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• Predict SYM perturbation theory results to all orders – BOTH PLANAR AND NON-PLANAR – FOR ALL VALUES OF .

• Make S-duality (Montonen-Olive duality) manifest.   MODULAR INVARIANCE.

• Include detailed form of infinite set of INSTANTON and ANTI-INSTANTON contributions. 

• The large- expansion reproduces known facts about the low energy expansion of holographically dual IIB superstring.  
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N

ALTHOUGH INTEGRATION AVERAGES OVER THE SPATIAL DEPENDENCE THESE CORRELATORS ARE OF GREAT INTEREST:

(arbitrary classical gauge group - ,             ,               )

SUPERSYMMETRIC LOCALIZATION will be used in order to determine the exact form of certain
INTEGRATED CORRELATION FUNCTIONS in           supersymmetric Yang-Mills (SYM) theory
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N = 4
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SU(N)
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SO(N)
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USp(2N)

• NON-LOCAL SUPERSYMMETRIC OBSERVABLES.
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BN (t) =
QN (t)

(1 + t)2N+1
where             is a rational polynomial of order                . 
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QN (t)
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(2N − 1)

THIS IS AN EXACT FORMULA FOR ALL VALUES OF
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(τ, N)

SATISFIES LAPLACE DIFFERENCE EQUATION – RELATES SU(N) TO SU(N+1) AND SU(N-1):

where                                 is the hyperbolic laplacian.  
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(�� � 2) GN (�, �̄) = N2 [GN+1(�, �̄) � 2GN (�, �̄) + GN�1(�, �̄)] � N [GN+1(�, �̄) � GN�1(�, �̄)]

In this talk I will motivate these expressions and describe some of their remarkable properties.

and then describe the generalization to arbitrary classical gauge groups, SO(2N), SO(2N+1), USp(2N).

THE MAIN RESULT
<latexit sha1_base64="zhPxSlb1DZNTNIgQOJa12Ufn15Y="></latexit>

GN (τ, τ̄) =
∑

(m,n)∈Z2

∫ ∞

0
e−πt |m+nτ|2

τ2 BN (t)dt

Consider integral of the correlator of four superconformal primary operators of 
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N = 4, SU(N)
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GN (τ, τ̄) ∼
∫ 4∏

i=1

dxiµ({xr}) 〈O2(x1)O2(x2)O2(x3)O2(x4)〉
coupling constant
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4π
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N = 2� �
m�0

N = 4

• supersymmetric YM                 in the limit in which the mass of hypermultiplet in adjoint rep. vanishes 
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� N = 4

SUPERSYMMETRIC LOCALIZATION

• The              partition function on      is determined by supersymmetric localization.
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N = 2�
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S4 [Pestun arXiv:0712.2824 ]

• But the            limit of derivatives of                     with respect to     may be nontrivial as we will see.
<latexit sha1_base64="bfrFB6q4/Fv9o92/C4C9Nb973Kg="></latexit>

m = 0
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ZN (m, τ, τ̄) <latexit sha1_base64="rZ4VM9Bo9Ly+ezpm7uIPSGE+gI0="></latexit>m

is the one-loop determinant factor and is expressed 
in terms of a standard function (the BARNES G-FUNCTION) 
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Zpert(m, ai)
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Zinst(m, ai) describes Coulomb branch instantons at the 
south pole and anti-instantons at the north pole of     .

(Express as a sum of Young diagrams)
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S4

[Nekrasov]

mass parameter Vandermonde determinant
Nekrasov instanton
partition function

Perturbative factor
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ZN (m, τ, τ̄) =

∫
dNa δ(

∑

i

ai)
∏

i<j

(ai−aj)
2 e

− 8π2

g2
Y M

∑
j a2

j Zpert(m, ai) |Zinst(m, ai, τ)|2
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SU(N)
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N = 2∗• Localized partition function of               with             gauge group is a              -dimensional integral over
the Lie algebra           .   hermitian matrix model (integrate over VEV’s of coulomb branch vector multiplet).
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SU(N)
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(N − 1)
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su(N)

• The partition function of            SYM                          . 
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N = 4
<latexit sha1_base64="apF5al+ry3Dw27DVU0pyTzlFRiU="></latexit>

ZN (0, τ, τ̄) = 1



Using Nekrasov’s result we have for k INSTANTONS:

where the integration contour circles the poles in a particular (and complicated) manner (sum of Young diagrams).

Z(k)
inst(m, aij) =

1

k!
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I<J
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IJ(�2

IJ + 4)(�2
IJ � m2)2

(�2
IJ + 1)((�IJ � m)2 + 1)((�IJ + m)2 + 1)

THE PARTITION FUNCTION
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N = 2∗

Z(m, τ, τ̄) =

∫
dN−1ai

∏

i<j

a2ijH
2(aij)

H(aij −m)H(aij +m)
e
− 8π2

g2=1

∑
i a

2
i |ZMRWX(m, τ, aij)|2 ,

Fourier sum (sum over instanton number)Zinst(m, τ, aij) =
∞∑

k=0

e2πikτ Z(k)
inst(m, aij)

The Nekrasov instanton partition function:
contribution from instantons at North Pole 
and anti-instantons at South Pole of S4 

INSTANTON TERMS:

Barnes G-function

PERTURBATIVE
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logG(1 + z) =
z

2
log 2π −

(
z + (1 + γ)z2

2

)
+

∞∑

k=2

(−1)k
ζ(k)

k + 1
zk+1
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H(z) = e−(1+γ)z2

G(1 + iz)G(1− iz)



INTEGRATED FOUR-POINT CORRELATION FUNCTIONS
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x2
12x

