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Overview
1.			Motivation:			Lorenz	gauge	and	metric	reconstruction	

2.			Lorenz-gauge	modes	in	vacuum:		s	=	0,	1	and	2	modes	

3.			Metric	perturbations	for	circular	orbits	on	Kerr.		
				“Jigsaw”:	build	a	regular	MP	from	a	set	of	vacuum	modes	

4.			Static	modes	 	and	completion	pieces.	

5.			Prospects	and	future	work.	

(ω = 0)



Motivation:		Why	Lorenz	gauge?
• A	metric	perturbation	without	discontinuities	&	distributions.	

• A	suf^iciently	regular	gauge	for	calculating	 	as	
inputs	for	second-order	self-force	calculations.	

• Metric	perturbation	data	already	exists	from	2+1D	time-
domain	code			(cf.	SD,	Barack	&	Wardell,	circa	2014).		

• To	seek	a	deeper	understanding	of	the	structure	of	the	metric	
perturbation	(e.g.	relationship	between	radiation	gauge	&	
Lorenz).	

• Hyperbolic	PDEs;			1/r		divergence	near	particle	worldline;		
asymptotics	at	horizon	and	in^inity	are	well	understood.		
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Motivation:	Why	separation	of	variables?

• The	metric	perturbation	is	reconstructed	from	(differential	
operators	on)	functions	of	one	variable,	e.g.	 	and	 ,	that	
satisfy	ordinary	differential	equations	in	the	frequency	domain.	

• This	brings	clear	advantages	in	accuracy	and	efCiciency.		

• In	the	static	 	sector,	the	functions	are	known	in	closed	form.	
For	 	the	functions	are	available	via	BHPToolkit	(apart	from	a	
M2af-like	scalar).	

• Working	in	the	frequency	domain	tames	the	 	and	 	
linear-in-t	instabilities	in	the	time	domain	(cf		J.	Thornburg’s	
work).

P+2(r) S+2(θ)

ω = 0
ω ≠ 0

ℓ = 0 ℓ = 1



Formulation



The	linearized	Einstein	equations



Weyl	scalars	and	Teukolsky	equations



Setup



Reconstruction:		Wald’s	adjoint	method	(1979)



Lorenz-gauge	radiative	modes	 	
in	vacuum

(ω ≠ 0)

s	=	2

s	=	1 s	=	0



Radiation	to	Lorenz	gauge:	spin	1			



Radiation	to	Lorenz	gauge:	spin	2			



Trace	and	scalar	modes:	s	=	0



Inversion



Metric	perturbations:	spin	2



Metric	perturbations:	spin	1



Metric	perturbations:	spin	2



Metric	perturbation	for	a	particle	on	a	circular	orbit



s	=	2

s	=	1 s	=	0

Project	metric	components	onto	a	common	basis	of	spin-weighted	spherical	harmonics

Fit	pieces	together	at		
r = r0



Metric	perturbation	for	a	particle	on	a	circular	orbit

Conjecture:	The	(radiative	part	of)	the	Lorenz-gauge	metric	perturbation	
for	a	particle	on	a	circular	equatorial	orbit	on	Kerr	spacetime	is,	in	vacuum	
regions,	the	sum	of:	

1.	The	IRG-minus-ORG	perturbation	in	Lorenz	gauge	(s	=	2).	

2.	A	perturbation	that	generates	the	correct	trace	(s	=	0).	

3.	A	vector	perturbation	(s=1)	[traceless,	pure-gauge].	

4.	A	traceless	scalar	perturbation	(s=0):		 	,			Box	kappa	=	0.hab = ∇(a ∇b)κ

• Part	1	is	Cixed	by	the	Weyl	scalars	(determined	from	Teukolsky	equations)	
• Part	2	is	Cixed	by	the	trace	equation.	
• Parts	3	and	4	are	^ixed	by	demanding	that	the	metric	perturbation	is	
suf^iciently	regular	at	 		&	satis^ies	the	Lorenz-gauge	^ield	equations.r = r0



Assembling	the	jigsaw



Assembling	the	jigsaw

Example	projection:



Numerical	results:		
radiative	modes	(ω ≠ 0)



Comparison	with	Schwarzschild
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10	projections	of	the	metric	onto	unnormalised	null	tetrad.	
New	results	[dashed]	vs	comparison	data	[solid]	from	N	Warburton.



