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Introduction

• Gravity and quantum mechanics clash.

• Usual approach: study e.g. black holes and graviton
scattering

• Question: from a low-energy bottom-up perspective, when
do we start seeing a clash and why?

The case for non-Lorentzian strings – p. 3/20



Introduction

• Bronstein cube

• NRG = non-relativistic
gravity ⊃ Newtonian gravity

• NRQG = non-relativistic
quantum gravity

• NRQG is a bit of a misnomer. There is no dynamical gravity
to quantise. Think of quantum matter (described by
quantum mechanics) backreacting with a background that
reacts instantaneously.
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Introduction

• Is there a well-defined non-relativistic limit of quantum
gravity/string theory?

• In string theory there
exist dualities between
QG and specific QFTs
(holography, AdS/CFT,
...).

• Do such dualities exist
in the NR domain, i.e.
can NR strings be dual
to some NR field theory?

• Limits of AdS/CFT called Spin Matrix Theory give rise to NR
strings dual to quantum mechanical limits of AdS/CFT. See
e.g. [Harmark, Kristjansson, Orselli, 2007/8], [Harmark, JH, Obers, 2017].
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Introduction

• Many of the recent developments in NR gravity, and NR
string theory rely on an improved understanding of NR
geometry.

• The most common example of a NR geometry is Newton–
Cartan geometry which is the arena of every day life.

• Many other NR geometries have been found: type II
Newton–Cartan, string Newton–Cartan, Aristotelian,
Carrollian geometries, ...

• NR geometries have found applications in non-AdS
holography (boundary geometries), fluid dynamics,
condensed matter physics, Hořava–Lifshitz gravity, 2D/3D
gravity, ...
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Non-Lorentzian geometries in a nutshell

• Nowhere vanishing 1-forms (vielbeine) τA, ea that transform
linearly under some group G ⊃ SO(1, p)× SO(d− p).
(A = 0, 1, . . . , p and a = p+ 1, . . . , d)

• G is typically a subgroup or a contraction of the Lorentz group
SO(1, d).

• Typically the geometry comes equipped with additional gauge
fields that also transform under G.

• Newton–Cartan geometry: τ , ea (a = 1, . . . , d), m with

G = R
d
⋊ SO(d) acting as

τ ′ = τ , e′
a
= Ra

be
b+Λaτ , m′ = m+δabΛ

aeb+
1

2
δabΛ

aΛbτ

• m is also a gauge field transforming as m′ = m+ dσ.
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Newton–Cartan gravity

• Using a suitable G-invariant affine connection Γρ
µν , with Ricci

tensor Rµν , Newtonian gravity can be written covariantly as

Rµν = 8πG
d− 2

d− 1
ρτµτν , dτ = 0

• This follows from expanding Einstein’s equations sourced by
a point particle with mass density ρ in 1/c using

gµν = −c2τµτν + δabe
a
µe

b
ν −mµτν −mντµ +O(c−2)

[Dautcourt, 1996], [Van den Bleeken, 2017], [Hansen, JH, Obers, 2018-20]

• An action principle for Newtonian gravity was found in
[Hansen, JH, Obers, 2018]
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A very incomplete history of non-Lorentzian strings

• Limits of closed bosonic strings with a flat target spacetime:
[Gomis, Ooguri, 2000] and 2x [Danielsson, Güijosa, Kruczenski, 2000]

• String Newton–Cartan (SNC) geometry: [Andringa, Bergshoeff,

Gomis, de Roo, 2012]

• Null reduction: [Harmark, JH, Obers, 2017]

• Strings in SNC backgrounds from limit: [Bergshoeff, Gomis, Yan, 2018]

• Limits and null reductions are equivalent: [Harmark, JH, Menculini,

Obers, Oling, 2019]

• Strings with NR worldsheets & spin matrix limit of N = 4 SYM:
[Harmark, JH, Obers, 2017]; [Harmark, Menculini, JH, Obers, Oling, Yan, 2018]

• For a nice and recent review article see [Oling, Yan, 2022]
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The 1/c expansion of closed bosonic strings

[JH, Have, 2021 and to appear]

• The 1/c expanded closed bosonic string theory follows from

LNG = −Tc

(

√

−det gαβ +
1

2
ǫαβBαβ

)

gµν = c2
(

−T 0
µT

0
ν + T 1

µT
1
ν

)

+ δabE
a
µE

b
ν , a = 2, . . . , d

TA
µ = τAµ +

1

c2
mA

µ +O(c−4) , Ea
µ = eaµ +O(c−2)

