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MOTIVATION

What are the imprints of causality on the S-matrix?

Different notions of causality for the S-matrix, with rich history
(microcausality, macrocausality, Bogoliubov causality, no Shapiro time advances)
Bogoliubov, Schutzer, Tiomno, van Kampen, Gell-Mann, Goldberger, Thirring, Wanders, Iagolnitzer, Eden,
Landshoff, Peres, Branson, Omnes, Chandler, Pham, Stapp, Rohrlich, Stoddart, 't Hooft, Veltman, Adams,

Arkani-Hamed, Dubovsky, Grinstein, O’Connell, Wise, Giddings, Porto, Camanho, Edelstein, Maldacena,
Zhiboedov, Tomboulis, Minwalla

Here: Implement the causal 4 prescription in perturbation theory
and study its implications.
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MOTIVATION

Causality generally thought as encoded in the
complex analytic structure of the S-matrix.

Complexification of S-matrix standard at this point, multiple practical reasons

(dispersion relations, on-shell recursion relations, crossing symmetry).

Can we complexify the S-matrix, while being consistent with causality?

?
S(s,t,) = lim Sc(s+ ic,t.)

e—0Tt
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NOTATION

Transfer matrix and matrix elements:
S=1+T (0ut| T |1n> = 5in, out Lin—sout
For 2—2 scattering:
s = (p1 + pa)? t = (p2 + p3)? u = (p1 + p3)*

Momentum conservation, solve for u:

4
stttu=)Y M

i=1



INTRODUCTION

For 2—2 scattering of lightest particle at low momentum transfer |t,|:

s

—ts AM?2 ‘ s-channel T(57 t*) = lim T(C(S + i€7 t*)
% e—0t
—_— e ————
u-channel f

Real on s-axis, so by the Schwarz reflection principle
ImT(s,t.) = Discs Te(s,ts)
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INTRODUCTION

For 2—2 scattering of lightest particle at low momentum transfer |t,|:

s

—t, AM? ‘ s-channel T(57 t*) = lim T(C(S + ié‘, t*)
—— X X N eo07
u-channel f

massless particles?
How does this picture extend to UV/IR divergences?

unstable particles?



MOTIVATION

When is the imaginary part (unitarity, cutting rules)
ImT(s,t,) = L (T(s, t.) — T(s, t*))
equal to the discontinuity (dispersion relations)?

24

Discs Te(s, te) = 111(1]1+ . (Tc(s +ie,t,) — Te(s — e, t*)>
Ee—



OUTLINE

Cy Cy
1 1
1. Unitarity: m
- Normal and anomalous thresholds AN
N N N
Tinsc Tc,sc,  Toysout

2. Causality: e

- Feynman ie, kinematic ie, branch-cut deformations \\$
¥

3. Locality (time permitting): 7 S

- Fluctuations around branch points U



1. UNITARITY

Tinse,  Toimce Tormon Tinse,  Toymce Tomou



HOLOMORPHIC CUTTING RULES

Use SST = 1, and S =1+ 7]

%(T TT) 1TTT Im 1ne1n = % I 61n I‘TIHHI’ .

Expand in TT = T(1 —iT"):

(T =TT = =33 " (=iT)+".

c=1




NORMAL & ANOMALOUS THRESHOLDS

]
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P2 ——p—>— —py —A vaN :
2N 17\ RN
Im ‘4 N = v o\ 4 tie, \I
’ \ 4 \ Y \
p1 Bt - —<—P— —D3 — - —— _‘---ll.»_
|
Cutis Cutsg
| ] ] ]
A T — A N
- Vo tiEe 4 e s \. - y/ \.
4 \ ’ \ 7 \
— - —— —&---ll-b— —&ll---ll-b—
|
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| J L J
| I

Normal thresholds Anomalous threshold

(not related to anomalies)



HOLOMORPHIC CUTTING RULES

In general, expansion implies the holomorphic cutting rules

%(Tin—)out - Tout—>in) = % Z (_i)c Cutc Tinout

holomorphic
cuts C

-1
q> —m2+z‘s

{20z - 30%) - 120808 - <0HOH0:
R ;:Cw

See also Cutkosky, Coster, Stapp, Bourjaily, HSH,
13 McLeod, Schwartz, Vergu, Matak, Blazek

— 216t (¢ —m?)




