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What Form do Observables Take?

+ What is the mathematical form of the predictions made by QFT?
(perturbatively, say?)

: >AM % % | Dirac (1933)]

| Feynman; Schwinger; Tomanaga (1947) ]




What Form do Observables Take?

+ What is the mathematical form of the predictions made by QFT?
(perturbatively, say?)

| Feynman; Schwinger; Tomanaga (1947) ]
| Laporta, Remiddi (1996)] | Petermann (1957)]

o 3 2 197 [Laporta (2017)] [Kinoshita (1990)]
| S S 1 2 I ) aporta inoshita
w2 (QCS g B G (2 *(us,1 is related to Lis(1/2) and log(2))
a° /215 100 13 139 1192 34202 28259
: : 1 )
( E o u 2108(2) = =3p=C — 5555

beyond three loops, no analytic expressmn is known
(CY periods appear) 3



What Form do Observables Take?

+ What is the mathematical form of the predictions made by QFT?
(perturbatively, say?)

e.g. maximally supersymmetric (M =4) Yang-Mills theory (planar limit)

s — axl [Beisert, Eden, Staudacher (2007):...]
a’ X 2 Co

a7 x22(,

+a* x2(24¢5 + 4¢3 + 22 Ca + o)

+a° x8(252¢5 + 20 (3 (s + 4 ¢2 ¢35 + (2 Go)

+a%x8(282¢5 + C3Cu +4Co (2 +80Ca G3 G5+ 5C2 G + 48 C2 Ca + 102¢2 + 210 (3 C7 + 3ao)
SET

= “maximal transcendentality” of planar N =4 super Yang-Mills (?)



Explosions of Complexity

+ While ultimately correct, the Feynman expansion renders
all but the most trivial predictions—

involving the fewest particles, at the

lowest orders of perturbation— ot
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Needs (Once) Beyond Our Reach

+ Background amplitudes crucial for e.g. colliders

Supercollider physics | poy, Mod.Phys. 56 (1984)]

E. Eichten

Fermi National Accelerator Laboratory, P.O. Box 500, Batavia, Illinois 60510

I. Hinchliffe

Lawrence Berkeley Laboratory, Berkeley, California 94720

K. Lane
"~ The Ohio State University, Columbus, Ohio 43210

C. Quigg
 Fermi National Accelerator Laboratory, P.O. Box 500, Batavia, Illinois 60510

Eichten et al. summarize the motivation for exploring the 1-TeV (=10!? ¢V) energy scale in elementary
particle interactions and explore the capabilities of proton-(anti)proton colliders with beam energies between
1 and 50 TeV. The authors calculate the production rates and characteristics for a number of conventional

processes, and discuss their intrinsic physics interest as well as their role as backgrounds to more exotic
phenomena. The authors review the theoretical motivation and expected signatures for several new phe- ,
nomena which may occur on the 1-TeV scale. Their results provide a reference point for the choice of ; :J S
machine parameters and for experiment design. AT ‘ p—
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+ Once considered computationay intractable

The cross sections for the elementary
two—four processes have not been calculated, and their
complexity is such that they may not be evaluated in the
foreseeable future. It is worthwhile to seek estimates of
the four-jet cross sections, even if these are only reliable in 5
restricted regions of phase space.
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Needs (Once) Beyond Our Reach

+ Background amplitudes crucial for e.g. colliders

THE CROSS SECTION FOR FOUR-GLUON PRODUCTION
BY GLUON-GLUON FUSION

Stephen J. PARKE and T.R. TAYLOR
Fermi National Accelerator Laboratory, P.O. Box 500, Batavia, IL 60510 USA

Received 13 September 1985

The cross section for two-gluon to four-gluon scattering 1s given in a form suitable for fast
numerical calculations.

| Nucl.Phys. B269 (1985)]
+ Once considered computationally intractable

The cross sections for the elementary
two—four processes have not been calculated, and their
complexity is such that they may not be evaluated in the
foreseeable future. It is worthwhile to seek estimates of
the four-jet cross sections, even if these are only reliable in 5
restricted regions of phase space.
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gluons. The cross section for the scattering of two gluons with momenta p,, p, into
four ginons with momenta ps, ps, ps, ps is obtained from eq. (5) by setting I =2 and
replacing the momenta ps, p, Ps, Ps by —ps, —Ps, —Ps, —Ps-

As the result of the computation of two hundred and forty Feynman diagrams,
we obtain

A o,(P1; P2, P3, Pas Pss Ps)
@

K K, K, K\ [2
K, K K. K 2,
~(a' @t gt gt N 3 - o
"(@:91)’@0597)(2) K k K K||a. |’ 6)
K. K, K, K| \a.],
(1)
where 9, 9,, 9, and D, are 11 p plex vector functions of the

P1, P2, P3, Pas Psand pg,and K, K, K, and K are 11x11sy ic matrices.
The vectors 2,,, 9, and &, are obtained from the vector @ by the permutations
(p2* p3), (ps +> pe) and (p, «> ps, ps & pg), respectively, of the momentum variables
in @. The individual components of the vector & represent the sums of all contribu-
tions proportional to the appropriately chosen eleven basis color factors. The
matrices K, which are the suitable sums over the color indices of products of the
color bases, contain two ind structures, prop 1to N*N*-1) and
N?*(N*-1), respectively (N is the number of colors, N =3 for QCD):

K =g N* (N>~ 1)KD +1g* NYN*-1)K?. G

Here g denotes the gauge coupling constant. The matrices K and K® are given
in table 1. The vector @ is related to the thirty-three diagrams D®(I =1-33) for
two-gluon to four-scalar scattering, eleven diagrams DF(I =1—11) for two-fermion
to four-scalar scattering and sixteen diagrams DS(=1-16) for two-scalar to
four-scalar scattering, in the following way:

2814
m-‘zs%e {fiC® - DF — 45141123 (ps+ pe, ps)C - D

~2814G(ps+ps, pst+pe)C° - D3},

Do=

S,
2,=%c° D, (8)
23

where the constant matrices CS(11x33), CF(11x11) and C%(11 X 16) are given in
table 2. The Lorentz invariants s, and #, are defined as s,=(p;+ P tw=
(p,+p,+pi)* and the complex functions E and G are given by

E(p, p) =3P 2)(2.2) — (91 2)(P,P2) ~ (P1P)(PiPa) + i P DI DI PAY (P1PS)

