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Twistor space / New Insights

Twistors

L

Hidden Beauty!

Amplitudes N=4,
N=1, QCD

at NLO, Grauvity..

Simple expressions
for amplitudes

Unitarity




Quantum theory for gravity

Gravity as a theory of point-like interactions

Dimensionful

Non-renormalisable theory!
G\=1/M?

planck

Traditional belief : — no known symmetry can remove higher

derivative d|vergences.. String theory can by introducing new length scale

Focus: N=8 supergravity — maximal supersymmetry

— Also cancellations in pure gravity as well..



Calculation of perturbative

amplitudes
# Feynman diagrams: Momentum vectors :
Factorial Growth! (Pi- P)
\ _—

Generic Feynman amplitudes

/ \

Sum over topological  gyterngl polarisation
different diagrams tensors :

(P~ &) (€;- €)




Amplitudes

Specifying external Colour ordering

polarisation tersrs (€, €) /;\ 1 /

Simplifications

/
Recursion \
Loop amplitudes

Spinor-helicity (Unitarity,
formalism Supersymmetric
decomposition)




Gravity Amplitudes

Expand Einstein-Hilbert Lagrangian :

nfinitely g — / pre [\/TQR}

many
vertices
x g/w = nw/ + ’fh/u/
Vertices: 3pt, 4pt, 5pt,..n-pt Feynman diagrams:
Complicated expressions for vertices! not attractive...!
Vi (. by, big) = ffsym[ - %Ps(k‘l k2 Npatvpnor) — %Pﬁ(klvkw%aﬂm)
A5 tEIMS -+ = Pylkr - ks TyuTlasTlon) + Polks - ks tyaiotisn) + 2Pk taatian)

2
+ Sym - P3(k1ﬁk2u77avna'y) + R&(klakQ*yn;wnaﬁ) + P()'(k.lakl'yn,uuna[ﬂ)

+ 2P6(k11/k2’y776,u77040) + 2133(]511/]{2;1,77607770() - 2P3(k1 ’ kQ n(xunﬁan’*{u)} )




Gravity Amplitudes

KLT relationship

: : Not manifest
The KLT relationship relates open and  _ cqio symmetry

closed strings

M § : im®(I1,IT) 4left open right ope
jqclosed ~ € AM (H)AM (H) l
~ Better understanding
I1,11
oy B8] L s of KLT /
(=) = |(X) ® [(~K) organisation of
amplitudes

KLT not manifestly crossing symmetric — explicit represenition :

ME™ee(1,2,3) = —iAYe(1,2,3)A¥*(1,2,3), _
KLT not the simplest
MS™(1,2,3,4) = —is;2 AL (1,2,3,4)AY°(1,2, 4, 3) form but better
M"(1,2,3,4,5) =(s12530DAY°(1,2,3,4,5)AF(2,1,4,3,5) + than
/ Agfee(l, 3,2,4,5) A% (3,1,4,2,5) ie/ynman diagrams
Simplicity of YM amplitudes!!

Momentum prefactors cancel double poles



Helicity states formalism

Spanr prOdUCtS: <l ]> — Emn)\’;nkill [l J] — Emn’i;@i\'rjl

Different representations of

7
. — O— .
the Lorentz group Paa aalr

PPy =0 DPas = Aaa

Momentum parts of amplitudes:

—_~

Qaa=lafla Paa = Aara 20-q) =555 = —(\, p) [\, fi]

Spin-2 polarisation tensors in terms of helicities,
(squares of those of YM):
_ Aafla ~ HaXi e e

E .= — E . =
N P “@ o {u, A gt &t




Yang-Mills MHV-amplitudes

(n) same helicities vanishes Tree amplitudes

Aree(1*,2*,3%,4%,..) =0 First non-trivial
example,
(M)aximally
(H)elicity (V)iolating
(MHV) amplitudes

(n-1) same helicities vanishes

Alree(1+ 2+ i ) =0

(n-2) same helicities:

Aree(1+ 2+ - k,.)=0 | One single term!!

