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Main goal: find explicit actions for conformal Carroll theories

* Only few examples of flat space candidate dual field theories

e Conformal Carroll algebra is isomorphic to BMS

e Use small ¢ expansion to construct Carroll equivalent of
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Outline

* Introduce Carroll geometry
- local tangent space symmetries
- relation to flat holography
- connection and curvature
- from Lorentzian geometry

e Construct conformal Carroll scalar actions
- timelike
- spacelike



Carroll symmetries

Are used to ‘relativistic’ Lorentz boosts
t — t+ px, X — x4+ pt
Non-relativistic limit ¢ = oo gives Galilean boosts

[ — 1, X —> X+ Vi

Instead, taking ¢ — 0 gives Carroll boosts [Levy-Leblond, Sen Guptal

I = t+ Ax X = X

Less obviously physical, but
e ultra-local behavior leads to solvable systems

e appears in Lorentzian geometry on null surfaces such as ™

e BMS asymptotic symmetries are isomorphic to conformal Carroll algebra
[Duval, Gibbons, Horvathy, Zhang]

Boost Ward identity implies (¢(z, x)¢(0,0)) = {];((2)5()6),

[Henneaux, Salgado-Rebodello] [De Boer, Hartong, Obers, Sybesma, Vandoren]

timelike and spacelike theories




Carroll symmetries and flat holography

Holographic dual field theory for asymptotically flat spacetimes?
In 3+1 dim: BMS, asymptotic symmetries on #* ~ R X S?

supertranslations u — u + f(z, 2)

e ~ Carroll boosts at each (z, 2)
e suggests 3d Carrollian CFT dual: BMS, ~ CCar,

H(z,2)0,
superrotations z = g2(z), Z — 2(2)
e Virasoro symmetries of CFT,
e suggests 2d celestial CFT dual: CCFT, 8(2)0,

u-direction enters in CCFT, as conformal weight A € 1 + iR

[Pasterski, Shao, Strominger] v

Few explicit CCFT, theories known,

but can construct CCar; examples from ¢ — 0 limit



Carroll geometry

Carroll boosts t = t+Ax, x > x and 0, = d,, 0, — 0, + A0,

Geometry defined by time vector field v¥(x”) and spatial metric 1, (x")
[Duval, Gibbons, Horvathy, Zhang] [Hartong] [Ciambelli, Marteau, Petropoulos...] [Hansen, Obers, GO, S@gaard] ...

Complemented with 7,(x") and h**(x”), transform under boosts A, (x") as

5/17:” — /1/4 - 5/1}1//”/ — /IMVU + V'M/Atl/
Satisty  vfh, =0, " =0, Vg, =-1, &' =—-vit, +h*h,

Boost parameter is spatial, v¥4, =0, raise with 1"

Also need extrinsic curvature K = ——% h _ and acceleration a = 2v°0,; ©
(07 9 VR [ L1*p]

Both boost-invariant and spatial tensors (so K = h*’h*°K , ; etc)




Carroll geometry

Want connection that satisfies vﬂv” = (0 and ?ph,w =0,

U 'vo V' ‘ou

i 1
[, = = V0,5, ~ V5, L5+ h (a h +0h — ()Gh/w> — WK,

Non-zero torsion T’O = 2hP°t. K [Bekaert, Morand] [Hansen, Obers, GO, Sggaard]
2% [l v]o

Define energy-momentum tensor using e = det(z,, i,,) and variations

o 18S , 268

’ 1%
# e OVH # e OhH

Boost-invariant combination is

TV = — VT — hﬂﬂTgy

Boost Ward identity implies 7%, = 0 in adapted coordinates x* = (t, x")




Carroll geometry from Lorentzian

From Lorentzian geometry, can get Carroll by expanding inc — 0

Choose time vector V¥ and rewrite

|
g = -V, g,

,=—cT,T,+11,
Carroll geometry appears at leading order in expansion,
VH = vk + c?MF + -, T,=1,+ -
_ 2 _
Hﬂv_hﬂv'l'c CDMU+---, 1" = + -

Local Lorentz symmetry — local Carroll symmetry + corrections

Developed for ultra-local expansion of GR in [Hansen, Obers, GO, Segaard]
following non-relativistic expansion in [Hansen, Hartong, Obers]




Carroll geometry from Lorentzian

Carroll connection f//;v can be obtained from Levi-Civita connection,
[0 =S 0 4+ O+ Sl + S
pv . (=2) pv 1077 0) pv (2) pv

where the §”  are known tensors and C, =17 + ---

Then Levi-Civita Ricci scalar is

1 - N
. U 2 U 2 Lo
R=— [%ﬂ Ky + H* = ZV”OW%I + "R, — VA" + W10, T, 0,,

where ‘%/w = K/w + ... and Aﬂ =q,+ -

Finally, /—g = cE = ce + --- where E = det(7,,I1 ) and e = det(z,, /)

T

o]




Outline

* Introduce Carroll geometry
- local tangent space symmetries
- relation to flat holography
- connection and curvature
- from Lorentzian geometry

e Construct conformal Carroll scalar actions
- timelike
- spacelike



Conformal scalar actions: timelike

Now can rewrite Lorentzian conformal scalar action,

1 ( d—2
S=——|d%%./= o o 4 R)*>

7 X4/ g<g DO, a1 cb)
gt |~ Ly i) 5 00
=5 |9 B~ + PO,

d—2 1 N . |
l 1% 2 1% 2 Lo 2
! A=) (C‘2 [%'“ ‘%//w + FH- — ZV”OM%] + [T# R/w — VMA” + c“TI#PT] a[ﬂTy]a[pTa]> 1

In Carroll limit ¢ — 0, Ieading-order terms give [Baiguera, GO, Sybesma, Seggaard]

(d—2)
4(d - 1)

(K"K, + K> = 249,K ) ¢

S =——|dxe —(\/"6qu)2 |

This is timelike conformal Carroll scalar.

