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• Any source of systematic error at 1st order 
impacts performance of 2nd order calculation

Numerical systematic errors
Boundary conditions: impose asymptotic conditions ensuring the 
energy propagates into the black hole and out to the wave zone

PROBLEM: physical space has unbounded domain 
USUAL SOLUTION: approximate BC at finite radius   

ALTERNATIVE: Compact hyperboloidal slides

<latexit sha1_base64="+5qxFQ32KNK7GCFVOOaUIwyB5E4="></latexit>

r⇤ 2 (�1,+1)
<latexit sha1_base64="H3J/9vpdUaDeEgOVK2GfleJFJWM="></latexit>

r⇤ = ± rBC
⇤

<latexit sha1_base64="G4jbrBtYjok/AcuaIixr3iXpM1c="></latexit>

� 2 [0, 1]



HYPERBOLOIDAL METHODS 
IN SELF-FORCE

•Goal: develop new codes in perturbation theory, offering an 
alternative framework for self-force calculation

•Current status: Benchmark test cases - Scalar field on 
Schwarzschild background, first order self-force, particle on 
circular orbits*

•Motivation: second order calculations* 

<latexit sha1_base64="58uC7Wsw2ggWEhXSfKx35k7+zZc="></latexit>

⇤o�
(1) = S(1)

<latexit sha1_base64="RlmuArtAjjFYKx+xahjNZT8PUoU="></latexit>

⇤o�
(2) = S(2)(�(1), @�(1))

• Any source of systematic error at 1st order 
impacts performance of 2nd order calculation

Numerical systematic errors
Numerical discretisation: any numerical scheme introduces errors

PROBLEM: any numerical scheme introduce errors 
‘FASTER’ SOLVERS+’SLOW’ CONVERGENCE: Finite difference 
methods, Explicit time integrators 

‘SLOWER’ SOLVERS+’FAST’ CONVERGENCE: Multidomain spectral 
methods, Implicit time integrators



EFFECTIVE SOURCE APPROACH
S. Dolan, L. Barack PRD 2011 S. Dolan, L. Barack, B. Wardell PRD 2011



<latexit sha1_base64="2EHC11jqKl0svPKiYXWVAn8klQA="></latexit>r

<latexit sha1_base64="bplAM39J73jka96qHGVLz2AjKd8="></latexit>

✓

<latexit sha1_base64="1ekp8ThZvvaTqGsxoo1wgq2jigI="></latexit>'

<latexit sha1_base64="tMH1fXv3naEy5VHYu25jFGSlbLc="></latexit>

t

<latexit sha1_base64="MmesApxuVN2nQ3vk7diR6Gu6y4s="></latexit>

(t, r, ✓,')

Coordinate System

EFFECTIVE SOURCE APPROACH
S. Dolan, L. Barack PRD 2011 S. Dolan, L. Barack, B. Wardell PRD 2011



<latexit sha1_base64="MmesApxuVN2nQ3vk7diR6Gu6y4s="></latexit>

(t, r, ✓,')

Coordinate System

<latexit sha1_base64="NMSuERfZR37DAYd/xnqoxclznfI="></latexit>⇤o� = 0

EFFECTIVE SOURCE APPROACH
S. Dolan, L. Barack PRD 2011 S. Dolan, L. Barack, B. Wardell PRD 2011



Impose BC: Energy flow to 
wave zone and into black hole

<latexit sha1_base64="MmesApxuVN2nQ3vk7diR6Gu6y4s="></latexit>

(t, r, ✓,')

Coordinate System

<latexit sha1_base64="NMSuERfZR37DAYd/xnqoxclznfI="></latexit>⇤o� = 0

EFFECTIVE SOURCE APPROACH
S. Dolan, L. Barack PRD 2011 S. Dolan, L. Barack, B. Wardell PRD 2011



Impose BC: Energy flow to 
wave zone and into black hole

<latexit sha1_base64="MmesApxuVN2nQ3vk7diR6Gu6y4s="></latexit>

(t, r, ✓,')

Coordinate System

<latexit sha1_base64="NMSuERfZR37DAYd/xnqoxclznfI="></latexit>⇤o� = 0

EFFECTIVE SOURCE APPROACH
S. Dolan, L. Barack PRD 2011 S. Dolan, L. Barack, B. Wardell PRD 2011

<latexit sha1_base64="6xrosUYPcUTFx9bkZ9pia+jqTyk="></latexit>

r = 2M



<latexit sha1_base64="bLJ9Y4vsRPyQilb4xfAf//WMMEg="></latexit>

r ! 1

Impose BC: Energy flow to 
wave zone and into black hole

<latexit sha1_base64="MmesApxuVN2nQ3vk7diR6Gu6y4s="></latexit>

(t, r, ✓,')

Coordinate System

<latexit sha1_base64="NMSuERfZR37DAYd/xnqoxclznfI="></latexit>⇤o� = 0

EFFECTIVE SOURCE APPROACH
S. Dolan, L. Barack PRD 2011 S. Dolan, L. Barack, B. Wardell PRD 2011

<latexit sha1_base64="6xrosUYPcUTFx9bkZ9pia+jqTyk="></latexit>

r = 2M



<latexit sha1_base64="bLJ9Y4vsRPyQilb4xfAf//WMMEg="></latexit>

r ! 1

Impose BC: Energy flow to 
wave zone and into black hole

Solution: retarded field
<latexit sha1_base64="cBgMUmEpQpAhzz3ejw104hunsu4="></latexit>

�ret

<latexit sha1_base64="MmesApxuVN2nQ3vk7diR6Gu6y4s="></latexit>

(t, r, ✓,')

Coordinate System

<latexit sha1_base64="NMSuERfZR37DAYd/xnqoxclznfI="></latexit>⇤o� = 0

EFFECTIVE SOURCE APPROACH
S. Dolan, L. Barack PRD 2011 S. Dolan, L. Barack, B. Wardell PRD 2011

