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- Black hole binaries (BBH) are the most detected source of gravitational waves (GWs). 
- The parameter space to model BBHs is 7-dimensional for circular orbits ( , ): 

- Kerr black holes: . 

- .

q ⃗χ1, ⃗χ2

0 ≤ χ =
cJ

GM2
≤ 1

q =
m1

m2
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q
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DYNAMICAL EVOLUTION 

q ⃗χ1, ⃗χ2

0 ≤ χ =
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q
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⃗J(t) = ⃗L (t) + ⃗S(t) = ⃗L (t) + m2
1 ⃗χ1(t) + m2
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PRECESSING SYSTEMS:  
timescales: orbital ( )>precessing (P)>radial 

: 7-dim
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PRECESSING SYSTEMS present two particular difficulties: 7-DIM SPACE + NO SYMMETRIES.
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PRECESSING SYSTEMS present two particular difficulties:  
- 7-DIMENSIONAL SPACE: too large to cover with NR simulations.  

Available NR data sets (FIG. 1): 
- SXS [Boyle, M. et al. (2019)]: 1400 sims ( ). 
- BAM [Hamilton, E. et al. (2023)]: 80 sims ( ). 
- Einstein Toolkit [Husa, S. et al. (in prep)]: 15 sims ( ). 

Black hole perturbation theory (BHPT):  
- EMRI [Apte, A. et al., Lim, H. et al. (2019)]: 5925 sims ( ).

q ≤ 6

q ≤ 8, | χ2 | = 0

4 ≤ q ≤ 18

q = 1000, S2 ≈ 0
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Figure 1: Available precessing data sets.
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- NRSur7dq4 [Varma, V. (2019)]: NR calibrated model ( ). 

- PRECESSING MOTION of  and  : NO natural inertial frame. 

 and  precess around an inertial frame defined at a : 
- AXIS:  (L-FRAME). 
- AXIS: .

q ≤ 6

q ≤ 8, | χ2 | = 0

4 ≤ q ≤ 18

q = 1000, S2 ≈ 0

q ≤ 4

⃗L ⃗Si

⃗L (t) ⃗χi (t) tref

̂z− ⃗L (tref)
̂x− ⃗r1(tref) − ⃗r2(tref)

Figure 2: Inertial frames definitions.
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= L(tref) : L frame

Figure 1: Available precessing data sets.

̂z = ω̂(−100M ) =
⃗r × ⃗v
r2

Consistent dataset
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= L(tref) : L frame

Figure 1: Available precessing data sets.

̂z = ω̂(−100M ) =
⃗r × ⃗v
r2

More work needs to be done for EMRIs…

Consistent dataset
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5925 EMRIs [Apte, A. et al., Lim, H. et al. (2019)] ( , varying  and , see FIG. 3) 
including TRAJECTORIES, CONSTANTS OF MOTION and WAVEFORMS. 

M/μ = 1000 a, I θf
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1. REPARAMETRIZATION of the orbital parameters in terms of LIGO conventions. 

2. Computation of the REMNANT QUANTITIES  and  

from the constants of motion ,  and  we get from 

A. EMRI data. 

B. Precessing geodesic equations ( ) at the ISCO.

M2
f ⃗χf = M2 ⃗a + μM ⃗L Mf = 1 − Erad

Ef Lz Q ≈ L2
ρ

I ≈ θref
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The PRECESSING DATASET can be used to calibrate precessing models. 
CURRENT DATA LIMITATION e.g. NRSur7dq4 ( ), PhenomXO4a (single spin and ). q ≤ 6 q ≤ 8

MARIA DE LLUC PLANAS (m.planas@uib.es)July 05, 2023. CAPRA

PRECESSING BINARY SYSTEMS: DATASET APPLICATIONS

5/10

mailto:m.planas@uib.es


The PRECESSING DATASET can be used to calibrate precessing models. 
CURRENT DATA LIMITATION e.g. NRSur7dq4 ( ), PhenomXO4a (single spin and ). 

combine NR data + analytical information. 

q ≤ 6 q ≤ 8

MARIA DE LLUC PLANAS (m.planas@uib.es)July 05, 2023. CAPRA

PRECESSING BINARY SYSTEMS: DATASET APPLICATIONS
ID

E
A

5/10

mailto:m.planas@uib.es


The PRECESSING DATASET can be used to calibrate precessing models. 
CURRENT DATA LIMITATION e.g. NRSur7dq4 ( ), PhenomXO4a (single spin and ). 

combine NR data + analytical information. 

