
Jacob Bourjaily 
Penn State University & 

Niels Bohr International Academy, University of Københavns

Adventures in  
Perturbation Theory

Current Themes in High Energy Physics and Cosmology

2 August, 2022



What Form do Observables Take?

3

✦What is the mathematical form of the predictions made by QFT?
    (perturbatively, say?)
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beyond three loops, no analytic expression is known
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)“maximal transcendentality” of planar N =4 super Yang-Mills
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✦While ultimately correct, the Feynman expansion renders 
all but the most trivial predictions—

     involving the fewest particles, at the
     lowest orders of perturbation—

                computationally intractable 
           or        theoretically inscrutable
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Explosions of Complexity

34 Scientific American, May 2012 Illustration by Kenn Brown and Chris Wren, Mondolithic Studios

QUA N T U M  P H YS I CS

LOOPS,
TREES 
AND THE 
SEARCH 
FOR NEW 
PHYSICS
Maybe unifying the forces of nature isn’t quite 
as hard as physicists thought it would be 

By Zvi Bern, Lance J. Dixon and David A. Kosower

© 2012 Scientific American[Bern, Dixon, Kosower, Scientific American (2012)]
38 Scientific American, May 2012

derground rider is usually better o! taking a fairly simple route.
Two decades later physicists extended Feynman’s technique to 

the strong subnuclear force. By analogy with QED, the theory of 
the strong force is known as quantum chromodynamics (QCD). 
QCD is also governed by a coupling, but as the word “strong” sug-
gests, its value is higher than that of the electromagnetic cou-
pling. On the face of it, a larger coupling increases the number of 
complicated diagrams that theorists must include in their calcu-

lations—like an Underground rider who is willing to take very cir-
cuitous routes, making it hard to predict what he or she will do. 
Fortunately, at very short distances, including the distances rele-
vant for collisions at the LHC, the coupling diminishes in value 
and, for the very simplest collisions, theorists can again get away 
with considering only uncomplicated Feynman diagrams.

For messy collisions, though, the full complexity of the 
Feynman technique comes rushing in. Feynman diagrams are 

classified by the number of external lines and 
the number of closed loops they have [see box 
at left]. Loops represent one of the quintessen-
tial features of quantum theory: virtual parti-
cles. Though not directly observable, virtual 
particles have a measurable e!ect on the 
strength of forces. They obey all the usual laws 
of nature, such as the conservation of energy 
and of momentum, with one caveat: their 
mass can di!er from that of the corresponding 
“real” (that is, directly observed) particles. 
Loops represent their ephemeral life cycle: 
they pop into existence, move a short distance, 
then vanish again. Their mass determines 
their life expectancy: the heavier they are, the 
shorter they live. 

The simplest Feynman diagrams ignore vir-
tual particles; they have no closed loops and are 
called tree diagrams. In quantum electrody-
namics, the simplest diagram of all shows two 
electrons repelling each other by exchanging a 
photon. Progressively more complicated dia-
grams add loops one by one. Physicists refer to 
this additive procedure as “perturbative,” mean-
ing that we start with some approximate esti-
mate (represented by the tree diagrams) and 
gradually perturb it by adding refinements (the 
loops). For instance, as the photon travels be-
tween the two electrons, it can spontaneously 
split into a virtual electron and virtual antielec-
tron, which live a short while before annihilat-
ing each other, producing a photon. The photon 
resumes the journey the original photon had 
been taking. In the next level of complexity, the 
electron and antielectron might themselves 
split temporarily. With increasing numbers of 
virtual particles, the diagrams describe quan-
tum e!ects with increasing precision.

Even tree diagrams can be challenging. In 
the case of QCD, if you were brave enough to 
consider a collision involving two incoming and 
eight outgoing gluons, you would need to write 
down 10 million tree diagrams and calculate a 
probability for each. An approach called recur-
sion, pioneered in the 1980s by Frits Berends of 
Leiden University in the Nether lands and Wal-
ter Giele, now at Fermilab, tamed the problem 
for tree diagrams but had no obvious extension 
to loops. Worse, closed loops make the workload 
overwhelming. Even a single loop causes an ex-
plosion in both the number of diagrams and the 

W H Y  F E Y N M A N  D I AG R A M S  D R I V E  P H Y S I C I S T S  M A D

Too Many to Keep Track Of 
Each Feynman diagram Çß̧ þ�lxä�D³��³îø�î�þx�ÿDā�î¸�þ�äøD§�ąx�̧ ³x�Ç¸ää�U§x�ÿDā�î�Dî�
ÇDßî�`§xä����î��³îxßD`îÍ�5�x�îß̧ øU§x��ä�î�Dî�î�xßx�Dßx�̀ ¸ø³î§xää�̧ î�xß�ÿDāäj�î¸ Í̧� 
A quark-quark interaction might produce more than one gluon or involve more than 
one virtual-particle loop, or both. The calculations quickly become unmanageable.

Zero loops One loop

One 
gluon

Two 
gluons

Three 
gluons

© 2012 Scientific American



✦Once considered computationally intractable

✦Background amplitudes crucial for e.g. colliders
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Needs (Once) Beyond Our Reach

[Rev.Mod.Phys. 56 (1984)]
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220 diagrams—thousands of terms
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✦Within six months, Parke-Taylor stumbled on a simple guess
—unquestionably a theorist’s delight:
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Discovery of Shocking Simplicity 

VoLUME 56, NUMsER 23 PHYSICAL REVIEW LETTERS 9 JUNE 1986

Amplitude for nGluon Scattering

Stephen J. Parke and T. R. Taylor
Fermi Xationa/Accelerator Laboratory, Batavia, Illinois 60510

(Received 17 March 1986)

A nontrivial squared helicity amplitude is given for the scattering of an arbitrary number of
gluons to lowest order in the coupling constant and to leading order in the number of colors.

PACS QUmbcrs: 12.38.8x

Computations of the scattering amplitudes for the
vector gauge bosons of non-Abelian gauge theories,
besides being interesting from a purely quantum-
field-theoretical point of view (determination of the S
matrix), have a wide range of important applications.
In particular, within the framework of quantum chro-
modynamics (QCD), the scattering of vector gauge
bosons (gluons) gives rise to experimentally observ-
able multijet production at high-energy hadron collid-
ers. The knowledge of cross sections for the gluon
scattering is crucial for any reliable phenomenology of
jet physics, which holds great promise for testing QCD
as well as for the discovery of new physics at present
(CERN Spp S and Fermilab Tevatron) and future (Su-
perconducting Super Collider) hadron colliders. '
In this short Letter, we give a nontrivial squared

helicity amplitude for the scattering of an arbitrary
number of gluons to lowest order in the coupling con-
stant and to leading order in the number of colors. To
our knowledge this is the first time in a non-Abelian
gauge theory that a nontrivial, on-mass-shell, squared
Green's function has been written down for an arbi-
trary number of external points. Our result can be

used to improve the existing numerical programs for
the QCD jet production, and in particular for the stud-
ies of the four-jet production for which no analytic
results have been available so far. Before presenting
the helicity amplitude, let us make it clear that this
result is an educated guess which we have compared to
the existing computations and verified by a series of
highly nontrivial and nonlinear consistency checks.
For the n-gluon scattering amplitude, there are

(n+2)/2 independent helicity amplitudes. At the
tree level, the two helicity amplitudes which most
violate the conservation of helicity are zero. This is
easily seen by the embedding of the Yang-Mills theory
in a supersymmetric theory. 2 3 Here we give an ex-
pression for the next helicity amplitude, also at tree
level, to leading order in the number of colors in
SU(N) Yang-Mills theory.
If the helicity amplitude for gluons 1, . . . , n, of mo-

menta pi, . . . , p„and helicities Xi, . . . , A, „, is
A'„(&i, . . . , &„), where the momenta and helicities
are labeled as though all particles are outgoing, then
the three helicity amplitudes of interest, squared and
summed over color, are

I
P'„(+ + + + + ) I2 = c„(g,N) [0+O(g ) ],

I M„(—+ + + + ) I' = c„(g,N) [0+O(g~) ],
I~„(——+++ )I'= c„(q,N)[(pi p2)'

x Xp[(pi p2)(p2 p3)(p3. p4) . (p„pi)] '+O(N )+O(g )], (3)

where c„(g,N) =g2" 4N" 2(N2 —1)/2" 4n. The sum is over all permutations I'of 1, . . . ,
Equation (3) has the correct dimensions and symmetry properties for this n-particle scattering amplitude

squared. Also it agrees with the known results4 for n =4, 5, and 6. The agreement for n =6 is numerical.
More importantly, this set of amplitudes is consistent with the Altarelli and Parisi7 relationship for all n, when two
of the gluons are made parallel. This is trivial for the first two helicity amplitudes but is a highly nontrivial state-
ment for the last amplitude, as shown here:

IM„(——+++ )I'-0,
1[(2

+++ ) I'-2g'N ' —
I ~„,(- -++z(1—z) s

IW„(-—+++ ) I'- 2g'N —I~„(——++ ) I',
3 II 4 z(1—z) s

1986 The American Physical Society 2459

[PRL 56 (1986)]

[van der Waerden (1929)]



Perturbations of Parke/Taylor’s Guess
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✦What about beyond the leading order of approximation?
[Bern, Dixon, Dunbar, Kosower (1994)]
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✦What about beyond the leading order of approximation?

complexity of the computations. It has also been useful to use the results for the cuts

already computed when computing the coefficients of integrals detected by new cuts. In this

way, one can insure the consistency of results from different cuts and reduce the number of

unknowns at the same time.

