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• Solve for perturbations of Kerr
Motivation

gμν = gKerr
μν + ϵh(1)

μν + ϵ2h(2)
μν + O(ϵ3)
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• Solve for perturbations of Kerr 

• Considerations for 1st-order 
• Dealing w/ lack of spherical symmetry


• Teukolsky Eqs vs Einstein Eqs

• Frequency vs time domain


• Gauge(s)

• Lorenz, radiation, Bondi-Sachs, etc


• Covering 4D parameter space

• Sufficiently regular data for 2nd-order


• Puncture schemes, regularisation

• Accessible, open-source codes

Motivation

gμν = gKerr
μν + ϵh(1)

μν + ϵ2h(2)
μν + O(ϵ3)
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A roadmap for Kerr*
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Background motion

Teukolsky equation

Fluxes

⟨ ·E⟩

Inspirals + Waveforms

⟨ ·Lz⟩

⟨ ·Q⟩

𝒪ψ(1)
0 = 8πT(1)

0 [xp]

𝒪′ ψ(1)
4 = 8πT(1)

4 [xp]

𝒯0h = ψ0

𝒯4h = ψ4

(a, p, e, x)

xμ
p (λ); (E, Lz, Q)

A roadmap for Kerr*
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Background motion
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Metric reconstruction
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Metric reconstruction
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hμν = ∑
X

[Re(S†
4 ΦX

+2)μν + Re(S†
0 ΦX

−2)μν] + ·̃gμν + xμν + ℒξgμν



Metric reconstruction
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hμν = ∑
X

[Re(S†
4 ΦX

+2)μν + Re(S†
0 ΦX

−2)μν] + ·̃gμν + xμν + ℒξgμν

Completion

Gauge

Corrector tensor

hℓ=0,1
μν
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Reconstruction procedures
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• GHZ(+) method 
• Green, Hollands, Zimmerman (2020)

• Toomani, Zimmerman, Spiers, Hollands, 

Pound, Green (2021)


• AAB(+) method 
• Dolan, Kavanagh, Wardell (2022)

• Dolan, Durkan, Kavanagh, Wardell (2023)



Reconstruction procedures
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∂4
rΦ̄ORG ∼ ψ4

hORG
μν = 2Re(S†

4 ΦORG
+2 )μν

∂4
rΦ̄IRG ∼ ψ0

hIRG
μν = 2Re(S†

0 ΦIRG
−2 )μν

Outgoing 
radiation 

gauge

Ingoing 
radiation 

gauge

• GHZ(+) method 
• Green, Hollands, Zimmerman (2020)

• Toomani, Zimmerman, Spiers, Hollands, 

Pound, Green (2021)

• Vacuum regions: construct “shadowless” 

Hertz potential via CCK+Ori procedure


• AAB(+) method 
• Dolan, Kavanagh, Wardell (2022)

• Dolan, Durkan, Kavanagh, Wardell (2023)



• GHZ(+) method 
• Green, Hollands, Zimmerman (2020)

• Toomani, Zimmerman, Spiers, Hollands, 

Pound, Green (2021)

• Vacuum regions: construct “shadowless” 

Hertz potential via CCK+Ori procedure


• AAB(+) method 
• Dolan, Kavanagh, Wardell (2022)

• Dolan, Durkan, Kavanagh, Wardell (2023)

• Vacuum regions: CCK+Ori-like procedure w/ 

linear combination of spin-weights

Anti-symmetric gauge

Reconstruction procedures
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∂4
rΦ̄ORG ∼ ψ4

hORG
μν = 2Re(S†

4 ΦORG
+2 )μν

∂4
rΦ̄IRG ∼ ψ0

hIRG
μν = 2Re(S†

0 ΦIRG
−2 )μν ĥsAAB

μν = Re(S†
0 ΦsAAB

−2 )μν + Re(S†
4 ΦsAAB

+2 )μν

ĥaAAB
μν = Re(S†

0 ΦaAAB
−2 )μν − Re(S†

4 ΦaAAB
+2 )μν

ð4Φ̄sAAB
0 ∼ ψ0 ð′ 4Φ̄sAAB

4 ∼ ψ4

·ΦaAAB
0 ∼ ψ0

·ΦaAAB
4 ∼ ψ4

Outgoing 
radiation 

gauge

Ingoing 
radiation 

gauge

Symmetric gauge



Hertz potentials w/ pybhpt
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Metric perturbations w/ pybhpt
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hab = ∑
ni

∑
s=±2

h̃(nt,nr,ns,nϕ)
ab,s (r, θ) ∂nt

t ∂nz
r ðns

± ∂nϕ
ϕ Φs(t, r, θ, ϕ)
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Metric perturbations w/ pybhpt
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Metric perturbations w/ pybhpt



• Generalized Detweiler redshift invariant 
• Define redshift along orbit


• Look at average difference between background and perturbed spacetime


• “Invariant” measure of conservative perturbations

Validation w/ Detweiler redshift
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⟨ f⟩ =
1
T ∫

T

0
f(τ)dτ⟨ΔU⟩ = ⟨Ũ⟩ − ⟨U⟩ =

1
2

⟨U⟩⟨hR
uu⟩

U =
dt
dτ

g̃μν = gμν + hR
μν



Validation w/ Detweiler redshift
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ΔUORG = − 0.325705(1)
ΔUsAAB = − 0.325708(3)

ΔUIRG = − 0.325705(1)

Circular, equatorial
(a, p, e, x) = (0.9, 4, 0, 1)
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Validation w/ Detweiler redshift
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(a, p, e, x) = (0.9, 4, 0, 1)

ΔUORG = − 0.325705(1)
ΔUsAAB = − 0.325708(3)

ΔUIRG = − 0.325705(1)

⟨ΔUsAAB⟩ = − 0.261178(9)
⟨ΔUORG⟩ = − 0.261178(9)
⟨ΔUIRG⟩ = − 0.261178(9)

(a, p, e, x) = (0.5, 9, 0, 0.9)
Circular, equatorial Eccentric, equatorial Spherical, inclined

⟨ΔUsAAB⟩ = − 0.08921847(1)
⟨ΔUORG⟩ = − 0.089218463(7)
⟨ΔUIRG⟩ = − 0.089218463(7)

(a, p, e, x) ≃ (0.9, 12.41, 0.1, 1)



Generic Detweiler redshift?
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(a, p, e, x) = (0.5, 10., 0.1, 0.9)

PRELIMINARY!!!!!
Analytic regularization Numerical fit



Conclusions
• Multiple metric reconstruction methods in vacuum: GHZ+ and AAB+


• Publicly-available open-source Python code pybhpt


• New generalized Detweiler redshift results for inclined orbits


• Future/ongoing work:

• Incorporate hyperboloidal slicing + spatial compactification

• Add reconstructed pieces in the source region

• Generalize code to produce 1st-order GSF

• Use 1st-order metric perturbation to construct 2nd-order source
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