G(p, p,) = E(ps Ps)E(py Ps) » (&)
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4
DF(9) =———{[(pr~ P2+ Ps)(Pa+ Ps— P6)1E(ps, Ps)
5158367125
~U(P1= P2 Ps)(pa=ps+ P 1E(Ps, Pe) + [Pa(Ps = P)E (ps, P2~ Ps)} »
4
DF(10)=————{[(py+ P2~ Ps}(Pa— D3+ P)1E (P2, Ps)
S25846h125

—[(ps = P2+ Ps)(Pa—Ps+ P)1E(Ps, ps) + [p1(p2~ Ps)1E(Ps— Pes Do)} »

8.
DS(11) = —2—[s535— 556+ 161 »
S361124
—8,
D) =~ [sn— 526~ 5],
S36l1as
8;
Df(13) = 2 [512— 524][535 — S5+ 5361
S14836t124
DEO4) = —=—[s15~ seslls ~ 526 526]
S1aS36tias
8
DS(15)=—= (.= P)(Ps—Pps)
$14836
-4
DS(16) = ———— [ 535~ 556+ 536 E (P2, 2)
S12836t124

4
DSAT)=— [523— 526 = 836 E(ps, Ps) »
$365astias

-4
DF(18) = ———[2(p1+P2)(Ps —Pe) = 5361 E (P2, bs)
$12536545

-2
DF(19) = P E(p2p3—Ps) s
1

2536

2
D§(20) = —— E(ps—pe, Ps) »
$36545

e ——

[526— Ss6 52s1E(p3, 3)
5255341134

4
DF(22) = ———— [523~ 535~ 525 E(Ps, Pe)
S16525t146

4

S16525534

D$(23)=

[2(p1+ Pe)(P2— ps) + 5251 E (P, P3) »

ccoocoocoo~oo
~—ooOom~ooOC
1 [l
coNonNooO -
) |
cococo~coooo~
cooocoocoo~no
1
~mCcOO~mmoOOO
] [
cCommmoom~mooO
[
ce~omooo~0co
cocooccocooco~o
co~omocoooo
v
coco~ocoococo
cocoooco0 O -
coocom~moo~ooo
)
eecoo~roooco
~qmoocococoooo

So~qmoo~ooo

R - R ==
®eoooo~noooo
~~coocoococoO
OO m~OOO O
[
oo ~mmoo~000
(]
como~ocoO =0
coocoocoo000 ~O
comomo0o0oOO S
cooco~oomooo
cooccocoo~0o

coco~ocoooco

Indices I and J specify row numbers and column numbers, respectively.
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TABLE 1
Matrices K(I, J)[I =1-11, J=1-11]. cccoococo~coo
ccoco~ocoocoo
Matrix K@ Matrix K@
cceo~cocccco
8 4-2 2-1 2 0 1 0 0-1 00 0000003 3-3 -
4 8-1 1-1 0 2 1 0 1-1 00 000 000 3 3 0 eemesscess
2-1 8 4 4 1 1 2 212 0000000000 O comomcococooo
21 4 8 2-1-1 4 1 1 1 0006 0000000 O
-1 4 2 8 1 2 4-2-1 4 00000000000 . coco-co~ocoo
2.0 1-1 1 8 4-1 0 1 0 000000000 3 3 0 )
002 1-1 2 4 8-2 00 0 00000000 3 3 0 o coomooo~ooo
11 2 4 4-1-2 8-1-1 2 60 0000 0O0O0O0O I
00 2 1-2 0 0-1 8 4-2 33000330000 - °eo~~oo0co0e
001 1 1-11 0-1 4 8§-~1 33000 3 3 0000 = ol®
4-1 2 1 4 0 0 2-2-1 8 -3 00 0 00 000 0 0 T eeeescss °19 ;
] coemomocoonoo | E
Matrix K Matrix K2 = ! s
S coccccoco~oo
0000 1 10 1 1 0-1 33030003 00 0 =
00 0 0 2 0t 1 2 1-2 3300 00 0 00 0 O (3 ceeeceeeo e
0000 0 0 1 11 0 1 1 003 00 3 00 3 30 M - B
0000 100 2010 3000030000 0 g cegeneesmes
120101 2 200 2 00000000 3 3 0 = commomococOO®
1 01 0 1 42 00 0-1 00330000 3 3 0 o [
01 1 0 2 2 40 0 0-2 000000 O0O0TCOC 3 0 i ne-soosccos
111 2200 400 0 30000000 3 00 =
12 00000 0 0 2-1 00303 303000 wSle | me-qeececece
01 1 1 0000 2 40 00 303 330000 PIRON
-2 1 0 2-1-2 0~t 0 4 00000 000G 0 O gl |f|eecco~-ccocoe
=3
Matrix K& Matrix K& *‘:;: S|l ~cococococoscoo 7
=
= frocco~mocoo
42 020101000 00 000 0 0 0 3 0-3 i) ! [
2 401 00 1 1 010 00 003003000 = cececo~qrococoo
604 2 21 11210 000000 3000 0 2
2 1 2 01 2 1 01 0 0 0 0 0 0 0 0 0 0 0 0 0 - “Tececeececee
602100 00 4 2 2 0300 00 3000 0 o
101 20000120 00000 3 300 0-3 2 ceesemreeee
001 1 1000 02 4 0 00 3 0333000 0 5 ~-rococoocooco
1110000 0 2 0t 0300000300 0 n
000 2 1 41 2 2 0 0-4 3000000000 0 = coom~oooncoo 0
001 10 2 2 400 0-2 0000 0000 03 0 S
0 0 0 0 2 0 0 1-4-2 4 -3 0 0 0 0-3 0 0 0 0 0 = eeeeneoroee T
Q o -
Matrix K Matrix K& ] eemegesesesy
8 co~mocooococo |l
0 1-1-1 1101 200 330003 3 00 00 £ ! x 1
1 0-2-1 2 01 1 4 2 0 3300 03 300 0 0 3 oo ~mmoco~ocool| g
-1-2 0 0 0 1 1 1-11 0 0 0 3 3 3 00 3 0 0 0 =
-1 01 0 210 1-1 0 00 33300 3 00 3 seo~rpeencoo
1200 1-1-1 0-2 2 1 0033300 300 0 - -
101 2-1 0 1-2 2 4-1 3300 0 3 3 0 0 0-3 eemyreepeee
0 1 1 1-1 1 0-1 4 8-1 33000330000 ce~-moo—coo
111 0 0-2-10 2-2 0 0 0 3 3 3 00 3 00 0 v
2 4-1 1-2 2 4 2 1 0-2 00000000 3 3 0 com-moomooe
02 1-1 2 4 8-2 0 0 0 0 0 0000003 3 0 L
0 0 0 0 1-1-1 0-2 0 2 00 0 3 0-3 0000 0 ~feeep—~occe
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-2 F 4
DF(24)=——E(p=ps, P3), DG(4) =————{F(p2, p) E(ps, ps) = F(ps, p3) E(p2, ps)
525534 S258340125
+[F(ps, p2) — 38253512+ 35151 E(ps, ps)}
DF5) =~ E(ps 2= Ps) > v S
16925 2
2 D5(5) = ———[s35— 523+ 5251 E(Ps, P5) »
Dg(26) = — E(p;, p»~ps) Sissastue
2 Si2b12s ’ ’

