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Part I 
Magneto-thermal instability with suppressed heat conductivity in 

mirror-unstable regions
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Magneto-thermal instability
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Part II 
Hydromagnetic waves in an expanding universe – cosmological 

MHD code tests using analytic solutions



Ideal MHD equations

7

New tests of comoving hydrodynamics/MHD
•Berlok 2022, MNRAS 
•Python implementation of analytic solutions available: 

https://github.com/tberlok/comoving_mhd_waves 

https://github.com/tberlok/comoving_mhd_waves


Comoving MHD equations

Friedmann equation

r = ax, ⇢c = ⇢a3, u = aẋ,

Bc = Ba2, "c = "a3

" = p/(� � 1)

<latexit sha1_base64="RBeow20VMB+vJgZ9ZV2brFfN2SY="></latexit>

Substitutions

⇢crit,0 = 3H2
0/(8⇡G)

<latexit sha1_base64="Q/swZafxrhFqF8vX/lhKXkKD0p0="></latexit>
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a
(⇢tot,c � ⇢̄tot,c)
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Linear theory (Berlok, MNRAS, 2022)
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Alfvén wave

Magnetosonic wave

! = k0
�
c2s + v2A � v2g

�1/2
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Standard MHD result

k0 = k/a

<latexit sha1_base64="fmPJ5wPQuFawML04FnEFEXOriSA="></latexit>

Useful definitions

! = k0vA
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Comoving Alfvén wave
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Einstein-de-Sitter

ȧ = H0/
p
a
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Euler equation
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Analytic cosmological MHD code tests 11

ures have been divided by the value of �D such that the velocity
amplitude appears as 1 at 0 = 0i.

Most of our simulations are performed in 1D on a static,
equidistant grid. In order to better test the Voronoi grid in �����,
the convergence studies presented in Figures 6, 7 and 9 are how-
ever performed in 2D. These 2D simulations have size !G ⇥ !H

with #G ⇥ #H mesh generating points where we set #H = 4 and
!H = !G#H/#G . The Voronoi generating points are given by a reg-
ular Cartesian, uniform grid where every second row has been dis-
placed by 0.45!G/#G . This procedure creates an elongated, hexag-
onal grid with roughly uniform resolution along each direction.

5.0.1 Periodic selfgravity in 1D

����� normally employs a sophisticated, so-called TreePM gravity
solver which combines an oct-tree algorithm for short-range forces
with a particle-mesh (PM) algorithm for long range forces (Springel
2005, 2010, see Weinberger et al. 2020 for a recent discussion of
the ����� implementation). The implementation is however multi-
dimensional and cannot be used for 1D simulations. While it would
be possible to perform the wave tests in 3D, we decided to instead
implement a simple 1D Poisson solver. In this implementation, we
discretize equation (11) using finite di�erences on an equidistant
grid and obtain the potential by solving the resulting matrix equation
(using GMRES from the GSL library, see Gough 2009). We then
use centered finite di�erences to find the gravitational acceleration.
The implementation is limited to equidistant grids but su�ces for
our purposes.

5.0.2 Cosmological source term when W < 1 and W < 5/3

The comoving version of ����� normally assumes either W = 1
or 5/3. The tests with W = 4/3 in Section 5.2.1 therefore required
implementing an extra source term MHD in the energy equation.
We provide the details in Appendix B with the extra term in the
energy equation given in equation (B36).

5.1 Comoving Alfvén waves

5.1.1 Standing Alfvén waves

The analytic solution for a linearly polarized Alfvén wave is derived
in Section 3.4 with the result for the Fourier mode amplitudes given
by equations (28) and (29). When the initial perturbation is such
that X⌫c (0i) = 0, the solution in real space can be written

X⌫c (G, 0)
⌫c

= ��D
✓
0

0i

◆�1/4 p
0i⌦A

^

sin(k) sin(:G), (75)

XD(G, 0)
VA

= �D

✓
0

0i

◆�3/4 ✓
cos(k) � sin(k)

4^

◆
cos(:G) ,(76)

X⌫c (G, 0)
⌫c

= ��D
✓
0

0i

◆�1/4 p
0i⌦A

^

sin(k) sin(:G), (77)

XD(G, 0)
VA

= �D

✓
0

0i

◆�3/4 ✓
cos(k) � sin(k)

4^

◆
cos(:G) ,(78)

where ⌦A, ^ and k are defined in equations (17), (26) and (30),
respectively.

