPwV9y4UMStv+HOv3GSdqGtBwYO59zLPXP8iFGpbPvbKCwsLi2vFFdLa+sbm1vm9k5LhrHApIlDFoqOjyRhlJOmooqRTiQICnxG2v7dVea3H4iQNOS3ahwRL0BDTgcUI6WlnrnnynuhkpNh2qq4AVIj30866XHPLNtVO4c1T5wpKdf3IUejZ365/RDHAeEKMyRl17Ej5SVIKIoZSUtuLEmE8B0akq6mHAVEekmeP7WOtNK3BqHQjysrV39vJCiQchz4ejKLKGe9TPzP68ZqUPMSyqNYEY4nhwYxs1RoZWVYfSoIVmysCcKC6qwWHiGBsNKVlXQJzuyX50nrtOpcVM9vzsr12qQNKMIBHEIFHLiEOlxDA5qA4RGe4RXejCfjxXg3PiajBWO6swt/YHz+AFMillI=</latexit> p
�gV (X)

<latexit sha1_base64="njNf6e0FKuidmc+mGF4iPWBuOms=">AAAB6nicdVDJSgNBEK2JW4xb1IvgpTEInsLMZPU24MWLENEskAyhp9OTNOlZ6O4RwpBP8OJBEa9+kTf/xp5EQUUfFDzeq6KqnhdzJpVpvhu5ldW19Y38ZmFre2d3r7h/0JFRIghtk4hHoudhSTkLaVsxxWkvFhQHHqddb3qR+d07KiSLwls1i6kb4HHIfEaw0tLN1XA8LJbM8nmzbtdsZJZNs2FX6hmxG1W7giytZCg5R7BAa1h8G4wikgQ0VIRjKfuWGSs3xUIxwum8MEgkjTGZ4jHtaxrigEo3XZw6R6daGSE/ErpChRbq94kUB1LOAk93BlhN5G8vE//y+onym27KwjhRNCTLRX7CkYpQ9jcaMUGJ4jNNMBFM34rIBAtMlE6noEP4+hT9Tzp22aqXa9fVkuMs04A8HMMJnIEFDXDgElrQBgJjuIdHeDK48WA8Gy/L1pzxOXMIP2C8fgD5HY5P</latexit>

Mg

<latexit sha1_base64="6ESMcg11oa8j0ANTBB+JcF8QOAQ=">AAAB6nicdVDLSgNBEOyNrxhfUS+Cl8EgeAqzQWNyW/DiRYhoHpAsYXYymwyZfTAzK4Qln+DFgyJe/SJv/o2zGwUVLWgoqrrp7vJiwZXG+N0qLC2vrK4V10sbm1vbO+XdvY6KEklZm0Yikj2PKCZ4yNqaa8F6sWQk8ATretOLzO/eMal4FN7qWczcgIxD7nNKtJFurob+sFzBVWxQr6OM2A1sG9JsNmq1JrJzC+OKcwA5WsPy22AU0SRgoaaCKNW3cazdlEjNqWDz0iBRLCZ0Ssasb2hIAqbcND91jo6NMkJ+JE2FGuXq94mUBErNAs90BkRP1G8vE//y+on2G27KwzjRLKSLRX4ikI5Q9jcaccmoFjNDCJXc3IrohEhCtUmnZEL4+hT9Tzq1ql2vnl2fVhxnkQYU4RCO4ARsOAcHLqEFbaAwhnt4hCdLWA/Ws/WyaC1YnzP78APW6wfr9Y5H</latexit>
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Change Perturbation Variables: Massive and Massless Modes Decouple
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vij = a2 ( dij  A + 𝜕i	𝜕𝑗 B + 𝜕i C𝑗 + 𝜕𝑗 C𝑖 + D𝑖𝑗 ) 

5. Find mode equation and wk :                          .
6. Solve with appropriate boundary conditions.
7. Integrate over k.  
8. Write paper.

1. Remove nondynamical DoFs.
2. Express in terms of Fourier modes.  
3. Canonically normalize kinetic term.
4. Check for ghosts, gradient instabilities.  