2
34

x2
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, V =
x2
14x

2
23

x2
13x

2
24

cross ratios

• Correlator is not supersymmetric but integrated correlator is
<latexit sha1_base64="10phJlRLq9LHE67aC2A/KXE4sKI="></latexit>

Gi
N (τ, τ̄) =

∫
dUdV µi(U, V )TN (U, V, τ, τ̄)

[Binder, Chester, Pufu, Wang]

where the measure                is designed to preserve supersymmetry,
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µi(U, V )

determined by symmetries
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〈O2(x1)O2(x2)O2(x3)O2(x4)〉 = 〈O2(x1)O2(x2)O2(x3)O2(x4)〉free+I4(xi, Yi)TN (U, V, τ, τ̄)

free correlator 

• Four-point correlator of superconformal primaries,

[Eden, Petkou, Schubert, Sokatchev] 

• Superconformal primary of             stress tensor multiplet.
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N = 4
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O2(x, Y ) = tr(φI1 φI2)Y
I1 Y I2
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I1, I2 = 1, . . . , 6
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Y · Y = 0 Encodes            quantum numbers
<latexit sha1_base64="DvbpdoDPDHzTT/R6Bnr9rOgcANM="></latexit>

SU(4)
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U = 1 + r2 − 2r cos θ , V = r2

box diagram

Two examples of measures
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G1
N (τ, τ̄) = − 8

π

∫ ∞

0
dr

∫ π

0
dθ

r sin2 θ

U2
TN (U, V, τ, τ̄)
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G2
N (τ, τ̄) = −96

π

∫ ∞

0
dr

∫ π

0
dθ

r sin2 θ

U2
D̄1111(U, V ) (TN (U, V, τ, τ̄) + Tfree(U, V ))



• Leads to a remarkably simple conjectured expression for 
<latexit sha1_base64="l/bbrpHljB5v+OM74WC9Cy/vhig="></latexit>

GN (τ, τ̄)

RELATION TO LOCALISED PARTITION FUNCTION
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N = 2∗
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G1
N (τ, τ̄) = τ22 ∂τ∂τ̄ ∂

2
m logZN (m, τ, τ̄)|m=0

• Correlators are obtained by four derivatives acting on                     the partition function of the              theory on S4
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ZN (m, τ, τ̄)
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N = 2∗

Considered in this talk
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G2
N (τ, τ̄) = ∂4

m logZN (m, τ, τ̄)|m=0 NOT Considered in this talk

• Consider the exact perturbation expansion for many values of    .
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• Analysis of                 is complicated. 
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GN ≡ G1
N

• Consider the exact 1-instanton contribution for many values of    .
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N

• Generalise to the k-instanton contribution.
Only Young diagrams in the Nekrasov partition function with a single rectangular                 
block contribute (up to “partial transpositions”). 

<latexit sha1_base64="/x74GoTGPvXTq+IRws22vhhIddM="></latexit>

k = p � q
[Chester,  MBG,  Pufu,  Wang,  Wen] 

[Binder,  Chester,  Pufu,  Wang,  arXiv:1902.06263]• Equality with integrated correlators on R4 shown in 
Uses supersymmetric Ward identities and accounts for operator mixing on S4.
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GN (τ, τ̄) =
∑

(m,n)∈Z2

∫ ∞

0
e−πt |m+nτ|2

τ2 BN (t)dt

2 DIM. LATTICE REPRESENTATION

• It is important that                                 ,  as well as                                           and             . 
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BN (t) =
1

t
BN (1/t)
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0
BN (t)dt =

N(N − 1)

4

<latexit sha1_base64="eoLAVgUgzaXgD4T4pRZ+xcxrlkA="></latexit>∫ ∞

0
BN (t)

1√
t
dt = 0

• invariance is manifest:
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SL(2, Z)
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� � a� + b

c� + d

<latexit sha1_base64="c/crt3m00zykINofgi5rgR4Lkfo="></latexit>

a, b, c, d � Z
<latexit sha1_base64="4sntu5l14yrvv2e7Ctax+3i1MOo="></latexit>

ad � bc = 1[Montonen-Olive]

Relates theories at different values of coupling constant – holographic image of S-duality in type IIB superstring.

<latexit sha1_base64="MSzJpq1JsKadbRnAJErKlTAnbNI="></latexit>

BN (t) =
QN (t)

(1 + t)2N+1
where and             is a rational polynomial of order                . 
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QN (t)
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(2N − 1)

where               and                is a JACOBI polynomial.
<latexit sha1_base64="8gDp9wCTqSSelL9EF6+4cXdrnpQ="></latexit>

z =
1 + t2

1− t2

<latexit sha1_base64="XLLTubaaR6SEhUqcHLjdETI5rdQ="></latexit>

P (α,β)
N (z)

<latexit sha1_base64="0B0C21QaAw2PSjpv4yG6usBzlgU="></latexit>

QN (t) = �1

4
N(N � 1)(1 � t)N�1(1 + t)N+1

�
(3 + (8N + 3t � 6)t) P (1,�2)

N (z) +
3t2 � 8Nt � 3

t + 1
P (1,�1)

N (z)

�• General     : 
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B3(t) =
18t5 � 99t4 + 126t3 � 99t2 + 18t

(1 + t)7

<latexit sha1_base64="noMNyXXGf8RJNMoEIo9aobZlf0E="></latexit>

B2(t) =
9t3 − 30t2 + 9t

(1 + t)5
e.g.                    :                                                                        :
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SU(3)
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SU(2)



• Coefficients are RATIONAL MULTIPLES OF ODD ZETA VALUES.   