We use this solution to initialize a simulation with ⌦A = c

and show the amplitude evolution of the wave in Fig. 1. The �����
solution is seen to closely follow the theoretical expectation.

A more detailed understanding of the frequency and amplitude
error found using ����� can be found by performing a series of
simulations at various spatial resolutions. We perform such a study
in 2D where we expect second order convergence from the space
and time discretization in ����� (Pakmor et al. 2016). We also use a
stronger magnetic field, ⌦A = 2c in order to have many oscillations
occurring between 0i = 1/128 and 0 = 1.

The result of this convergence study is shown in Fig. 6. In
the left panel we show X⌫c/⌫c multiplied with 0

1/4 and XD/VA
multiplied with 0

3/4 as a function of ln 0/0i. The advantage of
plotting the solution this way is that it makes the correct solution
appear as simple sinusoidal functions. This makes it easy to visually
distinguish the numeric decay of the wave from the physical one. In
addition to this visual assessment, we also fit the ����� data with
functions of the form

H(G) = ⇠ sin(^numG + ⇡)e��numG/2
, (79)

where G = ln(0/0i) and H = X⌫c0
1/4 or H = XD 0

3/4 are values
obtained from the simulations. Here⇠, ⇡, ^num and �num are fitting
parameters. As evident in the left panel of Fig. 6 such fits provide an
excellent match to the simulation data. The error in the frequency
is shown in the top right panel of Fig. 6 (here ^num is the frequency
found in the simulation data and ^ is the theoretical expectation).
The numeric decay rate, �num/2, is shown in the bottom right panel
of Fig. 6. The frequency error is seen to converge at second order
while the numeric decay rate converges at third order.

The time steps in ����� are performed in units of ln 0. The
erroneous power law damping can therefore be understood as a
constant amplification factor applied at each time step equidistantly
spaced in ln 0 (see e.g. chapter 2 in Durran 2010 for the definition
of the amplification factor). Alternatively, this damping can be un-
derstood as arising from a redshift dependent numerical viscosity
coe�cient. In order to make this interpretation, we amend our ana-
lytic solution for Alfvén waves to include Navier-Stokes viscosity.
The derivation is given in Appendix C4 with the analytic solution
given in Equations (C26) and (C27). The solution shows that the
numerical decay given by �num/2 can be described as arising due
to a numerical viscosity coe�cient [num = [num,0 0

�5/2 where
[num,0 is the numerical viscosity coe�cient at I = 0. The relation
�num = [num,0 :

2/(dc�0) allows us to find the numerical viscosity
coe�cient from the fits shown in Fig. 6. We find

[num ⇡ 0.072 ⇥ dc�0

:
2

✓
#G

16

◆�2.99
0
�5/2

, (80)

which shows how the numerical viscosity, [num, depends on scale
factor and resolution. While this numerical viscosity picture de-
scribes the amplitude damping it does not fully explain the simula-
tion results. Indeed, while a physical viscosity would decrease the
wave frequency (see Appendix C4), low resolution ����� solutions
are instead seen to display a higher frequency than the analytic
solution. This means that �����’s update procedure is accelerat-
ing rather than decelerating (see e.g. chapter 2 in Durran 2010 for
definitions of this terminology).