Let us make a further comment about our computation procedure. The conformal inte-

grals with pentagon loops have numerators containing the loop momenta in combinations

like (k + l)2, where l is the loop momentum and k is an external on-shell momentum. If

the propagator with momentum l is cut then, on that cut, one cannot distinguish between

(k + l)2 and 2k · l. However, it is easy to see that one can choose to cut another propagator

and in that case this ambiguity does not arise and the numerator factor is uniquely defined.

IV. RESULTS

We use dual variable notation (see Ref. [48]) for the integrals. The external dual variables

are listed in clockwise direction. To the left loop we associate the dual variable xp and to

the right loop we associate the dual variable xq. We use the notation xij ≡ xi − xj .

We introduce the following notation which will be useful in the following




a b c · · ·

a′ b′ c′ · · ·



 = x2
aa′x2

bb′x
2
cc′ · · · ± (permutations of {a′, b′, c′, . . .}). (6)

The sign ± above takes into account the signature of the permutation of {a′, b′, c′, . . .}. It

is easy to show that




a b c · · ·

a′ b′ c′ · · ·



 = det
i∈{a,b,c,··· }

j∈{a′,b′,c′,··· }

x2
ij . (7)

For some topologies, the expansion of the
[ ]

symbol yields terms that would cancel

propagators. For those cases we make the convention that all the terms that would cancel

propagators are absent. In fact, as we will see, terms that would cancel propagators of the

double pentagon topologies naturally yield coefficients for some of the topologies with a

smaller number of propagators.
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A. Double box topologies

In the case of the double box topologies the massive legs attached to the vertices incident

with the common edge have to be a sum of at least three massless momenta. The cases

where these massive legs are the sum of two massless momenta are treated separately in the

subsection. IVA7. This distinction only arises for the double box topologies.

1. No legs attached

1

2

(

x2
a,a+2

)2
x2

a−1,a+1 (8)

1

4

(

x2
ab

)2
x2

a−1,a+1 (9)

−
1

4
x2

ab

(

x2
a,b−1x

2
a−1,b − x2

abx
2
a−1,b−1

)2
(10)

2. One massless leg attached

1

4

(

x2
a,b+1x

2
a+1,b − x2

abx
2
a+1,b+1

)

x2
a+2,b (11)

1

4

(

−x2
a−1,bx

2
a,a+2x

2
a+1,b + x2

a−1,a+2x
2
abx

2
a+1,b−

− x2
a−1,a+1x

2
abx

2
a+2,b

)

(12)

−
1

4
x2

abx
2
a+1,bx

2
b−1,b+1 (13)

−
1

4
x2

a−3,ax
2
a−2,ax

2
a−1,a+1 (14)

12

1

4

(

x2
a−4,a−1x

2
a−3,a − 2x2

a−4,ax
2
a−3,a−1

)

x2
a−2,a (15)

3. Two massless legs attached

1

4

(

x2
a,b+2x

2
a+1,bx

2
b−1,b+1 − x2

a,b+1x
2
a+1,bx

2
b−1,b+2+

+ x2
a,b+1x

2
a+1,b−1x

2
b,b+2

)

(16)

1

4

(

−x2
a−1,b−1x

2
a,b+1x

2
a+1,b + x2

a−1,b−1x
2
abx

2
a+1,b+1−

− x2
a−1,a+1x

2
abx

2
b−1,b+1

)

(17)

1

4

(

x2
a−2,a+3x

2
a−1,a+1x

2
a,a+2 − 2x2

a−2,a+2x
2
a−1,a+1x

2
a,a+3+

+ x2
a−2,a+1x

2
a−1,a+2x

2
a,a+3 − x2

a−2,ax
2
a−1,a+2x

2
a+1,a+3

)

(18)

4. One massive leg attached

1

4
x2

a−2,ax
2
a−1,a+1x

2
a,a+2 (19)

1

4

(

x2
a−1,a+1x

2
a,b−1x

2
a+1,b − x2

a−1,a+1x
2
abx

2
a+1,b−1

)

(20)

0 (21)

1

4

(

x2
acx

2
a+1,bx

2
b,c−1 − x2

abx
2
a+1,cx

2
b,c−1−

− x2
a,c−1x

2
a+1,bx

2
bc + x2

abx
2
a+1,c−1x

2
bc

)

(22)
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0 (23)

0 (24)

5. One massless leg and one massive leg attached

−
1

4
x2

a−2,ax
2
a−1,a+2x

2
a+1,a+3 (25)

0 (26)

1

4
x2

a−2,a

(

x2
a−1,bx

2
a+1,b−1 − x2

a−1,b−1x
2
a+1,b

)

(27)

1

4

(

−x2
acx

2
a+1,bx

2
b+1,c−1 + x2

abx
2
a+1,cx

2
b+1,c−1+

+ x2
a,c−1x

2
a+1,bx

2
b+1,c − x2

abx
2
a+1,c−1x

2
b+1,c

)

(28)

0 (29)

0 (30)

6. Two massive legs attached

0 (31)

14

0 (32)

0 (33)

0 (34)

7. Extra double boxes

1

4

(

−x2
a−2,bx

2
a−1,a+2x

2
a+1,b + x2

a−2,a+2x
2
a−1,bx

2
a+1,b+

+ x2
a−2,bx

2
a−1,a+1x

2
a+2,b − x2

a−2,a+1x
2
a−1,bx

2
a+2,b

)

(35)

−
1

4





a + 1 b − 1 b

b b + 1 a − 1



 (36)

0 (37)

−
1

4





a a + 1 a + 2

a + 2 a + 3 a − 2



 (38)

1

4

(

x2
a−3,a+1x

2
a−2,a+2 − x2

a−3,a+2x
2
a−2,a+1

)

x2
a,a+2 (39)

−
1

4





a + 1 b − 1 b

b + 1 b + 2 a − 1



 (40)

0 (41)
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−
1

4





a a + 1 a + 2

a + 3 a + 4 a − 2



 (42)

1

4

(

x2
a−3,a+3x

2
a−2,a+1 − x2

a−3,a+1x
2
a−2,a+3

)

x2
a,a+2 (43)

−
1

4





a − 1 a a + 1

a + 3 a − 4 a − 3



 (44)

0 (45)

0 (46)

−
1

2





2 3 4

6 7 8



 (47)

0 (48)

−
1

4





a − 2 a − 1 a

a + 2 b − 1 b



 (49)

−
1

4





a − 3 a − 2 a − 1

a + 1 a + 2 a + 3



 (50)

0 (51)

0 (52)
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−
1

4





a a + 1 b − 1

b + 1 c − 1 c



 (53)

B. Kissing double-box topologies

−
1

4





a a + 1 b − 1 b

b b + 1 a − 1 a



 +
1

4





a a + 1

b − 1 b









b b + 1

a − 1 a



 =

1

4

(

x2
a−1,b+1x

2
a+1,b−1

(

x2
ab

)

2 − x2
a−1,b−1x

2
a+1,b+1

(

x2
ab

)

2+

+ x2
a−1,a+1x

2
b−1,b+1

(

x2
ab

)

2 − x2
a−1,bx

2
a,b+1x

2
a+1,b−1x

2
ab−

− x2
a−1,b+1x

2
a,b−1x

2
a+1,bx

2
ab + x2

a−1,b−1x
2
a,b+1x

2
a+1,bx

2
ab+

+ x2
a−1,bx

2
a,b−1x

2
a+1,b+1x

2
ab

)

(54)

−
1

4





a + 1 a + 2 b − 1 b

b b + 1 a − 1 a



 +
1

4





a − 1 a

b b + 1









a + 1 a + 2

b − 1 b





(55)

−
1

4





a + 1 a + 2 b − 1 b

b + 1 b + 2 a − 1 a



 +
1

4





a + 1 a + 2

b − 1 b









b + 1 b + 2

a − 1 a





(56)

−
1

4





a a + 1 b − 1 b

b b + 1 c − 1 c



 +
1

4





a a + 1

b − 1 b









b b + 1

c − 1 c



 (57)

−
1

4





a a + 1 b − 1 b

b + 1 b + 2 c − 1 c



 +
1

4





a a + 1

b − 1 b









b + 1 b + 2

c − 1 c





(58)

−
1

4





a a + 1 b − 1 b

c c + 1 d − 1 d



+
1

4





a a + 1

b − 1 b









c c + 1

d − 1 d



 (59)
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C. Box-Pentagon topologies

1. No legs attached

1

4
x2

abx
2
a+1,q

(

x2
a,b+1x

2
a−1,b − x2

abx
2
a−1,b+1

)

(60)

1

2
x2

a,a+2x
2
a+1,q

(

x2
a−1,a+2x

2
a,a+3 − x2

a−1,a+3x
2
a,a+2

)

(61)

2. One massless leg attached

1

4

(

x2
a−1,b+1x

2
ab − x2

a−1,bx
2
a,b+1

) (

x2
a+1,qx

2
a+2,b − x2

a+1,bx
2
a+2,q

)

(62)

1

4
x2

a−1,b

(

x2
abx

2
a+1,qx

2
b−1,b+1 + x2

a,b+1x
2
a+1,bx

2
b−1,q − x2

abx
2
a+1,b+1x

2
b−1,q

)

(63)

1

4

(

x2
a−4,ax

2
a−3,ax

2
a−2,qx

2
a−1,a+1 − x2

a−4,a+1x
2
a−3,ax

2
a−2,ax

2
a−1,q+

+ 2x2
a−4,ax

2
a−3,a+1x

2
a−2,ax

2
a−1,q − x2

a−4,ax
2
a−3,ax

2
a−2,a+1x

2
a−1,q

)

(64)

3. One massive leg attached

0 (65)

1

4

(

x2
aqx

2
a+1,b − x2

abx
2
a+1,q

) (

x2
bcx

2
b+1,c−1 − x2

b,c−1x
2
b+1,c

)

(66)

1

4
x2

a−1,a+1x
2
aq

(

x2
a+1,b−1x

2
a+2,b − x2

a+1,bx
2
a+2,b−1

)

(67)
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4. One massless, one massive leg attached

0 (68)

−
1

4





a a + 1 b b + 1

b + 2 c − 1 c q



 . (69)

Note that in the previous formula we suppress the terms containing x2
b+1,q which would

otherwise cancel a propagator of the underlying topology. When expanded out, the expres-

sion above has 12 terms.