<latexit sha1_base64="6xrosUYPcUTFx9bkZ9pia+jqTyk="></latexit>

r = 2M



<latexit sha1_base64="bLJ9Y4vsRPyQilb4xfAf//WMMEg="></latexit>

r ! 1

Impose BC: Energy flow to 
wave zone and into black hole

Solution: retarded field
<latexit sha1_base64="cBgMUmEpQpAhzz3ejw104hunsu4="></latexit>

�ret

<latexit sha1_base64="MmesApxuVN2nQ3vk7diR6Gu6y4s="></latexit>

(t, r, ✓,')

Coordinate System

<latexit sha1_base64="flDAD+GSPqV+jBbE0vO5xGZz5TI="></latexit>

⇤o�
ret = 0

EFFECTIVE SOURCE APPROACH
S. Dolan, L. Barack PRD 2011 S. Dolan, L. Barack, B. Wardell PRD 2011

<latexit sha1_base64="6xrosUYPcUTFx9bkZ9pia+jqTyk="></latexit>

r = 2M



<latexit sha1_base64="bLJ9Y4vsRPyQilb4xfAf//WMMEg="></latexit>

r ! 1

Solution: retarded field

<latexit sha1_base64="MmesApxuVN2nQ3vk7diR6Gu6y4s="></latexit>

(t, r, ✓,')

Coordinate System

<latexit sha1_base64="X+LvXWuLzpg0zM8wZLwq9cvxIrk="></latexit>

⇤o�
ret = G�(xa � xa

p)

EFFECTIVE SOURCE APPROACH
S. Dolan, L. Barack PRD 2011 S. Dolan, L. Barack, B. Wardell PRD 2011

<latexit sha1_base64="6xrosUYPcUTFx9bkZ9pia+jqTyk="></latexit>

r = 2M

<latexit sha1_base64="cBgMUmEpQpAhzz3ejw104hunsu4="></latexit>

�ret



<latexit sha1_base64="bLJ9Y4vsRPyQilb4xfAf//WMMEg="></latexit>

r ! 1

Solution: retarded field
<latexit sha1_base64="KJcdexcOQXGDspFghgUEqmiVyO0="></latexit>

�ret = �sing + �reg

<latexit sha1_base64="MmesApxuVN2nQ3vk7diR6Gu6y4s="></latexit>

(t, r, ✓,')

Coordinate System

<latexit sha1_base64="X+LvXWuLzpg0zM8wZLwq9cvxIrk="></latexit>

⇤o�
ret = G�(xa � xa

p)

EFFECTIVE SOURCE APPROACH
S. Dolan, L. Barack PRD 2011 S. Dolan, L. Barack, B. Wardell PRD 2011

<latexit sha1_base64="6xrosUYPcUTFx9bkZ9pia+jqTyk="></latexit>

r = 2M



<latexit sha1_base64="MmesApxuVN2nQ3vk7diR6Gu6y4s="></latexit>

(t, r, ✓,')

Coordinate System

<latexit sha1_base64="bLJ9Y4vsRPyQilb4xfAf//WMMEg="></latexit>

r ! 1

Solution: retarded field
<latexit sha1_base64="KJcdexcOQXGDspFghgUEqmiVyO0="></latexit>

�ret = �sing + �reg

<latexit sha1_base64="X+LvXWuLzpg0zM8wZLwq9cvxIrk="></latexit>

⇤o�
ret = G�(xa � xa

p)

EFFECTIVE SOURCE APPROACH
S. Dolan, L. Barack PRD 2011 S. Dolan, L. Barack, B. Wardell PRD 2011

<latexit sha1_base64="6xrosUYPcUTFx9bkZ9pia+jqTyk="></latexit>

r = 2M



<latexit sha1_base64="MmesApxuVN2nQ3vk7diR6Gu6y4s="></latexit>

(t, r, ✓,')

Coordinate System

<latexit sha1_base64="bLJ9Y4vsRPyQilb4xfAf//WMMEg="></latexit>

r ! 1

Solution: retarded field
<latexit sha1_base64="KJcdexcOQXGDspFghgUEqmiVyO0="></latexit>

�ret = �sing + �reg

<latexit sha1_base64="X+LvXWuLzpg0zM8wZLwq9cvxIrk="></latexit>

⇤o�
ret = G�(xa � xa

p)

EFFECTIVE SOURCE APPROACH
S. Dolan, L. Barack PRD 2011 S. Dolan, L. Barack, B. Wardell PRD 2011

<latexit sha1_base64="6xrosUYPcUTFx9bkZ9pia+jqTyk="></latexit>

r = 2M



<latexit sha1_base64="MmesApxuVN2nQ3vk7diR6Gu6y4s="></latexit>

(t, r, ✓,')

Coordinate System

<latexit sha1_base64="bLJ9Y4vsRPyQilb4xfAf//WMMEg="></latexit>

r ! 1

Solution: retarded field
<latexit sha1_base64="KJcdexcOQXGDspFghgUEqmiVyO0="></latexit>

�ret = �sing + �reg

<latexit sha1_base64="X+LvXWuLzpg0zM8wZLwq9cvxIrk="></latexit>

⇤o�
ret = G�(xa � xa

p)

EFFECTIVE SOURCE APPROACH
S. Dolan, L. Barack PRD 2011 S. Dolan, L. Barack, B. Wardell PRD 2011

<latexit sha1_base64="6xrosUYPcUTFx9bkZ9pia+jqTyk="></latexit>

r = 2M



<latexit sha1_base64="MmesApxuVN2nQ3vk7diR6Gu6y4s="></latexit>

(t, r, ✓,')

Coordinate System

<latexit sha1_base64="bLJ9Y4vsRPyQilb4xfAf//WMMEg="></latexit>

r ! 1

Solution: retarded field
<latexit sha1_base64="KJcdexcOQXGDspFghgUEqmiVyO0="></latexit>

�ret = �sing + �reg

<latexit sha1_base64="57IAcaBN0ubx2Q6+BnsTShJR2Os="></latexit>

�ret = �punc + �res

<latexit sha1_base64="KXKQr0Wx9p4bD/tsrAjiFfwxhJc="></latexit> ⇡

<latexit sha1_base64="X+LvXWuLzpg0zM8wZLwq9cvxIrk="></latexit>

⇤o�
ret = G�(xa � xa

p)

