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Double Copy Variations



amplitude

action
“ the theory ”

“ the observable ”



action

“ S-matrix

     program ” 

amplitude



ℒ1 ℒ2 ℒ∞⋯

Thus, Lagrangians are infinitely redundant!

The fields of QFT are integration variables of the 
path integral.  You can always change variables.

Z[J] ∼ ∫ [dϕ] eiS[ϕ]+i ∫ Jϕ

S-matrix



Scattering amplitudes are a powerful diagnostic 
for identifying structure in QFT and gravity.



•  amplitude = vol ( polytope )

•  amplitude = correlator ( CFT )

•  dual conformal symmetry

•  ( gauge )  = gravity2

•  … and much, much more …

Scattering amplitudes are a powerful diagnostic 
for identifying structure in QFT and gravity.



Bern, Carrasco, and Johansson (BCJ) discovered a 
hidden duality structure in gauge theory + gravity.

( gauge )  = gravity2

Color - Kinematics Duality: scattering exhibits an 
isomorphism between color and kinematics.

Double Copy: swapping color for kinematics 
yields the correct amplitudes of new theories.



3pt gluon 3pt graviton

In three-particle scattering, double copy is trivial.

M(1−2−3+) =
⟨12⟩6

⟨13⟩2⟨32⟩2

M(1+2+3−) =
[12]6

[13]2[32]2

A(1−
a 2−

b 3+
c ) =

⟨12⟩3

⟨13⟩⟨32⟩
fabc

A(1+
a 2+

b 3−
c ) =

[12]3

[13][32]
fabc

Simply replace  with the kinematic structure.fabc



cs + ct + cu = 0 ns + nt + nu = 0
( mathematical identity )

Here , ,  are non-unique functions of , 
,  that satisfy kinematic Jacobi identities.

ns nt nu pipj
piej eiej

A4 =
csns

s
+

ctnt

t
+

cunu

u

cs = fabe fcde ct = fbce fade cu = fcae fbde

In four-particle scattering, we see a small miracle.

( true on-shell )



Perhaps color and kinematics are interchangeable 
since they satisfy the same algebraic identities?

Bern, Carrasco, Johansson (0805.3993)



Perhaps color and kinematics are interchangeable 
since they satisfy the same algebraic identities?

A4 =
csns

s
+

ctnt

t
+

cunu

u

Bern, Carrasco, Johansson (0805.3993)

4pt gluon

( polarization =  )eμ



Perhaps color and kinematics are interchangeable 
since they satisfy the same algebraic identities?

A4 =
csns

s
+

ctnt

t
+

cunu

u

M4 =
n2

s

s
+

n2
t

t
+

n2
u

u

Bern, Carrasco, Johansson (0805.3993)

“ double copy ” 

4pt graviton

( polarization =  )eμeν

4pt gluon

( polarization =  )eμ



Perhaps color and kinematics are interchangeable 
since they satisfy the same algebraic identities?

A4 =
csns

s
+

ctnt

t
+

cunu

u

M4 =
n2

s

s
+

n2
t

t
+

n2
u

u

Bern, Carrasco, Johansson (0805.3993)

“ double copy ” 

4pt graviton

( polarization =  )eμeν

4pt gluon

( polarization =  )eμ

Double copy is proven at tree + recycled to loop 
integrands via unitarity to SUGRA, and LIGO. 



5 A WEB OF DOUBLE-COPY-CONSTRUCTIBLE THEORIES

Gravity Gauge theories Refs. Variants and notes

N > 4
supergravity

• N = 4 SYM theory
• SYM theory (N = 1, 2, 4) [1, 2, 31, 291,

292]

N = 4
supergravity with
vector multiplets

• N = 4 SYM theory
• YM-scalar theory from dim.

reduction
[1, 2, 31, 293]

• N = 2 ◊ N = 2 construction
is also possible

pure N < 4
supergravity

• (S)YM theory with matter
• (S)YM theory with ghosts [188] • ghost fields in fundamental rep

Einstein gravity
• YM theory with matter
• YM theory with ghosts [188]

• ghost/matter fields in
fundamental rep

N = 2
Maxwell-Einstein
supergravities
(generic family)

• N = 2 SYM theory
• YM-scalar theory from dim.