−
1

4





a − 2 a − 1 a a + 1

a + 2 b − 1 b q



 . (70)

In the previous formula we suppress the terms containing x2
a+1,q which would otherwise

cancel a propagator of the underlying topology.

5. Two massless legs attached

1

4





a a + 1 b − 1 b

b + 1 b + 2 a − 1 q



 (71)

In the previous formula we suppress the terms containing x2
a+1,q which would otherwise

cancel a propagator of the underlying topology.
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1

4





a − 2 a − 1 a a + 1

a + 2 a + 3 a − 3 q



−
1

4





a − 1 a a + 1 a + 2

a + 3 a − 3 a − 2 q



 =

1

4

(

−x2
a−3,a+1x

2
a−2,a+3x

2
a−1,qx

2
a,a+2 + x2

a−3,a−1x
2
a−2,a+3x

2
a+1,qx

2
a,a+2−

− x2
a−3,a+2x

2
a−2,a+1x

2
a−1,qx

2
a,a+3 + 2x2

a−3,a+1x
2
a−2,a+2x

2
a−1,qx

2
a,a+3+

+ x2
a−3,a+1x

2
a−2,a+3x

2
a−1,a+2x

2
aq + x2

a−3,a+2x
2
a−2,a+1x

2
a−1,a+3x

2
aq−

− 2x2
a−3,a+1x

2
a−2,a+2x

2
a−1,a+3x

2
aq + x2

a−3,a+2x
2
a−2,ax

2
a−1,qx

2
a+1,a+3−

− 2x2
a−3,ax

2
a−2,a+2x

2
a−1,qx

2
a+1,a+3 + 2x2

a−3,a−1x
2
a−2,a+2x

2
aqx

2
a+1,a+3−

− x2
a−3,ax

2
a−2,a+3x

2
a−1,a+2x

2
a+1,q − x2

a−3,a+2x
2
a−2,ax

2
a−1,a+3x

2
a+1,q+

+2x2
a−3,ax

2
a−2,a+2x

2
a−1,a+3x

2
a+1,q−2x2

a−3,a−1x
2
a−2,a+2x

2
a,a+3x

2
a+1,q

)

.

(72)
We have written down this formula to emphasize how nontrivial it is. We suppress

the terms containing x2
a−2,q and x2

a+2,q, respectively. These terms would otherwise cancel a

propagator of the underlying topology. We will see below that the box-pentagon topologies

with massless legs attached to the vertices of the edge common to both loops can in fact be

seen to originate in double-pentagon topologies, by cancelling some propagators.

D. Double pentagon topologies

1. No legs attached

−
1

4





a a + 1 b − 1 b p

b b + 1 a − 1 a q



 (73)

In the expansion of the above formula we drop terms that would cancel propagators (in

this case, the terms containing x2
ap, x2

aq, x2
bp, x2

bq, or x2
pq). This expression has 6 terms when

expanded.
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2. One massless leg attached

−
1

4





a + 1 a + 2 b − 1 b p

b b + 1 a − 1 a q



 (74)

In the formula above we drop terms that would cancel propagators (in this case, the

terms are x2
bp, x2

bq and x2
pq). This expression has 15 terms when expanded.

3. One massive leg attached

−
1

4





a a + 1 b − 1 b p

b b + 1 c − 1 c q



 (75)

In the formula above we drop terms that would cancel propagators (in this case, the

terms containing x2
bp, x2

bq or x2
pq). This expression has 16 terms when expanded.

4. Two massless legs attached

−
1

4





a + 1 a + 2 b − 1 b p

b + 1 b + 2 a − 1 a q



 (76)

In the formula we drop terms that would cancel propagators (in this case, the terms

containing x2
pq). This expression has 64 terms when expanded.

5. One massless, one massive leg attached

−
1

4





a a + 1 b − 1 b p

b + 1 b + 2 c − 1 c q



 (77)
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In the formula above we drop terms that would cancel propagators (in this case, the

terms containing x2
pq). This expression has 78 terms when expanded.

6. Two massive legs attached

−
1

4





a a + 1 b − 1 b p

c c + 1 d − 1 d q



 (78)

In the formula above we drop terms that would cancel propagators (in this case, the terms

containing x2
pq). When expanded, the above expression contains 96 terms. The number of

conformal dressings is 160 (the number of coefficients unrelated by symmetries is lower).

E. Assembly of the result

As explained in Sec. II, for the MHV amplitudes the ratio between the !-loop amplitude

and the tree-level amplitude can be written as a sum between parity even and parity odd

contributions

M (!)
n = M (!),even

n + M (!),odd
n . (79)

Then, the even part can be written

M (2),even
n = −π−De2γε

∫

dDxpd
Dxq

∑

σ

∑

i∈Topologies

siciIi, (80)

where the first sum runs over cyclic and anti-cyclic permutations of the external legs, the

second sum runs over all the topologies, si is a symmetry factor associated to topology i,

ci is the numerator of the topology i, as listed in Sec. IV and Ii is the denominator or the

product of propagators in the topology i.

Apart from the parity odd part which we have not computed, there is also a contribution

which is not detectable from four-dimensional cuts, denoted by M (2),µ. This part of the

result is such that its integrand vanishes in four dimensions, but the integral itself can give

contributions to the divergent and finite parts. In Ref. [32], for n = 6 case, this part of the

result was found to be closely related to O(ε) contributions at one loop, M (1),µ.

Based on previous computations we expect that the odd part and the µ integrals will

not be needed in order to compare with the Wilson loop results. The odd parts could be
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✦What about beyond the leading order of approximation?
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What Form do Observables Take?
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✦But what about after regularization and loop integration? 
What is the mathematical form of the predictions made by QFT?

[Del Duca, Duhr, Smirnov (2010)]
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π2H (0, 1; (u2 + u3))−

1

2
G

(

0,
1

u1 + u2
; 1

)

H (1, 0;u1)−

1

2
G

(

0,
1

u1 + u3
; 1

)

H (1, 0;u1) +
1

4
G

(
1

u1
,

1

u1 + u2
; 1

)

H (1, 0;u1) +

1

4
G

(
1

u1
,

1

u1 + u3
; 1

)

H (1, 0;u1) +
1

4
G

(
1

u2
,

1

u1 + u2
; 1

)

H (1, 0;u1) +

1

4
G

(
1

1− u3
,

u1 − 1

u1 + u3 − 1
; 1

)

H (1, 0;u1) +
1

4
G

(
1

u3
,

1

u1 + u3
; 1

)

H (1, 0;u1)−

1

4
G
(

1

1− u3
, u312; 1

)

H (1, 0;u1)−
3

4
H (0, 0;u2)H (1, 0;u1)−

3

4
H (0, 0;u3)H (1, 0;u1) +

1

4
H

(

0, 1;
u1 + u3 − 1

u1 − 1

)

H (1, 0;u1)−
1

3
π2H (1, 0;u1)−

1

2
G

(

0,
1

u1 + u2
; 1

)

H (1, 0;u2)−

1

2
G

(

0,
1

u2 + u3
; 1

)

H (1, 0;u2) +
1

4
G

(
1

1− u1
,

u2 − 1

u1 + u2 − 1
; 1

)

H (1, 0;u2) +

1

4
G

(
1

u1
,

1

u1 + u2
; 1

)

H (1, 0;u2) +
1

4
G

(
1

u2
,

1

u1 + u2
; 1

)

H (1, 0;u2) +

1

4
G

(
1

u2
,

1

u2 + u3
; 1

)

H (1, 0;u2) +
1

4
G

(
1

u3
,

1

u2 + u3
; 1

)

H (1, 0;u2)−

1

4
G
(

1

1− u1
, u123; 1

)

H (1, 0;u2)−
3

4
H (0, 0;u1)H (1, 0;u2)−

3

4
H (0, 0;u3)H (1, 0;u2) +

1

4
H

(

0, 1;
u1 + u2 − 1

u2 − 1

)

H (1, 0;u2)−
1

4
H (1, 0;u1)H (1, 0;u2)−

1

3
π2H (1, 0;u2)−

1

2
G

(

0,
1

u1 + u3
; 1

)

H (1, 0;u3)−
1

2
G

(

0,
1

u2 + u3
; 1

)

H (1, 0;u3) +

1

4
G

(
1

u1
,

1

u1 + u3
; 1

)

H (1, 0;u3) +
1

4
G

(
1

1− u2
,

u3 − 1

u2 + u3 − 1
; 1

)

H (1, 0;u3) +

1

4
G

(
1

u2
,

1

u2 + u3
; 1

)