EFFECTIVE SOURCE APPROACH
S. Dolan, L. Barack PRD 2011 S. Dolan, L. Barack, B. Wardell PRD 2011

<latexit sha1_base64="6xrosUYPcUTFx9bkZ9pia+jqTyk="></latexit>

r = 2M



<latexit sha1_base64="MmesApxuVN2nQ3vk7diR6Gu6y4s="></latexit>

(t, r, ✓,')

Coordinate System

<latexit sha1_base64="bLJ9Y4vsRPyQilb4xfAf//WMMEg="></latexit>

r ! 1

Solution: retarded field
<latexit sha1_base64="KJcdexcOQXGDspFghgUEqmiVyO0="></latexit>

�ret = �sing + �reg

<latexit sha1_base64="57IAcaBN0ubx2Q6+BnsTShJR2Os="></latexit>

�ret = �punc + �res

<latexit sha1_base64="KXKQr0Wx9p4bD/tsrAjiFfwxhJc="></latexit> ⇡

<latexit sha1_base64="z9lC3Rz4NJVU6ePD+tdIRvqLD6M="></latexit>

⇤o�
res = G�(xa � xa

p)�⇤o�
punc

| {z }
Seff

EFFECTIVE SOURCE APPROACH
S. Dolan, L. Barack PRD 2011 S. Dolan, L. Barack, B. Wardell PRD 2011

<latexit sha1_base64="6xrosUYPcUTFx9bkZ9pia+jqTyk="></latexit>

r = 2M



M-MODE DECOMPOSITION

<latexit sha1_base64="2EHC11jqKl0svPKiYXWVAn8klQA="></latexit>r

<latexit sha1_base64="bplAM39J73jka96qHGVLz2AjKd8="></latexit>

✓

<latexit sha1_base64="1ekp8ThZvvaTqGsxoo1wgq2jigI="></latexit>'

<latexit sha1_base64="tMH1fXv3naEy5VHYu25jFGSlbLc="></latexit>

t

Coordinate System

S. Dolan, L. Barack PRD 2011 S. Dolan, L. Barack, B. Wardell PRD 2011

<latexit sha1_base64="D/+iBSDkHWw0TeQhDkt3udovCsM="></latexit>

�(t, r, ✓,') ⇠ �m(t, r, ✓)eim�

<latexit sha1_base64="EgV/QPMpfVsOteiQHmPnH5TZw7o="></latexit>

(t, r, ✓)

<latexit sha1_base64="6xrosUYPcUTFx9bkZ9pia+jqTyk="></latexit>

r = 2M
<latexit sha1_base64="bLJ9Y4vsRPyQilb4xfAf//WMMEg="></latexit>

r ! 1



M-MODE DECOMPOSITION

<latexit sha1_base64="2EHC11jqKl0svPKiYXWVAn8klQA="></latexit>r

<latexit sha1_base64="bplAM39J73jka96qHGVLz2AjKd8="></latexit>

✓

<latexit sha1_base64="tMH1fXv3naEy5VHYu25jFGSlbLc="></latexit>

t

Coordinate System

S. Dolan, L. Barack PRD 2011 S. Dolan, L. Barack, B. Wardell PRD 2011

<latexit sha1_base64="D/+iBSDkHWw0TeQhDkt3udovCsM="></latexit>

�(t, r, ✓,') ⇠ �m(t, r, ✓)eim�

<latexit sha1_base64="XgcTtbser7UROjx85aimDwpfrnw="></latexit>m

<latexit sha1_base64="EgV/QPMpfVsOteiQHmPnH5TZw7o="></latexit>

(t, r, ✓)



M-MODE DECOMPOSITION

<latexit sha1_base64="2EHC11jqKl0svPKiYXWVAn8klQA="></latexit>r

<latexit sha1_base64="bplAM39J73jka96qHGVLz2AjKd8="></latexit>

✓

<latexit sha1_base64="tMH1fXv3naEy5VHYu25jFGSlbLc="></latexit>

t

Coordinate System

S. Dolan, L. Barack PRD 2011 S. Dolan, L. Barack, B. Wardell PRD 2011

<latexit sha1_base64="XgcTtbser7UROjx85aimDwpfrnw="></latexit>m

<latexit sha1_base64="Pd5raDpG2jvIDt5bX/VESQMyD/M="></latexit>

(t, r, z)

<latexit sha1_base64="21v6BCRf5EH1D4ag7Rygqr0gxOA="></latexit>

z = cos ✓

<latexit sha1_base64="dDvRckStV7+dDgE+Sxww5OhnzBs="></latexit>

1

<latexit sha1_base64="hCrMKLBu/ltuulOdPlZ42dFXCQI="></latexit>�1

<latexit sha1_base64="6xrosUYPcUTFx9bkZ9pia+jqTyk="></latexit>

r = 2M

Sym. Axis (North)

Sym. Axis (South)

Equator
<latexit sha1_base64="bLJ9Y4vsRPyQilb4xfAf//WMMEg="></latexit>

r ! 1
<latexit sha1_base64="T55QyJ7B+zewcGjfX1mxSaVG94o="></latexit>

0



M-MODE DECOMPOSITION
<latexit sha1_base64="tMH1fXv3naEy5VHYu25jFGSlbLc="></latexit>

t

Coordinate System

S. Dolan, L. Barack PRD 2011 S. Dolan, L. Barack, B. Wardell PRD 2011

Exploit: Equatorial Symmetry

<latexit sha1_base64="2EHC11jqKl0svPKiYXWVAn8klQA="></latexit>r

<latexit sha1_base64="bplAM39J73jka96qHGVLz2AjKd8="></latexit>

✓
<latexit sha1_base64="XgcTtbser7UROjx85aimDwpfrnw="></latexit>m

<latexit sha1_base64="YytJViZhzQCsJOkHcr5pQbhmWvE="></latexit>

(t, r, y)

<latexit sha1_base64="dDvRckStV7+dDgE+Sxww5OhnzBs="></latexit>

1

<latexit sha1_base64="6xrosUYPcUTFx9bkZ9pia+jqTyk="></latexit>

r = 2M

Sym. Axis (North)