2
D?(27)=s E(ps—Ppe, Ps) »
3

s

2
DF(28) =;t— E(ps,p2-ps),
15h2s

=2
DS(29) = s—tv E(ps—pe, P3) »
3al12s

D$(30) = 4 [(p1+P2— Ps)(Ps+ P3—Ps) — ti2s1E(P, P3)

S1283at125
4
DF(31) = ————[(pr+ P2=ps)(Pa= P3+ P6) + t12s1E (P2, D) »
S12846t125

4
————[(p1= P2+ Ps)(Ps+ Ps— Pe) + 1125)E(ps, p3)
$15835t125

D3(32)=

4
DF(33) = ————[(p1~ P2+ Ps)(Ps=Ps+ Pe) — tuzs]E(ps, po) »
S158a6t125

where §;=1.

The diagrams D’ are obtained from DS’ by replacing 6, by 8, =0 and the functions

E(p,p) by G(p, p).
The diagrams D§ are listed below:

D51y =——— (F(ps, p)E 5, 1)~ F(ps, PYE (pes p5)

S1583at12s

+LF(ps, )+ 53] E(ps, ps)}
-4

516525534

+LF(p2, ps) +35341E (Ps, s) = F(Pe, P)E (P2, P5)}

Dy(2)=

{[F(pe, P2) +15161E (P3, s)

—4—tm{F(ps. POE(s, Ps)— F(ps, P E (B, p5)

S15836

D;(3)=

~[F(ps, ps) ~ 38361536+ 35461 E(Ps, ps)}

2
D§(6) = ————[ 555 526~ 5251 E(Ps, Ps) ,
5258341134

4
D5(7) =————{LF(ps, p2) — 3525~ 5512+ 55151 E (3, ps)

258360125

+LF(pz, ps) +it1as] E(Ps, ps) ~ [ F(ps, ps) +3ti2s) E(po, Ps)}

1
D§(8) Iy E(ps—pe, P5)
14536

2
D(9) =————[ 535 = $56+ 5361 E(P2, Ps) »
S14836t124

2
D5(10) = ——— [523— 52~ $36)E(ps, Ps) »

S14536T14s

1
Dil) =
o(11) 2514825836

11)

{823+ 835 = 526 — 556 JE (P2 = P, s)

— 823 526 = 535 = 5561 E(P3— Po, P5) = [523+ 556 = 535 = 526} E(P2+ s, Ps)} -

The diagrams Dj are listed below:

1
D(1) =————[534= 56+ S36][ 812~ $15~ 851 ,
S25836t125
S 1
Du(2)=s oot [512— 824~ 5141835 — 5356+ 5361,
14536124
S 1
Di(3) =— 515 a5+ S14)[823— 526 = S36]
S145367145
S 1
Do(4) = St [s15+ 525 = 512][ 850 SusF 536]
15536h125
< 1
Dg(5) St D556 815~ 51610823 — S24— 534]
1553af1s6
s, 1
Do(6) = Siasual, [546— 30~ S36][S12— 525 — 5151,
155340125

(12)

Needs (Once) Beyond Our Reach

+ Background amplitudes crucial for e.g. colliders
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where ¢ is the totally antisymmetric tensor, &,,,, = 1. For the future use, we define
one more function,

F(p, p)={(p.p)(p.p)+(p1p)(B,ps) ~ (1 2)(P.P)Y (P1Pe) - (10)

Note that when evaluating A, and A, at crossed configurations of the momenta,
care must be taken with the implicit dependence of the functions E, F and G on
the momenta p,, p, ps, Ps.

The diagrams D are listed below:

DE(1) =2 {[(p2 ) (ps ~ p(Ps ~ P)(ps + P)] (P2~ p)(ps + )]
514525536
X[(p1= Pa)(P3~ Pe)1+ [(P2+ Ps)Ps — Pe) I (P — Pa) (P2~ Ps)]},

D§(2)= stlsw {2E(p,— ps, ps~ Ps) = 2E(p3—Ps, P2~ Ps) + 8:[ (P~ ps)(ps~po) 1},

DEG) = {[(ps+ p2= D) P+ Py~ 1E (P2 1)

825836125
—[(p1+ P2~ P5)(Pa—Ps+ P)IE (P2, ps)
=[Py = P2+ ps)(Pa+ Ps— Ps)1E (ps, p3)
+[(p1= P2+ ps)(pa=—ps+ ps)E(ps, Ps)
=[p1(p2 = P)IE(ps— Pe, P3+ Ps) —[Pa(Ps— Pe)1E (P2 + ps, P2~ ps)
+8:Lp1(p2 = P)IPa(ps — P61},
-2

S36t12s

D)= {E(ps= Po, P3+ Ps) = 8:Lpa(P3— pe) 1},

-2
D$(5) =——{E(p2+ps, p2—ps) — 82l pr(p— p5)1} ,
S2sf12s

D§(6) =22,
tizs
G, 4
DF(7) = — {[(p1+ P>~ Ps)(Pa+ Ps— Ps)1E (P2, Ps)
S12836t125

~[{p1+p2= PsXps— Ps+ Pe)1E(P3, Ps) —[Pa(ps — pe)1E (P2, P2~ P5)}

4
DE(®) =————{[(pr+ P2~ Ps)(Ps+ps— ) |E (P2, p3)
$3a825t125

=[P = P2+ Ps)(Pa+ 3= P)IE (Ps, P3) —[P1(P2~ Ps)1E(Ps ~ Pe, P3)} »
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1
D(7) =———I[s36— sas+ 3] 51— 15— 5251,
$25834t125

