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Introduction

Scattering amplitudes at strong coupling have been related to a
lightlike Wilson loop computation in string theory.
Alday, Maldacena

The loop lives in a “dual” AdS5 space obtained by formal T-duality
on the isometric directions of the corresponding bosonic sigma
model

1

Y 2

(
dXµdXµ + dY 2

)
→ 1

Ỹ 2

(
dX̃µdX̃µ + dỸ 2

)
dXµ → Y 2 ∗ dX̃µ, Y → Ỹ−1

(i) The geometry is again AdS5

(ii) An immediate consequence is that a dual conformal symmetry
appears
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An analogous symmetry appears in the computation of scattering
amplitudes in planar N = 4 SYM at weak coupling.
Drummond, Henn, Korchemsky, Sokatchev; Brandhuber, Heslop, Travaglini

It is tantalizing to conjecture that these two symmetries are
actually two sides of the same coin.

In gauge theory this symmetry has been promoted to a full
dual superconformal symmetry
Drummond, Henn, Korchemsky, Sokatchev; Paul’s talk

Can we use string theory to understand its origin?

The answer seems to be positive and the result is that the dual
superconformal symmetry is related to the integrability of the
superstring. To uncover the precise relation we will need to
consider the full superstring theory on AdS5 × S5.
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AdS5 × S5 superstring

It is based on the supercoset G
H = PSU(2,2|4)

SO(1,4)SO(5) ⊃ AdS5 × S5

Metsaev, Tseytlin

S ∼
√
λ

∫
GMN∂X M∂X N + θ̄(D + F5)θ∂X + · · ·

Classical bosonic string theory on AdS5 × S5 is integrable
Lüscher, Pohlmeyer

Classical integrability extends to the full superstring
Bena, Polchinski, Roiban

Infinite tower of conserved charges:
local (Noether)+non-local charges
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More formally we can use the Z4-grading of the superconformal
algebra g = psu(2, 2|4)

g ∼= h⊕ g(1) ⊕ g(2) ⊕ g(3) , [g(m), g(n)} ⊂ g(m+n)

to decompose the supercoset current as follows

j = g−1dg = A + j(1) + j(2) + j(3), A ∈ h, j(m) ∈ g(m).

so that the GS string can be compactly written as

S = −T
2

∫
str
[
j(2) ∧ ∗j(2) + j(1) ∧ j(3)

]

Riccardo Ricci Dual superconformal symmetry from AdS5 × S5 string



Lax connection

The GS string is integrable and the associated Lax connection is

j(z) = A + z−1 j(1) + 1
2 (z2 + z−2) j(2) + z j(3) + 1

2 (z2 − z−2) ∗j(2)

where z is a complex spectral parameter, j(1) = g−1dg .
The Lax connection is flat

dj(z) + j(z) ∧ j(z) = 0.

The complete set of string equations is encoded in the flatness
equation of j(z).

Expanding j(z) around z = 1 we can construct an infinite tower of
conserved charges (Noether plus non-local).
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Gauge fixing

Now we apply the supercoset formalism to construct the explicit
form of the GS action in the Poincaré parametrization:

ds2 = −1
2 Y 2dXαβ̇dX β̇α + 1

4Y 2 dYijdY ij , Y 2 := 1
4 YijY

ij

The 32 independent fermionic coordinates are Θ = (θiα
± , θ̄

α̇
±i ).

The associated coset representative g may be chosen as

g(X ,Y ,Θ) = B(X ,Y ) e−F (Θ),

with
B(X ,Y ) = eiX P Y iD ,

F (Θ) = i
[
(θ+Q + θ−S)− (θ̄+Q̄ + θ̄−S̄)

]
.
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We also need to fix κ-symmetry. A convenient choice is

θiα
− = 0 = θ̄α̇−i , “S-gauge”

so that
F (Θ) = i

[
θ+Q − θ̄+Q̄

]
does not contain terms with S-generators.

S = −T
2

∫
−1

2 Y 2Παβ̇ ∧ ∗Π
β̇α + 1

4Y 2 dYij ∧ ∗dY ij

+ 1
2

(
dYij ∧ θiαdθj

α − dY ij ∧ θ̄α̇i dθ̄jα̇
)

with
Πα̇β := dX α̇β + i

2 (θ̄α̇i dθiβ − dθ̄α̇i θ
iβ).
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Bosonic T-duality

Now we dualize the four X isometries

S(∂X , . . . )→ S(V , . . . ) + X̃ dV

Integrate out X̃ : dV = 0⇒ V = dX → original action

Integrate out V → dual action: Kallosh and Tseytlin

S̃ =

∫
− 1

2Y 2 dX̃αβ̇ ∧ ∗dX̃
β̇α

+ 1
4Y 2 dYij ∧ ∗dY ij

+ i
2dX̃βα̇ ∧ (θ̄α̇i dθiβ − dθ̄α̇i θ

iβ) + 1
2

(
dYij ∧ θiαdθj

α − dY ij ∧ θ̄α̇i dθ̄jα̇
)

The relation between the original and dual coordinates is

dX α̇β + i
2 (θ̄α̇i dθiβ − dθ̄α̇i θ

iβ) = Y−2 ∗dX̃ α̇β.
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Observations

The bosonic geometry is again AdS5 × S5.
This is a special property of the Poincaré parametrization of
AdS5.

In general T-duality breaks some of the original global
isometries.

Example: Bosonic sigma model on S2

ds2 = dθ2 + sin(θ)2dφ2 → ds̃2 = dθ2 + sin(θ)−2d φ̃2

SO(3) → U(1)

The bosonic sigma-model on AdS5 is mapped into itself: a
dual conformal symmetry becomes manifest after T-duality.