Equator
<latexit sha1_base64="bLJ9Y4vsRPyQilb4xfAf//WMMEg="></latexit>

r ! 1

<latexit sha1_base64="1/aGiy4yUOy/GtYp+jB2wvOzJE8="></latexit>

y = cos2 ✓

<latexit sha1_base64="T55QyJ7B+zewcGjfX1mxSaVG94o="></latexit>

0



M-MODE DECOMPOSITION
<latexit sha1_base64="tMH1fXv3naEy5VHYu25jFGSlbLc="></latexit>

t

Coordinate System

S. Dolan, L. Barack PRD 2011 S. Dolan, L. Barack, B. Wardell PRD 2011

Exploit: Equatorial Symmetry

<latexit sha1_base64="2EHC11jqKl0svPKiYXWVAn8klQA="></latexit>r

<latexit sha1_base64="bplAM39J73jka96qHGVLz2AjKd8="></latexit>

✓
<latexit sha1_base64="XgcTtbser7UROjx85aimDwpfrnw="></latexit>m

<latexit sha1_base64="YytJViZhzQCsJOkHcr5pQbhmWvE="></latexit>

(t, r, y)

<latexit sha1_base64="dDvRckStV7+dDgE+Sxww5OhnzBs="></latexit>

1

<latexit sha1_base64="6xrosUYPcUTFx9bkZ9pia+jqTyk="></latexit>

r = 2M

Sym. Axis (North)

Equator
<latexit sha1_base64="bLJ9Y4vsRPyQilb4xfAf//WMMEg="></latexit>

r ! 1

<latexit sha1_base64="1/aGiy4yUOy/GtYp+jB2wvOzJE8="></latexit>

y = cos2 ✓

<latexit sha1_base64="T55QyJ7B+zewcGjfX1mxSaVG94o="></latexit>

0
<latexit sha1_base64="TC3z+zSR5cUbhC9uLLY+y3MNuCc="></latexit>r�



M-MODE DECOMPOSITION
<latexit sha1_base64="tMH1fXv3naEy5VHYu25jFGSlbLc="></latexit>

t

Coordinate System

S. Dolan, L. Barack PRD 2011 S. Dolan, L. Barack, B. Wardell PRD 2011

Exploit: Equatorial Symmetry

<latexit sha1_base64="2EHC11jqKl0svPKiYXWVAn8klQA="></latexit>r

<latexit sha1_base64="bplAM39J73jka96qHGVLz2AjKd8="></latexit>

✓
<latexit sha1_base64="XgcTtbser7UROjx85aimDwpfrnw="></latexit>m

<latexit sha1_base64="YytJViZhzQCsJOkHcr5pQbhmWvE="></latexit>

(t, r, y)

<latexit sha1_base64="dDvRckStV7+dDgE+Sxww5OhnzBs="></latexit>

1

<latexit sha1_base64="6xrosUYPcUTFx9bkZ9pia+jqTyk="></latexit>

r = 2M

Sym. Axis (North)

Equator
<latexit sha1_base64="bLJ9Y4vsRPyQilb4xfAf//WMMEg="></latexit>

r ! 1

<latexit sha1_base64="1/aGiy4yUOy/GtYp+jB2wvOzJE8="></latexit>

y = cos2 ✓

<latexit sha1_base64="T55QyJ7B+zewcGjfX1mxSaVG94o="></latexit>

0
<latexit sha1_base64="TC3z+zSR5cUbhC9uLLY+y3MNuCc="></latexit>r�

<latexit sha1_base64="Sax/MyWmbs47kOglEaFyC85af3s="></latexit>r+



M-MODE DECOMPOSITION
<latexit sha1_base64="tMH1fXv3naEy5VHYu25jFGSlbLc="></latexit>

t

Coordinate System

S. Dolan, L. Barack PRD 2011 S. Dolan, L. Barack, B. Wardell PRD 2011

Exploit: Equatorial Symmetry

<latexit sha1_base64="2EHC11jqKl0svPKiYXWVAn8klQA="></latexit>r

<latexit sha1_base64="bplAM39J73jka96qHGVLz2AjKd8="></latexit>

✓
<latexit sha1_base64="XgcTtbser7UROjx85aimDwpfrnw="></latexit>m

<latexit sha1_base64="YytJViZhzQCsJOkHcr5pQbhmWvE="></latexit>

(t, r, y)

<latexit sha1_base64="dDvRckStV7+dDgE+Sxww5OhnzBs="></latexit>

1

<latexit sha1_base64="6xrosUYPcUTFx9bkZ9pia+jqTyk="></latexit>

r = 2M

Sym. Axis (North)

Equator
<latexit sha1_base64="bLJ9Y4vsRPyQilb4xfAf//WMMEg="></latexit>

r ! 1

<latexit sha1_base64="1/aGiy4yUOy/GtYp+jB2wvOzJE8="></latexit>

y = cos2 ✓

<latexit sha1_base64="T55QyJ7B+zewcGjfX1mxSaVG94o="></latexit>

0
<latexit sha1_base64="TC3z+zSR5cUbhC9uLLY+y3MNuCc="></latexit>r�

<latexit sha1_base64="Sax/MyWmbs47kOglEaFyC85af3s="></latexit>r+



M-MODE DECOMPOSITION
<latexit sha1_base64="tMH1fXv3naEy5VHYu25jFGSlbLc="></latexit>

t

Coordinate System

S. Dolan, L. Barack PRD 2011 S. Dolan, L. Barack, B. Wardell PRD 2011

Exploit: Equatorial Symmetry

<latexit sha1_base64="2EHC11jqKl0svPKiYXWVAn8klQA="></latexit>r

<latexit sha1_base64="bplAM39J73jka96qHGVLz2AjKd8="></latexit>

✓
<latexit sha1_base64="XgcTtbser7UROjx85aimDwpfrnw="></latexit>m

<latexit sha1_base64="YytJViZhzQCsJOkHcr5pQbhmWvE="></latexit>

(t, r, y)