1
D(8) =————[s35+ 835~ 531814~ a6+ 516] »
S165250146

1
D9) =———[ 514+ 34— 131526~ 555+ 525],
$25834t134
1
D3(10)=——(p~ps)(P:~Ps) ,
S25536

1
D3(11) =—— (p1 = Pa)(P5~Ps) ,
$14936

1
S16525

Dy(12)= (Ps—P)(P2—ps)

1
Di13)=—— (s~ ) (B3~ P4).,
15934

D19 == (=) =P
D3(15) = ——{{(p2+ P (55— PTL(P1 = ) P2 P}
814525536

+ (P2~ ps)(ps~pe) L (p1—ps) (ps+ Po)]
+[(pi+p)(p2— p)N(P1— Pa)(Ps = o)1},

D§(16) =—2— {{(p2= p)(ps+ PN (P~ )Py~ 2]

516534525
+0(p1+ o) (ps — P (P — Ps) (P2 —p5)]
+[(pr=Ps) P2+ ps)I(Ps—Pa) (P~ ps) ]} - (13)

The preceding list completes the result. Let us recapitulate now the numerical
procedure of calculating the full cross section. First the diagrams D are calculated
by using egs. (11)-(13). The result is substituted to eq. (8) to obtain the vectors 9,
and 9,. After generating the vectors 2o , Do,, Do,, D2, D5, and 2, by the appropriate
permutations of momenta, eq. (6) is used to obtain the functions A, and A,. Finaily,
the total cross section is calculated by using eq. (5). The FORTRAN 5 program
based on such a scheme generates ten Monte Carlo points in less than a second on
the heterotic CDC CYBER 175/875.

Given the complexity of the final result, it is very important to have some reliable
testing procedures available for numerical calculations. Usually in QCD, the multi-
gluon amplitudes are tested by checking the gauge invariance. Due to the specifics
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gluons. The cross section for the scattering of two gluons with momenta p,, p, into
four ginons with momenta ps, ps, ps, ps is obtained from eq. (5) by setting I =2 and
replacing the momenta ps, p, Ps, Ps by —ps, —Ps, —Ps, —Ps-

As the result of the computation of two hundred and forty Feynman diagrams,
we obtain

A o,(P1; P2, P3, Pas Pss Ps)
@

K K, K, K\ [2
K, K K. K 2,
~(a' @t gt gt N 3 - o
=(2, 2;, 2., 97)(2) K k K K||a. |’ (6)
K. K, K, K| \a.],
(1)
where 9, 9,, 9, and D, are 11 p plex vector functions of the
P1s P2, P3, Pas s 2nd pe, and K, K., K, and K, are 11x11sy ic matrices.

The vectors 2,,, 9, and &, are obtained from the vector @ by the permutations
(p2* p3), (ps +> pe) and (p, «> ps, ps & pg), respectively, of the momentum variables
in @. The individual components of the vector & represent the sums of all contribu-
tions proportional to the appropriately chosen eleven basis color factors. The
matrices K, which are the suitable sums over the color indices of products of the
color bases, contain two independent structures, prop 1to N*N*-1) and
N A ?—1), respectively (N is the number of olo} N= or OCD):
= b= -

Lo oo o N T O3 2

\

ttheorist’s delight.

/
L4
- ) .
Lo - o PO I IIND, ode e - Las L e’ 2an_auce
s 2 S . il _[7 3
$14836
G, -4
D5(16) = ———[s35— 556+ 53] E(P, P2} »
S12836t124
pfan= ————[823— 526 = $36]E(ps, Ps) ,
$365astias

-4
DF(18) = ———[2(p1+P2)(Ps —Pe) = 5361 E (P2, bs)
$12536545
G -2
D3(19) = E(p2p3—Ps) s
12

S36

2
D§(20) = —— E(ps—pe, Ps) »
$36545

DF(21) = [526— Ss6 52s1E(p3, 3)
5255341134
D§(22)= [523~ $35— 5251 E (ps, Pe) »
S16525t146
4
DF(23)= [2(p1+ )Pz = ps) + 5251 E (P, ) »

S16525534

form for the answer, makin
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TABLE 1
Matrices K(Z, J)[1 =1-11, J=1-11].

Matrix K@ Matrix K@
8 4-2 2-1 2 0 1 0 0-1 0 0 0 0 0 0 0 0 3 3-3
4 8-1 1~-1 0 2 1 0 1-1 0 0 0 0 0 0 0 0 3 3 0
-2-1 8 4 4 1 1 2 2 1 2 0 00 0 0 0 0 0 0 0 O
2 1 4 8 2-1-1 4 1 1t 1 00 06 00 0 0 0 0 0 0
-1-1 4 2 8 1 2 4-2-1 4 0 0 0 0 0 0 0 0 0 0 O
2 0 1-1 1 8 4~-1 0 1 0 0 0 0 0 0 0 0 0 3 3 O
0 2 1-1 2 4 8-2 0 0 0 0 0 0 0 0 0 0 0 3 3 0
11 2 4 4-t-2 8-1-1 2 6 0 0 0 0 0 0 0 0 0 O
0 0 2 1-2 0 0-1 8 4-2 3 3 0 0 0 3 3 0 0 0 0
6 1 1 1-1 1 0-~1 4 8-1 3 3 00 0 3 3 0 0 00
-1-1 2 1 4 0 0 2-2-1 8 -3 0 0 0 0 0 0 0 0 0 O
Matrix KV Matrix K?
00 0 0 1 1 0 1 1 0-1 3 3 0 3 00 0 3 0 0 0
6 0 0 0 2 0 1t 1 2 1-=2 3300 00 0 00 0 O
c 0 0 0 0 1 1 t 0 1 1 0 0 3 00 3 0 0 3 3 0
06 0 0 0 1 0 0 2 0 10 3 00 0 0 3 0 0 0 0 0
r 2 0 1 0 1 2 2 0 0 2 0 0 0 0 0 0 0 0 3 3 0
1 0 1 0 1 4 2 0 0 0-1 00 3 3 00 0 0 3 3 0
0 1 1 06 2 2 4 0 0 0-=2 0 ¢ 0 0 0 0 0 00 3 0
111 2 2 0 0 4 0 0 0 3 0 00 0 0 0 0 3 0 0
12 0 0 0 0 0 0 0 2-1 0 0 3 0 3 3 0 3 0 0 0
0ot 1 1 06 0 0 0 2 40 0 0 3 0 3 3 3 0 0 0 0
-1-2 1 0 2-1-2 0-~1 0 4 0O 0 0 00 0 0 0 0 0 O
~a v C v S ST TR T e v
T S PN o A