<latexit sha1_base64="j6KdKWTpoa8sDkmCbXjOcfItvNA="></latexit>

a =
g2

Y M
N

4�2
=

N

�
��1
2‘t Hooft expansion

PERTURBATION EXPANSION

• Recall the UNINTEGRATED CORRELATOR has very complicated dependence on cross ratios involving polylogs,

<latexit sha1_base64="cKDML2nm6aJb8opMGN3R6TBc83A="></latexit>

L = 1, 2e.g.

First non-planar contribution
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GN,0(�2) = (N2 � 1)

�
3 �(3)a

2
� 75 �(5)a2

8
+

735 �(7)a3

16
�

6615 �(9)
�
1 + 2

7N�2
�
a4

32

+
114345 �(11)

�
1 + N�2

�
a5

128
�

3864861 �(13)
�
1 + 25

11N�2 + 4
11N�4

�
a6

1024

+
32207175 �(15)

�
1 + 55

13N�2 + 332
143N�4

�
a7

2048
+ O(a8)

�
,

• NON-PLANAR CORRECTIONS BEGIN AT FOUR LOOPS – as is known from Feynman perturbation theory.

[Fleury and Pereira][Eden, Heslop, Korchemsky, Sokatchev] [Boels, Kniehl, Tarasov, Yang]

Interesting pattern of non-planarity determined to arbitrary order.

• The INTEGRATED CORRELATOR is much simpler.   The coefficients can be compared with  calculations  
from Feynman diagrams.                                                  [Belokurov and Usyukina, 1983] [Usyukina, 1991] [Wen and Zhang 2022]



INTEGRATED PERTURBATIVE (LADDER) DIAGRAMS

<latexit sha1_base64="oPsoJjfsyoBsBaAiLVSwS3EzyKQ="></latexit>

P
<latexit sha1_base64="oPsoJjfsyoBsBaAiLVSwS3EzyKQ="></latexit>

P

- - loop ladder diagram 
integrated correlator

<latexit sha1_base64="HfUH3HLD/4Lxi9UD2vjmUAfpl7M="></latexit>

(!+ 1)

Calculation of ladder diagrams at arbitrary order. [Belokurov and Usyukina, 1983, Usyukina, 1991]

<latexit sha1_base64="v+CE+2dHhyFqPbtl3oDAtnLqNRM="></latexit>

P 2
V

= (P � PU )2
<latexit sha1_base64="oPsoJjfsyoBsBaAiLVSwS3EzyKQ="></latexit>

P
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PU
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PV
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! - loop ladder diagram 
unintegrated correlator
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P 2 = 1

<latexit sha1_base64="HQEsXGmcUbqXIEl57eST/k8zXLg="></latexit>

P 2
V

= r2= V

<latexit sha1_base64="YQJ3Tc4IcvHwF7lMevZGRvBWGac="></latexit>

P 2
U

= 1 + r2 � 2r cos �= U

<latexit sha1_base64="uzqfHBQTbroz8txrhNenvORyKvY="></latexit>

U =
x2

12x
2
34

x2
13x

2
24

= 1 + r2 � 2r cos �
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V =
x2

12x
2
14

x2
23x

2
24

= r2Cross-ratios

= rational 
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�

g2
Y M

N

4�2

��

�(2� + 1)

Integrated correlation function

<latexit sha1_base64="IUjJ6Rc1IGbFOX37RX/lUZWg/6U="></latexit>∫ ∞

0
dr

∫ π

0
dθ r3 sin2 θ

T ′
N (U, V )

U V

<latexit sha1_base64="8YZ0ebRWZut/+79OJ2dJ+wm0cxw="></latexit>

T ′
N (U, V ) = TN (U, V )

V

U



• Using the differential recurrence relation of Jacobi functions we find that

<latexit sha1_base64="/tEAmizo23tJ2iOTWQA2pOagx9Y="></latexit>

t
d2

dt2
(tBN (t)) = N(N � 1)BN+1(t) � 2(N2 � 1)BN (t) + N(N + 1)BN�1(t)

• Since             this equation determines               for all            In terms of              .  
<latexit sha1_base64="fq2OUzGNqsN3oMkFlvFQCv5RXBM="></latexit>

N > 2
<latexit sha1_base64="BrwE12b4wk8KPl8uch5ePkgyjlU="></latexit>

G2(�, �̄)
<latexit sha1_base64="SNqKEYcE9ct7/kb1qGO1ixO88Fs="></latexit>

GN (�, �̄)
<latexit sha1_base64="kx3Gup9GSx7tImWWVQr8lb512eI="></latexit>

G1 = 0

DIFFERENTIAL RECURRENCE RELATION

• Solutions can be expressed in terms of NON-HOLOMORPHIC EISENSTEIN SERIES

• From which one can show that the integrated correlator satisfies a 

LAPLACE DIFFERENCE EQUATION:

where                                 is the hyperbolic laplacian.  
<latexit sha1_base64="4Aff7BIWxgHIcwt2V4/hPXhiLhQ="></latexit>

�� = �2
2

�
�2

�1
+ �2

�2

�

<latexit sha1_base64="wfsw9CIJMwYQs/pZ4nvWWSJ+koo="></latexit>

(�� � 2) GN (�, �̄) = N2 [GN+1(�, �̄) � 2GN (�, �̄) + GN�1(�, �̄)] � N [GN+1(�, �̄) � GN�1(�, �̄)]

