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Introduction

Motivation: contribution of the secondary spin to the 1PA term

°
@ Flux-driven inspirals: only asymptotic GW fluxes needed (?)
@ Linear order in the secondary spin

°

We used Teukolsky equation to calculate GW fluxes from off-equatorial orbits of spinning
particle in the Kerr spacetime in frequency domain

We compared the result with time-domain fluxes
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Spinning particle in the Kerr spacetime

@ Stress-energy tensor TH = de(P(“u”) j%— —Va (Sa(“u”) jj—g))

@ Linearized Mathisson-Papapetrou-Dixon equations

D2zH 1 dz¥ DSHv
= -3 Ruuaispa :07
a dr? 2 P7dr dr

@ Tulczyjew-Dixon SSC S#P, =0
@ Constants of motion:
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Spinning particle in the Kerr spacetime

@ Stress-energy tensor TH = de(P(“u”) j%_ —Va (Sa(“u”) jj—g))

@ Linearized Mathisson-Papapetrou-Dixon equations

D2z+ 1 dz¥ Dsw
= -3 Ruuaispa :07
a dr? 2 P7dr dr
@ Tulczyjew-Dixon SSC S#P, =0
@ Constants of motion:

o 1=/ ~PiP,

o S§=./5"5,,/2=0uM, 0 <qg<1
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Spinning particle in the Kerr spacetime

@ Stress-energy tensor TH = de(P(“u”) j%_ —Va (Sa(“u”) jj—g))

@ Linearized Mathisson-Papapetrou-Dixon equations

D2z# 1 dz” DS#
—= Ry Sl =0,
K a2 2 P7dr dr
@ Tulczyjew-Dixon SSC S#P, =0

@ Constants of motion:

o u=/—Prp,
o S§=./5"5,,/2=0uM, 0 <qg<1
o E =/ P+ &5 )2

o J, = gf;)P,u - §£¢IZSMV/2
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Spinning particle in the Kerr spacetime

@ Stress-energy tensor TH = de(P(“u”) j%_ —Va (Sa(“u”) jj—g))

@ Linearized Mathisson-Papapetrou-Dixon equations

D?z# 1 dz" _ . DS+
Farr =72 R vpo dr S ar 0
@ Tulczyjew-Dixon SSC S#P, =0
o Constants of motion:
o u=/—PrP,
° Szm/2zauM,J§q<<l
E= *f(#t)Pu + f,(f;z,S“”/2
Jr = €y Pu — &S /2

Cy = oy VK = Yy, P"S" /(uM)
Ki = Ky PEPY — 2PESP (Yo Y + Yy YF,)
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Parallel transport

@ Spin vector S# = —1/2¢"" P, S, \ /i parallel transported along a geodesic
@ Solution in Marck tetrad (Marck [1983], van de Meent [2020])

St = puM (o1 (cospel + sinpel) + Ulleg)
Up = TA+ Apr(N) + Aty (N)

e = u' = —upl — un” + usm" + upm*
el = —rE(r,z)K*%(unl“ — uint) — iazEfl(r,z)K*%(uﬁ,m“ — Upm*)
et = Z(r, 2)(—unl — uy) + = (r, 2) (" + )

ey = azK_%(u,,/” —un*) — irK_%(u,,—qm”’ — upmt)

@ Components of the spin tensor:
r(K — a°z?) r — iaz

Sin = —0||W7 Som = U”W

Umln, ...

Viktor Skoupy GW fluxes from generic orbits of spinning particles 26th Capra Meeting, July 7, 2023



Solution in frequency domain

e Parametrization of the orbit (Drummond and Hughes [2022a,b]):

p

- s
TTI1x ecos(T A+ 0%,(N) +x2 (M) te)

z=cosf =sin/ cos(Tz)\ +0%z(N\) + 5)(5()\)) +3°(\)
u = —E+u?())
ug = I,+ ug()\)
o Expansion in Fourier series f(\) = 3_,, foxje =M TrA=KTA=IT:A

@ Phases w, = T, can be used instead of A

@ o, part fully oscillating = f,; for j = &1 proportional to o, for j = 0 proportional to o
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Fourier coefficients

0.01] T ]
@ The MPD equations and I : H
normalization of u* linearized in 107} . :. ]
g o .,.,-,.,.... .'..,.,.,...
@ System of linear equations for v:é; 10e . . e =02 ' . ;
the Fourier coefficients obtained [ : :
from Fourier series 107y . e=04 . ]
M-v—c—0 10722:.‘ | | 06‘20.6 | | ‘.7
15 -10 -5 0 5 10 15
@ Overconstrained system solved n

with least squares method a=09M, p=15, | = 15°
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ukolsky equation

o Weyl scalar 94 = — a[g%narﬁﬁnﬂﬁ‘s
o Teukolsky equation _ 2O _2t) = 47X T
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Teukolsky equation

o Weyl scalar 94 = — a[g%narﬁﬁnﬂﬁ‘s
o Teukolsky equation _ 2O _2t) = 47X T

@ Teukolsky equation in time domain: the Teukode (Harms et al. [2014])

e Horizon-penetrating hyperboloidal coordinates
e (2+1)-D PDE
e Source term of spinning particle
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Teukolsky equation

o Weyl scalar 94 = — amgnarﬁﬁnﬂﬁ‘s
o Teukolsky equation _ 2O _2t) = 47X T

@ Teukolsky equation in time domain: the Teukode (Harms et al. [2014])

e Horizon-penetrating hyperboloidal coordinates
e (2+1)-D PDE
e Source term of spinning particle