reduction
[120] • truncations to N = 1, 0

• only adjoint fields

N = 2
Maxwell-Einstein
supergravities
(homogeneous
theories)

• N = 2 SYM theory with half
hypermultiplet

• YM-scalar theory from dim.
reduction with matter fermions

[121, 294] • fields in pseudo-real reps
• include Magical Supergravities

N = 2
supergravities with
hypermultiplets

• N = 2 SYM theory with half
hypermultiplet

• YM-scalar theory from dim.
red. with extra matter scalars

[121, 240]
• fields in matter representations
• construction known in

particular cases

N = 2
supergravities
with vector/
hypermultiplets

• N = 1 SYM theory with chiral
multiplets

• N = 1 SYM theory with chiral
multiplets

[239, 241, 295] • construction known in
particular cases

N = 1
supergravities with
vector multiplets

• N = 1 SYM theory with chiral
multiplets

• YM-scalar theory with fermions

[188, 239, 241,
295]

• fields in matter reps
• construction known in

particular cases

N = 1
supergravities with
chiral multiplets

• N = 1 SYM theory with chiral
multiplets

• YM-scalar with extra matter
scalars

[188, 239, 241,
295]

• fields in matter reps
• construction known in

particular cases

Einstein gravity
with matter

• YM theory with matter
• YM theory with matter [1, 188] • construction known in

particular cases
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5 A WEB OF DOUBLE-COPY-CONSTRUCTIBLE THEORIES

R + „R
2 + R

3

gravity
• YM theory + F

3 + F
4 + . . .

• YM theory + F
3 + F

4 + . . .
[296]

• extension to N Æ 4 replacing
one of the factors by undeformed
SYM theory

Conformal
(super)gravity

• DF
2 theory

• (S)YM theory [152, 153]
• N Æ 4
• involves specific gauge theory

with dimension-six operators

3D maximal
supergravity

• BLG theory
• BLG theory [119, 243, 297] • 3D only

Table 4: Non-inclusive list of ungauged gravities and supergravities for which a double-copy
construction is presently known. Theories are given in four dimensions unless otherwise stated.

gauged. While this program has not yet been completed, important progress has been
made in formulating double-copy constructions for theories which include, among others,
pure supergravities, homogeneous N = 2 Maxwell-Einstein supergravities, homogeneous
N = 2 theories with hypermultiplets, large classes of YME or gauged theories, and conformal
supergravities. A list of ungauged and gauged theories for which a double-copy construction
is currently known can be found in Table 4 and Table 5, respectively. Gauge theories
with fields in various matter (non-adjoint) representations of the gauge group are a rather
common building block for this class of extended constructions. Useful tools for treating
matter representations in a way that makes manifest color and numerator relations will be
introduced in Sec. 5.2. We will then discuss systematics of the process of identifying the
gravity theory given, through double copy, by a pair of gauge theories and study several
examples in Sec. 5.3.

Double-copy constructibility is a property that goes beyond gravitational theories. Vari-
ous theories without a graviton, most prominently some variants of the DBI theory have also
been shown to possess this property (see Table 6). We shall briefly review their construction
in Sec. 5.3.11.

5.1 The rules of the game
To capture as many gravities as possible, we need to consider gauge theories which are more
general than the ones discussed at length in previous sections. At the same time, having
in mind a double-copy construction which leads to a sensible gravity theory with desirable
basic properties, it makes sense to impose some requirements on the gauge theories under
consideration. Some additional requirements will also be imposed for simplicity reasons; in
both cases, one can contemplate generalizations in which some of the stated rules of the
game bent or broken.