<latexit sha1_base64="zhPxSlb1DZNTNIgQOJa12Ufn15Y="></latexit>

GN (τ, τ̄) =
∑

(m,n)∈Z2

∫ ∞

0
e−πt |m+nτ|2

τ2 BN (t)dtrecall



<latexit sha1_base64="93lEoWBIvCdMFHdMbZx4Wmww+0o="></latexit>

(�� � s(s � 1)) E(s; �, �̄) = 0• LAPLACE EIGENVALUE EQUATION

NON-HOLOMORPHIC EISENSTEIN SERIES

Fourier modes

<latexit sha1_base64="8Qnm2CF8bBcnc6NDR7k33hsoGeA="></latexit>

s ∈ C
<latexit sha1_base64="vaOxke/9Nz8DWAzBQX33mwquJtA="></latexit>

E(s, �, �̄) =
1

�s

�

(m,n)�=(0,0)

� s
2

|m + n� |2s
=

�

(m,n) �=(0,0)

1

�(s)

� �

0
e�t� |m+n�|2

�2 ts�1dt
<latexit sha1_base64="CMBtq2Ym0oxAh6jCzfmwBgLu9fA="></latexit>

=
�

k�Z
Fk(s; �2) e2�ik�1

• Non-zero modes
(instantons)

<latexit sha1_base64="F4HqyVqA0xfXmeane+BJzsWFUzU="></latexit>

Fk(s; �2) =
4

�(s)
|k|s� 1

2 �1�2s(|k|)
�

�2 Ks� 1
2
(2�|k|�2) , k �= 0

�
�2��

(. . . ) e�2�|k|�2
characteristic of INSTANTON or ANTI-INSTANTON

divisor sum
<latexit sha1_base64="w4MXA7iXIXxmos74S7kMTk3ECwo="></latexit>

σr(k) =
∑

d|k

dr

Bessel

<latexit sha1_base64="u2aNGGDFKBgHam8eKr2HtgyjJho="></latexit>

SL(2, Z) :

<latexit sha1_base64="pRq8MDob+gcUZIcK0xcAgBC5C84="></latexit>

� � a� + b

c� + d
<latexit sha1_base64="bTYS2bPzurqzdaTnBf0PqwbBYx4="></latexit>

a, b, c, d � Z <latexit sha1_base64="/fcHVo/5eqdved564JLIurA/mAw="></latexit>

ad � bc = 1

Modular function

<latexit sha1_base64="SvqP3eGgJfrl1eEyuF4RPCT+5+E="></latexit>

(g2
Y M

/4π)s−1
<latexit sha1_base64="mtpPrH6JtRdG4bIAy8Yi9mgmjJg="></latexit>

(4π/g2
Y M

)s

• Zero mode
(perturbative)

<latexit sha1_base64="USPgqMEnyYIe8kE5f26t0hAELUU="></latexit>

F0(s; �2) =
2�(2s)

�s
�s
2 +

2
�

� �(s � 1
2 )�(2s � 1)

�s�(s)
�1�s
2

TWO POWER-BEHAVED TERMS

PERTURBATIVEPERTURBATIVE (singular)



• INSTANTON CONTRIBUTIONS

<latexit sha1_base64="Tyr/MSD0OW73ZTXhSmS4gHp5dYo="></latexit>

GN,k(�, �̄) =
1

2

�

m̂ �=0, n �=0
m̂n=k

e2�(�|k|�2+ik�1)

� �

0
exp

�
�

� |m̂|�
t

� |n|
�

t
�2

��2

���2

t
BN (t)dt .

General               and  
<latexit sha1_base64="SvXUxxIcOaO0BiR98uQrcE3UUhQ="></latexit>

k = m̂n
<latexit sha1_base64="2S6tZW2XTg1YEmRA9GK4YXCLJFM="></latexit>

N

EXPRESSION FOR INTEGRATED CORRELATOR

e.g. for 
<latexit sha1_base64="haw2xH/GlCbD7UOtIzzQQmQnXR0="></latexit>

SU(2)

<latexit sha1_base64="GpY7AwxW8nnmSgfT7bHCMJ6KEVM="></latexit>

c2(s) =
(−1)s

2
(s− 1)(1− 2s)2 Γ(s+ 1)

where the coefficients are given by 

Formal Infinite sum of 
Eisenstein series

(with integer-index)

<latexit sha1_base64="NjfejimeSrG68kPzuuiSMUnK72Y="></latexit>

GN (τ, τ̄) =
N(N − 1)

8
+

1

2

∞∑

s=2

cN (s)E(s, τ, τ̄)

<latexit sha1_base64="6Y1LHSdL7FpFxHF/tweTUyrlWLE="></latexit>

BN (t) =
∞∑

s=2

cN (s)
ts−1

Γ(s)

e.g.           in
<latexit sha1_base64="hmvDfHTi8ISo5mqNGK1NtytOKPQ="></latexit>

k = 1
<latexit sha1_base64="Hd2cYV5+MHMgR1iG0eSlz361pQo="></latexit>

SU(2)
<latexit sha1_base64="KhaPxqN6auPtLw/dE0j4Sg+Bt3g="></latexit>

G2,k=1(�, �̄) = e2�i�
�
12y2 � 3

�
�e4yy3/2(1 + 8y)erfc (2

�
y)

�

� e2�i�

�
�3

8
+

9

32y
� 135

512y2
+

315

1024y3
+ · · ·

�
<latexit sha1_base64="PhkY2PcjXj+HA0HsEnYgrlTm7Ls="></latexit>

y = ��2 =
4�2

g2
Y M

<latexit sha1_base64="hiEkksgCKKwWDBooonjqOBagsqA="></latexit>

g2
Y M

� 0

<latexit sha1_base64="1mkjdaPEei1esOocg2ANMEXgjsE="></latexit>

BN (t) =
1

t
BN (1/t)with 

• PERTURBATIVE TERMS.:   Infinite sum of                           terms infinite sum of                                  terms!  
<latexit sha1_base64="YnNzKx05r7QDT/fKRIPYQFaujEQ="></latexit>

τ s2 = (4π/g2
Y M

)s
<latexit sha1_base64="ts7v5SdftrXxTwyEPV9i07c0K+A="></latexit>

τ1−s
2 = (g2

Y M
/4π)s−1

after Borel resummation

<latexit sha1_base64="W24TkGEg522o0j05nGEjj+EJd8M="></latexit>=



• Asymptotic series that is not Borel summable.  Requjres non-perturbative completion (resurgence) 

• The behaviour            is characteristic of a WORLD-SHEET INSTANTON in string theory since                             . 

