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Copenhagen   when ?



Power or efficiency?

Efficiency at maximum power Maximum efficiency

Finite time thermodynamics
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Quantum Finite Time Thermodynamics: Motivation

First Principle derivation of basic building blocks.

1 Heat flow.

2 Friction.

3 Heat leaks.

Methodology: Learn from example:

Study quantum heat engines and refrigerators.
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Reduced description

Ĥ = ĤS + ĤB + ĤSB

Separation of time scales

If the bath timescale is much faster than the system then:

d

dt
ρ̂S = LS ρ̂S

where LS depends on the bath implicitly.

The theory of open quantum systems  .
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Dynamical equations consistent with Thermodynamics .

Ĥ = ĤS + ĤB + ĤSB . [ĤSB ,Ĥ] = 0

Reduced description: Λs ρ̂S = ∑j K̂j ρ̂SK̂j
†

.
0- law: The fixed point of the map is a Gibbs state:
Λs ρ̂S(eq) = ρ̂S(eq) = 1

Z e
−βHS where β = 1/kTB

.
1-law conservation of energy dES =−dEB
This implies: [Λ,US ] = 0 where US = e−

i
h̄ [ĤS ,•]t

.

2-law Contraction:

D (Λ(ρ̂S)|Λ(ρ̂S(eq)))≤D (ρ̂S |ρ̂S(eq))

Isothermal Partition .
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The GKLS Master Equation
. d

dt
ρ̂S(t) =−i [ĤS(t), ρ̂S ] +LD(ρ̂S)

LH(ρ̂S) =−i [ĤS(t), ρ̂S ]

LD(ρ̂S) = ∑
k

γk

(
F̂j ρ̂S F̂†

j −
1

2
{F̂†

j F̂j ,ρS}
)

.

From the I-law: [LH ,LD ] = 0 , this implies that

F̂k are common eigenoperators of LH and LD .

LH(F̂k) = iωk F̂k LH(F̂k) = γk F̂k

when ωk = 0 F̂k is an invariant of the unitary
dynamics.
.

For γl = 0 F̂l is an invariant a fixed point F̂l = 1
Z e
−β ĤS

for k 6= l , F̂k are Lindblad jump operators.

G. Lindblad
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Dynamical I-law of thermodynamics

R. Alicki , J.phys. A Math. Gen. 12 L103 (1979)

Power +Heat current
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1

2

3

4

Carnot cycle
Hot to cold adiabatic stroke ⇤hc
Cold isotherm ⇤c
Cold to hot adiabatic stroke ⇤ch
Hot isotherm ⇤h

Carnot�cycle:
⇤cyc�=�⇤h⇤ch⇤c�⇤hc�

Operating conditions 
fixed point of CPTP map
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Endoreversible carnot cycle

high temperature limit
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A quantum-mechanlcal heat engine operating in finite time. A model 
consisting of spin-1 /2 systems as the working fluid 

Eitan Geva and Ronnie Kosloff 

Departmenו of Physical Chemistry and The Fritz Haber Research Center for Molecular Dynamics, 
The Hebrew Uniuersity, Jerusalem 91904, Jsrae/ 

(Received 28 August 1991; accepted 21 October 1991) 
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FIG. S. Thc cyclc 1'-2' -3' -4'-1' is of the Curzon-Ahlborn 

FIG. 1. The revcrsible Camotcyc]c (so]id line) in וhc {ש,S) plane (w is the 
ficld and S the polariz.ation ). The cyclc is composed of t'י''O revcr$iblc iso­
thcrms corresponding 10 the tcmperatures {J� and /J, ({J, > Pג) and of two 

adiabatscorrcsponding 10 וhe polari:uוioחs S, and Sג (S 1 <S,; S, ,S0> ג). 

Pסsitivc net work production is obtained by going anזiclockwise. The direc­
tions ofwork and heat flows along uch branch are indicat�d. 

J. Chem. Phys., Vol. 96, No. 4, 15 February 1992

Heisenberg picture, reads as follows: 

x = i[H,XJ + ax + 2' מ(X>, 
ar 

Vl [X,V0) 0ץ L = (X)ע '2. ] + [V�,X]V0 ). 

Carnot cycle

No coherence considered
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Moving to Otto

Bang-Bang
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July 

Quantum origin of Friction



SHORTCUTS

Generating coherence cost work

We can reveres the process and recover the work:
Unitary Shortcuts.

