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Overview

1. Motivation: Lorenz gauge and metric reconstruction
2. Lorenz-gauge modes in vacuum: s =0, 1 and 2 modes

3. Metric perturbations for circular orbits on Kerr.
“Jigsaw”: build a regular MP from a set of vacuum modes

4, Static modes (w = 0) and completion pieces.

5. Prospects and future work.



Motivation: Why Lorenz gauge?
A metric perturbation without discontinuities & distributions.

A sufficiently regular gauge for calculating hﬁ)R, do_hﬁ)R, ... as

inputs for second-order self-force calculations.

Metric perturbation data already exists from 2+1D time-
domain code (cf.SD, Barack & Wardell, circa 2014).

To seek a deeper understanding of the structure of the metric

perturbation (e.g. relationship between radiation gauge &
Lorenz).

Hyperbolic PDEs; 1/r divergence near particle worldline;
asymptotics at horizon and infinity are well understood.



Motivation: Why separation of variables?

e The metric perturbation is reconstructed from (differential
operators on) functions of one variable, e.g. P, ,(r) and S_,(0), that
satisfy ordinary differential equations in the frequency domain.

e This brings clear advantages in accuracy and efficiency.

e In the static @ = O sector, the functions are known in closed form.

For w # O the functions are available via BHPToolkit (apart from a
M2af-like scalar).

e Working in the frequency domain tamestheZ = 0and £ = 1
linear-in-t instabilities in the time domain (cf J. Thornburg’s
work).



Formulation



The linearized Einstein equations

Einstein equations:

Perturbation theory:
G = g + ehyy) + €hy3) + O(€).

Linearised Einstein equations:

G + 2R P R0 + 9N 28 — 2V, 20) = SORED, o hD T, ].

pvitaf

Gauge choice:
Z ff) = V”BW Lorenz gauge: Z /(j) = 0.



Weyl scalars and Teukolsky equations

The Weyl tensor C,,,) is decomposed into five complex Weyl scalars ¥; (¢ =0...4).
On the Kerr spacetime with principal null tetrad,

\IJO:\II1:\II3:\II4:O, \IJQZ—M/p3, pET—’iaCOSH.
Of particular importance in the following are the Weyl scalars of maximal spin weight,

Uy = C’WU,\l“m”l"mA

Uy =Clo \nPmtnom

They satisfy decoupled, separable Teukolsky equations

ADD} + L, Lo+ 6iwp| Uy = —875Th,

-ADIDQ + ;C_l[é — 6’1:&),0- \’f’4 = —87r2fl~“4.



Setup

Metric:
Ier) = 3 {Al(ul 2+ mim )}

with p=r-+iacosf, Y =pp=1r*+a’cos’l, A=r?—2Mr+a’
Principal null tetrad and directional derivatives:

li — |:’r2—|-a2’ , 7%] D’tp — lia#’(p
m/;, = [+iasinf,0,1, £i csc o] Ll =mk .

Separation of variables:
\IJO = A_2P+2(T)S+2 (Q)G_iwt+im¢.
The mode functions satisfy ODEs. In vacuum,

(ADD' + 6iwr — A) Peao(r) =0, (L11L5 — 6awcos 6+ A) S;5(6) =0.



Reconstruction: Wald’s adjoint method (1979)

e Operator identity:

SE=0T.

— T hy — Uiy (or A, — ¢+1 in E.M.)

—- O: Teukolsky wave operator.

— &:  field equation (e.g. linearized Einstein equation).
- S: Teukolsky source operator.

e Taking the adjoint:

ETSt = 71Ot

e The field-equation operator is self-adjoint: Et=¢€

o If Of) = 0 then h = STy satisfies the vacuum field equation £k = 0.

e 7 is called the Hertz potential.



Lorenz-gauge radiative modes (w # 0)
In vacuum
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Radiation to Lorenz gauge: spin 1

Vector potential A* from Hertz potential ¢

satisfying s = —1 vacuum Teuk eq.

2
gty (__9” l[fm’ﬂ>

02

The vector potential is in (ingoing) radiation gauge: A-l, =A-m, . =0.

Transformation to Lorenz gauge: A’(‘L) = AF¥ — VHy such that V A, = 0.