@ Teukolsky equation in frequency domain

ba = (r — iacos0)* S / 0o (1) 2 SP (B H+m?
I,m

e Radial equation Dy Vimw(r) = Timw
e Angular equation for spin-weighted spheroidal harmonics

Viktor Skoupy GW fluxes from generic orbits of spinning particles 26th Capra Meeting, July 7, 2023



Radial Teukolsky equation

@ Asymptotic behavior of the radial function

Dimo(r) = CL rier as r — oo
Imwit) = C/;wAe_’kH’* as r—ry

@ Amplitudes found using Green function method

1 [ RE (r)Timn(r)
+ _ - Imn mn
Clmn - W /hr A(r) dr

@ Source term constructed from the derivatives of the stress-energy tensor Tpn, Tom, Tam
/—g Tap = /dT((Uaub + SCdU(b’)/a)dc + Sc(a’yb)dcvd) 5t — 8p(5p(aub)54))

@ Solution can be written as C,fw = fdTZ_lI,ﬁw(T)e"“’t(T)_"’"qs(T)
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Partial amplitudes

@ Discrete spectrum of frequencies wpmpxj = M€y, + nQQ, + k2, + jQs

1

Clmnkj (27.‘_)2 r

/dWrszdWs//mnkJ(Wra W, Ws)elwAt(Wr,Wz,Ws)flmAd)(Wr,Wz,Ws)+an,+lsz+l_]W5

@ Numerically integrated with the midpoint rule, homogeneous solution from the BHPT

o Waveform

b _g C/;-nnkj SawmnkJ (e)efiwm,,kjtJrim(;ﬁ
r E :
Imnkj “mnkj

@ Energy and angular momentum fluxes

+ A= + A=
E ‘ Clmnkj‘ + Qimnkj Clmnkj‘ J ’ Clmnkj‘ + QXimnkj ‘ C/mnkj‘
Fo= Z 4 ’ Fr= Z m 4
mu 7rw
Imnkj mnkj Imnkj mnkj
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Linearization of the fluxes

@ Trajectory calculated up to linear order in o

@ Amplitudes and fluxes valid up to linear order - ‘ - "

as well 5.x10°0 ’
@ Numerical linearization with 4th order finite E o “\\/

difference formula 55 5.x107
1 2 2 1 o 8= Nmax = 6
s ﬁf(—20')—§f(—0')+§f(0')—ﬁf(20') 1.x1077 n
f = 5.x1078 _
o ) Nmax = 12
. . . 6 E; 1‘0 1‘5
@ Amplitudes for j = 41 proportional to o
n

o Fluxes for j = 41 proportional to ai

@ In linear order the fluxes are independent of o |
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Comparison with time domain results

10
e E, J,, r, 0, u", S, S? calculated in 1L
frequency domain
q Y 0.100%
@ Other components calculated from the
; % oo10:
constraints
@ Nonlinearized MPD equations solved 0.001
numerically .
@ Time domain fluxes from this trajectory 105 0l ‘ ‘ | |
0 1000 2000 3000 4000

@ Averaging of the generic fluxes: successive

moving averages with periods 27/, S
27 /Q,, 2w /(nQ, + k) Relative difference between the energy flux and

the average value

t
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Comparison with time domain results

0.008 | ——-m=1 m=2
0.006

—— m =3 —A— total

< 0004 p e I/ m FSm AFSm
Qo 10 [ 0.1 | 15 —28259x10°° [ 1x10~°
2 12 02| 30 —-1.1954 x 1077 | 2x 107°
0.002 12 | 0.2 | 30 —1.0488x107% | 1 x 1073

15 | 0.5 | 15 —4.2036 x 1077 | 2x 1073
eneric orbits

2
1
J i 2
\/ 12|02 | 30 | 3 | —-1.4210x1077 | 3x 1073
/ 1202|600 | 2 | —8.0550 x 107 | 5x 107
2
0 10 20 30 40 50 60 G
1]
Nearly spherical orbits with a =0.9M, p =10
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Secondary spin is needed for the post-adiabatic term

We calculated the fluxes of energy and angular momentum from generic orbits of spinning
particles

We compared the frequency domain and time domain solutions

Only parallel component of the secondary spin is relevant

For the inspirals evolution of the Carter-like constant is needed

Thank you
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