'
'
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Furthermore, we hope to obtain a simple analytic
g our result not only an experimentalist’s, but also a

a = \ - -
4

————[(p1= P2+ Ps)(Ps+ Ps— Pe) + 1125)E(ps, p3)
$15835t125

D§(32) =

D§(33)= [(p1= P2+ Ps)(Pa— P+ Pe) = tias1E(ps, Ps) » an
S15846t125
where §;=1.
The diagrams D’ are obtained from DS’ by replacing 6, by 8, =0 and the functions
E(p,p) by G(p, p).
The diagrams D§ are listed below:

D§()=—— (F(ps, P E (53, )~ Flps, P E (i, )
Sy5534t12s
+[F(ps, P3)+ 53)E (s, ps)} »
-4
Di(2)= {[F(pe, P2) +15161E (P3, s)
516525534
+LF(p2, ps) +35341E (Ps, s) = F(Pe, P)E (P2, P5)}
D§(3) =—— {F(ps, p)E(ps, )~ F(ps, P E(pis p5)
S15836th2s

~[F(ps, ps) ~ 38361536+ 35461 E(Ps, ps)}

= Yo7 pp B Lo b sha RS - N =
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Dy(11)= 2514525556 {823+ 835 = 526 — 556 JE (P2 = P, s)

—[823+ 826~ 535~ 5561 E(P3 — Pe, P5) ~ [ 523+ 56— S35 5361 E(P2+ Ps, P5)} -
(12)
The diagrams Dj are listed below:

D§(1)=_l_

[534— 546+ 536][$12— 815~ 525,
S25836t125

D§(2) = _1_.

[512— 824~ 5141835 — 5356+ 5361,
S145367124

Di3) = 515 a5+ S14)[823— 526 = S36]

S145367145

D3(4) = [s15+ 525 = 512][ 850 SusF 536]

$15536t12s

D}(5) =

————[sse— 515~ 516]0823— S24— 534]
S15S34l156

Di(6)=

[546— 30~ S36][S12— 525 — 5151,
Si55341125

Needs (Once) Beyond Our Reach

+ Background amplitudes crucial for e.g. colliders
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where ¢ is the totally antisymmetric tensor, &,,,, = 1. For the future use, we define
one more function,

F(p, p)={(p.p)(p.p)+(p1p)(B,ps) ~ (1 2)(P.P)Y (P1Pe) - (10)

Note that when evaluating A, and A, at crossed configurations of the momenta,
care must be taken with the implicit dependence of the functions E, F and G on
the momenta p,, p, ps, Ps.

The diagrams D are listed below:

D) =2 — ({52 p)(ps~ pIL(Ps ~ p)(ps-+ P~ [(P2~ ) ps + )]
514525536
X [(p1= pa)(ps— P61+ (P2 PsHps— pe) I (P1 — Pa) (P2~ P5)1}
DzG(z) = S251S36 {2E(p,— ps, ps~ Ps) —2E(p3— s, P2~ p5) + &:[ (P2 —ps{ps—pe)l},
DS(3) = ——{{(ps + 2 po){pa+ s~ P 1E (52, P

$25836t125

—~[(pr+P>= ps)(Pa—Ps+ Pe)1E (P2, Ps)

1
514525536

+ (P2~ ps)(ps~pe) L (p1—ps) (ps+ Po)]
+[(pi+p)(p2— p)N(P1— Pa)(Ps = o)1},

D3(15) = P2+ 25>~ PP~ P P2 )]

D§(16) =—2— {{(p2= p)(ps+ PN (P~ )Py~ 2]

516534525
+0(p1+ o) (ps — P (P — Ps) (P2 —p5)]
+[(pr=Ps) P2+ ps)I(Ps—Pa) (P~ ps) ]} - (13)

The preceding list completes the result. Let us recapitulate now the numerical
procedure of calculating the full cross section. First the diagrams D are calculated
by using egs. (11)-(13). The result is substituted to eq. (8) to obtain the vectors 9,
and 9,. After generating the vectors 2o , Do,, Do,, D2, D5, and 2, by the appropriate
permutations of momenta, eq. (6} is used to obtain the functions A, and A,. Finally,
the total cross section is calculated by using eq. (5). The FORTRAN 5 program
based on such a scheme generates ten Monte Carlo points in less than a second on
the heterotic CDC CYBER 175/875.

Given the complexity of the final result, it is very important to have some reliable
testing procedures available for numerical calculations. Usually in QCD, the multi-
gluon amplitudes are tested by checking the gauge invariance. Due to the specifics
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Perturbations of Parke/Taylor’s Guess

+ What about beyond the leading order of approximation?
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complexity of the computations. It has also been useful to use the results for the cuts

already computed when computing the coefficients of integrals detected by new cuts. In this

way, one can insure the consistency of results from different cuts and reduce the number of
unknowns at the same time.

Let us make a further comment about our computation procedure. The conformal inte-
grals with pentagon loops have numerators containing the loop momenta in combinations
like (k + 1), where I is the loop momentum and k is an external on-shell momentum. If
the propagator with momentum [ is cut then, on that cut, one cannot distinguish between
(k+1)* and 2k - I. However, it is easy to see that one can choose to cut another propagator

and in that case this ambiguity does not arise and the numerator factor is uniquely defined.

IV. RESULTS

We use dual variable notation (see Ref. [48]) for the integrals. The external dual variables
are listed in clockwise direction. To the left loop we associate the dual variable z, and to
the right loop we associate the dual variable z,. We use the notation a;; = a; — ;.

We introduce the following notation which will be useful in the following

ab e

<+ & (permutations of {a’,V/,¢,...}). (6)

= a2}
atd ..

The sign + above takes into account the signature of the permutation of {a’,/, ¢

is easy to show that
‘ b/ CT = deraR G
QY| e
For some topologies, the expansion of the [ } symbol yields terms that would cancel
propagators. For those cases we make the convention that all the terms that would cancel
propagators are absent. In fact, as we will see, terms that would cancel propagators of the
double pentagon topologies naturally yield coefficients for some of the topologies with a

smaller number of propagators.

