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FIG. 3. (Top) Comparison of the plus polarization of the
EFB-T model (dashed line) to a numerically generated wave-
form (solid line) with p̄0 = 20 and e0 = 0.99. (Bottom)
Relative di↵erence between the analytic and numerical wave-
forms.

summation procedure for the Fourier domain waveform
presented here. The procedure is as follow: (1) start-
ing from Eq. (23) with the radiation reaction model of
Sec. III B, evaluate the Fourier transform of h+,⇥ using
the SPA, (2) replace the Bessel functions appearing in

[C(k)
+,⇥, S

(k)
+,⇥] with their uniform asymptotic expansions

in Eqs. (24)-(25), (3) replace the summations on k with
an integral and evaluate. We will explain the reasoning
and some of the di�culties that arise from this procedure
in the following sections.

A. Stationary Phase Approximation

We desire the frequency domain waveform polariza-
tions h̃+,⇥(f). To do so, we consider the waveform po-
larizations given by Eq. (23). The Fourier transform is
then, schematically

h̃+,⇥(f) = h0

X
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, (47)

where h0 = M2⌘/(2DL), E(k)
+,⇥ = C(k)

+,⇥ � iS(k)
+,⇥, and

c.c. stands for complex conjugate. Here, (p, e, `) are
still time dependent through Eqs. (38)-(39) and (44), and

E(j)
+,⇥ depend on time through the eccentricity e. The

problem of calculating the Fourier transform now reduces

to solving an integral of the form

I(f) =

Z 1

�1
dtA(t) exp[i ±(t, f)] , (48)

where  ±(t, f) = 2⇡ft ± k`(t), and for which the SPA
is applicable. The stationary point is found by requiring
that d ±/dt = 0, which results in
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. (49)

Note that the stationary point of  + is only real valued
for negative values of the frequency, while for  �, this oc-
curs at positive frequencies. Since we are only interested
in the signals observed by GW detectors, we drop the
contribution to the Fourier transform from  + since it is
only dominant for negative frequencies. The remainder
of the SPA procedure may be carried out to obtain

h̃+,⇥(f) = h0
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where � = f/Frr, �orb = n0/(2⇡Frr), and † corresponds
to complex conjugation.

B. Re-summations in the Fourier Domain and

Waveform Polarizations

After applying the SPA, we are still left with a wave-
form that involves an infinite summation over harmonics.
The question now is whether a similar re-summation pro-
cedure to the time domain waveforms can be carried out
here. The functions E(j)

+,⇥ involve the exact same Bessel
functions, so we may replace them with their asymp-
totic expansions given in Eqs. (24)-(25). Further, there
is nothing preventing us from replacing the infinite sum-
mations with integrals. The only practical problem is
whether these integrals can be evaluated in closed form.
The integrals generally take the form
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(51)
where a  1 and b 2 {1/3, 2/3}. There are two problems
associated with trying to evaluate this. The first arises
from the stationary point dependence in ⇣. This depends
on the stationary point through e(t) given by Eq. (38),
which after evaluating produces

e⇤k,� = e(t⇤k,�) = e0+
304
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(52)
The dependence on k in the modified Bessel function is
thus complicated, and in general, the integral does not