Scalar/Vector/Tensor (SVT) Decomposition Of Massive Spin-2 Field
Represent 4-tensor by variables that transform under spatial rotations as 
3-scalars/3-vectors/3-tensors
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 ̃00 + !2
k ̃ = 0
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S =

Z
d⌘ d3x

�
LS + LV + LT

�
+O

3

At quadratic order S/V/T decouple:

(Set your watch to CST—Conformal Standard Time)

dh = dt/a(t) 

Subject to transverse/traceless constraints (repeated indices summed):
<latexit sha1_base64="uD5vsbUPw+jlLCJVReFdIJzmzLE="></latexit>

@iCi = 0, @iGi = 0, @iDij = 0, and Dii = 0

For S/V/T

v00 = a2 E v0i = a2 (	𝜕i F + Gi ) 



Tensor Sector (Prime Denotes 𝜕h )
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LT =
1

2
a2
h
D0

ijD
0
ij � @kDij@kDij � a2m2DijDij

i

Canonically normalized kinetic term: 
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�ij = aDij

Fourier modes of                                      ;   can take  
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�ij(⌘,x)
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�̃ij(⌘,k)
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k = (0, 0, k)

If m = 0, mode equation for gravitational wave 
propagating on an FRW background, familiar from 
studies of tensor perturbations in inflation

Upon implementing the SVT decomposition (3.3), the action (2.1) breaks up into sepa-

rate scalar, vector, and tensor sectors that are unmixed at quadratic order in perturbations:

S =

Z
d⌘ d3x

�
LS + LV + LT

�
+ O

3
, (3.4)

where LS , LV and LT are the quadratic-order scalar/vector/tensor sector Lagrangians, re-

spectively. Note that L =
p

�gL = a
4
L. In the following subsections, we present each of

these terms and provide the corresponding equations of motion for the field variables.

3.1 Minimal matter coupling

For the theory with a minimal coupling to matter, we perform the SVT decomposition on the

massive spin-2 field vµ⌫ and isolate the corresponding quadratic-order Lagrangians LS , LV ,

and LT . The covariant action for the spectator fields, vµ⌫ and 'v, was given by eq. (2.17)

at quadratic order. Using the SVT decomposition (3.3) on an FRW background causes the

scalar, vector, and tensor sectors to decouple at quadratic order. This is expected, since one

can check that all bi-linear cross terms from two di↵erent sectors can be eliminated by a

combination of integration by parts and SVT constraints. There are 2 degrees of freedom

in the tensor sector, corresponding to the ±2 polarization modes of vµ⌫ ; there are 2 degrees

of freedom in the vector sector, corresponding to the ±1 polarization modes of vµ⌫ ; and

there are 1 + 1 degrees of freedom in the scalar sector, corresponding to a mixture of the

0-polarization mode of vµ⌫ as well as the additional 'v. We shall present the Lagrangians

for each sector, and derive the corresponding mode equations in appropriate variables.

3.1.1 Tensor sector

The tensor sector Lagrangian is given by:

LT =
1

2
a

2

h
D

0
ijD

0
ij � @

k
Dij@kDij � a

2
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2
DijDij

i
. (3.5)

The kinetic term is rendered canonically normalized by the change of variable �
ij

= aD
ij
,

which leads to
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0
ij � @

k
�ij@k�ij � a

2
�
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2
� 2H2

� a
�1

H
0�
�ij�ij

i
(3.6)

where we have dropped total derivatives. We use �̃
ij
(⌘,k) to denote the Fourier modes

of �
ij
(⌘,x). Since the Lagrangian is isotropic, we can take k = (0, 0, k) without loss of

generality, and the transverse/traceless conditions (3.3) let us write

[�̃ij ] =

2

64
�̃+ �̃⇥ 0

�̃⇥ ��̃+ 0

0 0 0

3

75 , (3.7)

which isolates the plus and cross mode functions, �̃+(⌘,k) and �̃⇥(⌘,k). The corresponding

mode equations are written as

�̃
00
s(⌘,k) + !

2

k
(⌘) �̃s(⌘,k) = 0 for s = +,⇥

where !
2

k
(⌘) = k

2 + a
2
m

2
� 2a2

H
2
� aH

0
.