REMNANT MODEL across all  using HIERARCHICAL METHODS. 

q ≤ 6 q ≤ 8

q, | χ1 | ≤ 0.8, | χ2 | = 0

MARIA DE LLUC PLANAS (m.planas@uib.es)July 05, 2023. CAPRA

PRECESSING BINARY SYSTEMS: DATASET APPLICATIONS
ID

E
A

A
P

P
LI

C
A

T
IO

N

5/10

mailto:m.planas@uib.es


The PRECESSING DATASET can be used to calibrate precessing models. 
CURRENT DATA LIMITATION e.g. NRSur7dq4 ( ), PhenomXO4a (single spin and ). 

combine NR data + analytical information. 

REMNANT MODEL across all  using HIERARCHICAL METHODS. 

q ≤ 6 q ≤ 8

q, | χ1 | ≤ 0.8, | χ2 | = 0

MARIA DE LLUC PLANAS (m.planas@uib.es)July 05, 2023. CAPRA

PRECESSING BINARY SYSTEMS: DATASET APPLICATIONS
ID

E
A

A
P

P
LI

C
A

T
IO

N

What is the BEST QUANTITY to fit for each 
remnant property?

5/10

mailto:m.planas@uib.es


The PRECESSING DATASET can be used to calibrate precessing models. 
CURRENT DATA LIMITATION e.g. NRSur7dq4 ( ), PhenomXO4a (single spin and ). 

combine NR data + analytical information. 

REMNANT MODEL across all  using HIERARCHICAL METHODS. 

q ≤ 6 q ≤ 8

q, | χ1 | ≤ 0.8, | χ2 | = 0

MARIA DE LLUC PLANAS (m.planas@uib.es)July 05, 2023. CAPRA

PRECESSING BINARY SYSTEMS: DATASET APPLICATIONS
ID

E
A

A
P

P
LI

C
A

T
IO

N

FINAL MASS 
Since , we can generate a fit for : EAS

rad ≈ Eprec
rad ΔE

ΔE = Eprec
rad (q, | χ1 | , θ ⃗χ1, ⃗L ) − EAS

rad (q, | χ1 |cos(θ ⃗χ1, ⃗L ))

Mf = 1 − Erad = 1 − (EAS
rad(q, χ1 cos(θ)) + ΔE(q, | χ1 | , θ))
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1. COMPUTE & PLOT  for fixed  ( ),   

given by BAM simulations . 

δ2 θ θf

( π
6

,
π
3

,
π
2

,
2π
3

,
5π
6 )

| χprec
f | = | χAS

f |2 +
m4

1

M4
f

χ⊥
1

2 + δ2

mailto:m.planas@uib.es


FINAL SPIN MAGNITUDE: find fit for  across the single spin parameter space. δ2

MARIA DE LLUC PLANAS (m.planas@uib.es)July 05, 2023. CAPRA

REMNANT PROPERTIES: FINAL SPIN

1. COMPUTE & PLOT  for fixed  ( ),   

given by BAM simulations . 

2. CONNECT  to EMRI limit via a 4th       
order polynomial in . 

δ2 θ θf

( π
6

,
π
3

,
π
2

,
2π
3

,
5π
6 )

q = 4
η

| χprec
f | = | χAS

f |2 +
m4

1

M4
f

χ⊥
1

2 + δ2

7/10

mailto:m.planas@uib.es


FINAL SPIN MAGNITUDE: find fit for  across the single spin parameter space. δ2

MARIA DE LLUC PLANAS (m.planas@uib.es)July 05, 2023. CAPRA

REMNANT PROPERTIES: FINAL SPIN

1. COMPUTE & PLOT  for fixed  ( ),   

given by BAM simulations . 

2. CONNECT  to EMRI limit via a 4th       
order polynomial in . 

3. Perform FITS to each  surface as 
 

δ2 θ θf

( π
6

,
π
3

,
π
2

,
2π
3

,
5π
6 )

q = 4
η

δ2(ai(θf), η, χ1)
{ai(θf)}i=9

i=1(η3χ, η4 χ, η5 χ, η6 χ, η7 χ, η2 χ2, η3χ2, η4 χ2, η6 χ2) .

| χprec
f | = | χAS

f |2 +
m4

1

M4
f

χ⊥
1

2 + δ2

7/10

mailto:m.planas@uib.es


FINAL SPIN MAGNITUDE: find fit for  across the single spin parameter space. δ2

MARIA DE LLUC PLANAS (m.planas@uib.es)July 05, 2023. CAPRA

REMNANT PROPERTIES: FINAL SPIN

1. COMPUTE & PLOT  for fixed  ( ),   

given by BAM simulations . 