<latexit sha1_base64="dDvRckStV7+dDgE+Sxww5OhnzBs="></latexit>

1

<latexit sha1_base64="6xrosUYPcUTFx9bkZ9pia+jqTyk="></latexit>

r = 2M

Sym. Axis (North)

Equator
<latexit sha1_base64="bLJ9Y4vsRPyQilb4xfAf//WMMEg="></latexit>

r ! 1

<latexit sha1_base64="1/aGiy4yUOy/GtYp+jB2wvOzJE8="></latexit>

y = cos2 ✓

<latexit sha1_base64="T55QyJ7B+zewcGjfX1mxSaVG94o="></latexit>

0



M-MODE DECOMPOSITION
<latexit sha1_base64="tMH1fXv3naEy5VHYu25jFGSlbLc="></latexit>

t

Coordinate System

S. Dolan, L. Barack PRD 2011 S. Dolan, L. Barack, B. Wardell PRD 2011

Exploit: Equatorial Symmetry

<latexit sha1_base64="2EHC11jqKl0svPKiYXWVAn8klQA="></latexit>r

<latexit sha1_base64="bplAM39J73jka96qHGVLz2AjKd8="></latexit>

✓
<latexit sha1_base64="XgcTtbser7UROjx85aimDwpfrnw="></latexit>m

<latexit sha1_base64="YytJViZhzQCsJOkHcr5pQbhmWvE="></latexit>

(t, r, y)

<latexit sha1_base64="dDvRckStV7+dDgE+Sxww5OhnzBs="></latexit>

1

<latexit sha1_base64="6xrosUYPcUTFx9bkZ9pia+jqTyk="></latexit>

r = 2M

Sym. Axis (North)

Equator
<latexit sha1_base64="bLJ9Y4vsRPyQilb4xfAf//WMMEg="></latexit>

r ! 1

<latexit sha1_base64="1/aGiy4yUOy/GtYp+jB2wvOzJE8="></latexit>

y = cos2 ✓

<latexit sha1_base64="T55QyJ7B+zewcGjfX1mxSaVG94o="></latexit>

0

PARTICLE REGION 
HOW TO OBTAIN THE PUNCTURE AND THE EFFECTIVE SOURCE?



M-MODE DECOMPOSITION
<latexit sha1_base64="tMH1fXv3naEy5VHYu25jFGSlbLc="></latexit>

t

Coordinate System

S. Dolan, L. Barack PRD 2011 S. Dolan, L. Barack, B. Wardell PRD 2011

Exploit: Equatorial Symmetry

<latexit sha1_base64="2EHC11jqKl0svPKiYXWVAn8klQA="></latexit>r

<latexit sha1_base64="bplAM39J73jka96qHGVLz2AjKd8="></latexit>

✓
<latexit sha1_base64="XgcTtbser7UROjx85aimDwpfrnw="></latexit>m

<latexit sha1_base64="YytJViZhzQCsJOkHcr5pQbhmWvE="></latexit>

(t, r, y)

<latexit sha1_base64="dDvRckStV7+dDgE+Sxww5OhnzBs="></latexit>

1

<latexit sha1_base64="6xrosUYPcUTFx9bkZ9pia+jqTyk="></latexit>

r = 2M

Sym. Axis (North)

Equator
<latexit sha1_base64="bLJ9Y4vsRPyQilb4xfAf//WMMEg="></latexit>

r ! 1

<latexit sha1_base64="1/aGiy4yUOy/GtYp+jB2wvOzJE8="></latexit>

y = cos2 ✓

<latexit sha1_base64="T55QyJ7B+zewcGjfX1mxSaVG94o="></latexit>

0

PARTICLE REGION 
HOW TO OBTAIN THE PUNCTURE AND THE EFFECTIVE SOURCE?

BLACK HOLE + WAVE ZONE REGION 
HOW TO IMPOSE BOUNDARY CONDITIONS? 

HOW TO OBTAIN GLOBAL SOLUTIONS?



M-MODE DECOMPOSITION
<latexit sha1_base64="tMH1fXv3naEy5VHYu25jFGSlbLc="></latexit>

t

Coordinate System

S. Dolan, L. Barack PRD 2011 S. Dolan, L. Barack, B. Wardell PRD 2011

Exploit: Equatorial Symmetry

<latexit sha1_base64="2EHC11jqKl0svPKiYXWVAn8klQA="></latexit>r

<latexit sha1_base64="bplAM39J73jka96qHGVLz2AjKd8="></latexit>

✓
<latexit sha1_base64="XgcTtbser7UROjx85aimDwpfrnw="></latexit>m

<latexit sha1_base64="YytJViZhzQCsJOkHcr5pQbhmWvE="></latexit>

(t, r, y)

<latexit sha1_base64="dDvRckStV7+dDgE+Sxww5OhnzBs="></latexit>

1

<latexit sha1_base64="6xrosUYPcUTFx9bkZ9pia+jqTyk="></latexit>

r = 2M

Sym. Axis (North)

Equator
<latexit sha1_base64="bLJ9Y4vsRPyQilb4xfAf//WMMEg="></latexit>

r ! 1

<latexit sha1_base64="1/aGiy4yUOy/GtYp+jB2wvOzJE8="></latexit>

y = cos2 ✓

<latexit sha1_base64="T55QyJ7B+zewcGjfX1mxSaVG94o="></latexit>

0

PARTICLE REGION 
HOW TO OBTAIN THE PUNCTURE AND THE EFFECTIVE SOURCE?

BLACK HOLE + WAVE ZONE REGION 
HOW TO IMPOSE BOUNDARY CONDITIONS? 

HOW TO OBTAIN GLOBAL SOLUTIONS?
VACCUM REGION 

HOW TO CONNECT PARTICLE AND ASYMPTOTIC REGIONS?



