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Self-force

Metric expanded as

gµν = g0
µν +

m

M
h1
µν +

(m

M

)2
h2
µν + · · ·

δGµν [h
1] =: Eµν(h1) = 8πTµν ,

δGµν [h
2] = −δ2Gµν [h

1, h1],

...

Gµν(g) = 8πTµν
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CCK metric reconstruction

Avoid Eab(h) = Tab −→ use metric reconstruction scheme.
• Step 1: Solve Teukolsky equation in both vacuum regions

Oψ±
0 = SabTab.

• Step 2: Compute the Hertz potential (radial inversion)

þ4Φ̄± = −2ψ±
0 .

• Step 3: Finally, reconstruct metric

ĥ±ab = 2Re(S†
abΦ

±).

• Finally, add appropriate completion terms

hab = ĥ−abΘ
− + ĥ+abΘ

+ + ġabΘ
+ − LξgabΘ

−.
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CCK no-string reconstruction
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r0

Tab = 0 Tab = 0Tab ∼ δ(r − r0)

Oψ−
0 = SabTab

þ4Φ̄− = −2ψ−
0

ĥ−ab = 2Re(S†
abΦ

−)

ingoing bc

Oψ+
0 = SabTab

þ4Φ̄+ = −2ψ+
0

ĥ+ab = 2Re(S†
abΦ

+)

outgoing bc

CCK reconstruction scheme



CCK no-string fields

hab = ĥ−abΘ
− + ĥ+abΘ

+ + ġabΘ
+ − LξgabΘ

−.
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Redshift: huu := habu
aub
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From CCK to GHZ reconstruction

• CCK cannot be applied to problems with extended sources
=⇒ not applicable to puncture schemes.

• Problem already shows for point particle source, where
E(ĥ±ab) ̸= 0 everywhere.

=⇒ New reconstruction formalism by Green, Hollands, and
Zimmerman.

• Supplements the CCK procedure with a corrector tensor xab.

ĥ±ab = 2Re(S†
abΦ

±) + x±ab.

Satisfies Eab(ĥ±) = 8πTab, by imposing

(8πTab − Eab(x))ℓa = 0.

xab satisfy a triangular system of 3 ODEs.
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Puncture scheme

Split retarded field, hretab = hRab + hPab, and solve for residual field

E(hR) = 8πTab − E(hP) =: T eff
ab .

=⇒ associated Weyl scalar

ψR
0 := T abhRab = ψret

0 − ψP
0 .

=⇒ associated Hertz potential

þ4Φ̄R = −2ψR
0 .

=⇒ metric reconstruction

ĥRab = 2Re(S†
abΦ

R).
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GHZ puncture scheme
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r− r0 r+

Tab = 0 Tab = T effab
Tab = 0

Oψ−
0 = SabTab

þ4Φ̄− = −2ψ−
0

ĥ−ab = 2Re(S†
abΦ

−)

ingoing bc

OψR0 = SabT effab

þ4Φ̄R = −2ψR0

ĥRab = 2Re(S†
abΦ

R)

Oψ+
0 = SabTab

þ4Φ̄+ = −2ψ+
0

ĥ+ab = 2Re(S†
abΦ

+)

outgoing bc

GHZ puncture scheme



GHZ puncture scheme fields

hab = 2Re
(
S†
abΦ

R
)
+ xabΘ

M + ġabΘ
+ − LξgabΘ

−.
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Redshift huu = habu
aub
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Redshift huu = habu
aub
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Thank you!



2 5 10 20 30 40
10−11

10−10

10−9

10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

ℓ

ℓ-mode contribution of the L2 norm of hSL,ℓnn at rs := (r0 + rmax)/2

∣∣∣∣hSL,ℓ
nn

∣∣∣∣
L2 e−ℓ/2.1 reference