NORMAL & ANOMALOUS THRESHOLDS

Thresholds: Classical configurations when phase space opens up,

potential branch points of amplitudes

m%&

Tm~>C1 TC1~>C2 TCngut m~>Cl TC1~>C2 TC24>out

Normal thresholds Anomalous thresholds

(not related to anomalies)



WHY NOT IN PREVIOUS 2—2 EXAMPLE?

Thresholds occur when process is allowed classically

m
ls ! | |
]
|
—1y 402 ‘ s-channel | |
g | | |
u-channel
f t1 to tz .-

Lightest particle cannot decay
— the two incoming (outgoing) particles meet at a vertex

— only normal thresholds in physical regions



ANOMALOUS THRESHOLD IN STANDARD MODEL

|

5 P ——t—p———p

= 3
—:—o—>— K+t

3 ]

Location of peak 0 : ‘
. . . 1 5 10 50 100 500 1000

(finite width will result /5 (GeV)

in Breit-Wigner like softening)

2s (Mm% — (Mg 4+ mg+)?) (mis — (Mo — Mgt )?)
2

cosf =1— m2., (s — (mge +mp)?) (5 — (macs — my)2)

16



2. CAUSALITY



ALGEBRAIC CONDITIONS FOR CAUSALITY

Goal: Find e prescription consistent with causality
Here: Investigate in perturbation theory

Result: algebraic conditions for branch cuts, branch points and causality
in terms of worldline action V-

V=0 foranya’s < branch cut
0,V =0 forany a’'s < branch point
ImVY >0 forall a’s < causal branch



SCHWINGER-PARAMETRIZATION OF BUBBLE

0 oy
PO X
a2

p—4

Zoun(s) = lim dve !
bub - e—0+ R1,D—1 i?TD/2 [62 — m% + ZEH(p - é>2 - m% + ZE]

Introduce Schwinger parameters «. for every internal line:

-1 i [~ 1
S de, —(? = m?+is)a,
Zomitie h/o Qe €XD [h(qE m; +ig)x



SCHWINGER-PARAMETRIZATION OF BUBBLE

Performing momentum integrals results in

_ *® dap d ]
Loup = (_ih)D/Q * lim / &GXP [% (V + 2‘5(0414—0@))}
0

e—0+ (Oél+()52)D/2

where V is the worldline action:

Q10 2 2
=3 — mjoy — M50
a1+Qo

20



SCHWINGER-PARAMETRIZATION

For any Feynman integral:

oo JE ;
d 2
i [ [ (5100
with
> lee 7= 3 v ]I a- UZW
sgc)anni;g e¢T :par_ltning e¢TrUTR

T UTR
Takeaway points:
Algebraic formula for any Feynman integral
Integration over exponential of worldline action



SINGULARITIES AND BRANCH CUTS

, d"a N
T=T I | o wrey e

V : ratio of polynomials in a’s, homogenous with degree 1

Using this Schwinger-parametrization, we find
Y =0 foranya’s < branch cut
0.,V =0 forany a’s <« branch point

Causality requires
ImV >0 forall o’s < causal branch



PHYSICAL SHEET

V=0 foranya’s <« branch cut
0,V =0 forany a’'s <« branch point

Feynman integral lays out branch points and branch cuts

Physical sheet: Values of external variables accessible from physical region
using analytic continuation, without crossing branch cuts

By definition: Singularities with all a, >0 potentially -

on the physical sheet, others are not L scham

X
u-channel f




LANDAU EQUATIONS

We found condition for leading-singularity branch points:

9,V =0

Referred to as Landau equations, give conditions for singularities

1000]
P
+ +
Ac N 7 Ac 500
N 4
\ 4 <
+N 8
. e s/ T _ < 0}
K s K =
N £
’ AN
L N 500
=0 > =0
—c =
A . !