First of all, for simplicity, we choose to focus on theories for which amplitudes can be
organized exclusively in terms of cubic graphs. This is a natural generalization of the gauge
theories from the previous sections, which possess this property, and is a natural choice for
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Gravity Gauge theories Refs. Notes

YME
supergravities

• SYM theory
• YM + „

3 theory

[120, 125, 133,
134, 140, 214,
216, 257, 283,
285, 289]

• trilinear scalar couplings
• N = 0, 1, 2, 4 possible

Higgsed
supergravities

• SYM theory (Coulomb branch)
• YM + „

3 theory with extra
massive scalars

[122] • N = 0, 1, 2, 4 possible
• massive fields in supergravity

U(1)R gauged
supergravities

• SYM theory (Coulomb branch)
• YM theory with SUSY broken

by fermion masses
[123]

• 0 Æ N Æ 8 possible
• SUSY is spontaneously broken
• only theories with Minkowski

vacua

gauged
supergravities
(nonabelian)

• SYM theory (Coulomb branch)
• YM + „

3 theory with massive
fermions

[284]
• SUSY is spontaneously broken
• only theories with Minkowski

vacua

Table 5: Gauged/YME gravities and supergravities for which a double-copy construction is
presently known.

describing gravities that are entirely specified by their three-point interactions. Hence, we
restrict the space of gauge theories under consideration according to the following rule:

Working Rule 1: Consider gauge theories with only cubic invariant tensors or,
alternatively, theories for which amplitudes can be organized in terms of cubic
graphs.

Allowed invariant tensors will include, for example, structure constants, representation ma-
trices and cubic Clebsch-Gordan coe�cients. It should be emphasized that the gauge the-
ories under consideration can and will possess quartic vertices. Our requirement constrains
higher-point interaction vertices to be made of color building blocks which are cubic. If this
property is satisfied, amplitudes can be expressed in terms of cubic graphs by including a
suitable number of inverse propagators in the numerator factors. While this rule is quite
desirable for the sake of simplicity, it can in principle be broken. A notable violation are the
the Bagger-Lambert-Gustavsson (BLG) and Aharony-Bergman-Je�eris-Maldacena (ABJM)
theories, which are most naturally organized in terms of quartic graphs [119, 243, 297].

Within the class of cubic theories, however, we need to consider cases which are as general
as possible. This motivates the second rule:

Working Rule 2: The gauge theories will include matter fields transforming in
general (not necessarily irreducible) representations of the gauge group (which is
not necessarily semisimple). Only one adjoint representation will be allowed.

Considering general gauge groups and representations will allow us to capture very large
families of (super)gravities which would not otherwise be accessible through double-copy
methods. The main observation is that there is nothing in the double-copy construction
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Double copy Starting theories Refs. Variants and notes

DBI
theory

• NLSM
• (S)YM theory

[125, 126, 285,
298–301]

• N Æ 4 possible
• also obtained as –

Õ æ 0 limit
of abelian Z-theory

Volkov-Akulov
theory

• NLSM
• SYM theory (external fermions) [125, 302–308] • restriction to external fermions

from supersymmetric DBI

Special Galileon
theory

• NLSM
• NLSM

[125, 285, 301,
306, 309]

• theory is also characterized by
its soft limits

DBI + (S)YM
theory

• NLSM + „
3

• (S)YM theory

[125, 126, 156,
285, 298–300,
306, 310]

• N Æ 4 possible
• also obtained as –

Õ æ 0 limit
of semi-abelianized Z-theory

DBI + NLSM
theory

• NLSM
• YM + „

3 theory
[125, 126, 156,
285, 298–300]

Table 6: List of non-gravitational theories constructed as double copies.

that requires that representations be divided into irreducible blocks. At the same time, we
want to obtain theories with a single graviton. This forces us to combine all gauge-theory
gluons in a single adjoint representation, even when the gauge group is the product of several
factors each possessing its own adjoint representation. In case of more than one semi-simple
factor in the gauge group, we need to take all gauge coupling constants to be the same. Since
all fields in the gauge theory have canonical couplings with gluons, our second rule can also
be regarded as the double-copy incarnation of the Equivalence Principle.

Additionally, massive fields are typically assigned to non-adjoint representations such
that all the fields in a given representation have the same mass. This will be accompanied
by mass-matching conditions of the spectrum of the two sides of the double copy.

Combining the first two rules, we obtain a generic amplitude structure that involves cu-
bic graphs in which internal and external legs carry definite representations of the gauge
group. Cubic vertices between three representations are allowed only when it is possible
to extract a gauge singlet in their tensor product (or, alternatively, there exist a nonvan-
ishing invariant tensor with the three corresponding indices). Whenever a vertex involves
two lines carrying the same representation, its symmetry or antisymmetry will be dictated
by the representations under consideration (real representations will imply antisymmetry,
pseudo-real representation will imply symmetry). Additionally, color factors will obey three-
term identities following from the Jacobi relations, the generators’ commutation relations
and additional algebraic relations which may also involve the Clebsch-Gordan coe�cients.
Consequently, the duality between color and kinematics must to be imposed in the following
way:
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Double copy is weirdly ubiquitous among “nice” 
theories with very few coupling constants.