LARGE- EXPANSION
<latexit sha1_base64="0n1XKS6Y984CtK0NLsT9RuLTs/Y="></latexit>

N

<latexit sha1_base64="2BIe/a9tQEH75RNRDXlRj2E//vU="></latexit>

G(0)(�) =
��

n=1

4(�1)n+1�(2n + 1)�
�
n + 3

2

�2

�2n+1�(n)�(n + 3)
�n1. Small- expansion<latexit sha1_base64="Yp2DlNsFwPCV1nOxAOqvqeOU5bI="></latexit>

� Radius of convergence 
<latexit sha1_base64="sux6bS8sgKmMbZYbU/poMRwM06g="></latexit>

|�| � �2

Proportional to 
PLANAR DIAGRAMS

<latexit sha1_base64="tfzVErXDuMtvRbS9A9++23IbJDs="></latexit>

N2

• Similar analysis for terms with higher powers of  
<latexit sha1_base64="13Hq891hRt/kVlMIB6ogoQckxh4="></latexit>

1/N2

BOREL SUM

<latexit sha1_base64="Bga9tFycmfUf3/5tZVn8trFosPA="></latexit>

GN (�, �̄) �
��

g=0

N2�2g G(g)(�)‘t Hooft Expansion
<latexit sha1_base64="k0phD9VdbpoyVatHKLdARhL4m4w="></latexit>

� = g2
Y M

N = 4���1
2 N

‘t Hooft coupling
SUPPRESSES INSTANTONS so

duality is not manifest

2.  Large- expansion
<latexit sha1_base64="Yp2DlNsFwPCV1nOxAOqvqeOU5bI="></latexit>

� Not Borel summable 
<latexit sha1_base64="+9p6D7X6a4Nuh/KN978afT9+jAg="></latexit>

G(0)(λ) ∼ 1

4
+
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n=1

Γ
(
n− 3

2

)
Γ
(
n+ 3

2

)
Γ(2n+ 1)ζ(2n+ 1)

22n−2π Γ(n)2λn+1/2



• Substitute the large- expansion of            (determined by the differential recurrence relation) :  
<latexit sha1_base64="0n1XKS6Y984CtK0NLsT9RuLTs/Y="></latexit>

N
<latexit sha1_base64="32gLWvacSn25BNgetO2MJ8p9d4w="></latexit>

BN (t)

• Close connection to well-established BPS terms in low energy expansion of IIB superstring in flat space. 

• Series of ½-integer index Eisenstein series.

Extends the earlier analysis in [Chester, MBG, Pufu,  Wang,  Wen]

LARGE- EXPANSION
<latexit sha1_base64="0n1XKS6Y984CtK0NLsT9RuLTs/Y="></latexit>

N

<latexit sha1_base64="flPZRvSiZD00bupvP5zx+fNq9JQ="></latexit>
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� 3N
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28N
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E( 5

2 ; �, �̄)
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+
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�3898125
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2 ) ,

<latexit sha1_base64="cCMNedILqiiU0VDU0WcoT/3r0vo="></latexit>

R4
<latexit sha1_base64="/8zBX1acbNeZsPisDcjeYBiWH+Y="></latexit>

d4R4

Supergravity

• The        expansion is holographically related to the low energy expansion of the dual IIB superstring amplitude
in                  .            

<latexit sha1_base64="13p9qH+q4wCT8RkUhcw0EKvMU2I="></latexit>

1/N
<latexit sha1_base64="MwFlgieV+Czca33CEjAOyvWDa04="></latexit>

AdS5 × S5

• Note the absence of terms with integer powers of        , such as the term of order         . 
<latexit sha1_base64="vJ/iyJgNer8BdlakqfSuHICIKmw="></latexit>

d6R4<latexit sha1_base64="y4hSsM+CjQyEGatvTWKL+E81yqs="></latexit>

1/N

Such terms arise in the        expansion of                                                         .
<latexit sha1_base64="13p9qH+q4wCT8RkUhcw0EKvMU2I="></latexit>

1/N
<latexit sha1_base64="YBBzr78iUWMIg6oEQiHS1hEfvGU="></latexit>

G2
N (τ, τ̄) = ∂4

m logZN (m, τ, τ̄)|m=0

Fixed - Expansion
<latexit sha1_base64="wKPn/Icg8cejObGGn129Erio5go="></latexit>

g2
Y M

INSTANTONS NOT SUPPRESSED – S-duality is manifest.



INTEGRATED CORRELATORS FOR SO(N), USP(N) 

GODDARD-NUYTS-OLIVE duality of magnetic monopoles and electric charges (c.f. LANGLANDS) 
(Correlators are not sensitive to global factors)

[Dorigoni, MBG, Wen, 
arXiv:2202.05784]]

(See Alday, Chester and Hansen)

RESULTS: BEAUTIFUL EXTENSION OF THE SU(N) CASE

• GNO duality explicit.

• Set of Laplace difference equations highly constrain results for all N.

• Large-N limit gives results consistent with expected string theory results.

