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Outline

* Phenomenology of near-resonance orbits

- Poincare map and rotation number (3 kinds of orbits)
* Unified description in action-angle variables

- Simple harmonics
* Impact for EMRI evolution

- Phase shifts



1. Phenomenology: Poincare map

A test particle in Kerr - integrable (.6)  + (py, Pg)

in perturbed Kerr - non-integrable
Poincare map: (7, p,)g=r/2

3 kinds of orbits

- Reqular orbits (O1)
— Chaotic transitional orbits (02)
— On-resonance orbits (0O3)

Cartoon Poincare Map
Lukes-Gerakopoulos+ 2010



1. Phenomenology: rotation number

Atest particle in a perturbed Kerr: (r,6) + (p,, po)

(Qf‘> 1e—5+6.6660000000e—-1
Rotation number: v := Q) e {/’
7.0
3 kinds of orbits - T e -—-—-—.AI
. 6.5
- Regular orbits (01) )‘ —
— Chaotic transitional orbits (O2) 6.0 / : 82 :

— On-resonance orbits (O3) 72156 72158 7.2160 7.2162 72164
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2. Physics and a unified description

Reduced DOF and simple harmonics

Libration - regular orbits (O1) Rotation - on-resonance orbits (O3)
Transition — chaotic transitional orbits (O2)



Unified description: in action-angle variables

* Kerr spacetime 7, =9.0%.psh). ¢" =q (. pg)).
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Resonance : n,Q" + n,Q’ =0



Unified description: in action-angle variables

* Kerr spacetime 7, =9.0%.psh). ¢" =q (. pg)).

1 4 aa aa
Ho(x", py) = Eg#KcanPv — H() o Hg (Ta)

j 2 (‘)HO -0 S (()H(] - O
"= T 787, T

Resonance : n,Q" + n,Q? =0

e Perturbed Kerr

|
H{, py) = Egpvpypv = Hyt+eHip, — Ho(J o) +eHin (T os qﬂ)

djﬂ’ = aq_{im dqa - m{int
dr an“’ E“_Qa.lneaja’




Near Identity Transformation:

resonance as a driven force

Fegre Y 1 98y igsnet) M S S

TEETE L 00+ 37, : e Sl g :
Ry ¥ We have 4t

Fo_ Ry i(n,q" +ngq") . W ik(N,q"+Nag")

Jo =l e Z nrﬂr - nHQBHnje : o 1eN, Z kHine .

ke

e.g., 2/3 resonance N =(N,.Ny) =(-3,2)



Near Identity Transformation:

resonance as a driven force

qcr = qﬂ + € Z 1 aan' Ei{n,q’"-ﬁ-nyqﬂ] déﬂ . Q;_}' + € Z aH—kN ei[kqur+Nﬂqﬂ} .
n, Q2 #0 L + HF}QH 0T o : We h dr keZ 2
i e nave ~
J Mo i(n,q" +ngq") dJe _ _. N kHon o KN +Nog")
n,Q" + ngQd
n,L* 0 keZ,

e.g., 2/3 resonance N= (N, No)=(-3,2)

dQ
) ) dr
Not all action angle variables do  1di, 1 di,

are independent. TN TN > Hixe™? = O(e)

d
= d—(N,zj*’ + Npg”) = N.Q% + O€) = AQ = O(e)
T




Near-resonance orbits :

1 d.o.f effective Hamiltonian

Heer= Hyin + Hp = f@ AQ(@)d® + ) Hine™?
0 k

o
=
dQ  OH.g 0)
dr 60 °
d®  OHq

dr ~ 60

Heff [10_12]



Numerical check: EER R T
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Numerical check: EER R T
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Numerical check:
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3. Impact for EMRI evolution

dQ -
E:Zﬂf:aja

45,
dr

= —NyH.ssin Q + g G,

Ajﬂf = —NgoHres f sin Q(T)dT



Non-adiabatic limit;

t cross<t res (h_res<qg=m/M)

Crossing the resonance via
passing through all the orbits

© [1073]

oJ ~ hrcsrcross i hres/ \/‘}
S¥ ~ 6J/q ~ hees /g

OWlkerr ~ I/q”2 (Flanagan+2012)

Heff [10_12]



Adiabatic lImit: ¢ cross > t_res (h_res > q)

Area conserved as an adiabatic invariant f OdQ

3.0
Circumventing resonance via chaotic -
transitional orbits. 2.0
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Summary

* Rich phenomena of resonant dynamics can be understood
with effective Hamiltonian of simple harmonics.

* Only orbits in the transitional regime are chaotic.

« Impact for resonance crossing

— In adiabatic regime, resonance crossing does not happen
because resonances are avoided by the transitional orbits.
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Near-resonance orbits : rotation numbers
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Integrable systems and KAM theorem

* Integrable system: # degrees of freedom = # conserved guantities

e.g. a test particle in the Kerr spacetime:

(¢,r,0,¢) «— (H,E,L,C)

e.g. 2-d.o.f. integrable system:

orbit wraps on a 2-torus
(Cardenas-Avendano+2018)

« KAM theorem:

an integrable system + a perturbation — non-integrable

Chaos can occur at resonances. e.g. Quadractic Gravity (Donoghue+2021) g = LKerr +h



Near-resonance orbits : phenomenology
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Near-resonance orbits : phenomenology
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O2 Poincare map:

e.g. spinning BH In Qudractic Gravity oonoghue+2021)
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Regular orbit O1
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Chaotic transitional orbit O2
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