Bern, Carrasco, Chiodaroli, Johansson, Roiban (1909.01358)



Double copy transcends gauge theory + gravity!



•  gluon ⊗ gluon  =  graviton

Double copy transcends gauge theory + gravity!



•  gluon ⊗ gluon  =  graviton

•  pion ⊗ pion  =  special Galileon

Double copy transcends gauge theory + gravity!



•  gluon ⊗ gluon  =  graviton

•  pion ⊗ pion  =  special Galileon

•  gluon  ⊗  pion  =  Born-Infeld photon

Double copy transcends gauge theory + gravity!



•  gluon ⊗ gluon  =  graviton

•  pion ⊗ pion  =  special Galileon

•  gluon  ⊗  pion  =  Born-Infeld photon

Is the double copy just the tetrad formalism? No.

Double copy transcends gauge theory + gravity!



•  gluon ⊗ gluon  =  graviton

•  pion ⊗ pion  =  special Galileon

•  gluon  ⊗  pion  =  Born-Infeld photon

Is the double copy just the tetrad formalism? No.
Is it just open/closed string duality? Unclear.  
Anyway, a QFT fact deserves a QFT explanation.

Double copy transcends gauge theory + gravity!



The double copy is a proven fact about on-shell, 
flat-space, tree-level scattering amplitudes.

Why is it true?



The double copy is a proven fact about on-shell, 
flat-space, tree-level scattering amplitudes.

Why is it true?  When is it true?



The double copy is a proven fact about on-shell, 
flat-space, tree-level scattering amplitudes.

Why is it true?  When is it true?

•  which theories? •  curved spacetime?

•  non-perturbatively?

•  higher-loops? •  classical solutions?



The double copy is a proven fact about on-shell, 
flat-space, tree-level scattering amplitudes.

Why is it true?  When is it true?

•  which theories? •  curved spacetime?

•  non-perturbatively?

•  higher-loops? •  classical solutions?

We don’t understand double copy.  And the stakes 
are not low: ( lattice QCD )  = QG ?2



diff algebra

color algebra

My claim: there is a simple field theory origin of 
the double copy for the pion and its cousins:

Proof of principle duality map for EOM, actions, 
loops, classical solutions, currents, integrability.

VaTa

Vμ∂μ



Outline

2.  Double Copy in Curved Spacetime

3.  Double Copy at all Perturbative Orders

1.  Double Copy via Equations of Motion



double copy via

equations of motion



ℒNLSM = 1
2 ja

μ jaμ + πaJa

∂μja
μ = Ja

and the EOM says the chiral current is conserved

conserved modulo

external sources

ja
μ = i tr[g−1∂μg Ta]ja
μ = i tr[g−1∂μg Ta] g = eiπ 1 + iπ/2

1 − iπ/2 ⋯or orwhere

where the chiral current is

The usual textbook Lagrangian for the NLSM is
on-shell 

external

source



Let us define a first-order formulation of NLSM,

Feynman 

propagator

chiral current sourced by 
derivative of scalar source

cubic self-

interaction

(a)

(b)

(a)  + (b)∂μ
μν ∂ν

∂[μ ja
ν] + f abc jb

μ jc
ν = 0

∂μja
μ = Ja

□ ja
μ + f abc jbν∂ν jc

μ = ∂μJa

ja
μ = i tr[g−1∂μg Ta]

implicit



Let us define a first-order formulation of NLSM,

(a)

(b)

(a)  + (b)∂μ
μν ∂ν

∂[μ ja
ν] + f abc jb

μ jc
ν = 0

∂μja
μ = Ja

□ ja
μ + f abc jbν∂ν jc

μ = ∂μJa

ja
μ = i tr[g−1∂μg Ta]

implicit

The chiral current is agnostic about field basis 
redundancy (also see Freedman-Townsend, 1981).