Lubrication: 

Also possible when subject to dissipation but requires additional work.
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Quantum heat engines: Limit cycles and exceptional points 

Andrea Insinga * 
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Λcyc = Uhc · Λc · Uch · Λh

Λcyc X̂  = λX̂

The spectrum of the propagator
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Realizations 2016 Science  352 , 325 (2016)



Quantum absorption refrigerator

Heat leak
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Absorption refrigerator

Leo Szillard

Using heat to cool!

No moving partsNo moving parts

Autonomous heat device
José P. Palao, Ronnie Kosloff, and Jeffrey M. Gordon, 
Quantum thermodynamic cooling cycle .
Phys. Rev. E 64, 056130 (2001)

Coupling a flow from a hot bath to a 
cooler intermediate one to a flow from 
the cold bath to the intermediate one, 
heat is pumped from the cold bath.
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Autonomous Refrigerator

.Palao, José P., Ronnie Kosloff, and Jeffrey M. Gordon. Quantum thermodynamic cooling cycle
Physical Review E 64.5 (2001): 056130

 Linden, Noah, Sandu Popescu, and Paul Skrzypczyk. How small can thermal machines be? The smallest
 . possible refrigerator
. Physical review letters 105.13 (2010): 130401

. Levy, Amikam, and Ronnie Kosloff. Quantum absorption refrigerator
.Physical review letters 108.7 (2012): 07060

?How small can a refrigerator be?       e
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Hot bath

Cold bath

Dissipative bath

The quantum trickle

. . .

Th

Tc

c dJh   J    J
Th   Tc    Tw

+     +      !0

Tw

H = H0 + Hint

H0 = "haa+"cbb+"ddd+ + +

Hint= #(abd+abd)+++

Jw

Jc

Jh

   Jh+Jc+Jd=0
Energy balance

Entropy production
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Hot bath

Cold bath

Power source

The quantum trickle semiclassical limit

     Jh+Jc+P =0

Th

Tc

Jh    Jc    
 Th   Tc

+      ! 0

P

H = H0 + Hint

H0 = "haa+"cbb+ +

Hint= #(abe   +abe    )++ +i$t!i$t

P

Jc

Jh

Energy balance

d%qe  !i$t

& = 1! ω
c
h

ω

Entropy production

ronnie
Placed Image

ronnie
Placed Image

ronnie
Typewritten Text
controlled swap

ronniekosloff
Pencil



Hot bath

Cold bath

Power source

The quantum trickle semiclassical limit

     Jh+Jc+P =0

Th

Tc

Jh    Jc    
 Th   Tc

+      ! 0

Entropy production

P

H = H0 + Hint

H0 = "haa+"cbb+ +

Hint= #(abe   +abe    )++ +i$t!i$t

P

Jc

Jh

Energy balance

d%qe  !i$t As an Engine

Efficiency at Maximum power

& = 1! '
Tc
Th

R.K. JCP 80 1625 (1984)
P = −$#G

As an Engine



Engine at maximum power

Further optimization



Hot bath

Cold bath

Power source

The quantum trickle absorption refrigerator

     Jh+Jc+P =0

Th

Tc

Jh    Jc    
 Th   Tc

+      ! 0

P

H = H0 + HintH0 = "haa+"cbb+ +

Hint= f(t)(ab + ab)++

P

Jc

Jh

Energy balance

f(t) noise field

Entropy production
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All types of refrigerators have universal properties as Tc → 0. 
In the power driven refrigerators the cold current becomes:

Jc ≈ h̄ω
−
c

2ε2Γ̄

4ε2 + ΓcΓh
·G , where the gain G = N−c −N−h

and Γ̄ = ΓcΓh
Γc+Γh

.

In the 3-level absorption refrigerator:

Jc = h̄ωc
ΓcΓhΓw

∆
·G where G = e

− h̄ωw
kBTw e

− h̄ωc
kBTc − e

− h̄ωh
kBTh

.
In the Guassian noise driven refrigerator:

Jc = h̄ωc
2η Γ̄

2η+Γ̄
·G where G = Nc −Nh

In the Poisson driven refrigerator:

Jc ≈ h̄Ω−
2η Γ̄

2η + Γ̄
·G , where G = (N−c −N+

h ) (3)

and Ω− ≈ ωc − ε2

ωh−ωc
.
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  Amikam Levy, Robert Alicki, Ronnie Kosloff
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The quest to cool to the absolute zero temperature
����������������������������������������������
����������������������������������������������
����������������������������������������������
����������������������������������������������

The quantum trickle The III−law of Thermodynamics

3D phonon  vs. Bos Gas  heat bath

3D−Phonon

Jc ∼ −Tc
4

dTc ∼ −Tc
1

Jc ∼ −Tc
3

dTc

 dt
∼ −Tc

3/2

 dt

Bose gas

c
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Realizations 2017



Quantum equivalence

Uzdin, Raam, Amikam Levy, and Ronnie Kosloff. "Equivalence of Quantum Heat Machines, 
and Quantum-Thermodynamic Signatures." Physical Review X 5, no. 3 (2015): 031044.



