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N = 8 supergravity

Maximally supersymmetric (N = 8) supergravities arise as the low-energy
limit of torus compactification of M-/string theory and exist in D ≤ 11

The large huge amount of (super)symmetries lead

Better control of UV behaviour in perturbative computations

Non-renormalisation theorems

The real implementation of these symmetry in perturbative computations is
obscure. And we would like to understand better

the role of the all symmetries of N = 8 supergravity

gauge invariance
supersymmetry
non-perturbative symmetries

the relation to string theory [Green, Ooguri, Schwarz]
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Outline

1 On-shell supersymmetry in N = 8 supergravity amplitudes

2 No triangle hypothesis

3 Conclusion & Outlook
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Perturbative structure of N = 8 sugra

L-loop gravity amplitudes have dimension

[M
(D)
L ] = mass(D−2)L+2

For the N = 8 supergravity theory an R4 term is factorized and more
derivative can arise as well

[M
(D)
L ] ∼ mass(D−2)L−6−2βL D2βLR4 + · · ·

Critical dimension for UV divergence is

D ≥ Dc = 2 +
6 + 2βL

L
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Perturbative structure of N = 8 sugra

Critical dimension for UV divergence is

D ≥ Dc = 2 +
6 + 2βL

L

Depending on the various implementation of on-shell supersymmetry

6 ≤ cL = 6 + 2βL ≤ 18

Which gives a possible first divergence in D = 4

3 ≤ L ≤ 9
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Effective action

Supergravity effective action for higher derivative terms

L =
1

κ2
(4)

∫
d4x

√
−g [R(4) +

∑
k

fk(ϕi ) D2kR4]

The functions fk(ϕi )

is a duality invariant (e.g. E7(7)) function of the moduli ϕi

Constrained by supersymmetry

Local counter-term to a UV divergence read

δ(L)L =
1

κ4
(4)

∫
d4x

√
−g κ

2(L+1)
(4) [D2(L−3)R4 + · · ·+RL+1]
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Non-renormalisation theorems

The non-renormalisation theorems [Green,Russo,Vanhove; Berkovits] and the explicit
expressions for the 1-,2- and 3-loop amplitudes [Bern,Dixon,Perelstein,Rozowsky; Bern,

Carrasco, Dixon, Johansson, Kosower, Roiban] imply the following

1-loop non-renormalisation of R4: βL ≥ 2 L ≥ 2

UV divergence: L ≥ 3 + βL ≥ 5 loops

2-loop non-renormalisation of D4R4: βL ≥ 3 L ≥ 3

UV divergence: L ≥ 3 + βL ≥ 6 loops

3-loop non-renormalisation of D6R4: βL ≥ 4 L ≥ 4

UV divergence: L ≥ 3 + βL ≥ 7 loops
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First possible UV divergence of N = 8 supergravity

The 7-loop counter-term

δ(7)L =

∫
d4x

∫
d32θ ϕ4

ijkl =

∫
d4x

√
g D8R4

Forbidden by the non-linear E7(7)/SU(8) symmetries because ϕijkl is a
vielbein for the coset [Howe/Lindstrom; Kallosh]
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First possible UV divergence of N = 8 supergravity

The 8-loop counter-term [Kallosh]

δ(8)L =

∫
d4x

∫
d32θ χ4

ijkα =

∫
d4x

√
g D10R4

This superfield starts with the 56 dilatini
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First possible UV divergence of N = 8 supergravity

The 9-loop counter-term [Green et al.]

δ(9)L =

∫
dDx

∫
d32θ W 4

ij =

∫
dDx

√
g D12R4

is expressed in terms of the spin 1 superfield build from the field-strengths
(all gauge invariant quantities)
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The R4 case

The famous saturated R4 has a 1
2 -superspace expression

δL =

∫
dDx

∫
d16θ ϕ4

ijkl

This is a valid 1-loop counter-term in D = 8 with local (harmonic)
superspace construction
(ϕijkl stands for the chiral superfield and the linear superfield of D = 8

harmonic superspace [Berkovits])

But this not a valid 3-loop counter-term in D = 4 because it is not
invariant under the E7(7)/SU(8) symmetries.