Atree MHV Given by the formula\ (] k)4
and proven

by i(12)(23)---(n1)




Gravity MHV amplitudes

« Can be generated from KLT via YM
MHV amplitudes.

Mfee(l_? 27,37, 4+) =i (1 2)8 12— Anti holomorphic
<3 4) N(4) Contributions

1,2,3,4 : :
J\Jg)ree(l—7 2—?3+?4+7 5+) — <1 2>8 8( EV(75)7 )/' — feature in gravity

(i, jm, ) = dicuwpo bl KERORS = i3] (i) [mn] (nd) — (i) [jm] (mn) [n]

recursion formula

MFee(17,27,3%, .. ,nT)
n—3 n—1 n—a3

—i(12)% x “igiEQn_l(f[Il ”)]I@ﬁmKHUPW”

1=1 j=1i+2 =3

+P(2,3,,n—2)




Simplifications from Spinor-

Helicity

Sij = _<)\7 ILL) [5\5 /:L]

/

™~

Huge simplifications

V(S)

pa,v 3,07y

1
+ §P3 (kl ' k? %u%ﬁﬁm) + PG(kl ' k2 nuanuanﬁv) + 2P3(k1vkl~/nua77ﬁa>
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N
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k2 nuanuﬁnav) - §P6(k1uk1677,u0¢77m/)

— P3(kigkoyunonney) + Ps(kiokoyuwnas) + Fos(KiokiyMwnas)

+ 2P6(k1vk2'y77ﬁu77aa) + 2R3(k1yk2p,7760777a) - 2P3(kl ’ kQ ncxunﬁan’ﬂl«)} )
. 4

45 terms
+ sym

Vanishi}/%r helicity formalism

/ Contractions

E . = — g

_|_

aaq

Gravity:

E &

st é:—l—

Az(17,27,3")
o (12)°
23 31)




Gravity tree properties

MHV rules for gravity oy

ot / ‘
13 ..
1
E ]ﬂt X —5 X X ... X
Py,

iy

Recursion
Ag — S\a -+ Zj\b

)\b — )\b — Z)\a
Gravity scaling behaviour: Unexpected!!
A(z) ~ 1/z?

~ AO) =~ 3 Res.., 2



General 1-loop amplitudes

n-pt amplitude p = 2n for gravity
/ p=n for YM

Vertices

P(l,k,¢€)
carry factors / d4g
of loop ng ~—— Propagators
momentum

(Passarino-Veltman) reduction o Z o
g AkD=(-0*-2 L

Iﬂpm( —>C,I£ _|_Z IJ Pm 1

Collapse of a propagator

A O
MLloor — anl4+2d I“+Ze@I“+R




No-Triangle Hypothesis

Factorisation suggests this is true for all

Justified suggestion....... one-loop amplitudes
1- 100 i : :
My — P — E cil,
ZEC ® °
_ Consequence: N=8 supergravity same one-loop
Evidence? structure as N=4 SYM
True for 4pt
n-point MHV
. 6pt NMHV (IR
Direct g (IR)
evaluation 6Pt Proof
of cuts 7pt evidence

n-pt proof




No-Triangle Hypothesis by
Cuts

Attack different parts of amplitudes 1) .. 2) .. 3) ..

(1) Look at soft divergences (IR) /\ /\
N~ 7 N

— 1m and 2m triangles
Check that boxes gives the correct IR divergences

(2) Explicit unitary cuts
_, bubble and 3m triangles  —___* A

(3) Factorisation
— rational terms.




No-triangle hypothesis

dir (.