1 a +1b-1
1 “ (53)
Hlb+1e—1 ¢

ut

&

Kissing double-box topologies

llaa+1b-10 1| a a+l b b+1

Albo+1a-1al 4|o-1 b a-1 a

%

1/, 2 2\ 2 2 2 22
s () = s ()

2 22 22)2_ g2 g2 2 2
0 ran T () T T T T

2 2 2 .2 2 2
= L1 b1 % b1 Tag 1 pTab T La1 1% b1 Tas1 plap T

2> 2 2\ (54
+ Tao1pTap-1Tas1 bflfab) (54)

lla+la+2b-10 1la=1 a atla+2

b
L 41
a 41 brta—1a|l 4| b b+1|[b-1 b
(55)
b
Llatla+20-10 1la+lat2| |b+1b+2
> b1 b42a-1a] 4lo-1 b a-1 a
(56)
b
llaa+1b-10b 1 a a+1 b b+1
- } (57)
ale Hob+rre—t1el 4o-1 b ||e=1 ¢
¢ 1| a avrv-10 1| a a+t1||p+1b42
1 41
4D dlb+1b+2c—1¢| 4|b-1 b c—1 ¢
(58)
e
1laa+1b-10b] 1| a a+1 c c+l|
-7 - (59)
ald dleecrrd-14d] 4{o-1 b d-1 d

|

y X)

A. Double box topologies

In the case of the double box topologies the massive legs attached to the vertices incident
with the common edge have to be a sum of at least three massless momenta. The cases
where these massive legs are the sum of two massless momenta are treated separately in the

subsection. IVA7. This distinction only arises for the double box topologies.

No legs attached
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b () s ®

g

1
1) )
1 2 2 2 2 .2 2
= T (Top1Tomrp — TapToo1pm1) (10)
2. One massless leg attached
b
1 2 2 2 2 2
1 (%2 b1 iens — TaTapi 1) Taran (11)

2 2 2 2
at16 T Tatap2PapTarip™

Lonitias) (12)

JUECECH

a0t (14)

imdmAn{

- ta-1Ta-sa — 2o t0Te-s0-1) Taza (15)

i
i\

s

Two massless legs attached

2 2 2 22 2
ab2%at16Th-10+1 ~ Tapt1Tar1 pTo-1 5427

a2 ) (16)

2 2 2 2 2.2
Ta-1p-1%abt1%at16 T Tao1b-1%abTat1b41~

= pentapa) (7)

2 22
—2a+2%a-1a+1%a,043

2 raahinars) (19)

2 2 22 P
204380 1at1%qat2 — 2

T IF IF
S

2 2 2
t T 2011%a 1 042%aats —

=~

One massive leg attached

1

TPa-20%0n1 a1 Taas2 (19)

i

e Taerisn)  (20)

1

JEGEVEVE

2 g2 2 2 2
acTat1bThe—1 7 TapTa+1,cThe—17

infnin

I
L A i) @

Q

Box-Pentagon topologies
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e 3
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which would

Note that in the previous formula we suppress the terms containing 7., ,

otherwise cancel a propagator of the underlying topology. When expanded out, the expres-

sion above has 12 terms.
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_Z (70)
dlar2b-10 ¢

s

In the previous formula we suppress the terms containing 2, , , which would otherwise

cancel a propagator of the underlying topology.

Two massless legs attached
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In the previous formula we suppress the terms containing 2, , which would otherwise

cancel a propagator of the underlying topology.
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We have written down this formula to emphasize how nontrivial it is. We suppress

the terms containing #2_, , and 22, ,, respectively. These terms would otherwise cancel a

propagator of the underlying topology. We will see below that the box-pentagon topolog
with massless legs attached to the vertices of the edge common to both loops can in fact be

seen to originate in double-pentagon topologies, by cancelling some propagators.

D. Double pentagon topologies

1. No legs attached

1laa+1b=10bp

4 (73)
o b+1a-1agq

a

In the expansion of the above formula we drop terms that would cancel propagators (in

2
ap?

2

this case, the terms containing a2, a2,, #3,, a7, or 22,). This expression has 6 terms when

expanded.
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In the formula above we drop terms that would cancel propagators (in this case, the
terms are 2, o2, and #2,). This expression has 15 terms when expanded.

3. One massive leg attached
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-1 (75)
b b+le—1cgq

gz

In the formula above we drop terms that would cancel propagators (in this case, the

2

terms containing a7, 7, or a7,). This expression has 16 terms when expanded.

~

Tuwo massless legs attached
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-1 ! (70)
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g

In the formula we drop terms that would cancel propagators (in this case, the terms

containing «2,). This expression has 64 terms when expanded.

5. One massless, one massive leg attached
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In the formula above we drop terms that would cancel propagators (in this case, the

terms containing a7,). This expression has 78 terms when expanded

6. Two massive legs attached

1 a+1b—1bp
_pe 7 (78)
e er1d—1dg

In the formula above we drop terms that would cancel propagators (in this case, the terms

2

containing #2,). When expanded, the above expression contains 96 terms. The number of

conformal dressings is 160 (the number of coefficients unrelated by symmetries is lower).

E. Assembly of the result

As explained in Sec. II, for the MHV amplitudes the ratio between the (-loop amplitude
and the tree-level amplitude can be written as a sum between parity even and parity odd
contributions
M = MOeen 4y (79)
Then, the even part can be written
M@even = —g=Dete / Py dPr,y > sl (80)
“ o i€Topologies
where the first sum runs over cyclic and anti-cyclic permutations of the external legs, the
second sum runs over all the topologies, s; is a symmetry factor associated to topology i,
¢; is the numerator of the topology i, as listed in Sec. IV and I; is the denominator or the
product of propagators in the topology i
Apart from the parity odd part which we have not computed, there is also a contribution
which is not detectable from four-dimensional cuts, denoted by M®#. This part of the
result is such that its integrand vanishes in four dimensions, but the integral itself can give
contributions to the divergent and finite parts. In Ref. [32], for n = 6 case, this part of the
result was found to be closely related to O(c) contributions at one loop, M.
Based on previous computations we expect that the odd part and the ju integrals will

not be needed in order to compare with the Wilson loop results. The odd parts could be

——
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What Form do Observables Take?

+ But what about after regularization and loop integration?
What is the mathematical form of the predictions made by QFT?
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What Form do Observables Take?