(3.8)
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�̃00(⌘, k) + !2
k(⌘) �̃ (⌘, k) = 0+×
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Vector Sector (Prime Denotes 𝜕h )
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�i Gi not dynamical, 
can be Integrated out

In Fourier space:
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a4k2m2

k2 + a2m2
|C̃ 0
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If m = 0, Lagrangian vanishes trivially since massless theory does not propagate vector modes.

Canonically normalize, again taking                        , and defining                                                    :
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Scalar Sector (Prime Denotes 𝜕h )

LS  = LS (A, B, E, F, 𝜑v)     (and 𝜑u decoupled).

After removing non-propagating DoFs, and defining 
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can be expressed as
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Scalar Sector (Prime Denotes 𝜕h )

LS  = LS (A, B, E, F, 𝜑v)     (and 𝜑u decoupled).

After removing non-propagating DoFs, and defining 
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Where we have defined

𝜖 is the first inflationary slow-roll parameter.

If                         , theory propagates a ghost in     (spin-2) sector!
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Generalized Higuchi Bound

In 1986 Higuchi studied perturbations of massive gravity on a de Sitter background 
and found a ghost if         .
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We find a ghost in a general FRW background if m2 < 2H2(h) [ 1 - 𝜖(h) ] .      (In dS  𝜖 = 0.)

m2 = 2 H2  is a “partially massless” point: mass term also vanishes.

FRW ghost is not generally a “partially massless” point.



Question For My Wise Colleagues

How should one regard a theory, perfectly healthy in Minkowski spacetime, but ghostly in a non-
pathological, classical gravitational background?

 In FRW,  m > 2 H  to avoid ghosts.

 In principle, H could be anything!



Scalar Sector (Prime Denotes 𝜕h )
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CGPP (Finally!)
Have mode equations for uµn (tensor) ,  𝝋u , vµn (tensor, vector) ,     ,
          No DoF left behind: 2      +  1  +           2    +   2       +1 + 1  =  9
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 ̃00(⌘, k) + !2
k(⌘) ̃(⌘, k) = 01. Mode equation:

2. Bunch-Davies (Minkowski) initial conditions:

3. Calculate      at late time when mode is 
• nonrelativistic
• subhorizon
• evolution approximately adiabatic

4. Calculate Bogolubov coefficient for modes with wavenumber k

5. Physical number density of particles with comoving momentum p = k
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Constraints (Minimal theory)

Massive Bigravity
Theory (ghost-free in Minkowski) propagates ghost in FLRW for low-mass, m2 < 2He

2 (1-e)

EWK, Ling, Long, Rosen (23)



Dark matter might have only gravitational interactions (that’s all we really “know”)
        If so, dark matter must have a gravitational origin.

Cosmological Gravitational Particle Production promising.

Scalars:
 Conformally-coupled: promising DM candidate if m ≈ He  (WIMPZILLA miracle).
 Minimally-coupled: not promising DM candidate, exclude stable particles with m ≲ few He.
 If allow 2×10-2 ≲ x ≲ 102  DM candidate in mass range milli-eV to 1013 GeV.

Dirac fermions:
Like conformally-coupled scalars; promising DM candidate if m ≈ He  (WIMPZILLA miracle).

de Broglie—Proca vectors:
DM candidate could be very light (µeV) or very massive (He).

Rarita-Schwinger fermions: 
Catastrophic production if cs vanishes.  Implications for models of supergravity.
Gravitinos: EWK, Long, McDonough (2021);  Dudas, Garcia, Mambrini, Olive, Peloso, Verner (2021) 

Fierz-Pauli tensors:
FRW-generalization of the Higuchi bound; DM relic abundance.

Spin greater than 2: Jenks, Koutrolikos, McDonough, Alexander, Gates

Finally, Summary: CGPP can produce DM & constrain BSM physics! 



Much Recent Work … Many Open Roads

• Complete CGPP for higher-spin fields

• Fully explore Rarita-Schwinger = Gravitino

• Massive particles from K-K reduction in SUGRA/Strings 

• Understand what it means to have ghosts 

• Develop CMB implications

• Dark matter as Kalb-Ramond-Like-Particle (KRLP)?