H (1, 0;u3)−
1

3
π2H (1, 0;u3) +

1

4
G

(
1

u3
,

1

u1 + u3
; 1

)

H (1, 0;u3) +

1

4
G

(
1

u3
,

1

u2 + u3
; 1

)

H (1, 0;u3)−
1

4
G
(

1

1− u2
, u231; 1

)

H (1, 0;u3) +

3

4
H (0;u1)H (0;u2)H (1, 0;u3)−

3

4
H (0, 0;u1)H (1, 0;u3)−

3

4
H (0, 0;u2)H (1, 0;u3) +

1

4
H

(

0, 1;
u2 + u3 − 1

u3 − 1

)

H (1, 0;u3)−
1

4
H (1, 0;u1)H (1, 0;u3)−

1

4
H (1, 0;u2)H (1, 0;u3) +

1

24
π2H (1, 1;u1) +

1

24
π2H (1, 1;u2) +

1

24
π2H (1, 1;u3) +

1

2
H (0;u2)H (0, 0, 0;u1) +

1

2
H (0;u3)H (0, 0, 0;u2) +

1

2
H (0;u1)H (0, 0, 0;u3)−

1

2
H (0;u2)H

(

0, 0, 1;
u1 + u2 − 1

u2 − 1

)

−

1

2
H (0;u3)H

(

0, 0, 1;
u1 + u2 − 1

u2 − 1

)

−H (0;u1)H (0, 0, 1; (u1 + u2))−

H (0;u2)H (0, 0, 1; (u1 + u2))−
1

2
H (0;u1)H

(

0, 0, 1;
u1 + u3 − 1

u1 − 1

)

−
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1

2
H (0;u2)H

(

0, 0, 1;
u1 + u3 − 1

u1 − 1

)

−H (0;u1)H (0, 0, 1; (u1 + u3))−

H (0;u3)H (0, 0, 1; (u1 + u3))−
1

2
H (0;u1)H

(

0, 0, 1;
u2 + u3 − 1

u3 − 1

)

−

1

2
H (0;u3)H

(

0, 0, 1;
u2 + u3 − 1

u3 − 1

)

−H (0;u2)H (0, 0, 1; (u2 + u3))−

H (0;u3)H (0, 0, 1; (u2 + u3))−
1

2
H (0;u2)H (0, 1, 0;u1)−

1

2
H (0;u3)H (0, 1, 0;u2)−

1

2
H (0;u1)H (0, 1, 0;u3) +

1

4
H (0;u2)H

(

0, 1, 1;
u1 + u2 − 1

u2 − 1

)

−

1

4
H (0;u3)H

(

0, 1, 1;
u1 + u2 − 1

u2 − 1

)

+
1

4
H (0;u1)H

(

0, 1, 1;
u1 + u3 − 1

u1 − 1

)

−

1

4
H (0;u2)H

(

0, 1, 1;
u1 + u3 − 1

u1 − 1

)

− 1

4
H (0;u1)H

(

0, 1, 1;
u2 + u3 − 1

u3 − 1

)

+

1

4
H (0;u3)H

(

0, 1, 1;
u2 + u3 − 1

u3 − 1

)

+
1

2
H (0;u2)H (1, 0, 0;u1)−

1

2
H (0;u3)H (1, 0, 0;u1)−

1

2
H (0;u1)H (1, 0, 0;u2) +

1

2
H (0;u3)H (1, 0, 0;u2) +

1

2
H (0;u1)H (1, 0, 0;u3)−

1

2
H (0;u2)H (1, 0, 0;u3)−

1

4
H (0;u3)H

(

1, 0, 1;
u1 + u2 − 1

u2 − 1

)

−

1

4
H (0;u2)H

(

1, 0, 1;
u1 + u3 − 1

u1 − 1

)

− 1

4
H (0;u1)H

(

1, 0, 1;
u2 + u3 − 1

u3 − 1

)

−

7H (0, 0, 0, 0;u1)− 7H (0, 0, 0, 0;u2)− 7H (0, 0, 0, 0;u3) +
3

2
H

(

0, 0, 0, 1;
u1 + u2 − 1

u2 − 1

)

+

3H (0, 0, 0, 1; (u1 + u2)) +
3

2
H

(

0, 0, 0, 1;
u1 + u3 − 1

u1 − 1

)

+ 3H (0, 0, 0, 1; (u1 + u3)) +

3

2
H

(

0, 0, 0, 1;
u2 + u3 − 1

u3 − 1

)

+ 3H (0, 0, 0, 1; (u2 + u3)) +
9

4
H (0, 0, 1, 0;u1) +

9

4
H (0, 0, 1, 0;u2) +

9

4
H (0, 0, 1, 0;u3)−

1

2
H (0, 1, 0, 0;u1)−

1

2
H (0, 1, 0, 0;u2)−

1

2
H (0, 1, 0, 0;u3) +

1

2
H

(

0, 1, 0, 1;
u1 + u2 − 1

u2 − 1

)

+
1

2
H

(

0, 1, 0, 1;
u1 + u3 − 1

u1 − 1

)

+

1

2
H

(

0, 1, 0, 1;
u2 + u3 − 1

u3 − 1

)

+H (0, 1, 1, 0;u1) +H (0, 1, 1, 0;u2) +H (0, 1, 1, 0;u3)−

1

4
H

(

0, 1, 1, 1;
u1 + u2 − 1

u2 − 1

)

− 1

4
H

(

0, 1, 1, 1;
u1 + u3 − 1

u1 − 1

)

−

1

4
H

(

0, 1, 1, 1;
u2 + u3 − 1

u3 − 1

)

+H

(

1, 0, 0, 1;
u1 + u2 − 1

u2 − 1

)

+H

(

1, 0, 0, 1;
u1 + u3 − 1

u1 − 1

)

+

H

(

1, 0, 0, 1;
u2 + u3 − 1

u3 − 1

)

+ 2H (1, 0, 1, 0;u1) + 2H (1, 0, 1, 0;u2) + 2H (1, 0, 1, 0;u3) +

1

4
H

(

1, 1, 0, 1;
u1 + u2 − 1

u2 − 1

)

+
1

4
H

(

1, 1, 0, 1;
u1 + u3 − 1

u1 − 1

)

+

1

4
H

(

1, 1, 0, 1;
u2 + u3 − 1

u3 − 1

)

+
1

2
H (1, 1, 1, 0;u1) +

1

2
H (1, 1, 1, 0;u2) +

1

2
H (1, 1, 1, 0;u3)−

1

24
π2H (0;u3)H

(

1;
1

u123

)

− 1

24
π2H (0;u1)H

(

1;
1

u231

)

− 1

24
π2H (0;u2)H

(

1;
1

u312

)

+

1

8
π2H (0;u2)H

(

1;
1

v123

)

− 1

8
π2H (0;u3)H

(

1;
1

v123

)

+
1

24
π2H (0;u2)H

(

1;
1

v132

)

−
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1

24
π2H (0;u3)H

(

1;
1

v132

)

− 1

24
π2H (0;u1)H

(

1;
1

v213

)

+
1

24
π2H (0;u3)H

(

1;
1

v213

)

−

1

8
π2H (0;u1)H

(

1;
1

v231

)

+
1

8
π2H (0;u3)H

(

1;
1

v231

)

+
1

8
π2H (0;u1)H

(

1;
1

v312

)

−

1

8
π2H (0;u2)H

(

1;
1

v312

)

+
1

24
π2H (0;u1)H

(

1;
1

v321

)

− 1

24
π2H (0;u2)H

(

1;
1

v321

)

−

1

4
H (0;u2)H (0;u3)H

(

0, 1;
1

u123

)

− 1

4
H (1, 0;u2)H

(

0, 1;
1

u123

)

+
1

24
π2H

(

0, 1;
1

u123

)

+

1

24
π2H

(

0, 1;
1

u231

)

− 1

4
H (0;u1)H (0;u3)H

(

0, 1;
1

u231

)

− 1

4
H (1, 0;u3)H

(

0, 1;
1

u231

)

−

1

4
H (0;u1)H (0;u2)H

(

0, 1;
1

u312

)

− 1

4
H (1, 0;u1)H

(

0, 1;
1

u312

)

+
1

24
π2H

(

0, 1;
1

u312

)

−

1

4
H (0;u2)H (0;u3)H

(

0, 1;
1

v123

)

+
1

4
H (0, 0;u2)H

(

0, 1;
1

v123

)

+

1

4
H (0, 0;u3)H

(

0, 1;
1

v123

)

+
1

6
π2H

(

0, 1;
1

v123

)

− 1

4
H (0;u2)H (0;u3)H

(

0, 1;
1

v132

)

+

1

4
H (0, 0;u2)H

(

0, 1;
1

v132

)

+
1

4
H (0, 0;u3)H

(

0, 1;
1

v132

)

+
1

6
π2H

(

0, 1;
1

v132

)

−

1

4
H (0;u1)H (0;u3)H

(

0, 1;
1

v213

)

+
1

4
H (0, 0;u1)H

(

0, 1;
1

v213

)

+

1

4
H (0, 0;u3)H

(

0, 1;
1

v213

)

+
1

6
π2H

(

0, 1;
1

v213

)

− 1

4
H (0;u1)H (0;u3)H

(

0, 1;
1

v231

)

+

1

4
H (0, 0;u1)H

(

0, 1;
1

v231

)

+
1

4
H (0, 0;u3)H

(

0, 1;
1

v231

)

+
1

6
π2H

(

0, 1;
1

v231

)