ja
μ = − ∂μπa + ⋯ πa = −

qμ ja
μ

q∂
+ ⋯

⟨πa(p)⟩J = ε̃μ(p)⟨ja
μ(p)⟩J ε̃μ(p) =

iqμ

pq

⟨πa1(p1)πa2(p2)⋯πan(pn)⟩J=0 = [(
n−1

∏
i=1

1
i

δ
δJai(pi) ) ε̃μ(pn)⟨jan

μ (pn)⟩J]
J=0

We want to scatter scalars, not chiral currents,

for reference .  All nonlinear field ambiguities 
vanish on-shell, so  = exotically polarized .

q
πa ja

μ

where



=
iδa1a2ημ1μ2

p2

= − if a1a2a3(ipμ1
2 ημ2μ3 − ipμ2

1 ημ1μ3)

= εμ = ipμ

= ε̃μ =
iqμ

pq

NLSM Feynman Rules



ns = pμ2
1 (p1 + p2)μ3ημ1μ4 + pμ1

2 pμ2
3 ημ3μ4 − {1 ↔ 2}

nt = pμ3
2 (p2 + p3)μ1ημ2μ4 + pμ2

3 pμ3
1 ημ1μ4 − {2 ↔ 3}

nu = pμ1
3 (p3 + p1)μ2ημ3μ4 + pμ3

1 pμ1
2 ημ2μ4 − {3 ↔ 1}

ns + nt + nu = 0 But why ???

The kinematic Jacobi identity holds off-shell!



□ ϕaa+ 1
2 f abc f abcϕbbϕcc = Jaa

□ ja
μ + f abc jbν∂ν jc

μ = ∂μJa

isomorphic

BAS

NLSM



Va NLSM→ Vμ

f abcVbWc NLSM→ Vν∂νWμ − Wν∂νVμ

Ja NLSM→ ∂μJ

[ Vμ∂μ, Wν∂ν ] = (Vν∂νWμ − Wν∂νVμ)∂μ

Define “  NLSM ” double copy acting on fields,⊗

By inspection, kinematic algebra = diff algebra!



This implements the double copy at the level of 
fields.  So we can apply it to conserved currents.

Note: the fundamental BCJ relation is literally 
the conservation equation after color-stripping.

kinematic current

color current 𝒦a
α = f abcϕab↔

∂ αϕac

𝒦μα = jaν∂ν
↔
∂ α ja

μ



𝒦μα = − □ TNLSM
μα + improvement terms

current

derivative

of current

∂αJα = 0

∂α∂μJα = 0

Q = ∫ d3x J0(x) ∂0Q = 0

Qμ = ∫ d3x ∂μJ0(x) ∂0Qμ = 0

aμQμ = lim
a→0 ∫ d3x [J0(x + a) − J0(x)] = 0

Indeed, there’s no symmetry since charges vanish!

Coleman-Mandula forbids a kinematic symmetry.



fields EOM

BAS

NLSM

□ ϕaa+ 1
2 f abc f abcϕbbϕcc = Jaa

□ ja
μ + f abc jbν∂ν jc

μ = ∂μJa

ϕaa

ja
μ

BAS  NLSM = NLSM⊗



fields EOM

NLSM

SG

ja
μ

jμμ

∂[μ ja
ν] + f abc jb

μ jc
ν = 0

∂μja
μ = Ja

∂[μ jν]μ + j ν
μ ∂ν jνμ − j ν

ν ∂ν jμμ = 0

∂μjμν = ∂νJnew form!

NLSM  NLSM = SG⊗



fields EOM

YM

BI

Fa
μν = ∂[μAa

ν] + f abcAb
μ Ac

ν

Fμνμ = ∂[μAν]μ + A ν
μ ∂νAνμ − A ν

ν ∂νAμμ

∂μFa
μν + f abcAbμFc

μν = Ja
ν

∂μFμνμ + Aμν∂νFμνμ − ∂νAμ
μF ν

μν = ∂μ Jν

Aa
μ

Aμμ

Fa
μν

Fμνμnew form!

