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• Extreme Mass-Ratio Inspirals (EMRIs) are 
important gravitational wave sources for LISA

• Precision parameter estimation/science will require 
templates with orbital phase error << 1 radian

• Broad approach: Black Hole Perturbation Theory 
and Self-Force with higher order effects

• Needed higher order effects include conservative 
self-force and 2nd order dissipative self-force

• 2nd order implemented for Schwarzschild     
(Wardell et al.2021, see , but 
Kerr 2nd order self-force needs development

• 2nd order self-force understood in Lorenz gauge, 
but prior Kerr work had instabilities (Dolan et al. 2013)
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• Goal: calculate 1st order gravitational self-force for 
Kerr in Lorenz gauge  (then try 2nd order later)

• Situation: field equations not directly separable (but, 
Dolan et al. 2021 → Lorenz gauge via Teukolsky)

• Strategy: Separate φ but do not separate θ
solve PDEs ↵

• Past work: Time domain ⟶ Hyperbolic PDEs, 
encountered time instabilities (Dolan et al. 2013)

• Our approach: Frequency domain ⟶ Elliptic PDEs 
with r and θ derivatives, no time instabilities

• This work: Develop elliptic PDE techniques by finding 
self-force for circular motion in Kerr spacetime with 
scalar fields first and then Lorenz gauge gravity

2nd order 
Kerr self-

force

1st order Kerr Lorenz 
gauge self-force

EMRI templates 
for LISA

Start: non-separable 
Lorenz gauge field 
equations for Kerr

time 
domain

this work: 
frequency 

domain

Alternate start: separable Teukolsky equation radiation 
gauge/GHZ
(Toomani et 

al. 2022)
(Green et al. 

2020)

(Thornburg, 
Capra 2022)

Future work

?

(see talks by 
Sam, Bourg 
Nasipak, & 
Franchini )

(see talk by 
Dolan)
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• Strategy: Introduce worldtube
centered on particle

• Inside worldtube –
Regular/Singular decomposition:

Ψ𝑚 = Ψ𝑚
𝑅 + Ψ𝑚

𝑆

• Ψ𝑚
𝑆 is known from an expansion 

and does not affect the self-force

• Ψ𝑚
𝑅 is finite and causes self-force
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Mathematical strategy:

◻𝑚 Ψ𝑚 = 0 (outside worldtube)

Ψ𝑚
𝑅 = Ψ𝑚 − Ψ𝑚

𝑆 (across worldtube)

= 𝑆𝑚
𝑒𝑓𝑓

(inside worldtube)

(Detweiler et al. 2002, Barack et al. 2007, 
Vega et al. 2008, Wardell et al. 2012)

This affects the vector part of the 
linear system, but not the matrix part
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Parameters
(Heffernan et 
al. 2014)

(see talk by 
Macedo)
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• Find m-modes of metric perturbation:

• At each position, solve for the 10 metric 
components (following Dolan and Barack, use 
adv Eddington-Finkelstein comps w/  r factors):

• Lorenz gauge field equations can be written in 
the following form:

• For simplicity, carry over methods from scalar 
project (2nd-order finite difference, effective 
source code from Barry Wardell, etc.)



m = 2 , a = 0 , r0 = 6M



m = 1 , a = 0 , r0 = 6M Needs more investigation…



▪ Solved r-θ PDEs in frequency domain (
𝜕

𝜕𝑡
= −𝑖𝜔 ⟶ elliptic PDEs)

▪ Scalar self-f0rce agrees with prior results (see: https://arxiv.org/abs/2206.07031)

▪ Preliminary results for gravity in Lorenz gauge, resolving some issues

▪ Use faster programming language  (petsc4py: Balor Brennan poster on Sat)

▪ Finish Lorenz gauge Kerr gravitational self-force
▪ 2nd order Lorenz gauge self-force in Kerr spacetime?
▪ Radiation gauge/Teukolsky handles eccentric/inclined, can we handle 

eccentric/inclined with elliptic PDEs?     Source not perfectly smooth → 
slower Fourier convergence, but maybe there is a clever trick
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