+ But what about after regularization and loop integration?
What is the mathematical form of the predictions made by QFT?
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What Form do Observables Take?

+ But what about after regularization and loop integration?
What is the mathematical form of the predictions made by QFT?

Classical Polylogarithms for Amplitudes and Wilson Loops

A. B. Goncharov,! M. Spradlin,? C. Vergu,? and A. Volovich?

! Department of Mathematics, Brown University, Box 1917, Providence, Rhode Island 02912, USA
“Department of Physics, Brown University, Box 1843, Providence, Rhode Island 02912, USA

We present a compact analytic formula for the two-loop six-particle maximally helicity violating
remainder function (equivalently, the two-loop lightlike hexagon Wilson loop) in N' = 4 supersym-
metric Yang-Mills theory in terms of the classical polylogarithm functions Lix with cross-ratios of
momentum twistor invariants as their arguments. In deriving our formula we rely on results from
the theory of motives.
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What Form do Observables Take?

+ But what about after regularization and loop integration?
What is the mathematical form of the predictions made by QFT?

State of the art:
6-point (N)MHV @ (6) 7 loops(!!!)
7-point (N)MHV @ 4 loops (symbol-level)  [pixon.era 2019):...]



Amplitudes: a Virtuous Cycle

Compute Something

beyond the reach of
recent imagination

Exploit Simplicity
to build more powerful
computational technology

Discover Simplicity
beyond expectations

Understand Why

study it, understand it,
& explore consequences



What Form do Observables Take?

+In a general (say, 4d) QFT, it would have recently been expected
by “experts” that observables took the followi?g general form:
3
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coefficients:
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rational

leading singularities

weight-1
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What Form do Observables Take?

+In a general (say, 4d) QFT, it would have recently been expected

by “experts” that observables took the following general form:
(general dimension d: 2+ |d/2])

] — Atree h.A(Lzl) B2 A(LzZ) - hL A(L)

¢ weight-1 = : e : planar N =47
polylogs : )
o ) [ veisht]
polylogs 4 &
coefficients: e

leading singularities 10



What Form do Observables Take?

+In a general (say, 4d) QFT, it would have recently been expected

by “experts” that observables took the following general form:
(general dimension d: 2+ |d/2])

] — Atree h.A(Lzl) B2 A(LzZ) - hL A(L)

¢ weight-1 = : e : planar N =47
polylogs : )
B [ veisnt]
polylogs 4 &
coefficients: e

leading singularities 10



What Form do Observables Take?

+ Unfortunately, many pesky counterexamples were to be found:
[Kéillén, Sabry; Bloch, Kerr, Vanhove; Broadhurst;.. ]

| Doran, Harder, Thompson (2019) ]

CYq CY, CY;
sunrises: —@- —@- —@- }Zd, masive
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What Form do Observables Take?

+ Unfortunately, many pesky counterexamples were to be found:
[Kéillén, Sabry; Bloch, Kerr, Vanhove; Broadhurst;.. ]

| Doran, Harder, Thompson (2019) ]

CY1 CY2 CY3
sunrises: —c@n —@- —@- 2d, masive
V\ 4d, massless

an 8-loop vacuum graph [Brown, Schnetz (2011)]
evaluating to a K3 period

11



What Form do Observables Take?

+ Unfortunately, many pesky counterexamples were to be found:
[Kéillén, Sabry; Bloch, Kerr, Vanhove; Broadhurst;.. ]

| Doran, Harder, Thompson (2019) ]

CY, CY, CY,
sunrises: —@- —@- —@- } 2d, masive
traintracks: j:t:( j:i:t:( j:i:t:i:( } 4d macslon

[J B, McLeod, von Hippel, Wilhelm (201 8)]

tardigrades: X( @( W/\/é(
CY, CY,

CYZ(L'l) 11




What Form do Observables Take?

+ Unfortunately, many pesky counterexamples were to be found:
[K'eillén, Sabry; Bloch, Kerr, Vanhove; Broadhurst;.. ]

| Doran, Harder, Thompson (2019) ]

CYq CY, CY;
suntrises: —@- —@- —@- }Zd, masive

Outside a small list of extremely limited / simple cases
(which are widely expected™ to be exceptions):

almost all observables in almost all QFTs
are expected to be non-polylogarithmic | wihem

tardigrades: g:; % /\/\j:.:ff/\/%
CY, CY,

traintra Lassless

11



What Form do Observables Take?

+ Unfortunately, many pesky counterexamples were to be found:
[K'eillén, Sabry; Bloch, Kerr, Vanhove; Broadhurst;.. ]

| Doran, Harder, Thompson (2019) ]

CYq CY, CY;
suntrises: —@- —@- —@- }Zd, masive

+In every instance known, the Calabi-Yau itself is very simple:
» degree-(d+1) hypersurface in P* (or multiple-cover thereof)

+ kinematic data (momenta/masses) control the moduli
» often extremely singular (2018)]

CY, CY,

CYZ(L'].) 11
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Why is Perturbation Theory so Hard?'a

+ Feynman diagrams (esp. with scalar numerators) are horrible
» difficult to integrate, explosive in number, non-physical,...

+ Regularization obscures symmetries (+is technically difficult)

+ Most familiar mater integrand bases are unnecessarily bad:
» don’t satisfy nice/canonical differential equations
» contain multiple elliptic(+worse(!)) geometries,

} ' "W A. Smimov
Analytlc Tools for

Sgrengrs B at i Moders Pyeas 144

Feynman Integrals
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How can We Make it Easier?

+ Use unitarity to choose the nicest/easiest integrals to integrate
(of course, integration “ease” changes with time and new methods)

» search for as many pure integrals as you can
—those which satisfy nice (canonical) differential equations

Definition: a function f(s) is called pure if:
» there exists a grading of functions by “transcendental” weight
» any derivative of f(s) is strictly lower in weight

-i;, -‘ -
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+ Use unitarity to choose the nicest/easiest integrals to integrate
(of course, integration “ease” changes with time and new methods)

» search for as many pure integrals as you can
—those which satisfy nice (canonical) differential equations

Definition: a function f(s) is called pure if:
» there exists a grading of functions by “transcendental” weight
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How can We Make it Easier?