−

1

4
H (0;u1)H (0;u2)H

(

0, 1;
1

v312

)

+
1

4
H (0, 0;u1)H

(

0, 1;
1

v312

)

+

1

4
H (0, 0;u2)H

(

0, 1;
1

v312

)

+
1

6
π2H

(

0, 1;
1

v312

)

− 1

4
H (0;u1)H (0;u2)H

(

0, 1;
1

v321

)

+

1

4
H (0, 0;u1)H

(

0, 1;
1

v321

)

+
1

4
H (0, 0;u2)H

(

0, 1;
1

v321

)

+
1

6
π2H

(

0, 1;
1

v321

)

−

1

2
H (0;u2)H (0;u3)H

(

1, 1;
1

v123

)

+
1

2
H (0, 0;u2)H

(

1, 1;
1

v123

)

+

1

2
H (0, 0;u3)H

(

1, 1;
1

v123

)

+
11

24
π2H

(

1, 1;
1

v123

)

− 1

24
π2H

(

1, 1;
1

v132

)

−

1

24
π2H

(

1, 1;
1

v213

)

− 1

2
H (0;u1)H (0;u3)H

(

1, 1;
1

v231

)

+
1

2
H (0, 0;u1)H

(

1, 1;
1

v231

)

+

1

2
H (0, 0;u3)H

(

1, 1;
1

v231

)

+
11

24
π2H

(

1, 1;
1

v231

)

− 1

2
H (0;u1)H (0;u2)H

(

1, 1;
1

v312

)

+

1

2
H (0, 0;u1)H

(

1, 1;
1

v312

)

+
1

2
H (0, 0;u2)H

(

1, 1;
1

v312

)

+
11

24
π2H

(

1, 1;
1

v312

)

−

1

24
π2H

(

1, 1;
1

v321

)

+
1

2
H (0;u2)H

(

0, 0, 1;
1

u123

)

+
1

2
H (0;u3)H

(

0, 0, 1;
1

u123

)

+

1

2
H (0;u1)H

(

0, 0, 1;
1

u231

)

+
1

2
H (0;u3)H

(

0, 0, 1;
1

u231

)

+
1

2
H (0;u1)H

(

0, 0, 1;
1

u312

)

+

1

2
H (0;u2)H

(

0, 0, 1;
1

u312

)

+
1

4
H (0;u3)H

(

0, 1, 1;
1

u123

)

+
1

4
H (0;u1)H

(

0, 1, 1;
1

u231

)

+
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1

4
H (0;u2)H

(

0, 1, 1;
1

u312

)

+
1

4
H (0;u2)H

(

0, 1, 1;
1

v123

)

− 1

4
H (0;u3)H

(

0, 1, 1;
1

v123

)

−

1

4
H (0;u2)H

(

0, 1, 1;
1

v132

)

+
1

4
H (0;u3)H

(

0, 1, 1;
1

v132

)

+
1

4
H (0;u1)H

(

0, 1, 1;
1

v213

)

−

1

4
H (0;u3)H

(

0, 1, 1;
1

v213

)

− 1

4
H (0;u1)H

(

0, 1, 1;
1

v231

)

+
1

4
H (0;u3)H

(

0, 1, 1;
1

v231

)

+

1

4
H (0;u1)H

(

0, 1, 1;
1

v312

)

− 1

4
H (0;u2)H

(

0, 1, 1;
1

v312

)

− 1

4
H (0;u1)H

(

0, 1, 1;
1

v321

)

+

1

4
H (0;u2)H

(

0, 1, 1;
1

v321

)

+
1

4
H (0;u3)H

(

1, 0, 1;
1

u123

)

+
1

4
H (0;u1)H

(

1, 0, 1;
1

u231

)

+

1

4
H (0;u2)H

(

1, 0, 1;
1

u312

)

+
1

4
H (0;u2)H

(

1, 0, 1;
1

v123

)

− 1

4
H (0;u3)H

(

1, 0, 1;
1

v123

)

−

1

4
H (0;u2)H

(

1, 0, 1;
1

v132

)

+
1

4
H (0;u3)H

(

1, 0, 1;
1

v132

)

+
1

4
H (0;u1)H

(

1, 0, 1;
1

v213

)

−

1

4
H (0;u3)H

(

1, 0, 1;
1

v213

)

− 1

4
H (0;u1)H

(

1, 0, 1;
1

v231

)

+
1

4
H (0;u3)H

(

1, 0, 1;
1

v231

)

+

1

4
H (0;u1)H

(

1, 0, 1;
1

v312

)

− 1

4
H (0;u2)H

(

1, 0, 1;
1

v312

)

− 1

4
H (0;u1)H

(

1, 0, 1;
1

v321

)

+

1

4
H (0;u2)H

(

1, 0, 1;
1

v321

)

+H (0;u2)H
(

1, 1, 1;
1

v123

)

−H (0;u3)H
(

1, 1, 1;
1

v123

)

−

H (0;u1)H
(

1, 1, 1;
1

v231

)

+H (0;u3)H
(

1, 1, 1;
1

v231

)

+H (0;u1)H
(

1, 1, 1;
1

v312

)

−

H (0;u2)H
(

1, 1, 1;
1

v312

)

− 3

2
H
(

0, 0, 0, 1;
1

u123

)

− 3

2
H
(

0, 0, 0, 1;
1

u231

)

−

3

2
H
(

0, 0, 0, 1;
1

u312

)

− 3H
(

0, 0, 0, 1;
1

v132

)

− 3H
(

0, 0, 0, 1;
1

v213

)

− 3H
(

0, 0, 0, 1;
1

v321

)

−

1

2
H
(

0, 0, 1, 1;
1

u123

)

− 1

2
H
(

0, 0, 1, 1;
1

u231

)

− 1

2
H
(

0, 0, 1, 1;
1

u312

)

−

1

2
H
(

0, 1, 0, 1;
1

u123

)

− 1

2
H
(

0, 1, 0, 1;
1

u231

)

− 1

2
H
(

0, 1, 0, 1;
1

u312

)

+

1

4
H
(

0, 1, 1, 1;
1

v123

)

+
1

4
H
(

0, 1, 1, 1;
1

v132

)

+ ζ3H (0;u1) + ζ3H (0;u2) + ζ3H (0;u3) +
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✦But what about after regularization and loop integration? 
What is the mathematical form of the predictions made by QFT?
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Classical Polylogarithms for Amplitudes and Wilson Loops
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We present a compact analytic formula for the two-loop six-particle maximally helicity violating
remainder function (equivalently, the two-loop lightlike hexagon Wilson loop) in N = 4 supersym-
metric Yang-Mills theory in terms of the classical polylogarithm functions Lik with cross-ratios of
momentum twistor invariants as their arguments. In deriving our formula we rely on results from
the theory of motives.

INTRODUCTION

The past few years have witnessed revolutionary ad-
vances in our understanding of the structure of scattering
amplitudes, especially in N = 4 supersymmetric Yang-
Mills theory (SYM). It is easy to argue that the seeds
of modern progress were sown already in the 1980s with
the discovery of the Parke-Taylor formula for the sim-
plest nontrivial amplitudes: tree-level maximally helicity
violating (MHV) gluon scattering. The mere existence
of such a simple formula for a quantity which otherwise
would have been prohibitively difficult to calculate us-
ing traditional Feynman diagram methods signalled the
tantalizing possibility that a great vista of unanticipated
structure in scattering amplitudes awaited exploration.

In contrast to the situation at tree level, it is fair to
say that recent progress at loop level has mostly been
evolutionary rather than revolutionary, driven primarily
by faster computers, improved algorithms (both analytic
and numeric), and software for multiloop calculations
which has been made publicly available. Yet we hope
that a great new vista of unexplored structure awaits us
also at loop level in SYM theory.

This paper is concerned with the planar two-loop six-
particle MHV amplitude [1, 2], which in a sense is the
simplest nontrivial SYM loop amplitude. The known in-
frared and collinear behavior of general amplitudes, con-
veniently encapsulated in the ABDK/BDS ansatz [3, 4],
determines the n-particle MHV amplitude at each loop
order L ≥ 2 up to an additive finite function of kinematic

invariants called the remainder function R(L)
n . Given the

presumption of dual conformal invariance [5, 6] for SYM
amplitudes (not yet proven, but supported by all avail-

able evidence [1, 3, 4, 7, 8]), R(L)
n can depend on confor-

mal cross-ratios only. Since there are no cross-ratios for

n = 4, 5, the first nontrivial remainder function is R(2)
6 .

The same function R(2)
6 is also believed [9–12] to arise

as the expectation value of the two-loop lightlike hexagon
Wilson loop in SYM theory [13, 14] (after appropriate
subtraction of ultraviolet divergences, e.g. [15]). Numer-
ical agreement between the two remainder functions was
established in [1, 14]. In a heroic effort, Del Duca, Duhr,
and Smirnov (DDS) explicitly evaluated the appropriate

Wilson loop diagrams to obtain an analytic expression

for R(2)
6 as a 17-page linear combination of generalized

polylogarithm functions [16, 17] (see also [18]).
The motivation for the present work is the belief that

if SYM theory is really as beautiful and rich as recent
developments indicate, then there must exist a more en-

lightening way of expressing the remainder function R(2)
6 .

Ideally, like the Parke-Taylor formula at tree level, the ex-
pression should provide encouragement and guidance as
we seek deeper understanding of SYM at loop level.

We present our new formula for R(2)
6 in the next sec-

tion and then describe the algorithm by which it was
obtained.