<latexit sha1_base64="2EHC11jqKl0svPKiYXWVAn8klQA="></latexit>r

<latexit sha1_base64="bplAM39J73jka96qHGVLz2AjKd8="></latexit>

✓

<latexit sha1_base64="1ekp8ThZvvaTqGsxoo1wgq2jigI="></latexit>'

<latexit sha1_base64="tMH1fXv3naEy5VHYu25jFGSlbLc="></latexit>

t

<latexit sha1_base64="6xrosUYPcUTFx9bkZ9pia+jqTyk="></latexit>

r = 2M
<latexit sha1_base64="bLJ9Y4vsRPyQilb4xfAf//WMMEg="></latexit>

r ! 1

PUNCTURE FIELD
A.Pound PRD (2012), P. Bourg, A. Pound, S. Upton 2022 (23?)

<latexit sha1_base64="MmesApxuVN2nQ3vk7diR6Gu6y4s="></latexit>

(t, r, ✓,')

Coordinate System



Coordinate System

PUNCTURE FIELD
A.Pound PRD (2012), P. Bourg, A. Pound, S. Upton 2022 (23?)

<latexit sha1_base64="Y9GsaG5cXTfRq78VzNan07baBSk="></latexit>

(T,X, Y, Z)

<latexit sha1_base64="e8QQaf8NuUbzy1PVt1U/v0nJrMw="></latexit>

T

<latexit sha1_base64="+kr5zwTueYFERJ4mMyUe7zdINm8="></latexit>

X

<latexit sha1_base64="XeuuwuMskiE5lmNcJ8qBvg83T18="></latexit>

Y

<latexit sha1_base64="a5pMWl9I7tHl4wIjNBGS9mU47h4="></latexit>

Z

Properties
<latexit sha1_base64="6fpIaC+YPdkpVU6f4b0UL1BTgZI="></latexit>

goab|p = ⌘ab
<latexit sha1_base64="uy2vQQLJE4KUrXwOdUcmpnYEmwM="></latexit>

⇤o|p = �

<latexit sha1_base64="/XzG9Zb7D9kRp76dYWDCBdzGqLM="></latexit>

} Analytical Solution

High punc. order <latexit sha1_base64="T89Bmpb1E6cnQRlaR604VAwvPCU="></latexit>

�̂punc
n̄max

(T,X, Y, Z)



PUNCTURE FIELD
A.Pound PRD (2012), P. Bourg, A. Pound, S. Upton 2022 (23?)

<latexit sha1_base64="e8QQaf8NuUbzy1PVt1U/v0nJrMw="></latexit>

T

<latexit sha1_base64="+kr5zwTueYFERJ4mMyUe7zdINm8="></latexit>

X

<latexit sha1_base64="XeuuwuMskiE5lmNcJ8qBvg83T18="></latexit>

Y

<latexit sha1_base64="a5pMWl9I7tHl4wIjNBGS9mU47h4="></latexit>

Z

<latexit sha1_base64="2EHC11jqKl0svPKiYXWVAn8klQA="></latexit>r

<latexit sha1_base64="bplAM39J73jka96qHGVLz2AjKd8="></latexit>

✓

<latexit sha1_base64="1ekp8ThZvvaTqGsxoo1wgq2jigI="></latexit>'

<latexit sha1_base64="tMH1fXv3naEy5VHYu25jFGSlbLc="></latexit>

t

<latexit sha1_base64="MmesApxuVN2nQ3vk7diR6Gu6y4s="></latexit>

(t, r, ✓,')

Coordinate System

<latexit sha1_base64="DCgxs2rjgsxhsJchxCzbI/yQB6U="></latexit>

�punc
n̄max

(x)=�̂punc
n̄max

(x̂(x))



<latexit sha1_base64="tMH1fXv3naEy5VHYu25jFGSlbLc="></latexit>

t

Coordinate System
<latexit sha1_base64="EgV/QPMpfVsOteiQHmPnH5TZw7o="></latexit>

(t, r, ✓)

PUNCTURE FIELD
A.Pound PRD (2012), P. Bourg, A. Pound, S. Upton 2022 (23?)

<latexit sha1_base64="2EHC11jqKl0svPKiYXWVAn8klQA="></latexit>r

<latexit sha1_base64="bplAM39J73jka96qHGVLz2AjKd8="></latexit>

✓

<latexit sha1_base64="D/+iBSDkHWw0TeQhDkt3udovCsM="></latexit>

�(t, r, ✓,') ⇠ �m(t, r, ✓)eim�

<latexit sha1_base64="XgcTtbser7UROjx85aimDwpfrnw="></latexit>m

<latexit sha1_base64="DCgxs2rjgsxhsJchxCzbI/yQB6U="></latexit>

�punc
n̄max

(x)=�̂punc
n̄max

(x̂(x))



<latexit sha1_base64="2EHC11jqKl0svPKiYXWVAn8klQA="></latexit>r

<latexit sha1_base64="bplAM39J73jka96qHGVLz2AjKd8="></latexit>

✓

<latexit sha1_base64="tMH1fXv3naEy5VHYu25jFGSlbLc="></latexit>

t

Coordinate System

<latexit sha1_base64="D/+iBSDkHWw0TeQhDkt3udovCsM="></latexit>

�(t, r, ✓,') ⇠ �m(t, r, ✓)eim�

<latexit sha1_base64="XgcTtbser7UROjx85aimDwpfrnw="></latexit>m

<latexit sha1_base64="EgV/QPMpfVsOteiQHmPnH5TZw7o="></latexit>

(t, r, ✓)

<latexit sha1_base64="79fgLIPtcb0wkdm5cnL3jZyQTzk="></latexit>

�punc
m,n̄max

(x)=

Z 2⇡

0
d' e�im'�̂punc

n̄max
(x̂(x))

PUNCTURE FIELD
A.Pound PRD (2012), P. Bourg, A. Pound, S. Upton 2022 (23?)