+ Use unitarity to choose the nicest/easiest integrals to integrate
(of course, integration “ease” changes with time and new methods)

» search for as many pure integrals as you can
—those which satisfy nice (canonical) differential equations

Definition: a function f(s) is called pure if:
» there exists a grading of functions by “transcendental” weight
» any derivative of f(s) is strictly lower in weight
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How can We Make it Easier?

+ Use unitarity to choose the nicest/easiest integrals to integrate
(of course, integration “ease” changes with time and new methods)

» search for as many pure integrals as you can
—those which satisfy nice (canonical) differential equations

+ Avoid regularization whenever possible:

» can all(?) finite quantities be computed without reqularization?
—without expanding them in terms of divergent integrals?

(Answer: sometimes)
|JB, Langer, Patatoukos (2021); ... ]

with numerator "1/, this integrates to a sum of
(an impure combination of) polylogarithms &

elliptic-polylogarithms involving 4 elliptic curves



Unitarity-Based Strategies:

a modern perspective



Generalized Unitarity: a modern take '3

+ The basic idea behind unitarity-based methods is that any
Feynman integrand is a rational differential form on loop momenta

» as such, it can be expanded into a basis B of such forms:
.A = Z &ibi
b*eB

+ For any fixed QFT (spacetime dimension, particle content),
the space of all amplitude integrands is finite-dimensional

» all-multiplicity amplitudes can be expressed in a finite basis!

+ Key observation: viewed as a potential element of some basis,
every Feynman integrand can be interesting!

» Why not try to find the best/easiest integrands—and use these?

15



Stratifying Quantum Field Theories

+ QFTs can be partially ordered by the scope of the basis required
to represent their amplitudes

U Z a; b’
b B
Standard Model|> |(Standard Model\Higgs)|>[QCD|>|Yang-Mills
Yang-Mills] >[N =2 super-Yang-Mills| >[N =4 super-Yang-Mills|
N =4 Yang-Mills|~ [planar N =4 super-Yang-Mills|> - - - > [fishnet theory]

This reflects UV behavior (“power-counting”) of theories;
it suggests a possible stratification of integrand bases

%SM = %N:2 = %NZZL

16



Stratifying Integrand Bases

+ Suppose that a basis could be carved up into subspaces
(by any arbitrary means):

R AN 4, with A= AB,s 5

p=0 p b B,

‘B

+ ;Is it possible to stratify integrand bases by physical structure?
{ﬁnite} P {divergent}

|JB, Langer, Zhang, (2021)]
|JB, Herrmann, Langer, Patatoukos, et al (2021)]
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Stratifying Integrand Bases

+ Suppose that a basis could be carved up into subspaces
(by any arbitrary means):

R AN 4, with A= AB,s 5

p=0 p b B,

‘B

+ ;Is it possible to stratity integrand bases by physical structure?
{ﬁnite} b {(@(1/62L)—divergent) b (@(1/62L_1)—divergent> B - (C’)(l/e)—divergent)}

> {(log(m)%—divergent)@ (log(m)%_l—divergenQ DD (log(m)—divergent)}

|JB, Langer, Zhang, (2021)]
|JB, Herrmann, Langer, Patatoukos, et al (2021)]
17



Stratifying Integrand Bases

+ Suppose that a basis could be carved up into subspaces
(by any arbitrary means):

.A = Z a@-bi
bresB

s A=A, with A,=ANB,= ) a8
p=0 p

b2 €5,

+ ;Can we further stratify each part by transcendental structure?

{ﬁnite}
/_/H
{max—weight} P {next—to—max—weight} D - P {rational}

e ™ ™ e |JB, Langer, Zhang, (2021)]

|JB, Herrmann, Langer, Patatoukos, et al (2021)]
OO 17

{polylogs} D {elliptic—polylogs} P {KS—polylogS} P



Prescriptive Integrand Bases

+ How generalized unitarity has been used to match amplitudes:

with coefficients C; determined by cuts: a spanning set of cycles{{2; }

(2

J
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+ How generalized unitarity has been used to match amplitudes:

with coefficients C; determined by cuts: a spanning set of cycles{{2; }
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Prescriptive Integrand Bases

+ How generalized unitarity has been used to match amplitudes:

with coefficients C; determined by cuts: a spanning set of cycles{{2; }
D201 38
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Prescriptive Integrand Bases

+ How generalized unitarity has been used to match amplitudes:

./4 —= Z CL@IZ'

with coefficients C; determined by cuts: a spanning set of cycles{{2; }

Ij — ZI,? (M—l)z’,j %221-@ — 57;7]'

J

+ A basis is called prescriptive if it is the
cohomological dual of a spanning set of cycles {€2; } 3



Strategies for Building Bases

+ Given some integrand basis (or strata thereof), one should
diagonalize the space of integrands according to a

homological/cohomological pairing;:
» choose a spanning-set of compact, max-dimensional contours {2
» normalize and diagonalize the basis by the requirement

E : : “residues”
= 03 ();: 41-dimensional compact contours < eliiptic periods

{2;

+ This trivializes the representation of amplitudes:

» the coefficient of any amplitude in this basis will simply be the
on-shell function evaluated on the contour (a leading singularity)

+ Choosing a maximal set of IR /UV-divergence-probing contours
ensures(?) that the basis is split into finite / divergent subspaces

K3 periods, etc.
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Today’s Revolution in QFT

+ Defining an ongoing revolution in science:
» when all the textbooks of a field become obsolete

+ Experts who need QFT no longer use textbook tools

JACOB BODURJAILY

‘.
Ty
b
iis

2.4 T L A e 1y

ALEXANDER GONCHAROV
ALEXANDER POSTNIKOV
JAROSLAVY TRNKA

GRASSMANNIAN

GEOMETRY OF
SCATTERING
AMPLITUDES

Amplitudes for Colliders

Bl EER=

+ The foundations for the future’s textbooks
are still being discovered every day (it’s exciting!)
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Diagonalization of Rigidity

+ Consider the following sets of pentabox integrands

|JB, Kalyanapuram (2022)]}
L @)
(1|a)(€1|b)(1|c) (£1]d) (£1]€2) (€2]e) (L2 f)(£2]9)
= (1| N)
{:t[ & L= ARGRED GG GG
. @M €1M)
{:t{ & B = O E R @G EGX) G GO GG
S (£1|N1) (61| N2) (2| M)
’étt{ & B G a6 G X) GX) G G0 G o



Diagonalization of Rigidity

+ Consider the following sets of pentabox integrands
|JB, Kalyanapuram (2022)]}

pure
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