THE REMAINDER FUNCTION R
(2)
6

The remainder function R(2)
6 is usually presented as a

function of the three dual conformal cross-ratios

u1 =
s12s45
s123s345

, u2 =
s23s56
s234s123

, u3 =
s34s61
s345s234

, (1)

of the momentum invariants si···j = (ki + · · · + kj)2,
though we will see shortly that cross-ratios of momen-
tum twistor invariants are more natural variables. In
terms of

x±
i = uix

±, x± =
u1 + u2 + u3 − 1±

√
∆

2u1u2u3
, (2)

where ∆ = (u1 + u2 + u3 − 1)2 − 4u1u2u3, we find

R(2)
6 (u1, u2, u3) =

3
∑

i=1

(

L4(x
+
i , x

−
i )−

1

2
Li4(1− 1/ui)

)

− 1

8

(
3∑

i=1

Li2(1 − 1/ui)

)2

+
1

24
J4 +

π2

12
J2 +

π4

72
. (3)

Here we use the functions

L4(x
+, x−) =

1

8!!
log(x+x−)4

+
3
∑

m=0

(−1)m

(2m)!!
log(x+x−)m("4−m(x+) + "4−m(x−)) (4)
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✦But what about after regularization and loop integration? 
What is the mathematical form of the predictions made by QFT?

State of the art:  
6-point (N)MHV @ (6) 7 loops(!!!)

7-point (N)MHV @ 4 loops (symbol-level) [Dixon, et al (2019);…]



Amplitudes: a Virtuous Cycle
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Compute Something
beyond the reach of  
recent imagination

Discover Simplicity 

beyond expectations

Understand Why
study it, understand it, 
& explore consequences

Exploit Simplicity
to build more powerful  

computational technology
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✦ In a general (say, 4d) QFT, it would have recently been expected 
by “experts” that observables took the following general form:

A = Atree + ~A(L=1) + ~2 A(L=2) + . . . + ~L A(L) + . . .
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✦Unfortunately, many pesky counterexamples were to be found:

sunrises: 
CY2CY1

…
contributes to electron (g-2)

CY3
2d, masiven

<latexit sha1_base64="Fw78PQKXbEX2CaXbe6KyDzmyTiI="></latexit>

[Källén, Sabry; Bloch, Kerr, Vanhove; Broadhurst;…]
[Doran, Harder, Thompson (2019)]
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an 8-loop vacuum graph 
evaluating to a K3 period 

[Brown, Schnetz (2011)]
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✦Unfortunately, many pesky counterexamples were to be found:

sunrises: 

traintracks:

tardigrades:

CY2CY1

…

CY3
2d, masiven
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[Källén, Sabry; Bloch, Kerr, Vanhove; Broadhurst;…]
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4d, masslessn
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…

CY2 CY4

[JB, McLeod, von Hippel, Wilhelm (2018)]

CY2(L-1)

…
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…

CY2 CY4

[JB, McLeod, von Hippel, Wilhelm (2018)]

CY2(L-1)

…

Outside a small list of extremely limited/simple cases  
(which are widely expected* to be exceptions): 

almost all observables in almost all QFTs  
are expected to be non-polylogarithmic
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…

CY2 CY4

[JB, McLeod, von Hippel, Wilhelm (2018)]

CY2(L-1)

…

✦ In every instance known, the Calabi-Yau itself is very simple:
‣                                                          (or multiple-cover thereof)

✦kinematic data (momenta/masses) control the moduli
‣ often extremely singular

degree-(d+1) hypersurface in Pd

<latexit sha1_base64="tnnp3Hrcqm68SaacRuMykov5yW4="></latexit>
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✦Feynman diagrams (esp. with scalar numerators) are horrible 
‣ difficult to integrate, explosive in number, non-physical,… 

✦Regularization obscures symmetries (+is technically difficult) 

✦Most familiar mater integrand bases are unnecessarily bad:
‣ don’t satisfy nice/canonical differential equations
‣ contain multiple elliptic(+worse(!)) geometries,
‣ … 

Figure 1: The integral family with momenta and propagator labels.

That integral family is defined by

Ia1a2a3a4a5a6a7a8a9 = e
2�E✏

Z Z
d
D
k1d

D
k2

(i⇡d/2)2
P

�a8
8 P

�a9
9

P
a1
1 P

a2
2 P

a3
3 P

a4
4 P

a5
5 P

a6
6 P

a7
7

(2.1)

where �E = ��0(1) is the Euler-Mascheroni constant, and where

P1 = �(k1 � k2)
2
, P4 = m

2
� (k2�p3)

2
, P7 = m

2
� (k1+p1+p2)

2
,

P2 = m
2
� (k2+p1+p2)

2
, P5 = m

2
� k

2
1, P8 = m

2
� k

2
2, (2.2)

P3 = �(k1�k2+p3)
2
, P6 = m

2
� (k1+p2)

2
, P9 = �(k1�k2�p1)

2
.

Only P1-P7 can appear as genuine propagators, so we have a8 and a9 restricted to the
non-positive integers. The kinematics is p

2
1 = p

2
2 = p

2
3 = 0 and additionally

s ⌘ (p1+p2)
2
, t ⌘ (p1+p3)

2
, u ⌘ (p2+p3)

2
, p

2
4 = (p1+p2+p3)

2 = s+t+u, (2.3)

where m
2 denotes the squared mass of the quark that couples to the Higgs, and p

2
4 the

squared mass of the Higgs.
By using integration-by-parts (IBP) [30–33] reduction methods [34, 35], we identify a

set of 84 master integrals for this family, whose diagrams are shown in Fig. 2. With those
master integrals we defined a basis of Feynman integrals which is presented in Appendix A.

3 Differential equations for the integral family

Given a basis of N master integrals ~I(✏,~s), where ✏ is the dimensional regulator defined by
D = 4 � 2✏ and ~s = {s1, . . . , sn} is a set of n Lorentz invariants, it is possible to define
a closed system of linear, first order differential equations [36–40] for ~I(✏, si) that in full
generality reads,

@si
~I(✏,~s) = Msi(✏,~s)~I(✏,~s), (3.1)

where @si ⌘
@

@si
and Msi is a set of N ⇥N matrices.

– 3 –
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✦Use unitarity to choose the nicest/easiest integrals to integrate 
(of course, integration “ease” changes with time and new methods)
‣ search for as many pure integrals as you can 

—those which satisfy nice (canonical) differential equations 

Definition: a function f(s) is called pure if:
‣ there exists a grading of functions by “transcendental” weight 
‣ any derivative of f(s) is strictly lower in weight
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‣ search for as many pure integrals as you can 

—those which satisfy nice (canonical) differential equations 

Definition: a function f(s) is called pure if:
‣ there exists a grading of functions by “transcendental” weight 
‣ any derivative of f(s) is strictly lower in weight

e.g.                           would be impureg(s) log
�
f(s)

�
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h
g(s) log

�
f(s)

�i
= g0(s) log

�
f(s)

�
+ g(s)f 0(s)/f(s)
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�
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‣ there exists a grading of functions by “transcendental” weight 
‣ any derivative of f(s) is strictly lower in weight
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We show that planar, two-loop integrals in four-dimensional theories can be fully stratified by
their rigidity: that master integrands can be chosen in which each integrand is either pure and
polylogarithmic or elliptic-polylogarithmic, with each of the later involving a single elliptic curve.

Introduction

The appearance of non-polylogarithmic contributions

to scattering amplitudes beyond one loop has been the

source of much interest and development in recent years.

In the space of dual-conformal master integrals at two-

loop, the situation is markedly worse. Consider for ex-

ample a generic pentabox integrand; for any choice of

dual-conformal numerator, loop integration will necessar-

ily result in a combination of polylogarithmic pieces (as

signaled by the co-dimension 8 residues associated with

the pentabox) combined with four distinct sets of elliptic-

polylogarithmic contributions each of which depends on a

distinct elliptic geometry (associated to its four double-

box contact-terms). The situation for double-pentagon

integrals is even worse—which can involve up to 16

elliptic-curve geometries (each contributing an elliptic-

polylogarithm to the integral) together with several or-

dinary polylogarithmic pieces (signaled with the many

co-dimension 8 residues supported by the integrand).

It is natural to wonder whether this problem is in-

curable, or if a broader set of master integrals (beyond

those which are dual-conformal) could be organized—

that is, stratified—by their rigidity? Put another way:

can we construct a master integral basis in which every

integral is either purely polylogarithmic or purely elliptic-

polylogarithmic? In this work, we answer this question in

the a�rmative, at least for the case of two-loop Feynman

integrals relevant to planar theories in four dimensions.

In particular, we show that this can be done for a ba-

sis of master integrands with non-dual-conformal ‘3-gon’

power-counting. (It is worth noting that increasing the

power-counting further to include all those integrals re-

quired by amplitudes in the Standard Model, say [] does

not lead to any new, non-polylogarithmic integrals; thus,

our answer su�ces for all two-loop amplitudes for theo-

ries in four dimensions in the planar limit.)

Explain the general strategy: by diagonalizing the pe-

riod matrix of the integrand on a maximal (spanning)

set of elliptic cycles, we can guarantee that some in-

tegrands vanish on both elliptic cycles (thereby en-

suring their polylogarithmicity) and that others will

vanish on polylogarithmic poles (thereby ensuring

their pure rigidity).

Box-Triangle Integrands and Integrals

Draw spacetime integrand and dual-coordinate form.