BOUNDARY CONDITION
<latexit sha1_base64="tMH1fXv3naEy5VHYu25jFGSlbLc="></latexit>

t

Coordinate System

<latexit sha1_base64="2EHC11jqKl0svPKiYXWVAn8klQA="></latexit>r

<latexit sha1_base64="bplAM39J73jka96qHGVLz2AjKd8="></latexit>

✓
<latexit sha1_base64="XgcTtbser7UROjx85aimDwpfrnw="></latexit>m

<latexit sha1_base64="YytJViZhzQCsJOkHcr5pQbhmWvE="></latexit>

(t, r, y)

<latexit sha1_base64="dDvRckStV7+dDgE+Sxww5OhnzBs="></latexit>

1

<latexit sha1_base64="6xrosUYPcUTFx9bkZ9pia+jqTyk="></latexit>

r = 2M

Sym. Axis (North)

Equator
<latexit sha1_base64="bLJ9Y4vsRPyQilb4xfAf//WMMEg="></latexit>

r ! 1

<latexit sha1_base64="1/aGiy4yUOy/GtYp+jB2wvOzJE8="></latexit>

y = cos2 ✓

<latexit sha1_base64="T55QyJ7B+zewcGjfX1mxSaVG94o="></latexit>

0
<latexit sha1_base64="TC3z+zSR5cUbhC9uLLY+y3MNuCc="></latexit>r�

<latexit sha1_base64="Sax/MyWmbs47kOglEaFyC85af3s="></latexit>r+

Compact radial coordinates



BOUNDARY CONDITION
<latexit sha1_base64="tMH1fXv3naEy5VHYu25jFGSlbLc="></latexit>

t

Coordinate System
<latexit sha1_base64="YytJViZhzQCsJOkHcr5pQbhmWvE="></latexit>

(t, r, y)

<latexit sha1_base64="dDvRckStV7+dDgE+Sxww5OhnzBs="></latexit>

1

<latexit sha1_base64="6xrosUYPcUTFx9bkZ9pia+jqTyk="></latexit>

r = 2M

Sym. Axis (North)

Equator
<latexit sha1_base64="bLJ9Y4vsRPyQilb4xfAf//WMMEg="></latexit>

r ! 1

<latexit sha1_base64="1/aGiy4yUOy/GtYp+jB2wvOzJE8="></latexit>

y = cos2 ✓

<latexit sha1_base64="T55QyJ7B+zewcGjfX1mxSaVG94o="></latexit>

0
<latexit sha1_base64="TC3z+zSR5cUbhC9uLLY+y3MNuCc="></latexit>r�

<latexit sha1_base64="Sax/MyWmbs47kOglEaFyC85af3s="></latexit>r+

Compact radial coordinates



BOUNDARY CONDITION
<latexit sha1_base64="tMH1fXv3naEy5VHYu25jFGSlbLc="></latexit>

t

Coordinate System

Compact radial coordinates

<latexit sha1_base64="YytJViZhzQCsJOkHcr5pQbhmWvE="></latexit>

(t, r, y)

<latexit sha1_base64="dDvRckStV7+dDgE+Sxww5OhnzBs="></latexit>

1Sym. Axis (North)

Equator

<latexit sha1_base64="1/aGiy4yUOy/GtYp+jB2wvOzJE8="></latexit>

y = cos2 ✓

<latexit sha1_base64="T55QyJ7B+zewcGjfX1mxSaVG94o="></latexit>

0

<latexit sha1_base64="6xrosUYPcUTFx9bkZ9pia+jqTyk="></latexit>

r = 2M
<latexit sha1_base64="bLJ9Y4vsRPyQilb4xfAf//WMMEg="></latexit>

r ! 1<latexit sha1_base64="TC3z+zSR5cUbhC9uLLY+y3MNuCc="></latexit>r�
<latexit sha1_base64="Sax/MyWmbs47kOglEaFyC85af3s="></latexit>r+

<latexit sha1_base64="yGZpaRw+qCOnpZg8qe4RbeDkQ9M="></latexit>

r =
2M

�

<latexit sha1_base64="ZBDWBE0Iv1twR3PagyPOwD68UZg="></latexit>

0
<latexit sha1_base64="n5d04HWwiFJWEa4AcjdroskCMio="></latexit>��

<latexit sha1_base64="tz71Kqr2R5KkQcMrd07xXh7NluY="></latexit>�+
<latexit sha1_base64="uupTqgvOCiLiEdu7UUJ48VCxtq4="></latexit>�p

<latexit sha1_base64="acCovLNxr3hw2Fy0F2FygPdFgvs="></latexit>

1

<latexit sha1_base64="VYWkRFiKCdt2FsmMHU4/CE6rnk0="></latexit>

� = 2M/r



BOUNDARY CONDITION
<latexit sha1_base64="tMH1fXv3naEy5VHYu25jFGSlbLc="></latexit>

t

Coordinate System

Compact radial coordinates

<latexit sha1_base64="YytJViZhzQCsJOkHcr5pQbhmWvE="></latexit>

(t, r, y)

<latexit sha1_base64="dDvRckStV7+dDgE+Sxww5OhnzBs="></latexit>

1Sym. Axis (North)

Equator

<latexit sha1_base64="1/aGiy4yUOy/GtYp+jB2wvOzJE8="></latexit>

y = cos2 ✓

<latexit sha1_base64="T55QyJ7B+zewcGjfX1mxSaVG94o="></latexit>

0

<latexit sha1_base64="6xrosUYPcUTFx9bkZ9pia+jqTyk="></latexit>

r = 2M
<latexit sha1_base64="bLJ9Y4vsRPyQilb4xfAf//WMMEg="></latexit>

r ! 1<latexit sha1_base64="TC3z+zSR5cUbhC9uLLY+y3MNuCc="></latexit>r�
<latexit sha1_base64="Sax/MyWmbs47kOglEaFyC85af3s="></latexit>r+

<latexit sha1_base64="yGZpaRw+qCOnpZg8qe4RbeDkQ9M="></latexit>

r =
2M

�

<latexit sha1_base64="ZBDWBE0Iv1twR3PagyPOwD68UZg="></latexit>

0
<latexit sha1_base64="n5d04HWwiFJWEa4AcjdroskCMio="></latexit>��

<latexit sha1_base64="tz71Kqr2R5KkQcMrd07xXh7NluY="></latexit>�+
<latexit sha1_base64="uupTqgvOCiLiEdu7UUJ48VCxtq4="></latexit>�p