YM  NLSM = BI⊗



double copy in

curved spacetime



To double copy in curved spacetime we need to 
generalize flat-space amplitudes and kinematics.

flat space AdS symmetric space

on-shell

amplitude

boundary

correlator “on-shell correlator”

plane wave bulk-boundary 

propagator

linearized

solutions

delta function contact correlator contact correlator

momentum conformal 

generator

“isometric 

momentum”

Herderschee, Roiban, Teng (2201.05067)



A symmetric manifold has the Killing vectors

KA = Kμ
A∂μ where [KA, KB] = F C

AB KC

The spacetime and Killing metrics are related via

gμν = gABKA
μ KB

ν
isometric indices

are overcomplete

We use this to map spacetime indices, etc. 
to isometric indices, etc.

μ, ν, ρ,
A, B, C,



By defining a shorthand for the Lie derivative,

𝔻A = ℒKA

we then recast certain derivatives of a scalar

∇2ϕ = 𝔻2ϕ

Thus, any Lagrangian  can be recast in 
terms of isometric variables.

ℒ(ϕ, ∂μϕ)

and ∇μϕ∇μϕ = 𝔻Aϕ𝔻Aϕ

where [𝔻A, 𝔻B] = F C
AB 𝔻C



The external wavefunction of leg  is a solution to 
the linearized equations of motion labeled by ,

i
pi

𝔻2ψ(pi, x) = 0

where the analog of momentum conservation is

(𝔻 + 𝔻i)ψ(pi, x) = 0

and “isometric momentum”  is an isometry 
transformation on  and .

𝔻i
pi [𝔻iA, 𝔻jB] = δijF C

AB 𝔻iC



The analog of the momentum delta function is

Δn = Δ(p1, ⋯, pn) = ∫x

n

∏
i=1

ψ(pi, x)

The  are non-commutative on-shell momenta!𝔻i

(
n

∑
i=1

𝔻i) Δn = 0 and 𝔻2
i Δn = 0

“momentum conservation” “on-shell condition”



Finally, we define an “on-shell correlator”,

A(p1, ⋯, pn) = (
n

∏
i=1

∫xi

ψ(pi, xi)∇2
xi)⟨ϕ(x1)⋯ϕ(xn)⟩

which has a differential representation,

A(p1, ⋯, pn) = 𝔸(𝔻1, ⋯, 𝔻n)Δ(p1, ⋯, pn)

This generalizes the AdS construction of Roiban 
et al. (2106.10822) to arbitrary symmetric spaces.



ℒ =
1
2

∇ϕ2 +
κ
6

ϕ3

Tree-level on-shell correlators are obtained from 
Feynman rules with non-commutative momenta.

i)  theory :ϕ3



i)  theory :ϕ3 ℒ =
1
2

∇ϕ2 +
κ
6

ϕ3

𝔸4 =
κ2

𝔻2
12

+
κ2

𝔻2
23

+
κ2

𝔻2
31

𝔸5 =
κ3

𝔻2
12𝔻2

34
+ ⋯

Tree-level on-shell correlators are obtained from 
Feynman rules with non-commutative momenta.

propagator denominators

all mutually commute!

𝔸3 = κ



ℒ =
1
2

∇ϕ2 +
λ
8

∇ϕ4

Tree-level on-shell correlators are obtained from 
Feynman rules with non-commutative momenta.

ii)  theory :∇ϕ4



ii)  theory :∇ϕ4 ℒ =
1
2

∇ϕ2 +
λ
8

∇ϕ4

𝔸6 = λ(𝔻12345 ⋅ 𝔻1)(𝔻2 ⋅ 𝔻345)
λ

𝔻2
345

[(𝔻345 ⋅ 𝔻3)(𝔻4 ⋅ 𝔻5) + ⋯] + ⋯

+λ(𝔻12345 ⋅ 𝔻123)
λ

𝔻2
123

[(𝔻123 ⋅ 𝔻1)(𝔻2 ⋅ 𝔻3) + ⋯](𝔻4 ⋅ 𝔻5) + ⋯

Tree-level on-shell correlators are obtained from 
Feynman rules with non-commutative momenta.