-0 -500 0 500 1000 100 50 0 100
Res (GeV?) Res (GeV?)

Bjorken, Landau, Nakanishi, Brown,
24 Miihlbauer, Klausen, Mizera, Telen.



LANDAU EQUATIONS IN MOMENTUM SPACE

Either a;; =0 or E? = m?, & > +a;l; = 0 around every loop.
l o
» <X s X
p—+t @2

For bubble integral,

C=mi  (p-0°=mi al+a(l—p*=0

Solutions are codimension > 1 constraints on external kinematics:
_ 2 _ 2
s = (m1 + mg) s = (my —mg)

25



BACK TO CAUSALITY

We are now equipped with the condition:

ImV >0 forall a’s & causal branch

Can we exploit it to improve on ie prescription?



DIFFERENT

6 8 10 12 14
Res

Feynman ie
-displaces branch points
-unphysical mass scale e

1€ PRESCRIPTIONS, OVERVIEW

Res

Kinematic ie
-does not work for
unstable particles &
higher multiplicity

27

. . | 5‘
6 s 10 12 14

Res

Branch-cut deformations
-reveal physical sheet
without modifying
branch points



PROBLEM WITH KINEMATIC &

Branch cut when M; > mi-t+tmot...

e @)e
|

(mi+ma+...)?

4
On shell, capture M7 +ic as s Fic+t+u= Z M?
=1

— Singularity along entire s-axis

28



BRANCH-CUT DEFORMATIONS

Perform phase rotations of Schwinger parameters

e = e explic 95, V) = e [1 +1ie 05,V + O(e?)]

E
V=V+ic) 0. V) + 0
e=1 e

= 0 at branch points

> 0 away from branch points
Im V > 0: Reveal physical sheet without modifying branch points
ls. ls.

— —t T

2



BRANCH-CUT DEFORMATIONS

Advantages over Feynman ie:
(i) Rotates branch cuts (ii) € is small, not infinitesimal

Lo,
20

15 5
Im Zyuh ; Branch-cut deformations
10 !

5 Feynman ie

1073 1072 107! 1 10

30



ANALYTICITY FROM BRANCH-CUT DEFORMATIONS

For 2—2 scattering of stable particles in perturbation theory, regardless of

existence of Euclidean region:

Analyticity in a strip around s-channel physical-region

s

TN N

31



EXAMPLE I: NECESSITY OF DEFORMATIONS

Box diagram, external masses M=0, internal masses m

P2 -==¢ y2
I a3 |
s — ag ! | 0y
1 ar o
y41 - p3
Action: S0y + U a0y
Vbox = — m2 (041+O£2+CY3+044>
o totoaztoy

Branch points: s =4m?, u=4m?, su+4m?t =0

32



WHEN DO BRANCH-CUTS OVERLAP?

s s

Decrease t \
\f_' * ~ ‘

”\ b~

Use s>4m?2, u>4m?2, s+ t.+u=0:
t. < —8m?2

33



LANDAU CURVES

-
Y
+. t-channel
Y

—5t  wu-channel

s-channel

S

gt =10 \su.nolr;~'8\+
Rl =il ¢

T
-20 !

-10 -5 0




ANALYTIC EXPRESSION

The box example is simple enough for an analytic expression:

Thox(s,t) = glir(])aJr [I&i(s +ie,t) + I&z(s — e, t)]

s (%2 Hl‘)g(ﬁzy—ﬂz e\ 5, 5
+

with 78 =-_—2

box _Sm/46:1:y{
oo () [ (e ) o (5225 m)]
e (ﬂzy—ﬁ) i <ﬂzy+6z’lm5> g At
Li T 1 Lio _ﬂz -1 I S u,
- 12<Bzy+ﬂz)7 E (5zy*5z’7ms)} Be=V1t+z ﬂy:\/1+?/

Bay=—i/~1—z—y.