Also considered from different perspective in [Gupta, Suryanarayana] [Rivera-Betancour, Vilatte]




Conformal scalar actions: timelike

Obtained timelike conformal Carroll scalar from leading-order terms,

(d—2)
4(d - 1)

S, =——|d%e |—-(v"0,4)*

1% 2 2
(K"K, + K> = 2v9,K) ¢

* invariant under local Carroll boosts and Weyl transformations
e energy-momentum tensor satisfies 7"y = 0 and ™,=0

Flat space propagator ~ 16(x) of timelike form

Reduction along Carroll time results in CCFT,-like behavior
e for correlators [Bagchi, Banerjee, Basu, Duttal]
e for energy-momentum tensor?
e build on related work on BMS currents [Donnay, Fiorucci, Herfray, Ruzziconi]




Conformal scalar actions: spacelike

From rewritten Lorentzian conformal scalar action,

" d—2
§=-5 |48 (gﬂ WPOPt - 1)R¢2)

" (1
= —— |dxE <——wv'/ + H’“‘”) 0,40,

c2

d-2 (17 ) s - N 3
o <62 [zfﬂ H o+ H? - 2V”0M%] FTR,, — ¥, AF + CIITT a[MTy]a[pTGO &

can take alternative Carroll limit ¢ — 0 using Lagrange multipliers,

(d—12)
4d—1)

S, = ) dixe h**0,¢0,¢

This is spacelike conformal Carroll scalar. [Baiguera, GO, Sybesma, Segaard]

* invariant under boosts and Weyl transformations

h

. Uv
e extrinsic curvature must be pure trace K, = K

d—1

e time-dependence v¥d ¢ is fixed, so only spacelike dynamics

u VAP y d-2) v i _
<h RW—Vﬂa >+)( V()ﬂgb | 4(d—1)K + y ngb



Conformal scalar actions: spacelike

Spacelike conformal Carroll scalar from next-to-leading-order terms,

\)

e <h'WRMu . ﬁﬂa'M) O°+x <v”0ﬂ¢ | S K> +)('Wk/w¢

__l d _ v .
% = 2Jd e |00t 3 T " 4d—1)

* invariant under local Carroll boosts and Weyl transformations

e energy-momentum tensor satisfies Tio =0and 7%, =0

Flat space propagator ~ log(x)? of spacelike Euclidean free boson

Remarkably, can dimensionally reduce the action explicitly using constraints,

1 I .o A A d T 3 A A 1 A
S =——|d'x\/h | hio,po.¢h M=) g | AR, 5,
2 . / 4(d — 2) 4(d - 1)(d - 2) !
where ¢ = A"2¢ and the background field A = | 7 encodes former ‘Carroll time’

Jy
but otherwise this is (d — 1)-dimensional Euclidean conformal scalar!




Conformal scalar actions: spacelike

Dimensional reduction to Euclidean theory

s = — L agdre | o P00 + d=2) (h””R -V a”‘) ¢°+ x| vVo, + ) K> S
! 2 | HEVE T A(d = 1) ek P 4d - 1) -
1 I A A d - 3 A A 1 A
= —— [d¥ /R | 10,0, + 9= pi2+ ARy,
2 | # 4(d — 2) 4(d - 1)(d-2) i

Reminiscent of embedding space formalism!

Get (d — 1)-dim conformal SO(d,1) representations
from (d + 1)-dim Lorentz representations in R+

Restriction to light cone
—> Carrollian spacelike theory

—> Euclidean theory

Similar procedure for other spacelike Carroll theories?



Conformal Carroll anomalies

Can geometrically classity all possible Weyl anomalies

~SR =2,
In Lorentzian case, find (7" ) = aE,— cW?  d=4,

In Carrollian case, have different connection and curvature, so other invariants

Timelike anomalies: using only v*, h,, , &, and K, get
%
%

T =10 <—7Tr(1<4) + +KTr(K>) + T(K(Z K) + (& K)2> + by(-++)
1 3 % V 2

QU QX
1
~ W I

[Baiguera, GO, Sybesma, S@gaard] [Arav, Chapman, Oz]

No 3d Carroll anomalies = no 2d CCFT anomalies ~ celestial T, not renormalized?




Summary and outlook

Constructed timelike and spacelike conformal Carroll scalar actions \

Enables direct computations using only basic QFT techniques

Ongoing and future work:
e direct computation of scalar anomalies

e complete general anomaly classification

e build conformal Carroll <= CCFT dictionary

- Map energy-momentum tensor

- reduce (quantum) timelike theory?

Top-down flat holography from ¢ — 0 limit of AdS/CFT?