• Long-lived massive particles from CGPP
• Baryo/leptogenesis?
• ….

• Direct detection?
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The focus of this review is the phenomenon of particle production in the early universe
solely by the expansion of the universe, with particular attention to the possibility that
the created particle species could be the dark matter. We will treat particle production
by cosmological expansion for particles of spin 0, 1/2, 1, 3/2, and 2, and comment on the
possibility of larger spins. For the early-universe evolution of the background spacetime
we assume an initial inflationary phase, followed by a transition to a matter-dominated
phase, eventually transiting to a radiation-dominated phase. We review the two basic
requirements for particle production by the expansion of the universe: 1) the contribu-
tion to the matter action from the particle must violate conformal invariance (the trace
of the matter stress-energy tensor involving the new field must be nonzero), and 2) the
mass of the particle must not be too much in excess of the expansion rate of the universe
during inflation. In this review we specialize to a Friedman-Lemâıtre-Robertson-Walker
cosmological model, and calculate the spectrum of particles resulting from the expansion
of the universe. We summarize the criteria for the resulting density of particles to be
su�cient to account for the dark matter, as well as discuss several other cosmological
implications. We then mention other mechanisms for cosmological particle production
through gravity: particle production from the standard-model plasma through graviton
exchange, particle production through black-hole evaporation, and particle production
through a misalignment mechanism.

CONTENTS

I. Introduction 2

II. Historical development 4

III. Theoretical framework 5
A. Quantum scalar field in an FLRW spacetime 5

1. Covariant action for a scalar field 5
2. Nonminimal coupling to gravity 5
3. FLRW spacetime 6
4. Canonical kinetic term in FLRW spacetime 6
5. Hamiltonian 6
6. Canonical quantization 6

B. Mode functions and Bogolubov transformations 7
1. Minkowski spacetime 7
2. Asymptotically flat spacetimes 7
3. Bogolubov transformations 8
4. Bunch-Davies vacuum 8
5. Minkowski vacuum non-uniqueness 8
6. Particle number 9
7. CGPP discussion 9
8. Asymptotically adiabatic spacetimes 9
9. Reparametrization 9

10. Defining particles in an evolving universe 10
C. Energy, observables, and renormalization 10

1. Intuition and motivation 10

⇤ Rocky.Kolb@uchicago.edu
† andrewjlong@rice.edu

2. Stress-energy tensor 10
3. Energy density 11
4. UV divergences 11
5. Adiabatic regularization 11
6. Renormalization via normal ordering 11

IV. CGPP for spin-0 particles 12
A. Inflationary cosmology 12

1. Scalar inflaton field 12
2. Quasi-de Sitter phase of inflation 13
3. The end of inflation 13
4. Coherent oscillations 13
5. Numerical examples 13
6. Reheating 14
7. Hot Big Bang cosmology 15

B. Spectrum of gravitationally produced particles 15
1. Conformally coupled scalar–numerical results 15
2. Conformally coupled scalar–analytic results 15
3. Minimally coupled scalar–numerical results 18
4. Minimally-coupled scalar–analytical results 18
5. Early reheating 19
6. m > He 20
7. Summary of the scalar spectrum 20

C. Relic abundance and dark matter 21
1. Comoving particle number conservation 21
2. Relic abundance 21
3. Dependence on the model of inflation 21

D. Inhomogeneities and isocurvature 21
1. Dark matter isocurvature 21
2. Observational probes of dark matter isocurvature 22
3. Implications for dark matter from CGPP 22



Thanks to my collaborators in 25 years of CGPP: (Chung, EWK, Riotto, PRD 59 (1998) 023501)

Ivone Albuquerque, Edward Basso, Christian Capanelli, Daniel Chung, Patrick Crotty,
Michael Fedderke, Gian Giudice, Lam Hui, Leah Jenks, Siyang Ling, Andrew Long,
Evan McDonough, Toni Riotto, Rachel Rosen, Leo Senatore, Alexi Starobinski, 
Igor Tkachev, Mark Wyman



Cosmological Gravitational 
Particle Production (CGPP)

involving
   High Energy Physics, Gravity, 

& Cosmology

Rocky Kolb                   
University of 

Chicago                    
August 2023