UNITARITY CUTS

s-channel cuts:

o
oo b e e
1 | \ \
| = [ 1 \ _ [N I
Im I | o + I \ oo
—b—— — —p— — b d_— Ly — =\ Ly =
] ] o
Cutis Cutsy Cutiyg
I I o
Jm e el Ao del
N X Y
- }\ \:\ + }\ : \‘I\ +
Ly — Lyt
] 1 e
Cutiys, Cutfyzy
Ty

Cutis Toox = {log [~ (Bay — B2)*] —10g [ (Bay + B.)°] } O(s — 4m?)

1684y
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USE CUTS FOR DISPERSION RELATIONS?

Imaginary part < Unitarity cuts

Discontinuity < Dispersion relations

Since Im # Disc, can we still use dispersion relations?

37



RELATING IM TO DISC

Using the Schwinger-parametrized form, find

ImZ =7} +7,, Disc; T =17 —I,.

with _
dfa N

+ _
ID(Svt) =T GL(l)uD/Q

4Dy e(£,V),
Learn:

1. Im and Disc split into two components with ©(+d,V)

2. Im = Disc when Z, =0

38



RELATING IM TO DISC

Here, we use
S 03 + U Qialy

Vhox = — m? (o +astasta
b 051+062+063+Od4 ( ! 2 3 4>

to get

o103 Qa0iy

as Vb ox — -

a1+a2—|—a3+a4 a1+a2+a3+a4

Vs Vu

I;f corresponds to V; >V,
I, corresponds to V, <V,

39



RELATING IM TO DISC

Three cases:
a. t, > —8m?: No overlap of branch cuts

b. —16m? < t, < —8m?: Amplitude splits into components with branch cuts for

either s > 4m? or u > 4m?
5 Iy
ImZ =71} +71,, Disc, Z = I}, — I,,.
c. t, < —16m?: Box branch cut spoils the split of the amplitude

40



ANALYTICALLY CONTINUE CUTS IN § AND u

0.50

0.25

-0.25

-0.50

41



EXAMPLE 1I: BRANCH-CUT ALONG S-AXIS

Triangle diagram, external masses M > 2m
u

’

P2 ————p— P4
/7 N\
a1/ \
/ [e 7} \
p1 —$ —-—=-v— D3

Action:
uaqas + M2as(og +
Vtri = -2 3( ! 2) - mQ(Oél + g + 013)
a1+ ag +ag

4

Branch points: u=4m?2, sy = — ¢

42



APPROACH FROM LHP

uoagay + M2as(ay + ay)
a1+ ag +ag

Vi = —m?(ay + ag + ag)

(03K e%)

— >0
a1+ ag +ag

ImV;;; = —Ims

— Approach physical region from LHP
s

~ .~

t t

43



ANALYTIC EXPRESSIONS IN LHP AND UHP

LHP i ﬂ i _M
T (s:1) = 41»12@{6{2_;1}{@12<1+§+<ﬁyﬁz et {t 1+ 2+ (BB

oL (2 ) Do, () ot (A ‘Im(s’t) B hm T (s — =)
*\1+ (B0, *\1+ (B0, E\1+ 5.5,
14348\ 142+ (B,
+Clog<1+g+<6yﬁz i+ log _1+1+§+<8yﬁz
ZUP(s,1) = > Ly (2225 | epyy (1o 22 ECE y:74777127 Z:}Mz*
i\ 4]‘“52@{711} Helizves) T T T " "
. 1+8. > . ( 1-4. ) ) ( 1+6. > _ - _
+ 2Ly ( ———— ) —2Liy | ———— | + 27ilo| By=+V1+vy, B.=V1+z,
2<1+Cﬂzﬂw *\1+ (8.5, E\1+ 5.5, !