Realization 2017

 quantum
signature

dephasing

NV center in Diamond



Quantum Thermodynamics: The Future

Miniaturization: 

1 Tradeoff: Efficiency, Power, Fluctuations.

2 Quantum refrigerators: Laser Cooling

3 Quantum information processing.

4 Quantum enhancement: coherence, charging. :
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  Eitan Geva

    Jeff Gordon

      Tova Feldmann

         Jose Palao

Quantum Thermodynamics

  Eitan Geva

    Jeff Gordon

      Tova Feldmann

         Jose Palao

Quantum Thermodynamics

LevAmikamAmikam  Lev

Morag Am Shalem

 YYairair Rezek RezekRobert Alicki
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Three types of engines



Multilevel embedding

Quantum equivalence



Quantum eqivalence

The propagator: U = eL t

Four stroke cycle propagator:

Ucyc = UcUhcUhUch = eLc teLhc teLhteLcht

In the limit of small action: s = ||L t|| � h̄

Ucyc = eLc t/2eLhc teLhteLchteLc t/2

Ucyc ≈ e(Lc+Lhc+Lh+Lch)t +O(s3)

Raam Uzdin, Amikam Levy, and Ronnie Kosloff
Equivalence of Quantum Heat Machines, and Quantum-Thermodynamic
.(Phys. Rev. X 5, 031044 2015



small action

large action

Quantum equivalence
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Quantum equivalence

At large action:
Work extracted from 
population differences.

At small action:
Work can only be 
extracted from coherence
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Quantum signature



Realization 2017

 quantum
signature

dephasing

NV center in Diamond



Casimir Companion invariant of unitary dynamics.

X̄ =
1

(h̄Ω)2

(
〈Ĥ〉2 + 〈L̂〉2 + 〈Ĉ 〉2

)
,

Extra work required to generate coherence.

〈Ĥ〉f =

√(
Ωf

Ωi

)2

〈Ĥi〉2−
(
h̄Ωf C{

)2≈ Ωf

Ωi
〈Ĥi〉−

h̄2ΩiΩf

2〈Ĥi〉
Cf

2 ,

Wfric ≡ |W −Wideal | ≈
h̄2ΩiΩf

2〈Ĥi〉
C 2
f

Friction coherence and shortcuts
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Non-Adiabtic driving generates coherence:

[Ĥ(t), Ĥ(t ′)] 6= 0

1

Ω

d

dt

 Ĥ(t)

L̂(t)

Ĉ (t)

=

 0 µ 0
−µ 0 1

0 −1 0

+
Ω̇

Ω2
Î

 Ĥ(t)

L̂(t)

Ĉ (t)

 ,

Adiabatic parameter µ = 
ω̇ ε

Ω
−
3
ωε̇

For constant µ protocol

µ = K
τadi

where K =
(
dω

ds ε−ω
dε

ds

)
/Ω3, with s = t/τadi .

Wfric

W
≈ µ

2 .

Unitary stroke
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Shortcuts to Adiabticity for Unitary strokes

Λadi (t) = U 1 (t)U 2 (t),

where U 1(t) = Ω(t)
Ω(0) Î and

U 2 (t) is the dynamical map of the polarization.

U 2 (t) =
1

κ2

 1 + µ2c κµs µ(1− c)
−κµs κ2c κs

µ(1− c) −κs µ2 + c

 ,

where κ =
√

1 + µ2 and s = sin(κθ), c = cos(κθ) and θ(t) =
∫ t

0 Ω(t ′)dt ′.

τadi (l = 1) = K

√(
2π

Φ

)2

−1 .