Explain that the box-triangle is essentially a scalar

double-box with one propagator at ‘infinity’. Man-

ifest this fact in the embedding formalism. Explain

the space of triangle power-counting integrands—and

our preferred space of initial numerators.

`1 `2

a

b

c
d

e
a

b

c
d

e

(1)

a

b
c d

e

X1

(2)

(3)

(4)

Ii :=
(̀ 1|Ni)(d|e)

(̀ 1|a)(̀ 1|b)(̀ 1|c)(̀ 1|X)(̀ 1|`2)(̀ 2|d)(̀ 2|e)(̀ 2|X)
, (5)

|Na):= |a)(b|X)(c|X) , |N1):= |X)(a|c)(b|X) ,
|Nb):= |b)(c|X)(a|X) , |N2):= |Qo

) ,
|Nc):= |c)(a|X)(b|X) , |N3):= |Qe

) ,
(6)

with numerator `1’, this integrates to a sum of  
(an impure combination of) polylogarithms &
elliptic-polylogarithms involving 4 elliptic curvesn
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How can We Make it Easier?

13

✦Use unitarity to choose the nicest/easiest integrals to integrate 
(of course, integration “ease” changes with time and new methods)
‣ search for as many pure integrals as you can 

—those which satisfy nice (canonical) differential equations 

✦Avoid regularization whenever possible:
‣ can all(?) finite quantities be computed without regularization?  

—without expanding them in terms of divergent integrals?    
                                                                               (Answer: sometimes) 

[JB, Langer, Patatoukos (2021); …]



Unitarity-Based Strategies: 
a modern perspective



Generalized Unitarity: a modern take

15

✦The basic idea behind unitarity-based methods is that any 
Feynman integrand is a rational differential form on loop momenta
‣ as such, it can be expanded into a basis     of such forms:B

<latexit sha1_base64="aQ4Q0IJg0LWPFzHrzFoiZiSg6yE="></latexit>

A =
X

bi2B

aib
i
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✦ For any fixed QFT (spacetime dimension, particle content),  
the space of all amplitude integrands is finite-dimensional
‣ all-multiplicity amplitudes can be expressed in a finite basis!

✦ Key observation: viewed as a potential element of some basis,  
                                 every Feynman integrand can be interesting! 
‣ Why not try to find the best/easiest integrands—and use these? 



Stratifying Quantum Field Theories

16

✦QFTs can be partially ordered by the scope of the basis required 
to represent their amplitudes

A =
X

bi2B

aib
i
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[Standard Model]�[(Standard Model\Higgs)]�[QCD]�[Yang-Mills]
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[Yang-Mills]�[N =2 super-Yang-Mills]�[N =4 super-Yang-Mills]

<latexit sha1_base64="bzuX0HlzfqBY34pJI6aM6oahkt4="></latexit>

[N =4 Yang-Mills]�[planar N =4 super-Yang-Mills]� · · · � [fishnet theory]
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This reflects UV behavior (“power-counting”) of theories; 
it suggests a possible stratification of integrand bases



Stratifying Integrand Bases

17

✦Suppose that a basis could be carved up into subspaces  
(by any arbitrary means):

B=:
1M

p=0

Bp

<latexit sha1_base64="sv9wKjEs1QTpBUK0tvyeoECdbqY="></latexit>

A =
X

p

Ap with Ap := A\Bp :=
X

bi
p2Bp

ai b
i
p
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A =
X

bi2B

aib
i
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✦ ¿Is it possible to stratify integrand bases by physical structure?

[JB, Langer, Zhang, (2021)]
[JB, Herrmann, Langer, Patatoukos, et al (2021)]

n
finite

o
�
n
divergent

o
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A =
X

bi2B

aib
i

<latexit sha1_base64="UvMEWvj8HXl8hMHiQVdxOwyeZb8="></latexit>

✦ ¿Is it possible to stratify integrand bases by physical structure?

[JB, Langer, Zhang, (2021)]
[JB, Herrmann, Langer, Patatoukos, et al (2021)]

n
finite

o
�
n⇣

UV-divergent
⌘o

�
n⇣

IR-divergent
⌘o
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A =
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bi2B

aib
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✦ ¿Is it possible to stratify integrand bases by physical structure?

[JB, Langer, Zhang, (2021)]
[JB, Herrmann, Langer, Patatoukos, et al (2021)]

n
finite

o
�

n⇣
O(1/✏2L)-divergent

⌘
�

⇣
O(1/✏2L�1)-divergent

⌘
�· · ·�

⇣
O(1/✏)-divergent

⌘o

�

n⇣
log(m)2L-divergent

⌘
�

⇣
log(m)2L�1-divergent

⌘
�· · ·�

⇣
log(m)-divergent

⌘o
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A =
X

bi2B

aib
i
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[JB, Langer, Zhang, (2021)]
[JB, Herrmann, Langer, Patatoukos, et al (2021)]

✦ ¿Can we further stratify each part by transcendental structure?n
finite

o
�
n
divergent

o
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n
max-weight

o
�
n
next-to-max-weight

o
�· · ·�

n
rational

o
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n
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n
polylogs

o
�
n
elliptic-polylogs

o
�
n
K3-polylogs

o
�· · ·
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Prescriptive Integrand Bases

18

✦How generalized unitarity has been used to match amplitudes:

A =
X

i

ci I0
i

<latexit sha1_base64="TGQ6+jszZpAwmlSXZ6wHiXwu+Sc="></latexit>

with coefficients      determined by cuts
I

⌦j

I0
i =:Mi,j
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)cj =
X

i

ai
�
M�1)i,j

<latexit sha1_base64="cQqR599HhViKW225pW1kV/l1qFE="></latexit>

aj :=

I

⌦j

A =
X

i

ci Mi,j
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: a spanning set of cycles       {⌦j}
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✦How generalized unitarity has been used to match amplitudes:

with coefficients      determined by cuts: a spanning set of cycles       {⌦j}
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✦A basis is called prescriptive if it is the  
cohomological dual of a spanning set of cycles {⌦j}
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Ij :=
X

i

I0
i

�
M�1

�
i,j
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I

⌦j

Ii = �i,j
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A =
X

i

aiIi
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Strategies for Building Bases
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✦Given some integrand basis (or strata thereof), one should 
diagonalize the space of integrands according to a

               homological/cohomological pairing: 
‣ choose a spanning-set of compact, max-dimensional contours
‣ normalize and diagonalize the basis by the requirement 

⌦j
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Z

⌦j

bi = �ij
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✦ This trivializes the representation of amplitudes:
‣ the coefficient of any amplitude in this basis will simply be the 

on-shell function evaluated on the contour (a leading singularity) 
✦ Choosing a maximal set of IR/UV-divergence-probing contours 

ensures(?) that the basis is split into finite/divergent subspaces

: 4L-dimensional compact contours ⌦j
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“residues”
elliptic periods
K3 periods, etc.

n
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Amplitudes: a Virtuous Cycle

20

Compute Something
beyond the reach of  
recent imagination

Discover Simplicity 

beyond expectations

Understand Why
study it, understand it, 
& explore consequences

Exploit Simplicity
to build more powerful  

computational technology



✦The foundations for the future’s textbooks  
are still being discovered every day

Today’s Revolution in QFT

21

✦Defining an ongoing revolution in science: 

✦Experts who need QFT no longer use textbook tools
‣ when all the textbooks of a field become obsolete

(it’s exciting!)



Thank you! 



Stratifying Rigidity



Diagonalization of Rigidity
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✦Consider the following sets of pentabox integrands
[JB, Kalyanapuram (2022)]

2

Ii :=
(̀ 1|Ni)(d|e)

(̀ 1|a)(̀ 1|b)(̀ 1|c)(̀ 1|X)(̀ 1|`2)(̀ 2|d)(̀ 2|e)(̀ 2|X)
, (5)

|Na):= |a)(b|X)(c|X) , |N1):= |X)(a|c)(b|X) ,
|Nb):= |b)(c|X)(a|X) , |N2):= |Qo

) ,
|Nc):= |c)(a|X)(b|X) , |N3):= |Qe

) ,
(6)

where |Qo
) and |Qe

) are the odd and even combinations

of chiral pentabox numerators as generated by []—for

reference,

|Qe
):= �1

4
�(a|c)(b|X)

⇣
|e)(d|X)�|d)(e|X)

⌘
(7)

with � :=
p
(1�u�v)2�4uv in terms of u := (a|b)(c|X)

(a|c)(b|X) and

v := (b|c)(a|X)
(a|c)(b|X) ; the expression for |Qo

) is a bit too long to

express here, but is given explicitly in twistor space in

the ancillary files.

As should be clear, the numerators involving

|Na),|Nb),|Nc) are double-triangle-integral contact terms

(expressed here in the embedding-space formalism); they

are known to be multiple-polylogarithms which can be

rescaled in order to render them pure. The appar-

ent contact-term involving |N1) / |X) is in fact nothing

other than the elliptic double-box studied in [] (where

one of the external points has been relabelled as the

point at infinity ‘|X)’) which is known to be an elliptic-

(multiple)polylogarithm (which can similarly be rendered

pure by an appropriate prefactor).

The problem we would like to address here is that the

integrands I2,3 each integrate to combinations of (already

pure) polylogarithmic functions summed with (impure)

elliptic-polylogarithmic ones. Can this unfortunate sit-

uation be remedied by realizing these integrals as linear

combinations of separately pure integrals of specific rigid-

ity? We show that the answer is yes.