<latexit sha1_base64="acCovLNxr3hw2Fy0F2FygPdFgvs="></latexit>

1

GR is a geometrical theory on space+time 

Limits on spatial coordinates are taken 

along surfaces of constant time:

<latexit sha1_base64="VYWkRFiKCdt2FsmMHU4/CE6rnk0="></latexit>

� = 2M/r



BOUNDARY CONDITION
<latexit sha1_base64="tMH1fXv3naEy5VHYu25jFGSlbLc="></latexit>

t

Coordinate System

Compact radial coordinates

<latexit sha1_base64="YytJViZhzQCsJOkHcr5pQbhmWvE="></latexit>

(t, r, y)

<latexit sha1_base64="dDvRckStV7+dDgE+Sxww5OhnzBs="></latexit>

1Sym. Axis (North)

Equator

<latexit sha1_base64="1/aGiy4yUOy/GtYp+jB2wvOzJE8="></latexit>

y = cos2 ✓

<latexit sha1_base64="T55QyJ7B+zewcGjfX1mxSaVG94o="></latexit>

0

<latexit sha1_base64="6xrosUYPcUTFx9bkZ9pia+jqTyk="></latexit>

r = 2M
<latexit sha1_base64="bLJ9Y4vsRPyQilb4xfAf//WMMEg="></latexit>

r ! 1<latexit sha1_base64="TC3z+zSR5cUbhC9uLLY+y3MNuCc="></latexit>r�
<latexit sha1_base64="Sax/MyWmbs47kOglEaFyC85af3s="></latexit>r+

<latexit sha1_base64="yGZpaRw+qCOnpZg8qe4RbeDkQ9M="></latexit>

r =
2M

�

<latexit sha1_base64="ZBDWBE0Iv1twR3PagyPOwD68UZg="></latexit>

0
<latexit sha1_base64="n5d04HWwiFJWEa4AcjdroskCMio="></latexit>��

<latexit sha1_base64="tz71Kqr2R5KkQcMrd07xXh7NluY="></latexit>�+
<latexit sha1_base64="uupTqgvOCiLiEdu7UUJ48VCxtq4="></latexit>�p

<latexit sha1_base64="acCovLNxr3hw2Fy0F2FygPdFgvs="></latexit>

1

GR is a geometrical theory on space+time 

Limits on spatial coordinates are taken 

along surfaces of constant time:

Which time coordinate? 

<latexit sha1_base64="VYWkRFiKCdt2FsmMHU4/CE6rnk0="></latexit>

� = 2M/r



HYPERBOLOIDAL TIME

t

<latexit sha1_base64="wsY2pAm8Dp/kMGYG9iiDAWns2yU="></latexit>r⇤

<latexit sha1_base64="LQVICl6BIpiEFYxCK/Mhv1zXiDE="></latexit> r ⇤
!
1

fut
ure

 nu
ll in

fini
ty

Black hole

<latexit sha1_base64="q356InzDk51bPWskWpOjMCtrNHQ="></latexit>r⇤ !
�1



HYPERBOLOIDAL TIME

t

<latexit sha1_base64="wsY2pAm8Dp/kMGYG9iiDAWns2yU="></latexit>r⇤

<latexit sha1_base64="LQVICl6BIpiEFYxCK/Mhv1zXiDE="></latexit> r ⇤
!
1

fut
ure

 nu
ll in

fini
ty

Black hole
<latexit sha1_base64="pMih955xinsX7YZEKl8M393+v+A="></latexit>

⌧ = cte

<latexit sha1_base64="q356InzDk51bPWskWpOjMCtrNHQ="></latexit>r⇤ !
�1



BOUNDARY CONDITION

Coordinate System

<latexit sha1_base64="dDvRckStV7+dDgE+Sxww5OhnzBs="></latexit>

1Sym. Axis (North)

Equator

<latexit sha1_base64="1/aGiy4yUOy/GtYp+jB2wvOzJE8="></latexit>

y = cos2 ✓

<latexit sha1_base64="T55QyJ7B+zewcGjfX1mxSaVG94o="></latexit>

0
<latexit sha1_base64="ZBDWBE0Iv1twR3PagyPOwD68UZg="></latexit>

0
<latexit sha1_base64="n5d04HWwiFJWEa4AcjdroskCMio="></latexit>��
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SOLUTION
• Domain 0:  

Future null infinity

• Domain 1:  
Near Particle-Vacuum

• Domain 2:  
Near Particle-Puncture
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Elliptic Solver for 
inspiral model 

(Finite Boundary. Fin. Diff.)

High-Order mode-
sum regularisation
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n̄max Numerical (m 2 [0, 20]) Rel. Error High-m fit (m 2 [0, 100]) Rel. Error

1 0.8773923605 3⇥ 10
�1

1.277643667 7⇥ 10
�2

2, 3 1.377054775 1⇥ 10
�3

1.378440334 6⇥ 10
�6

4, 5 1.378435277 9⇥ 10
�6

1.378448291 2⇥ 10
�8

6, 7 1.378447937 2⇥ 10
�7

1.378448259 7⇥ 10
�10

8, 9 1.378448251 4⇥ 10
�9

1.378448261 2⇥ 10
�9

10, 11 1.378448266 6⇥ 10
�9

1.378448266 6⇥ 10
�9
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•Multi-domain spectral code for elliptical equation arising 
in an m-mode decomposition in the frequency domain 

•High order puncture scheme in the particle region (circular 
orbit, Schwarzschild) 

•Hyperboloidal approach for the asymptotic region

Hyperboloidal approach + Spectral methods framework
Phase I complete:  

Benchmark tests for scalar field on Schwarzschild, 
particle at circular orbit, first order GSF  

(ODE, Elliptic and 1+1 solvers)

•The infrastructure is generic enough to direct use in Kerr 
(modulo: puncture+effective source calculation)

Phase I (proof-of-principle) complete:  
include gravity case, polish up, system of equations, add to BHPT 

[I need help for that! Volunteers?]



PERSPECTIVE
Hyperboloidal approach + Spectral methods framework

Phase II:  
Problems in Kerr at first order GSF 
Start developing the interface with 

problems at second order GSF 