• NON SIMPLY-LACED

<latexit sha1_base64="y2m4d8uE2JHq1vwtqsWXrLij1t8="></latexit>

Ŝ : τ → − 1

2τ

<latexit sha1_base64="oyB2vlVPHIM0yDWRV9cJ9mn4sQw="></latexit>

T : τ → τ + 1
<latexit sha1_base64="we72ZHT4kiq61UuVQ5ob4Rvdm2g="></latexit>(
long roots

short roots

)2

= 2

<latexit sha1_base64="UMGqCPfr6FUi6BLpCaLCuQFTxSI="></latexit>

SO(2N + 1) , USp(2N)

and       generate 
<latexit sha1_base64="Pvho+DYSTDDEKVKfrXZ1OVffnxI="></latexit>

T
<latexit sha1_base64="XHVfSIfXydlECn1ehJS8z1wGrdI="></latexit>

Ŝ T Ŝ

maps                                               and  
<latexit sha1_base64="DM3U9aywozNK0xnEzVKXLpxMU6w="></latexit>

SO(2N + 1) → SO(2N + 1)
<latexit sha1_base64="v3aoX7u/9nsN0N1vr/FiQK+B/80="></latexit>

USp(2N) → USp(2N)
<latexit sha1_base64="FwGul6Yku+tx10MagNiCDEw+cRI="></latexit>

Ŝ maps
<latexit sha1_base64="bPinAD4Io1l3L37NdpZOGdakDN0="></latexit>

USp(2N) ↔ SO(2N + 1)

<latexit sha1_base64="XbMfeOGPBM+QtGvBs4Yisa6Bj+Q="></latexit>

Γ0(2) : c = 0 mod 2

• SIMPLY-LACED

<latexit sha1_base64="NCoGJjm6OxfiAcuacWe1iUDpVOY="></latexit>

S : τ → −1

τ

<latexit sha1_base64="oyB2vlVPHIM0yDWRV9cJ9mn4sQw="></latexit>

T : τ → τ + 1Self-duality

generate 
<latexit sha1_base64="y4qo99t/I71UVG8XEljETfRdr2k="></latexit>

ad− bc = 1

<latexit sha1_base64="ZOwT8kiNq2LUQROja/ua6Cc4iRU="></latexit>

a, b, c, d ∈ Z

<latexit sha1_base64="Dz1im/B8/U6TN+CLxoldat1GS4I="></latexit>

SU(N) , SO(2N)
<latexit sha1_base64="5pdaGTzQYPAC4CHG6ohqFAQ1/Zo="></latexit>

SL(2,Z) : τ → aτ + b

cτ + d

Previously 
<latexit sha1_base64="scZ5cb2vb3qJVF+JnY1opO2tBVA="></latexit>

GN (�, �̄)

INTEGRATED CORRELATOR

<latexit sha1_base64="kdP8qs/M8J4/F2jTZUMDRUh8KFE="></latexit>

1

4
CGN (�, �̄) = �� �2

m log ZGN (m, �, �̄)|m�0



CORRELATORS WITH GENERAL CLASSICAL GAUGE GROUP
<latexit sha1_base64="i/bTQ02TBFa4nVtNGxhcCbnR2c0="></latexit>

GN

With :

• Invariance under                 generated by 
<latexit sha1_base64="GY/lCeEHpb6pLXxHRjATshc6bjY="></latexit>

SL(2, Z)

<latexit sha1_base64="IcesVfE/u2nLctr4pFIC7BQRW7Y="></latexit>

S : � � �1

�
, T : � � � + 1

<latexit sha1_base64="3wBINTV0cfwEa2SJRG3N5/AblxQ="></latexit>

SU(N), SO(2N)
<latexit sha1_base64="iPolUQ3UIqSWrpVhxLX5s0TdvOo="></latexit>

B2
SU(N)(s) = B2

SO(2N)(s) = 0

<latexit sha1_base64="9CVf7WE6PFwvmcld9iI92lwS/+A="></latexit>

Ŝ : � � � 1

2�
, T : � � � + 1

<latexit sha1_base64="U8nKNVmPQanBmIlnhtiCB9b4qY0="></latexit>

� SL(2, Z)not  

<latexit sha1_base64="R9rYDypBKnb8ZNrcOwFpWxbEiXs="></latexit>

B1
SO(2N+1)(t) = B2

USp(2N)(t) , B1
USp(2N)(t) = B2

SO(2N+1)(t)

• Invariance under           generated by            and     ,   where 
<latexit sha1_base64="LdZ3DLi3qLQb+x2iG3ccn3ljFP0="></latexit>

�0(2)
<latexit sha1_base64="jz3kpFgmNUIf+/ClirSwJ+kt478="></latexit>

Ŝ T Ŝ
<latexit sha1_base64="cr8Tr8ME9V3yTf8V4smuwgqLQUQ="></latexit>

T
<latexit sha1_base64="zcS7CWXqlDkSvED9RGsAXcrM43Y="></latexit>

SO(2N + 1), USp(2N),

<latexit sha1_base64="YqG8XaWz0yntAb9uNpRGJ5sOfYk="></latexit>

CSO(2N+1) → CUSP (2N)• Interchanges          with               GNO duality
<latexit sha1_base64="fz1yzQBMsZaY8RyMdmWN5QqSWmY="></latexit>

Ŝ
<latexit sha1_base64="dxVTT69i5voQGg94alRj21KhiKM="></latexit>

B1
GN

<latexit sha1_base64="Zs6vcHvUYD++Rl/zJTo79Ay9jRg="></latexit>

B2
GN

<latexit sha1_base64="B/Je1iEDmr14NLlFsFHELw5/DWQ="></latexit>

CGN (τ, τ̄) =
∑

(m,n)∈Z2

∫ ∞

0
dt

(
B1

GN
(t)e−tπ |m+nτ|2

τ2 +B2
GN

(t)e−tπ |m+2nτ|2
2τ2

)
.