Bµν = c2B(−2)µν +B(0)µν +O(c−2)

Xµ = xµ +
1

c2
yµ +O(c−4)

• Expanding the NG Lagrangian leads to a cascade of theories

LNG = c2LNG-LO + LNG-NLO +O(c−2)
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• @LO and @NLO we find (with Teff = cT )

LNG-LO = −Teff

[√
−τ +

1

2
ǫαβB(−2)αβ

]

LNG-NLO = −Teff

2

[√
−τταβHαβ + ǫαβB(0)αβ

]

+ yµ
δLNG-LO

δxµ

• ταβ and Hαβ are pullbacks (using xµ) of

τµν = ηABτ
A
µ τBν = gµν |O(c2)

Hµν = δabe
a
µe

b
ν + 2ηABτ

A
(µm

B
ν) = gµν |O(c0)

• The Polyakov action can be obtained by expanding

LP = − cT
2

(√−γγαβgαβ + ǫαβBαβ

)

where

γαβ = γ(0)αβ + c−2γ(2)αβ +O(c−4)

• γ(0)αβ is proportional to ταβ which is Lorentzian (by

assumption).
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• The Polyakov Lagrangian acquires the following expansion

LP = c2LP-LO + LP-NLO +O(c−2) ,

where

LP-LO = −Teff

2

[

√−γ(0) γ
αβ

(0)
ταβ + ǫαβB(−2)αβ

]

LP-NLO = −Teff

2

[

√−γ(0)

(

γαβ
(0)

Hαβ − 1

2
Gαβγδ

(0)
ταβγ(2)γδ

)

+ ǫαβB(0)αβ

]

+yM
δLP-LO

δxM

with Gαβγδ

(0)
= γαγ

(0)
γδβ
(0)

+ γαδ(0)γ
γβ

(0)
− γαβ

(0)
γγδ
(0)

.
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• A not entirely straightforward rewriting shows that

LP-NLO = −Teff

2

[

√−γ(0)γ
αβ

(0)
Hαβ + ǫαβB(0)αβ

]

−Teff

2
ǫαβ

[

λ++e
+
α τ

+
β + λ−−e

−
α τ

−
β

]

+ yM
δLNG-LO

δxM

where τ±α = τ0α ± τ1β and γ(0)αβ = −(e+α e
−
β + e−α e

+
β )/2.

• λ++ and λ−− are Lagrange multipliers that are built out of

γ(2)αβ and yM -dependent terms.

• This is equivalent to the string-Newton-Cartan string, i.e. the
Gomis–Ooguri string on a general curved target spacetime,

[Harmark, JH, Menculini, Obers, Oling, 2019] iff δLNG-LO

δxM = 0, i.e.

ǫαβ∂αx
K∂βx

L

(

d

[

1

2
ǫABτ

A ∧ τB +B(−2)

])

MKL

= 0
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• Take a flat spacetime S1 × R
1,24 with a circle of radius cReff

parametrised by v: τ0 = dt, τ1 = dv, Hµνdx
µdxν = dxidxi

• The string winds w > 0 times around S1.

• For a flat metric γ(0)αβ = ηαβ , the Virasoro constraints are

LO: ∂+x
+∂+x

− = 0 , ∂−x
+∂−x

− = 0

NLO: ∂+y
− =

1

wReff

∂+x
i∂+x

i , ∂−y
+ =

1

wReff

∂−x
i∂−x

i

where x± = xt ± xv and y± = yt ± yv.

• After fixing residual gauge transformations we find

x± = x±0 + wReff

(

σ0 ± σ1
)

xi = xi0 +
1

2πTeff

piσ
0 +

1√
4πTeff

∑

k 6=0

i

k

[

αi
ke

−ikσ−

+ α̃i
ke

−ikσ+
]

y± = y±0 +
1

2πTeff

(ENLO ± pv)σ
0 +

1√
4πTeff

∑

k 6=0

i

k
β±
k (α)e

−ikσ∓
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• For a flat target space S1 × R
1,24 with radius cReff and

constant B field B = c2λdt ∧ dv where v ∼ v + 2πReff, the
energy of the string with tension Teff = cT and nonzero
winding w is [JH, Have, 2021]

E = c2ELO + ENLO +O(c−2)

= −c2
∮

dσ1∂LP-LO

∂ẋt
−
∮

dσ1∂LP-NLO

∂ẋt
+O(c−2)

= (1− λ)c2
wReff

α′
eff

+
α′

eff

2wReff

pipi +
N + N̄ − 2~

wReff

+O(c−2)

where α′
eff =

1
2πTeff

and where pi =
∮

dσ1 ∂LP-NLO

∂ẋi .