HEE(L)

Applying the source-free Teukolsky equation, Ly = V,A* has an elementary solution:

1

w

X =

DLIp.

AN

(L) S€rves as a gauge vector to generate a metric perturbation in Lorenz gauge,

s=1 (L)
hi D =2V ,A,) .



Radiation to Lorenz gauge: spin 2

Ingoing radiation-gauge h*” from Hertz potential 9_ :

v — 2¢— o v
h* = —V(a ,04V)\) (ﬁ l[ﬁ’fﬂjli’l’fbfﬂ) .

Key properties:

holl = hym’ =0,  h* =0, V,V,h* =0,

7

Transformation to traceless Lorenz gauge:
hle — hH 4 25(/1;1/).

where the gauge vector is

_ DLW 1 o , 1
¢t =p°V, ( 3iw2ﬁ2 l&‘mﬂ) + g"0, (mm)ﬁ{ﬁ;w_) .




Trace and scalar modes: s =0

How to construct a metric perturbation with a trace h?

In the source-free case L1h = 0, and the trace mode is generated from a gauge vector.

We find that:
£ = i bVyh 4+ 2V
with
[k = %h.

This satisfies the Lorenz condition [1£, = 0 and the trace condition h = —2V £°.

Here f,; is the principal tensor (a.k.a conformal Killing-Yano tensor) satisfying

fab;c — gbcTa — gach-



Inversion

IRG ORG
Ty — 0 +6iMwA "2,
Uy = —6iMwA 2 0
b=| —3DDDDy_ | —3A2L_1LL1Loty
0, —|— %A—2£’r_1£1‘£1££¢_ —DIDIDIDIy,

TABLE I. The Weyl scalars for the ingoing and outgoing radiation-gauge MPs.

e Form the difference between IRG and ORG MPs after transforming to Lorenz gauge,

L(-) — 1.IRG,L ORG,L
hy ' ' =h,, " —h,,

)

and now set the two Hertz potentials in proportion to the Weyl scalars,

A%, = (=6iMw) ™,
A"2p_ = (—6iMw) 1,

e Inversion breaks down for M =0 or w = 0.



Metric perturbations: spin 2
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Metric perturbations: spin 1

s=1 —
Rty = 220D 1Py, P=DP_,+D'P,,
(s=1) _ —1yt
hy "= 24 TD_1P—15, S = EJ{S_1 FL15+1.
RS = +2PLT S,
hfgfzf'}r)z_ — _2P£—IS—17
= _ 9
R =+ (D - %) PSi1+ AP, (LT - %) S,
S= 2 20
hl( ml) = — (D — :) PS_1+ A_1P_|_1 (ﬁ— @) S,
+m- p p
_ 20
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Il



Metric perturbations: spin 2

(s=0) _ 1
R=0) _ L DirDh + 4D DT — 1
1_1_ "\ e r K, K §h,

R0 =gt (-“Cosecm + 45%) ,

w
acos @

=0 — _r | (+ Lh+ 4£m) ,

w

s= 2
by = = |5 DL+ = (rsinD +cos 0L ) h+ 4pDLk — 4 (LT — iasin D) n;] ,
ﬁhl(j_zo) = — %Dﬁh ¢ (rsindD + cos L) h + 4pDLk — 4 (L + iasin 6D) K,] :
- w w
ﬁh(szo) = — __2.3 DILTh + ad (r sin @D' + cos HLT) h + 4ﬁDTETn —4 (ET + 2a sin ODT) K
L-m+ | 2w w
phl(sjr?) = — [— ,EDTEh _2 (,,, sin #D1 + cos H,C) h+4pD' Lk — 4 (L — ta sin HDT) m] :
—m= 29w w
pe=0) _ _ (esiniQ h—2(£ £T+£T£) + 2 8, AR, + S oky)
m+m— T W 1 1 Kk Z T Ii)’r ,GK,O )

s= K, 4
Al = — (? _ zz:) h—2 (DADT +Df AD) k=5 (~ErDr + k).