𝔸4 = λ(𝔻123 ⋅ 𝔻1)(𝔻2 ⋅ 𝔻3) + ⋯



Va NLSM→ VA

f abcVbWc NLSM→ VB𝔻BWA − WB𝔻BVA

Ja NLSM→ 𝔻AJ

[ VA𝔻A, WB𝔻B ] ∼ (VB𝔻BWA − WB𝔻BVA)𝔻A

In curved spacetime, the NLSM is obtained via

The kinematic algebra defines gauged isometries,



double copy at

all perturbative orders



In two-dimensional spacetime, we can say more.

lim
N→∞

U(N) ∼ DiffS1×S1

Concretely, for odd  there is a generator basis,N

[Tpi
, Tpj

] = if pk
pipj

Tpk

where each of  generators is labeled by a two-
vector, so e.g. for  has .

N2

Tp p ∈ ℤN × ℤN
Jens Hoppe (1989)



In this basis the  structure constants areU(N)

where .  Note this is identical to⟨ij⟩ = ϵμνpiμpjν

f pk
pipj

= − N
2π sin ( 2π

N ⟨ij⟩) δpi+pj,pk

N→∞= − ⟨ij⟩δpi+pj,pk

{A, B} = ∂A
∂t

∂B
∂x − ∂A

∂x
∂B
∂t = − ϵμν∂μA∂νB

so  the limit yields the Poisson algebra.N → ∞



Poisson ~ diff algebra

color algebra

In two dimensional spacetime, the double copy is 
literally taking the  limit of .N → ∞ U(N)

This can be applied off-shell to Lagrangians, 
correlators, currents, classical solutions.

VaTa

ϵμν∂μV∂ν

N → ∞



Va NLSM→ Vμ

f abcVbWc NLSM→ ϵμν∂μV∂νW

gabVaWb NLSM→ ∫ VW

Mechanically, “  NLSM ” double copy becomes⊗

The last line defines a bilinear form for Poisson 
and diff algebras, derived explicitly from the 

 limit of .N → ∞ U(N)



Lagrangian

BAS

ZM ~ NLSM

SG

1
2 ∂μϕaa∂μϕaa+ 1

6 fabc fabcϕaaϕbbϕcc

This gives an all orders in perturbation theory, 
Lagrangian-level definition of the double copy.

1
2 ∂μϕa∂μϕa+ 1

6 fabcϵμνϕa∂μϕb∂νϕc

1
2 ∂μϕ∂μϕ+ 1

6 ϵμνϵμνϕ∂μ∂μϕ∂ν∂νϕ



ns = ⟨12⟩⟨34⟩

Feynman diagrams yield the off-shell numerators,

which automatically satisfy the kinematic Jacobi 
identity, which is literally the Schouten identity!

The Feynman rules manifest the double copy at  
all orders in perturbation theory, i.e. all loops.

ns + nt + nu = 0

nt = ⟨23⟩⟨14⟩ nu = ⟨31⟩⟨24⟩



Notably, ZM ~ NLSM ~ PCM have integrable 
properties and infinite towers of currents.

Aμ = 1
1 − λ2 (ϵμν∂νϕa + λ∂μϕa)Ta

We can explicitly double copy every quantity 
above simply by sending .ϕaTa → ϵμν∂μϕ∂ν

W = P exp [−∫
x
dx′￼A(x′￼)]

Jμ = ϵμν∂νW =
∞

∑
k=0

λ−kJ(k)
μ where ∂μJ(k)

μ = 0

( Lax connection )

( Wilson line )



Amusingly, we can double copy arbitrary large-
field, non-perturbative classical solutions!

ϕ(x) = ∫p
eipxϕ̃(p)

ϕa(x)Ta = ∫p
eipxϕ̃(p)Tp

SG solution:

NLSM solution:

i) Take any solution  of SG, ii) compute its 
Fourier transform , iii) convolve this .  The 
result is automatically a NLSM solution!

ϕ(x)
ϕ̃(p) Tp







conclusions



•  Scattering amplitudes have uncovered hidden 
structures lurking inside real-world theories like 
gravitons, gluons, and pions.

•  For scalar theories like the NLSM and SG, the 
origin of the double copy is the replacement of 
the color algebra to diff algebra.  This gives a QFT 
definition of the double copy.

•  We apply the double copy to off-shell equations 
of motion and Lagrangians, curved spacetime, 
and non-perturbative, large-field configurations.



thank you!