<latexit sha1_base64="wj3fOU6H2TajSF4rBMVJ72XpkjQ="></latexit>

CGN (τ, τ̄) = −bGN (0) +
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s=2
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b1GN

(s)E(s; τ, τ̄) + b2GN
(s)E(s; 2τ, 2τ̄)

]
• FORMAL EXPANSION
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�
= E(s; 2�, 2�̄)noting that

<latexit sha1_base64="R1RapvPOHgdVyAmJNhMqzD+vZ3k="></latexit>
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(t) =
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s=2

biGN
(s)

Γ(s)
ts−1

<latexit sha1_base64="adGK5yYucWBPD6nQUl4PM+Hxh6k="></latexit>

i = 1, 2
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,

YANG-MILLS PERTURBATION EXPANSION

• The “planar” pieces are identical for all gauge groups.
• Non-planar terms first enter at four loops.

• The transformation                                             Symmetry of  
<latexit sha1_base64="isCKuIK7Q3zcx9dIy8Gou9x8QkI="></latexit>

(N , g2
Y M

) � (�N, �g2
Y M

)
<latexit sha1_base64="EaLXdmt45DPm28NhaXNxVD6JMn8="></latexit>

CSU(N)(�2)
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CUSp(2N)(�2)Interchanges                     and        
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CSO(2N)(�2)
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aSU(N) =
Ng2

Y M

4π2
, aSO(n) =

(n− 2)g2
Y M

4π2
, aUSp(n) =

(n+ 2)g2
Y M

8π2
Expansion 
Parameters

<latexit sha1_base64="wO+Car8uwLS0s+jX7TATYhUyDNE="></latexit>

n = 2N or 2N + 1

Proportional to DUAL COXETER NUMBERS

<latexit sha1_base64="vbENOUH1RzMNxfdpx9NkBTwjqAs="></latexit>

cSU(N) =
N2 � 1

4
,

cSO(n) =
n(n � 1)

8
,

cUSp(n) =
n(n + 1)

8
.

Central charge

<latexit sha1_base64="/Zf/GEReezIQVjLkapQUrf4r44Q="></latexit>

PSO(n),1 = �n2 � 14n + 32

14(n � 2)3
, PSO(n),2 = �n2 � 14n + 32

8(n � 2)3

PSO(n),3 = �12n4 � 221n3 + 1158n2 � 2432n + 1856

22(n � 2)5

PSO(n),4 = �
2

�
342n5 � 7217n4 � 48841n3 � 153938n2 + 239232n � 149920

�

715(n � 2)6

e.g.
<latexit sha1_base64="WP4+oA2qnV/K4A1I9HGjKrUXwjc="></latexit>

SO(n)



LAPLACE DIFFERENCE EQUATIONS

<latexit sha1_base64="gYEriJgLKkKrhThsdcxFnPA2Z34="></latexit>

CSO(7)(�, �̄) =

�
8

5
CSU(2)(�, �̄) � 12

5
CSU(3)(�, �̄) +

3

5
CSU(4)(�, �̄) +

4

5
CSU(5)(�, �̄)

�

+

�
3

5
CSU(2)(2�, 2�̄) � 12

5
CSU(3)(2�, 2�̄) +

8

5
CSU(4)(2�, 2�̄)

�
,

<latexit sha1_base64="MIR/FDYIgyq/5yUNOI658GjiU5I="></latexit>

��CUSp(n)(�, �̄) � 2cUSp(n)

�
CUSp(n+2)(�, �̄) � 2 CUSp(n)(�, �̄) + CUSp(n�2)(�, �̄)

�

+ n CSU(n+1)(2�, 2�̄) � (n + 1) CSU(n)(2�, 2�̄) = 0

• All integrated correlators can be related to             correlators, and hence to the           case.
<latexit sha1_base64="rI5SCSCa/zLQ7WitCik02YTfhRw="></latexit>

SU(2)

e.g.

<latexit sha1_base64="UaQv12QlCTTMhADIyuUumMaHK4o="></latexit>

SU(N)

<latexit sha1_base64="3vyOw8gG1EU0XACp2klBCQcPcbk="></latexit>

CSO(3)(�, �̄) = CSU(2)(�, �̄) , CSO(4)(�, �̄) = 2 CSU(2)(�, �̄) , CSO(6)(�, �̄) = CSU(4)(�, �̄)• Identities

<latexit sha1_base64="kOzsLyYktRJpEsETK76IudjlTRg="></latexit>

��CSO(n)(�, �̄) � 2cSO(n)

�
CSO(n+2)(�, �̄) � 2 CSO(n)(�, �̄) + CSO(n�2)(�, �̄)

�

� n CSU(n�1)(�, �̄) + (n � 1) CSU(n)(�, �̄) = 0 .<latexit sha1_base64="LCga+u9UqD/EQ9aco5E7OPfTJ+I="></latexit>

n = N or 2N



LARGE- EXPANSIONS
<latexit sha1_base64="UtV+BfBTP5ycgjyO5PQzmAPHyNY="></latexit>

N

• ‘t Hooft expansion
<latexit sha1_base64="TmyA3KPRp0G1+ntWhQ2/WZSokmo="></latexit>

CGN (λ) ∼
∞∑

g=0

(N̂GN )2−2gf (g)
GN

(λGN )
<latexit sha1_base64="bev4skLQTkYkRLk/vghl82QCwpE="></latexit>

λSU(N) := g2
Y M

N , λSO(n) := g2
Y M

(
n

2
− 1

4

)
, λUSp(n) := g2

Y M

(
n

2
+

1

4

)
where

<latexit sha1_base64="jYM9Wu9kYLSjiCpapQVz+qxwJrY="></latexit>

g2
Y M• Fixed-

<latexit sha1_base64="OXw9QN7/bCP+YChI7T4n3OJYwuI="></latexit>

2 CSO(n)(�, �̄) =
(2N̂SO(n))

2

4
�

3(2N̂SO(n))
1
2

24
E( 3

2 ; �, �̄) +
45(2N̂SO(n))