• Using ∂LP-LO

∂ẋt = ∂LP-NLO

∂ẏt we can compute the energy up to

O(c−2) entirely from LP-NLO.

• Level matching condition: pv =
∮

dσ1 ∂LP-NLO

∂ẋv = ~n
Reff

= N−N̄
wReff
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• Global symmetries of LP-NLO

LP-NLO = −Teff

2
ηαβ∂αx

i∂βx
i − TeffηABη

αβ∂αx
A∂βy

B

where we used the gauge γ(0)αβ = ηαβ and γ(2)αβ = 0, are

δxA = λA
(0)Bx

B + aA(0)

δxi = λi
(0)jx

j + λi
(0)Ax

A + ai(0)

δyA = λA
(0)By

B + λA
(2)Bx

B + λA
(0)ix

i + aA(2)

• They form the string Bargmann algebra [Bergshoeff, Gomis,

Rosseel, Şimşek, Yan, 2019].

• Canonical quantisation and NNLO theory [JH, Have, to appear].

• To do: Spectrum and irreps of the string Bargmann algebra,
critical dimension via quantum string Bargmann symmetry.
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• The beta functions have been computed and lead to
non-relativistic theories of gravity coupled to NSNS-type
fields [Yan, Yu, 2019] and [Gallegos, Gürsoy, Zinnato, 2019], but no
action is known. Is it the 1/c expansion of NSNS gravity?

• Spectrum of quantised modes consists of massive fields
(nonzero winding).

• In string scattering we have to include zero winding states
as off shell fields (these lead to instantaneous forces
mediated by string Newton–Cartan background fields)
[Danielsson, Güijosa, Kruczenski, 2001].

• Currently we are looking into 1/c expansions of
non-relativistic open strings, T-duality and NR D-branes.
These have NR gauge theories on the worldvolume [Gomis,

Yan, Yu, 2020].
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Strings with non-relativistic worldsheets

• The 1/c expansion for a fine-tuned B-field (such that the LO

Lagrangian cancels) leads to the torsional string Newton–
Cartan string given by [Bidussi, Harmark, JH, Obers, Oling, 2021]

L = −Teff

2

[√
−τταβhαβ + ǫαβmαβ

]

where hαβ is the pullback of δabe
a
µe

b
ν and mαβ is the pullback of

a combination of B(0)µν and mA
µ .

• Consider the scaling limit for c → ∞

Teff = T̃/c , τ0M = c2τ̃0M , τ1M = c τ̃1M , hMN = h̃MN , mMN = c m̃MN

which (dropping tildes) leads to

L = −T

2

[√
−ττα1 τ

β
1 hαβ + ǫαβmαβ

]

τ τ1 6= 0: wrong sign kinetic terms
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[Bidussi, Harmark, JH, Obers, Oling, to appear]

• Impose the gauge condition τ0σ = 0 with a Lagrange multiplier.

• Typical target space: Rtime × S1 ×M2n with coordinates t, v, xi

and geometric data

τ0 = dt , τ1 = dv , hµνdx
µdxν = hijdx

idxj , m = aidx
i ∧ dv

• M2n is symplectic (2-form da) and Riemannian (metric hij).

L = −Tai

(

X ′vẊi − ẊvX ′i
)

− T

2

Ẋt

X ′v
hijX

′iX ′j − T

2
ωX ′t

This is a NR sigma model with only first order time-derivatives.

• Agrees with the spin matrix limit of strings on AdS5 × S5.

• There also exists a Carrollian analogue obtained by taking a
different scaling limit.
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Outlook

standard Gomis–Ooguri particle-string Carrollian string

string theory string theory

target spacetime Lorentzian string Newton–Cartan limit of string limit of string

geometry Newton–Cartan Newton–Cartan

worldsheet Lorentzian Lorentzian Galilean Carrollian

worldsheet algebra of Virasoro⊕Virasoro Virasoro⊕Virasoro Virasoro⊕U(1) BMS

first class constraints

• How rich is the landscape of non-Lorentzian string theories?
Are there holographic dualities?

• Open strings with NR worldsheets?

• Interpretation of the Carrollian strings (new limit of strings

on AdS5 × S5).
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