, I0 :=
(̀ 1|X)

(̀ 1|a)(̀ 1|b)(̀ 1|c)(̀ 1|d)(̀ 1|`2)(̀ 2|e)(̀ 2|f)(̀ 2|g)

, I1(N):=
(̀ 1|N)

(̀ 1|a)(̀ 1|b)(̀ 1|c)(̀ 1|d)(̀ 1|`2)(̀ 2|e)(̀ 2|f)(̀ 2|g)

, I2(N,M):=
(̀ 1|N)(̀ 2|M)

(̀ 1|a)(̀ 1|b)(̀ 1|c)(̀ 1|d)(̀ 2|X)(̀ 1|`2)(̀ 2|e)(̀ 2|f)(̀ 2|g)

, I3( ~N,M):=
(̀ 1|N1)(̀ 1|N2)(̀ 2|M)

(̀ 1|a)(̀ 1|b)(̀ 1|c)(̀ 1|d)(̀ 1|X)(̀ 2|X)(̀ 1|`2)(̀ 2|e)(̀ 2|f)(̀ 2|g)

(8)

I think we’d like to perhaps start with the pentabox

illustration. Consider the sequence of numera-

tor spaces N0 := 1, N1 := [`1], N2 := [`1][`2], and
N3 := [`1]2[`2]; these numerator spaces have dimen-

sions 1, 6, 36, and 120, respectively; also not N1 is

dual-conformal, and N3 is triangle power-counting.

N0 results in an integral with mixed -rigidity, depend-
ing on 4 elliptic curves and which is impure (even in

the poly-log part). In embedding space, this numer-

ator is (̀ |X), which is a linear combination of the six

dual conformal integrands.

N1 are dual-conformal. The best you can do is to

divide this space into top-level and contact terms—

resulting in 4 contact-term numerators which are

elliptic-polylogs (normalizable to be pure); but the

2 top-level are of mixed-rigidity and depend on all

four elliptic curves. We can see that the cohomology

is 4⇥ 3-dimensional; it is not possible to separate out

the relevant pieces.

N2 is 36 dimensional; we can view these integrands in

embedding space as being double-pentagons with one

external point being infinity. As such, we immedi-

ately see that this geometry includes 16 elliptic curves

(12 of which are box-triangles and four of which ordi-

nary double-boxes). We would normally write this as

4 top-level degrees of freedom and 32 contact terms.

As above, it is not possible to remove the 16 ellip-

tic curves from the top-level integrands, and they are

therefore of mixed-rigidity (and impure).

N3 is 120 dimensional; we can view these integrands

in embedding space as being hexa-pentagons with

each loop involving an external point at infinity. The

decomposition of this space involves 22 elliptic curves:

4 double-boxes, and 4⇥3+
�4
2

�
box-triangles. This

space can be diagonalized into 2⇥22 elliptic-polylogs,

and 76 pure polylogs. Of these 76 pure polylogs, 4

will be associated with with the top-level degrees of

freedom (with implicit contact terms); 18⇥1 from

double-triangles, 2 from kissing box-triangles; 4 from

kissing triangles, 18 from (the polylog-parts of) box-

triangles, 3⇥2 from (the polylog-parts of) penta-

triangles, and 4⇥6 from (the polylog-parts of) double-

boxes.

To do this accounting correctly, we need to analyze

the other integrands in a triangle power-counting

space. In particular, it would be worthwhile to

discuss the stratification of rigidity for the penta-

triangles, the double-boxes, and the box-triangles.

Periods and Prescriptivity

lorem ipsum

Review the general strategy for diagonalizing in-

tegrands against a chosen set of cycles. Define the

choice of contours of integration (semi-schematically),

and the form of the period matrix that results. Argue

that it is invertible (or give a formula for its rank).
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✦Consider the following sets of pentabox integrands
[JB, Kalyanapuram (2022)]pure

#ints #polylogs # elliptics #impure/mixed

1 0 0 1

6 0 4 (4) 2

36 10 12 (12) 14

120 76 44 (22) 0

2

Ii :=
(̀ 1|Ni)(d|e)

(̀ 1|a)(̀ 1|b)(̀ 1|c)(̀ 1|X)(̀ 1|`2)(̀ 2|d)(̀ 2|e)(̀ 2|X)
, (5)

|Na):= |a)(b|X)(c|X) , |N1):= |X)(a|c)(b|X) ,
|Nb):= |b)(c|X)(a|X) , |N2):= |Qo

) ,
|Nc):= |c)(a|X)(b|X) , |N3):= |Qe

) ,
(6)

where |Qo
) and |Qe

) are the odd and even combinations

of chiral pentabox numerators as generated by []—for

reference,

|Qe
):= �1

4
�(a|c)(b|X)

⇣
|e)(d|X)�|d)(e|X)

⌘
(7)

with � :=
p
(1�u�v)2�4uv in terms of u := (a|b)(c|X)

(a|c)(b|X) and

v := (b|c)(a|X)
(a|c)(b|X) ; the expression for |Qo

) is a bit too long to

express here, but is given explicitly in twistor space in

the ancillary files.

As should be clear, the numerators involving

|Na),|Nb),|Nc) are double-triangle-integral contact terms

(expressed here in the embedding-space formalism); they

are known to be multiple-polylogarithms which can be

rescaled in order to render them pure. The appar-

ent contact-term involving |N1) / |X) is in fact nothing

other than the elliptic double-box studied in [] (where

one of the external points has been relabelled as the

point at infinity ‘|X)’) which is known to be an elliptic-

(multiple)polylogarithm (which can similarly be rendered

pure by an appropriate prefactor).

The problem we would like to address here is that the

integrands I2,3 each integrate to combinations of (already

pure) polylogarithmic functions summed with (impure)

elliptic-polylogarithmic ones. Can this unfortunate sit-

uation be remedied by realizing these integrals as linear

combinations of separately pure integrals of specific rigid-

ity? We show that the answer is yes.

, I0 :=
(̀ 1|X)

(̀ 1|a)(̀ 1|b)(̀ 1|c)(̀ 1|d)(̀ 1|`2)(̀ 2|e)(̀ 2|f)(̀ 2|g)

, I1(N):=
(̀ 1|N)

(̀ 1|a)(̀ 1|b)(̀ 1|c)(̀ 1|d)(̀ 1|`2)(̀ 2|e)(̀ 2|f)(̀ 2|g)

, I2(N,M):=
(̀ 1|N)(̀ 2|M)

(̀ 1|a)(̀ 1|b)(̀ 1|c)(̀ 1|d)(̀ 2|X)(̀ 1|`2)(̀ 2|e)(̀ 2|f)(̀ 2|g)

, I3( ~N,M):=
(̀ 1|N1)(̀ 1|N2)(̀ 2|M)

(̀ 1|a)(̀ 1|b)(̀ 1|c)(̀ 1|d)(̀ 1|X)(̀ 2|X)(̀ 1|`2)(̀ 2|e)(̀ 2|f)(̀ 2|g)

(8)

I think we’d like to perhaps start with the pentabox

illustration. Consider the sequence of numera-

tor spaces N0 := 1, N1 := [`1], N2 := [`1][`2], and
N3 := [`1]2[`2]; these numerator spaces have dimen-

sions 1, 6, 36, and 120, respectively; also not N1 is

dual-conformal, and N3 is triangle power-counting.

N0 results in an integral with mixed -rigidity, depend-
ing on 4 elliptic curves and which is impure (even in

the poly-log part). In embedding space, this numer-

ator is (̀ |X), which is a linear combination of the six

dual conformal integrands.

N1 are dual-conformal. The best you can do is to

divide this space into top-level and contact terms—

resulting in 4 contact-term numerators which are

elliptic-polylogs (normalizable to be pure); but the

2 top-level are of mixed-rigidity and depend on all

four elliptic curves. We can see that the cohomology

is 4⇥ 3-dimensional; it is not possible to separate out

the relevant pieces.

N2 is 36 dimensional; we can view these integrands in

embedding space as being double-pentagons with one

external point being infinity. As such, we immedi-

ately see that this geometry includes 16 elliptic curves

(12 of which are box-triangles and four of which ordi-

nary double-boxes). We would normally write this as

4 top-level degrees of freedom and 32 contact terms.

As above, it is not possible to remove the 16 ellip-

tic curves from the top-level integrands, and they are

therefore of mixed-rigidity (and impure).

N3 is 120 dimensional; we can view these integrands

in embedding space as being hexa-pentagons with

each loop involving an external point at infinity. The

decomposition of this space involves 22 elliptic curves:

4 double-boxes, and 4⇥3+
�4
2

�
box-triangles. This

space can be diagonalized into 2⇥22 elliptic-polylogs,

and 76 pure polylogs. Of these 76 pure polylogs, 4

will be associated with with the top-level degrees of

freedom (with implicit contact terms); 18⇥1 from

double-triangles, 2 from kissing box-triangles; 4 from

kissing triangles, 18 from (the polylog-parts of) box-

triangles, 3⇥2 from (the polylog-parts of) penta-

triangles, and 4⇥6 from (the polylog-parts of) double-

boxes.

To do this accounting correctly, we need to analyze

the other integrands in a triangle power-counting

space. In particular, it would be worthwhile to

discuss the stratification of rigidity for the penta-

triangles, the double-boxes, and the box-triangles.

Periods and Prescriptivity

lorem ipsum

Review the general strategy for diagonalizing in-

tegrands against a chosen set of cycles. Define the

choice of contours of integration (semi-schematically),

and the form of the period matrix that results. Argue

that it is invertible (or give a formula for its rank).