Metric perturbation for a particle on a circular orbit




Fit pieces together at
S =2

O X
s=0 Ci
S 2

Project metric components onto a common basis of spin-weighted spherical harmonics



Metric perturbation for a particle on a circular orbit

Conjecture: The (radiative part of) the Lorenz-gauge metric perturbation
for a particle on a circular equatorial orbit on Kerr spacetime is, in vacuum
regions, the sum of:

1. The IRG-minus-ORG perturbation in Lorenz gauge (s = 2).

2. A perturbation that generates the correct trace (s = 0).

3. A vector perturbation (s=1) [traceless, pure-gauge].

4. A traceless scalar perturbation (s=0): i, =V, V,k, Boxkappa=0.

e Part 1 is fixed by the Weyl scalars (determined from Teukolsky equations)
e Part 2 is fixed by the trace equation.
e Parts 3 and 4 are fixed by demanding that the metric perturbation is

sufficiently regular at r = r, & satisfies the Lorenz-gauge field equations.



Assembling the jigsaw

The metric perturbation for a source on an equatorial circular orbit at r = ry is
constructed by glueing the UP and IN vacuum solutions A}, and h_, at r = ry.

ab—Zh (r—mo) +h,,O(ro — 1)

Ilms

The vacuum solutions are made from sums of modes:

hib _ h(.;):2)i_|_h(s =0,trace)* _I_h(s 1):t_|_h(s 0,traceless)=+

The s = 1 and traceless s = 0 parts have undetermined coefficients:

h(s N+ Zal(; 1):I:h(s 1)l’m7 h(s =0,traceless)t _ Za

lm Ilm

(s= O)j:h(s O,traceless)lm
Im

The Lorenz-gauge MP is continuous on the sphere except at § = 7/2; moreover, from
the source term —167T,;, we infer ‘jumps’ in the radial derivatives O h(b at r = ry.

(szl):i:h(szl)lm and a(s 0):i:h(s 1)lm

Ilm ab lm

To set up a (overdetermined) linear system of equations for «
we project the metric components on a (spin-weighted) spherical basis.



Assembling the jigsaw

e To determine the ‘jumps’ in the s = 1 and s = 0 parts uniquely, we need consider only
two components of the metric perturbation, and their radial derivatives:

s= —1 S= T
ML) = s Pro (151535_2 + £1£25+2) . BT, = o (FDDP, + D'D'Py) S
b = 2207 YD Py (L1S_1 F £1S44), heTh ==£2(DP. £D'Py) LS.,
(s=0) _ 1 (s=0) _ pt [ acosf . ;
hi, =-— (iwDrDh—l— 4DDKJ) : Pmom, = —L4 ( - L'h+4L'k ) .

e The remaining 8 components are used as consistency checks.

e Projections of components onto the spherical basis involve matrix multiplication.

Example projection:

§(s=2) _ b, (A — 2awAas10 + a2w2(52)20) +b_s ([\ — 2awA25_10 + a’w? (52)—20)

I



Numerical results:
radiative modes (@ # 0)



Comparison with Schwarzschild
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Comparison with Schwarzschild
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Spins 0, 1 and 2




Comparison with Kerr data
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Results: m=2 in (r, @) domain
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Results: m=2
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Static axisymmetric modes:
w=m=70



Static modes

The radiation-gauge MPs are well-defined for @ = O, but the
transformation to Lorenz gauge breaks down for w = 0.

For @ = 0 the difference between IRG and ORG MPs is trivial.

We found an alternative gauge transformation from radiation to
Lorenz gauge in this case, and an alternative construction for the s=0
trace modes (see paper / last year’s Capra talk).

The m = 0 (axisymmetric) metric perturbation is made from:
e s =2 Radiation-gauge -> Lorenz-gauge modes.

e s=0 trace modes.

e Completion piecesintheZ =0, £ = 1 sector.



Completion pieces

Mode Metric pert. or gauge vector Trace h Qi) Qo)

(A) g,ul/ h=14 M/2 —aM
(B) £, = [0, r(r ) 62 sin g cos o), 0] — oMr2 el h = 0 0
(©) £, = [0,1/A,0,0] h= 0 0
(D) g = [t, Mt o0 0,0] 4 MVHy h=2+ M (=) 0 0
(E) 19 — 2V = —ioh(EE) 1 —a
(F) ¢ — [2at, _aM(ri—alcos’t tJ + ke h=4a 0 0
(G) 3%9,“/ — 280y, & =10, a(r gin” OZM cos” 6) ,asinfcosf,0] h= 0 —M

e The “jumps” in pieces (E) and (G) across r = r are
Acp = E, Acg;=(L—aE)IM

e The remaining jumps are determined from the regularity of
the metric perturbation.



