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Requirements for LISA

•Model must include precession 

and eccentricity

•Fast to evaluate <1s

•Phase accurate to 𝑂(1/𝑆𝑁𝑅)



• Adiabatic (0PA): < 𝑎𝐷𝑖𝑠𝑠
1

> or ℰ & ℒ Fluxes

• Post-Adiabatic (1PA): 𝑎(1) & < 𝑎𝐷𝑖𝑠𝑠
2

>

• Orbital Resonances
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• Orbital Elements 𝑃:   𝑝 =
2𝑟1𝑟2

𝑀(𝑟1+𝑟2)
,   𝑒 =

𝑟1− 𝑟2

𝑟1+𝑟2
, 𝑥 = cos 𝜃𝑖𝑛𝑐 = 1 − 𝑧−

2

• Mino Time 𝜆: 
𝑑 𝜆

𝑑 𝜏
= 𝑟2 + 𝑎2 cos2 𝜃 −1

• Phases Ԧ𝑞 :  qr = Υ𝑟
0

𝑝, 𝑒, 𝑥 𝜆 + 𝑞𝑟,0 & qz = Υ𝑧
0

𝑝, 𝑒, 𝑥 𝜆 + 𝑞𝑧,0

Geodesic Motion in Kerr Spacetime
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Generic Kerr Inspirals

Equations of motion

• Osculating Geodesics (OG)

• 𝑥𝛼 𝜆 = 𝑥𝐺
𝛼 𝐼𝐴 𝜆 , 𝜆

• 𝑢𝛼 𝜆 = 𝑢𝐺
𝛼 𝐼𝐴 𝜆 , 𝜆

• 𝐼𝐴 = 𝑃𝑗 , 𝑞𝑖0

• ሶ𝐼𝐴 = 0 → 𝐹(𝑎𝛼)

Force Model 𝒂𝜶

• Eccentric Equatorial [2112.05651]

• Spherical [2305.10533]

• Combine to create 1st order 
generic Kerr toy model 𝑎 1

𝛼

• Rescale 𝑎 1
𝛼  by PN orders to make 

2nd order toy model 𝑎 2
𝛼

• 𝑎𝛼 = 𝜖 𝑎 1
𝛼 + 𝜖2 𝑎 2

𝛼

https://arxiv.org/abs/2112.05651
https://arxiv.org/abs/2305.10533


Osculating Geodesics (OG) 
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Near Identity Transformations (NITs)

Averaged EOM
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Generic Kerr NITs
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Orbital Resonances
• NIT is singular when Υ⊥ = 𝑛Υ𝑟 + m Υz = 0

• Generic Average:

•

• Resonance Average:

•

• Resonant phase: 𝑞⊥ = 𝑛q𝑟 + m qz

• All other combinations: 𝑞∥

• Cause “jumps” in 𝑃 ∝ 𝜖1/2

• Results in phase error ∝ 𝜖−1/2
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Transient Orbital Resonance Locations



Near-Resonant NIT Averaged EoM
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Near Resonant NIT Results
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Evolving through a single resonance (2/3)

• Non-resonant NIT when 

𝑛Υ𝑟 + m Υz ≥ 𝜖
1

7 𝛿
2

7 𝑇𝑅𝑒𝑠

• Near-resonant NIT when 

𝑛Υ𝑟 + m Υz ≤ 𝜖
1

7 𝛿
2

7 𝑇𝑅𝑒𝑠

• OG inspiral takes ~ 2.5 days 
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Evolving through multiple resonances (2/3 + 1/2)

• Non-resonant NIT when 

𝑛Υ𝑟 + m Υz ≥ 𝜖
1

7 𝛿
2

7 𝑇𝑅𝑒𝑠

• Near-resonant NIT when 

𝑛Υ𝑟 + m Υz ≤ 𝜖
1

7 𝛿
2

7 𝑇𝑅𝑒𝑠

• OG inspiral takes ~ 3 days
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What about a 
Resonance Jump?
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Conclusions

• Using NITs lets you calculate EMRI 

trajectories in than a second by removing 

oscillations from EoM

• Break down near resonances, which are 

likely to occur

• Modify NIT to remove all oscillations 

except the resonant ones

• Fastest solution so far is to switch 

between full and near-resonant NIT 
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Near-Identity (Averaging) Transformations
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Transform to new variables To obtain equations of 
motion independent of Ԧ𝑞

Geodesic Adiabatic Post-Adiabatic
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