5.1.2 Traveling Alfvén waves

We use the eigenmode for a traveling Alfvén wave derived in Sec-
tion 3.4 to initialize ����� simulations. Equations (33) and (34) are
Fourier amplitudes so we need to construct the solution in real space.
A wave traveling to the right (left) is simply found by multiplying the
minus (plus) solution by ei:G and taking the real part. We find it use-
ful to write the solution using the amplitude �D = ⇠0

�3/4
i e±i^ ln 0i .

MNRAS 000, 1–21 (2021)



Magnetosonic wave
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� = 1
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Thermal pressure term does not decay

� = 4/3
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Thermal pressure term decays at same rate as other terms

� = 5/3
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Thermal pressure term decays faster than other terms

� = 4/3
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is an Euler ODE, in general a transformed Bessel equation!

Gravitational instability

Differential equation

@2

@a2
�⇢c
⇢c

+
3

2a

@

@a

�⇢c
⇢c

+

 
⌦2

s

a3��2
+

⌦2
A � ⌦2

g

a2

!
�⇢c
⇢c

= 0

<latexit sha1_base64="o6pdKgqPyW+UZMovqjhvhnx9szg="></latexit>

12



−0.1

0.0

0.1

(a
/a

i
)1

/
4
δρ

c
/ρ

c

hydro hydro + selfgravity mhd mhd + selfgravity

−1

0

1

(a
/a

i
)3

/
4
δu

/V
s

0 2 4

ln a/ai

−0.1

0.0

0.1

(a
/a

i
)1

/
4
δp

c
/p

c

Arepo Analytic

0 2 4

ln a/ai

0 2 4

ln a/ai

−0.05

0.00

0.05

(a
/a

i
)1

/
4
δB

c
/B

c

0 2 4

ln a/ai

Comoving, standing, compressible
waves with γ = 4/3

13



−1

0

1

2
δρ

c/
ρ c

hydro

10−2 10−1 100

a

−1

0

1

δu
/V

s

Arepo Analytic

hydro + selfgravity

10−2 10−1 100

a

mhd

10−2 10−1 100

a

−0.1

0.0

0.1
δB

c/
B

c

mhd + selfgravity

10−2 10−1 100

a

Comoving, standing, compressible
waves with γ = 1

14



−0.02

0.00
δρ

c/
ρ c

hydro hydro + selfgravity mhd mhd + selfgravity

−0.5

0.0

0.5

1.0

δu
/V

s

10−2 10−1 100

a

−0.050

−0.025

0.000

δp
c/

p c

Arepo (EdS) Analytic

10−2 10−1 100

a

10−2 10−1 100

a

−0.005

0.000

0.005

δB
c/

B
c

10−2 10−1 100

a

Comoving, standing, compressible
waves with γ = 5/3

15



Part III 
Zoom simulations of merging galaxy clusters



Zooming in on a galaxy cluster
Gas density [g cm�3]
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Major merger including galaxy formation

 
11 mio cpu-h on SuperMUC-NG in Germany (PI: T. Berlok) 

In collaboration with: 
Joseph Whittingham, Léna Jlassi, Larissa Tevlin, Martin Sparre, Rainer 
Weinberger, Ewald Puchwein, Rüdiger Pakmor and Christoph Pfrommer
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Part IV 
Braginskii viscosity in Arepo
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Braginskii viscosity in Arepo

• Extensive test suite (detailed in Berlok, Pakmor 
& Pfrommer 2020) 

• Second order accurate Super timestepping 
(RKL2) 

• Recently extended for cosmological applications
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AGN jet with Braginskii viscosity
75 kpcH

ydrodynam
ics

t/t0 =
0

t/t0 =
3

t/t0 =
6

BraginskiiV
iscosity

Braginskii Hydro

t/t0 = 3

<latexit sha1_base64="1xm97Kt3REQsh3N5ugrVX9RIGRw="></latexit>

t/t0 = 0

<latexit sha1_base64="tORUmGNIPtJewfWVhvhHUQ/in/4="></latexit>

Idealized 2D bubbles
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Berlok+ (unpublished) Berlok+, in prep.
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