Results: m = 0 static sector
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Results: m = 0 static sector
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Results: m = 0 static sector
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Conclusions

We have found the Lorenz-gauge metric perturbation for a particle on a circular
equatorial orbit of Kerr, via a sum over £m-modes in the frequency domain.

[t was sufficient to “glue together” vacuum perturbations & completion pieces at
r = 1. After projection this yields 4 equations + 16 consistency checks per (¢, + 1).

The metric perturbation is formed from (differential operators acting on) one-variable
Teukolsky functions and auxiliary scalars that satisty ODEs.

We have successfully validated the MP against the 2+1D time domain data.
The Mathematica code will be publicly released in due course.

Extension to eccentric orbits should be feasible using the extended homogeneous
solutions approach.

Work is in progress (Wardell and Kavanagh) on obtaining Lorenz-gauge solutions for
general (conserved) stress-energy tensors.



Extra slides

Solving the linearised Einstein equation
with sources



Theorem by S Aksteiner, L Andersson and T Backdahl, Phys. Rev. D 99, 044043 (2019)

Theorem IV.1. Let g 545 be a real solution to the
linearized Einstein equations with linearized Weyl curva-
ture 9¥ ,5-p and linearized source 9P 545 On a vacuum

The components of bapcp in a principal dyad are

bjtckglro;md of Petrov type D: Furtl}erm?re, let ¢ABCI.) = / &0\ ( K411 Y, \
k7 (K P“8Y) spcp be the modified linearized Weyl spinor .
and let 1 0
b | = 0
M upap = (CTC&,O) )ABA'B'- (55) ¢s 0
A 4
\%:) \ 7%
Then we have 0h,, T
1 gauge telims . 3 l Note sign
Muparp = EVAA’ABB’ + EVBB’-AAA’ T E\PZK 1(Le9) aBap
+ (NOD),pum, ! (56)
1 on Kerr

where the comiplex one form 4,4 and the source term
(NI®) 4515/ are given by

NOD) 55 = —(CT(K{K'P2CI®)) ypurp + (CT(TKPY/2CID)) gppr — 32k (K 9P) pp 015

Can be converted to a tensorial equation in (e.g.) GHP formalism



AAB on Kerr

—iwh) = H- 4 N,

a

hé‘:AB) is a solution to the sourced equations (for w # 0).

H_, is made from second-derivative operators on the Weyl scalars ¥y and —W,.
The Weyl scalars satisty the sourced Teukolsky equations.

No Hertz potentials needed, because the inversion is straightforward (£7 = 0;)

Ng, is made from second-derivative operators on the trace-free stress-energy tensor.

Hence N, has distributions on the worldline.

hii‘AB) is not in Lorenz gauge.



“Lorenz-ification”: AAB -> Lorenz

e Apply the vacuum method globally:

1. Transform the two parts of H_, (radiation -> Lorenz),
using the preceding method.

2. Restore a trace part, using the preceding method.
e The MP is then in Lorenz gauge except for on the worldline.

e Now make a gauge transformation to global Lorenz gauge:

Dg?szl) — _Ja7 Vaga — 07 VaJa — 07

Electromagnetism in Lorenz gauge,

=2);b
J4 = — (Hfb;b + hgz ) ) — N% p T Df(szo) with a source on the worldline.



Q. How to solve the EM-type equations for &£?
A. Apply the EM circularity relation (a rewriting of Green and Toomani’s method, Capra 24):

A circularity relation with sources
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Potential of Hab
2 the potential
0
H® = Z fpelapbl | Vacuum field eq. + Bianchi identity
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Potential A% =V, H® + ;hab A (not Lorenz gauge)

l Bianchi identity only
Field Fop = Vo Ap — Vi A,

N.B. On this slide £, is the principal tensor / conformal Killing-Yano tensor.