Comparison	with	Schwarzschild

Barack	and	Lousto	variables
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Spins	0,	1	and	2

0 5 10 15

-5

0

5

r*

hl+l+

s=0, Re

s=0, Im

s=1, Re

s=1, Im

s=2, Re

s=2, Im

Sum, Re

Sum, Im



Comparison	with	Kerr	data
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l	=	m	=	1	radial	modes.	

a	=	0.6	M,	r0	=	6M	

New	results	[dashed]	vs	
2+1D	time	domain	data	[solid]	



Comparison	with	Kerr	data

l	=	m	=	2	radial	modes.	

a	=	0.6	M,	r0	=	6M	

New	results	[dashed]	vs	
2+1D	time	domain	data	[solid]	
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Results:	m=2	in	 	domain(r, θ)

Re

difference	between	
2+1D	data	&	new	data	

(log	scale)
ℓmax = 14



Results:	m=2

π
4

π
2

3 π
4

π
θ

0.01

0.02

0.03

0.04

hl+l+

r = 3M

π
4

π
2

3 π
4

π
θ

0.05

0.10

0.15

0.20

0.25

hl+l+

r = 6M

π
4

π
2

3 π
4

π
θ

0.02

0.04

0.06

0.08

hl+l+

r = 9M

10-6

0.001

1

10-6

0.001

1

10-6

0.001

1

angular	pro^iles	at	
r	=	3M																													r	=	r0	=	6M																													r	=	9M.

ℓmax = 14



Static	axisymmetric	modes:		
ω = m = 0



Static	modes
• The	radiation-gauge	MPs	are	well-de^ined	for	 ,	but	the	
transformation	to	Lorenz	gauge	breaks	down	for	 .	

• For	 		the	difference	between	IRG	and	ORG	MPs	is	trivial.	

• We	found	an	alternative	gauge	transformation	from	radiation	to	
Lorenz	gauge	in	this	case,	and	an	alternative	construction	for	the	s=0	
trace	modes	(see	paper	/	last	year’s	Capra	talk).	

• The	m	=	0	(axisymmetric)	metric	perturbation	is	made	from:	

• s	=	2		Radiation-gauge	->	Lorenz-gauge	modes.	

• s	=	0		trace	modes.	

• Completion	pieces	in	the	 	sector.

ω = 0
ω = 0

ω = 0

ℓ = 0, ℓ = 1



Completion	pieces

• The	“jumps”	in	pieces	(E)	and	(G)	across	 		are
	

• The	remaining	jumps	are	determined	from	the	regularity	of	
the	metric	perturbation.	

r = r0
ΔcE = E, ΔcG = (L − aE)/M



Results:	m	=	0	static	sector
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Results:	m	=	0	static	sector

ℓ = 2, 3
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Results:	m	=	0	static	sector

ℓ = 6, 7
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Conclusions
• We	have	found	the	Lorenz-gauge	metric	perturbation	for	a	particle	on	a	circular	
equatorial	orbit	of	Kerr,	via	a	sum	over	 -modes	in	the	frequency	domain.	

• It	was	suf^icient	to	“glue	together”	vacuum	perturbations	&	completion	pieces	at	
.		After	projection	this	yields	4	equations	+	16	consistency	checks	per	 .	

• The	metric	perturbation	is	formed	from	(differential	operators	acting	on)	one-variable	
Teukolsky	functions	and	auxiliary	scalars	that	satisfy	ODEs.	

• We	have	successfully	validated	the	MP	against	the	2+1D	time	domain	data.	

• The	Mathematica	code	will	be	publicly	released	in	due	course.	

• Extension	to	eccentric	orbits	should	be	feasible	using	the	extended	homogeneous	
solutions	approach.	

• Work	is	in	progress	(Wardell	and	Kavanagh)	on	obtaining	Lorenz-gauge	solutions	for	
general	(conserved)	stress-energy	tensors.

ℓm

r = r0 (ℓ, ℓ + 1)



Solving	the	linearised	Einstein	equation	
with	sources

	Extra	slides				



Theorem	by	S	Aksteiner,	L	Andersson	and	T	Backdahl,	Phys.	Rev.	D	99,	044043	(2019)

∂thab

Note	sign

1	on	Kerr

Can	be	converted	to	a	tensorial	equation	in	(e.g.)	GHP	formalism

gauge	terms



AAB	on	Kerr



“Lorenz-i^ication”:	AAB	->	Lorenz
• Apply	the	vacuum	method	globally:	

1. Transform	the	two	parts	of		 		(radiation	->	Lorenz),	
using	the	preceding	method.	

2. Restore	a	trace	part,	using	the	preceding	method.	

• The	MP	is	then	in	Lorenz	gauge	except	for	on	the	worldline.	

• Now	make	a	gauge	transformation	to	global	Lorenz	gauge:	

H−
ab

Electromagnetism	in	Lorenz	gauge,	
with	a	source	on	the	worldline.



Q.	How	to	solve	the	EM-type	equations	for	 ?	
A.	Apply	the	EM	circularity	relation		(a	rewriting	of	Green	and	Toomani’s	method,	Capra	24):	

ξ

N.B.	On	this	slide	 	is	the	principal	tensor	/	conformal	Killing-Yano	tensor.hab