L3+ C8 N[ 145+ Ch .
+<10g<1+§+§6yﬂz> [””“”g (’” 1+§+Cﬁyﬂz>] } B = =iy -1+ 2L,
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ANALYTIC EXPRESSION

As expected, separate analytic expressions in LHP and UHP:

I (st) =

it (s,) =

45



s-channel cuts:

b2 ——p—— 4
/ \
‘AN
PL Bt = €= 3

Im

ImZ; =

UNITARITY CUTS

I I I
! 1 1 1
™A AW AN
17\ Y ARY
= v \ + ’ \ - 4
/) \ ’ \ / \
—_— - —J-———ll-b— —‘:——-l-b—
I
Cuti, Cutsg Cutiyg
1-8:8y- .
. log —%) if AM?—t < 5 < 54y,
2 1-B:8y- .
2M?B. | log Hggzz) if 544 < 8,
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UNITARITY CUTS

u-channel cuts:
| |

| —
Pa —p— D3 ! I
o P ~T7 AN
I 7. Y - & - SN
m Ny N * AN ’ e
” Y} N —D1 ks :
\ — ]
Cutf, Cutyy Cuty
o b
| | o— !
|’¢T/ /I/ N
1 v — ! \k
L /3 NSS!
SN | T —
o b
Cutys Cutys

TZ 1—5z5z> ( L+ 35 48,5 ; ;
_mz o L= 5Py +1o __ 2 "yrz —arm| ifs< Snorm
|: g( 1 +ﬁzﬁyz g z _
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RELATING IM TO DISC

Recall, ImT =T}, + Iy,  Dise,T =TI} —Ip.
with splits by O(+05V)
Here:
’ImIm = —Discg Ly
2log (—352 ) +log (— 225 ) — 7i if 5 < Spom
Discg Ziyi = ﬁjﬁz 2log | — igjgzi if Sporm < 8 < Stris

2log (155 if s < 5

48



Ret

LANDAU CURVES

50
t-channel

40

30

20

10

te = —1 s-channel

—10[ y-channel

-20

-20 -10 0 10 20 30 40

49 Pt




EXAMPLE III: SUMMING OVER DIAGRAMS

u

| s
P2 ————— D4
/ N\

: _‘1,- 2[3_\_\2— N \/\/
i -3 P

b2 " s -: P4

5 — ag: | Qg
, Q1 |
b1 -=- P3

Branch cuts approached from

different directions
50



EXAMPLE III: SUMMING OVER DIAGRAMS

Numerical result:

51



3. LOCALITY

52



FLUCTUATIONS AROUND BRANCH POINTS

In addition to finding saddle points of the action — Landau branch points

Fluctuations around saddle points — expansion around branch points
(assumes isolated branch points, generic masses)
[-FAOAV" —ig]” for p <0,
I~1 lim+
20" Hlog [-Asgn(OaV™) —ic] for p =0.

ILD-F—1 L: nTnnbelﬁ of loops
= D : dimensions

Branch point at A =0 p

2 E : number of edges in Feynman diagram

. Landau, Pham



NATURE OF SINGULARITIES

Isolated codimension-2 branch points (e.g. s = 3m?* = M?) would imply

non-analyticity

Assuming analyticity, find
E-LD<1

Combining with previous result, singularities are of the form
1 1
A VA

54

log(A)



CODIMENSION-2 BRANCH POINTS

Are codimension-2 branch points always intersections

of codimension-1 ones?

55



CONCLUSIONS

Unitarity: ‘ 2
- Implies anomalous thresholds ! !
Causality:
- How to approach the physical regions
- Branch-cut deformations preserve analytic structure
Locality:

- Kinematic singularities at most poles )

56




MANY OPEN QUESTIONS

Unstable particles? Higher-point processes? {4, N

Quantify & measure anomalous thresholds?

* What is the error when approaching from UHP? (T /m)"?

Generalized dispersion relations?

Double dispersion relations?

57



THANKS!