Catalysis: ĤCA = υ(t)Ŝy .

shortcut time

counter adiabatic term
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Qubit basics
ĤS(t) = ω(t)Ŝz + ε(t)Ŝx ,

h̄Ω(t) = h̄
√

ω2 + ε2 ,

ρ̂ =
1

2
Î +

2

h̄2

(
〈Ŝx〉Ŝx + 〈Ŝy 〉Ŝy + 〈Ŝz〉Ŝz

)
Ĥ = ω(t)Ŝz + ε(t)Ŝx
L̂ = ε(t)Ŝz −ω(t)Ŝx
Ĉ = Ω(t)Ŝy .

ρ̂ =
1

2
Î +

2

(h̄Ω)2

(
〈Ĥ〉Ĥ + 〈L̂〉L̂+ 〈Ĉ 〉Ĉ

)
C =

1

h̄Ω

√
〈L̂〉2 + 〈Ĉ 〉2 ,Coherence

time dependent set

Hamiltonian

state

state
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Isotherms and entropy generation



Shortcut Carno Cycle



Ĥ = ĤS(t) + ĤB + ĤSB

Carnot cycle: The isotherms
The Problem:
Derive a dynamical description for a driven system 
coupled to a bath beyond the adiabatic limit:

Peter Salamon
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The task: Isothermal Dynamics
Starting from a thermal initial state ρ̂i = e−βĤi

Transform as fast and accurate to the state: ρ̂f = e−βĤf

while the system is in contact with a bath of temperatureT = 1/kβ

The protocol: ĤS (t) with ĤS (0) = Ĥi and ĤS (tf ) = Ĥf

The Problem
We can control directly ĤS (t) but only indirectly the relaxation rate. We 
need the dissipative equation of motion with a time dependent ĤS (t) 
with a time dependent protocol.

Carnot cycle: The isotherms
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Shortcuts to Equilibrium (STE) 
The shortcut protocol Ĥ 

S (t) → ω(t):

CompressionExpansion

Overshoot
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3 fold improvement in time

Compression

Shortcuts to Equilibrium (STE)
.
The fidelity F and A =− log10(1−F ):

R. Dann, A. Tobalina, and R. Kosloff,  PRL 122, 250402 (2019)

Expansion�
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Rapid driving costs!

STE- How much does it cost?
STE         Quench       Adiabatic

CompressionExpansion

Efficiency:

Expansion

Compression
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The cost of shortcuts W , Su

Adiabatic shortcuts
Starting on the energy shell:

〈Ĥ〉 6= 0 , 〈L̂〉= 0 , 〈Ĉ〉= 0

Nonadiabtic dynamics generates coherence and requires extra work.
Shortcuts to Adiabaticity STA retrieve this work cashing on the
coherence.
The shortcut duration s nversely related to the stored energy. The
system entropy remains constant ∆Ssys = 0.
Irreversible cost �only �the controller ∆SU≥0.

The process can be classified as catalysis.
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The cost of shortcuts W , Su

Shortcuts to Equilibrium (STE)
Starting on the energy shell:

〈Ĥ 〉 6= 0 , 〈L̂〉 = 0 , 〈Ĉ〉 = 0

Nonadiabtic dynamics generates coherence and requires extra work.
The coherence is dissipated generating quantum friction
The system entropy changes ∆Ssys 6= 0.
Irreversibility is inherent ∆SU> 0.

The speedup cost work and entropy production.
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Control protocol
ĤS (t) = ω(t)Ŝz + ε(t)Ŝx ,
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At last: Shortcut to four stroke Carnot cycle

Carnot� cycle:
⇤cyc�=�⇤h⇤ch⇤c�⇤hc� QuantumSignaturesintheQuantumCarnotCycle

�����愀���������䬀�猀氀�� 一䨀�㈀㈀�　㄀㌀　����㈀　20)

ronniekosloff
Rectangle



Performance of Shortcut to Carnot

minimum cycle time
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Quantum eqivalence

The propagator: U = eL t

Four stroke cycle propagator:

Ucyc = UcUhcUhUch = eLc teLhc teLhteLcht

In the limit of small action: s = ||L t|| � h̄

Ucyc = eLc t/2eLhc teLhteLchteLc t/2

Ucyc ≈ e(Lc+Lhc+Lh+Lch)t +O(s3)

RaamUzdin,AmikamLevy,andRonnieKoslo. 
EquivalenceofQuantumHeatMachines,andQuantum-Thermodynamic .
(Phys.Rev.X5,0310442015
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The Voyage:
Seeking for quantum open system description of the Carnot cycle

Non Adiabatic Master Equation NAME.

The inertial theorem.

Shortcuts to non unitary maps with entropy 

change. Finite time quantum Carnot cycle.
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