� 1
2

28
E( 5

2 ; �, �̄)

+ (2N̂SO(n))
� 3

2

�4725

215
E( 7

2 ; �, �̄) � 111

213
E( 3

2 ; �, �̄)
�

+ (2N̂SO(n))
� 5

2

�99225

218
E( 9

2 ; �, �̄) � 3825

216
E( 5

2 ; �, �̄)
�

+ (2N̂SO(n))
� 7

2

�245581875

227
E( 11

2 ; �, �̄) � 10749375

225
E( 7

2 ; �, �̄) +
40239

222
E( 3

2 ; �, �̄)
��

+ O(N̂
� 9

2

SO(n)) .

• Furthermore                                                       with 
<latexit sha1_base64="q7DtmnV/QE/ppraqsLp+HXmgl5Q="></latexit>

N̂SO(n) � N̂USp(n)

<latexit sha1_base64="ClEBMg2t/kpZTgzPDChGjAfnYfM="></latexit>

CUSp(n)(�, �̄) � CSO(n)(2�, 2�̄)

• Coefficients of highest-index Eisenstein series at each order same as in                       expansion.   
<latexit sha1_base64="lSuiZfH9WBsJ0/7rI7QzWLEcJxI="></latexit>

CSU(N)(�, �̄)

=            RAMOND-RAMOND FLUX
in HOLOGRAPHICALLY DUAL STRING THEORY in                        .

<latexit sha1_base64="Aolq8GB8EcUZ9tA7JGTjHWlm+UI="></latexit>

AdS5 × S5/Z2

<latexit sha1_base64="nkzSVtzDu8oII3R8iNV3g7Q6o58="></latexit>

g2
Y M

×
(orientifold)

Expansion parameters 

<latexit sha1_base64="VWnMGCCm8hM0hoqWqyyVFRWA2PY="></latexit>

N̂SO(n) =
n

2
− 1

4

<latexit sha1_base64="VhoxtmNv48IXwOy8Twx/EZzmcSI="></latexit>

N̂USp(n) =
n

2
+

1

4

<latexit sha1_base64="F4+X6q9C/TkezVw3FyJ1fvCUMec="></latexit>

N̂SU(N) = N
<latexit sha1_base64="wO+Car8uwLS0s+jX7TATYhUyDNE="></latexit>

n = 2N or 2N + 1



COMMENTS

• Extension to the second correlator                                                              (to be completed)            

Large- expansion [Chester, MBG, Pufu, Wang, Wen] involves integer powers of          with coefficients that are 
<latexit sha1_base64="vmHXGo5SWV9rQLXtzutC6hwJgp0="></latexit>

N

‘’generalised Eisenstein series” satisfying

<latexit sha1_base64="YBBzr78iUWMIg6oEQiHS1hEfvGU="></latexit>

G2
N (τ, τ̄) = ∂4

m logZN (m, τ, τ̄)|m=0

<latexit sha1_base64="b4HR6CDEgQbFtcJsD096xIn8j6s="></latexit>

(�� � r(r + 1))E(r, s1, s2; �, �̄) = �E(s1, �, �̄) E(s2, �, �̄)

<latexit sha1_base64="y4hSsM+CjQyEGatvTWKL+E81yqs="></latexit>

1/N

which arose in the discussion of the          term in the low energy expansion of  type IIB string theory.
<latexit sha1_base64="n825YHk0Td2+HI5TS/N66wLxSIs="></latexit>

d6R4

• These results add to our knowledge of superstring scattering amplitudes in                  expanded around the 
large-radius (flat-space) and low energy limits.  

<latexit sha1_base64="ew3CHWc5mU6m2HXOp7rlzznLttE="></latexit>

AdS5 × S5

• Many possible extensions to other models such as ABJM and to exceptional gauge groups.

• We have determined the functional form of the integrated correlators
<latexit sha1_base64="vmHXGo5SWV9rQLXtzutC6hwJgp0="></latexit>

N
<latexit sha1_base64="3r+mJIkQAN8obP3ik5dBlw0ectE="></latexit>

τ = θ/2π + i 4π/g2
Y M

<latexit sha1_base64="mrBXs8LdIwI1OjlKT9QNFRvAzUw="></latexit>

1

4
CGN (�, �̄) = �� �2

m log ZGN (m, �, �̄)|m�0

for all values of      and 

• Is there a generalization to higher derivatives w.r.t      - to determine the complete m-dependence??<latexit sha1_base64="wEEm/RKxlAon6H3MGhbPVebFI9c="></latexit>m

e.g.

<latexit sha1_base64="CnsiEX/Qg9NrcA1tKADbLwSWv6M="></latexit>m• Also generalization to Maximal         -violating n-point correlators.                        (Dorigoni, MBG, Wen arXiv:2202.05784)
<latexit sha1_base64="JBisZILN+/uFKQmc6BMaODHcr6w="></latexit>

U(1)
<latexit sha1_base64="p80EOfXTDxmNzHf8UJ/zhFk4O6M="></latexit>∫ m+4∏

i=1

dxi〈O2(x1)O2(x2)O2(x3)O2(x4)Oτ (x5) . . . Oτ (xm+4)〉 Modular weight  <latexit sha1_base64="3I16xSHkSVBGVec9T0f7UFWee38="></latexit>w = m