2. CONNECT  to EMRI limit via a 4th       
order polynomial in . 

3. Perform FITS to each  surface as 
 

4. Perform FITS to each  via a 5th order 
polynomial in . 

δ2 θ θf

( π
6

,
π
3

,
π
2

,
2π
3

,
5π
6 )

q = 4
η

δ2(ai(θf), η, χ1)
{ai(θf)}i=9

i=1(η3χ, η4 χ, η5 χ, η6 χ, η7 χ, η2 χ2, η3χ2, η4 χ2, η6 χ2) .

ai(θ)
θ

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0

5000

10 000

15 000

�

a3

0.0 0.5 1.0 1.5 2.0 2.5 3.0

-400

-300

-200

-100

0

�

a8

| χprec
f | = | χAS

f |2 +
m4

1

M4
f

χ⊥
1

2 + δ2

7/10

mailto:m.planas@uib.es


FINAL SPIN MAGNITUDE: find fit for  across the single spin parameter space. δ2

MARIA DE LLUC PLANAS (m.planas@uib.es)July 05, 2023. CAPRA

REMNANT PROPERTIES: FINAL SPIN

1. COMPUTE & PLOT  for fixed  ( ),   

given by BAM simulations . 

2. CONNECT  to EMRI limit via a 4th       
order polynomial in . 

3. Perform FITS to each  surface as 
 

4. Perform FITS to each  via a 5th order 
polynomial in . 

5. Obtain final FIT for . 

δ2 θ θf

( π
6

,
π
3

,
π
2

,
2π
3

,
5π
6 )

q = 4
η

δ2(ai(θf), η, χ1)
{ai(θf)}i=9

i=1(η3χ, η4 χ, η5 χ, η6 χ, η7 χ, η2 χ2, η3χ2, η4 χ2, η6 χ2) .

ai(θ)
θ

δ2(ai(θ), η, χ1)

| χprec
f | = | χAS

f |2 +
m4

1

M4
f

χ⊥
1

2 + δ2

7/10

mailto:m.planas@uib.es


FINAL SPIN MAGNITUDE: find fit for  across the single spin parameter space. δ2

MARIA DE LLUC PLANAS (m.planas@uib.es)July 05, 2023. CAPRA

REMNANT PROPERTIES: FINAL SPIN

1. COMPUTE & PLOT  for fixed  ( ),   

given by BAM simulations . 

2. CONNECT  to EMRI limit via a 4th       
order polynomial in . 

3. Perform FITS to each  surface as 
 

4. Perform FITS to each  via a 5th order 
polynomial in . 

5. Obtain final FIT for . 

6. Check the ACCURACY of the new model 
compared to NRSur7dq4 and PhenXP.

δ2 θ θf

( π
6

,
π
3

,
π
2

,
2π
3

,
5π
6 )

q = 4
η

δ2(ai(θf), η, χ1)
{ai(θf)}i=9

i=1(η3χ, η4 χ, η5 χ, η6 χ, η7 χ, η2 χ2, η3χ2, η4 χ2, η6 χ2) .

ai(θ)
θ

δ2(ai(θ), η, χ1)

| χprec
f | = | χAS

f |2 +
m4

1

M4
f

χ⊥
1

2 + δ2

MSE=0.0028, t=0.01s
MSE=0.024, t=0.01s

PhenNew
PhenXP

-0.03 -0.02 -0.01 0.00 0.01 0.02
0

10

20

30

40

�f
dataset-�f

model (q�18)

MSE=0.0012, t=99s
MSE=0.0026, t=0.009s

MSE=0.023, t=0.008s

PhenNew
NRSur7dq4
PhenXP

-0.03 -0.02 -0.01 0.00 0.01 0.02
0

10

20

30

40

50

60

�f
dataset-�f

model (q�6)

7/10

mailto:m.planas@uib.es


RADIATED ENERGY: find fit for  across the single spin parameter space. ΔE

MARIA DE LLUC PLANAS (m.planas@uib.es)July 05, 2023. CAPRA
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1. IMPROVE current  fit from PhenX to 
capture the EMRI limit.

EAS
rad

ΔE = Eprec
rad (q, | χ1 | , θ ⃗χ1, ⃗L ) − EAS

rad (q, | χ1 |cos(θ ⃗χ1, ⃗L ))
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•We GENERATED fits for the remnant properties for the single spin across the -dimension 
more accurate than PhenXP and faster than NRSur7dq4.

η

•Remnant quantities determine the waveform’s ringdown.

•Final spin morphology as in EMRI limit: mix of linear and quadratic term in .1/q

•Single spin limit as baseline for double spin case.
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