Can we find a larger dual symmetry if we study the full
superstring on AdS5 × S5?
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Fermionic duality transformation

Let us now perform a further 2d-duality, this time applied to the
fermionic coordinates θiα (but not to their conjugates θ̄α̇i ).
The duality is implemented as in the bosonic case:

S(. . . , ∂θ, . . . )→ S(. . . ,V, . . . ) + θ̃iα ∧ dV iα

Note that in this case the relation between θ and θ̃

dθiα = − 1
Y 2 Y ij(dθ̃αj − iX̃α

α̇ dθ̄α̇j )

does not involve the Hodge ∗.
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The dual fermionic action is again the GS action albeit in a
complex κ gauge:
Roiban, Siegel

θ− = 0 = θ̄+, Q̄S − gauge

Fermionic duality was performed only on θ and not on θ̄.

The combination of bosonic and fermionic dualities maps the
AdS5 × S5 superstring action into itself
see also Berkovits, Maldacena

The superstring action after bosonic and fermionic dualities
has a dual superconformal global symmetry group.
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T-duality has been applied to the 2d fields (X , θ) dual to the
N = 4 maximal Abelian subalgebra

[P,P] = 0 , {Q,Q} = 0

The need for complexification seems natural also at weak
coupling, where the dual PSU(2, 2|4) symmetry becomes
manifest after using a twistor-inspired formulation of gauge
theory

A = G ++ηAψA+ηAηBΦAB+ηAηBηCψABCD+ηAηBηCηDG−ABCD

Drummond, Henn, Korchemsky, Sokatchev
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The dual superstring is also integrable.

Question : how are the integrable structures before and after
T-duality related?
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Let us go back to the bosonic sigma model on AdS5 for which

j = jP + jD , jP = iY dX P, jD = i
Y dY D.

By using the duality transformation

dX̃ = Y 2∗dX and Ỹ = Y−1

we can relate the currents before and after duality

jP = iY dX P = iỸ ∗dX̃ P = ∗j̃P ,
jD = i

Y dY D = − i
Ỹ

dỸ D = −j̃D .

Applying this transformation to the bosonic Lax connection j(z)
we can construct the dual connection j̃(z).
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The so(2, 4) algebra has a natural Z2-automorphism (i.e. Ω2 = 1)

Ω
(
P
)

= −K , Ω
(
K
)

= −P, Ω (L) = L, Ω (D) = −D.

Using Ω we can construct another Z2-automorphism of the
conformal algebra as follows

T 7→ Uz(T ) := UzΩ(T )U−1
z , Uz :=

(
z − z−1

z + z−1

)iD

.

This automorphism maps the Lax connections before and after
duality into each other:

Uz(j(z)) = j̃(z).
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Therefore bosonic T-duality can be abstractly understood as a
symmetry of the Lax connection induced by an automorphism of
the conformal algebra.

Furthermore the dual conformal charges arise from some of the
non-local charges of the original model.
Ricci, Wolf, Tseytlin

Example:

K̃ =

∫
dσ

∫
dσ′jPτ (σ′) jDτ (σ) +

∫
dσjPσ (σ) =: P2

Berkovits, Maldacena

The dual conformal symmetry is intimately related to the
integrability of the original string sigma model on AdS5.
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Does a similar interpretation apply to the superstring on
AdS5 × S5?

We need to use the Z4-automorphism (Ω4 = 1) of the psu(2, 2|4)
algebra:

Ω(P) = −K , Ω(K ) = −P, Ω(D) = −D,

Ω(L) = L, Ω(Ra) = −Ra, Ω(Rs) = Rs ,

Ω(Q) = S , Ω(Q̄) = S̄ ,

Ω(S) = Q, Ω(S̄) = Q̄.
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We can now build a spectral parameter dependent automorphism
of the superconformal algebra as

T 7→ Uz(T ) := Uz Ω(T ) U−1
z , Uz := e−πB

(
z − z−1

z + z−1

)i(B+D)

where B generates a U(1)-automorphism.

The Lax connections before and after T-duality are related by this
psu(2, 2|4) automorphism:

j̃(z) = Uz(j(z)).
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If we define

f (z) :=
z − z−1

z + z−1
,

the action of the automorphism on the generators is

Uz(P) = f Ω(P), Uz(K ) = f −1 Ω(K ),

Uz(D) = Ω(D), Uz(R) = Ω(R),

Uz(L) = Ω(L), Uz(L) = Ω(L),

Uz(Q) = f Ω(Q), Uz(S) = f −1 Ω(S),

Uz(Q̄) = −iΩ(Q̄), Uz(S̄) = iΩ(S̄).
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P → trivial

L → L

K → non-local

D → D

R → R

Q → trivial

Q̄ → S̄

S → non-local

S̄ → Q̄
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Observation

We have seen that the P and Q charges become trivial after
T-duality. We can also understand this behavior by observing that
P and Q have a trivial action on the dual coordinates X̃ and θ̃:

dX ∼ ∗dX̃ , dθ ∼ dθ̃ .
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Conclusions

Dual superconformal symmetry arises naturally in string
theory as a consequence of a duality transformation:

bosonic+fermionic dualities → dual superconformal symmetry

The Noether charges of the T-dual model have their origin in
the hidden charges of the original model and vice versa.
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How to make the connection with gauge theory more precise?

Understand the precise relation between the superstring
symmetries in the bulk and the symmetries of the
super-amplitude in the boundary gauge theory.

Can we use the remaining infinite number of charges to
further constraint the structure of the amplitudes?
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