Generic loop amplitude  »/ o | o

. o / (f.le l—[jn( th_;r fi; +l—[2n 1 2?1 13]”{ )++I{
Wpp — H (57)D {.1 {.ﬁ_

Passarino-Veltman : Z coly + Z do 13 + Z eql5 + R Naive counting!!
a a a

(ID{ - . - . .
-z H ((—hy— - — k)2 - Tensor integrals derivatives in Q,

D—1 1T B 1 1 n
| (2) [J (T = D/2+n /J u].i'.,fl . .(h,fn j._? [Z f')ﬂ(lf.g- _ ”] f,—T Qn
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No-triangle hypothesis

String based formalism natural basis of integrals is

Gg(x) = 2% — |2, Gp(r) =sign(z) @n= Z (ki - ;) Gplr; — v))

\ 1<li<tg<in

1
T,L.]1] = / "ty QP2 ..;)r, Q. Gr
L.L]= | H,

h; = Z el ki + gt
po
Amplitude takes the form  p(c,; k. v;)=P(H, - K Yi; Grlv — ). (hy -hy) (v — v5))

1

1
My =T(n = D/2) x / d"WwP (i, ki i) Q™" Constraint from SUSY
[D—|—.3 u—l)] - N Ve
Mu 1 — Z Z ?L '.r1 [ [1 -:] rts < 2n—A

r+st+u=2n—-N [=()
D<u<n




No-triangle hypothesis

Now if we look at integrals

1
T[L ) = / A" v QPP [ 0,Qn Typical expressions
0 "F’I{_:l'.l*—l—l
1 ' 1 D 1
- _ n— /s VD /2—n+1 :
Iﬂ- [1—?—0—1‘11] T D!’FQ —n 4+ _I_/[; d v ")r/.,.,?‘_'_l {'J-ﬂ_ GFU"‘??._H - Vj) H ()r/n;(s,)ﬂ-
! iel,
Use
OF7"0,0, = (D)2 —n+1)7"19,QF*" " | +integration by parts

L [(0Qn)"] ~ TP [(0Qn ) ) + I (0Qn) ]

L (0Q,)", Gr] ~ TEP(0Qn) 7 + IR[(0Q,) 2 Gp] + ZPY(0Q,) 2, GF]

‘n—1 ‘n—1




No-triangle hypothesis

N=8 Maximal Supergravity (r=2(n-4),s=0)

'.rl[ ()(r,)?l) (n= 4] Pna‘ﬁ[(()(p)n) (n— "J] I?[]p+2][(5)(2?3)2{”_5}]

n—1

n—4
_Z‘Hlaﬁ'i ’j] 4 Z Iq[i;izm] [m

m=1

Lo[(0Qn)" (Gp)°] ~ L3 [(0Qn)" “] + I A(00Qn) "]

:’Tn[((‘)(s)n)r ((;TF)S] s j"n "-LS'S[ (}}(2?! r Q] _|_ID+2][( i _]_J'P_S] A e s

nr—s

n—d4

nass [D Em
I'.r— (r4s)/ 2“] + Zj:l—i—j?—a
/ m=1
. . Higher dimensional contributions
1-1 2 : — vani '
MN—()SOP ¢ [z vanish l_)y amplltude gauge
= invariance
ZGC ° e

Proof of No-triangle hypothesis



No-triangle hypothesis

N < 3 theories

Generic gravity theories: consructable from

cuts

L[(0Qn)" (Gr)*] — TR [0]

* Prediction N=4 SUGRA
Afl-loop _ ZCQL‘E + Zdafg’ + 26&12& %X

* Prediction pure gravity

MY =N If 4+ dod§+ Y el + R

a



No-triangle for multiloops

* No-triangle hypothesis 1-loo . .
Jgie yp P . Possible to obtain YM bound??
« Consequences for powercounting

arguments above one-loop.. D < 6/L + 4 for gravity???

D<10/L+2 \ f
Two-particle cut might miss certain cancellations

Bound might be too conservative!!

Iterated two-particle cut
Three/N-particle cut

b--—---J- Explicitly possible to

(T )

\——/_ see extra cancellations!




Conclusions

« Graviton amplitudes +» much benefit from recent progress
(..twistor / helicity structure, hidden simplicity,
string based formalism..)

« Gravity +» much simpler — than Lagrangian / power counting
iIndicate (no-triangle property <+ extra simplicity..)

* Unordered amplitudes might be even simpler than
ordered amplitudes (due to lack of boundary terms..)

Consequences at higher loop order
Finiteness??!

« String based / helicity formalism is very helpful
— however better ways to deal with gravity amplitudes
still important to focus on..