In terms of E7(7)/SU(8) this R4 is a non local quantity

δL =

∫
d4x

∫
d16θ (DD̄)−4 W 4

ij ∼
∫

d4x
1

�2
R4

viz. the one-loop effective action of N = 8
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Supersymmetry and what else?

Susy alone cannot be responsible for the finiteness of N = 8 supergravity.

The other symmetries of the theory will play an important role

gauge and crossing symmetries?

Duality symmetries (local SU(8)R and/or global E7(7))?

In the following we will focus on the gauge and crossing symmetries which
are typical of gravity theories.
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The no triangle property in N = 8

Gravity is cross symmetric (colorless theory)

sum over all the permutations at one-loop
sum over all the planar and nonplanar diagrams at higher loop order

Gauge invariance εµν → εµν + ∂µvν + ∂νvµ
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The no triangle property in N = 8

Gravity is cross symmetric (colorless theory)

Gauge invariance εµν → εµν + ∂µvν + ∂νvµ

=> Simplification of tree-level amplitudes [Bern,Carrasco,Johansson]

Mn =
∑

r

nL
r nR

r∏
j(pj)2r

=> Cancellations in loop amplitudes [Bjerrum-Bohr, Vanhove]
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=> Simplification of tree-level amplitudes [Bern,Carrasco,Johansson]

=> Cancellations in loop amplitudes [Bjerrum-Bohr, Vanhove]

Unordered amplitudes are more than just the sum over all ordering of color
ordered amplitudes.
All the various ordering have the same tensorial structure

M =
∑

r

tr

∫ ∞

0

dT

T

∫ 1

0

n−1∏
i=1

dνi T
−D/2+n exp(−T

∑
r ,s

(kr · ks) Gr ,s)
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The no triangle property in N = 8

Gravity is cross symmetric (colorless theory)

Gauge invariance εµν → εµν + ∂µvν + ∂νvµ

Unordered amplitudes are more than just the sum over all ordering of color
ordered amplitudes.

Loop momentum is a total derivative ki · ` ∼ ∂νi Qn which can be freely
integrated

∫ ∞

0

dT

T

∫ 1

0
dn−1ν ∂νi Qn(· · · ) = −

∫ ∞

0

dT

T

∫ 1

0
dn−1ν Qn∂νi (· · · )

Since ∂νi ∂νj Qn ∼ (ki · kj)[δ(νi − νj)− 1] does not contain any loop
momenta

two powers of loop momentum are cancelled at each steps
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The no triangle property in N = 8

Gravity is cross symmetric (colorless theory)

Gauge invariance εµν → εµν + ∂µvν + ∂νvµ

Unordered amplitudes are more than just the sum over all ordering of color
ordered amplitudes.

Improved reductions formulas with two powers of loop momentum are can-
celled at each steps => N = 8 sugra no triangle property

[Bjerrum-Bohr, Vanhove; Emil’s talk]

l

l =2(n-4)
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The absence of rational term

All the rational terms are push into UV and IR finite dimension shifted
integrals

I
[4+2m]
n =

∫
d4`d2m`⊥∏4+m

r=1 (`− qr )2 + `2
⊥

These contributions decouple by gauge invariance [Bjerrum-Bohr, Vanhove]

∏
1≤i 6=j≤n

(εi · εj) I
[4+2n]
n

In N = 8 amplitude all the coefficient of these contributions have extra
powers of momentum needed for gauge invariance (connection
Γ(i) ∼ kµε(i)ν) and the dimension shifted integral cannot arise by
dimension analysis (but they arise for sugra amplitudes with low or no
supersymmetries)
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Summary & Outlook

The present situation regarding the role of supersymmetry in perturbative
N = 8 in D = 4 is still not understood

Important to include the role of the extended lorentz symmetries and
use the higher dimensional origin of the theory
(The expressions for the loop amplitudes obtained by [Bern et al.] are
valid in all dimensions)

Finiteness of N = 8 in D = 4 requieres extra symmetries beyond
supersymmetry. Role of no triangle property at higher loop order ?
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