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Motivation soete 2008y |

h r
 Ringdown signal following merger a ’\/\/\/V\/ l\‘“

sum of damped sinusoids ;

 Complex frequencies are the QNM 1

spectrum of BHs
t/M

e Completely determined by mass and
spin of remnant BH

WiIII(ZO(I)6) '

1 6L Berti,Cardoso,

e BH spectroscopy

e Measuring two QNMs allow for tests
of GR
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Motivation s
» Strongest null tests from combining Esjl-o-
events = 0.5- : |
e Computing QNMs in theories beyond =y ] ' 05 L0

GR is tractable

e Allows for stronger tests, better use of
population

e Much work using expansions in small
spin e.g. McManus+ (2019), Cano,
Fransen & Hertog (2020)

e But merged black holes have x ~ 0.7
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Gravitational perts for Kerr

e Scalar wave equation separates, metric perts don’t separate or decouple

Gab(g) — KOnTab dab = Y.p T nhab
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Gravitational perts for Kerr

e Scalar wave equation separates, metric perts don’t separate or decouple

Gabv(9) = konTyp

Gab(go) =0

gab [h] — /{OTab

e Teukolsky (1973). Use Newman-Penrose egns to decouple scalar quantites

s =0:
s = +1:
S = 12
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Gravitational perts for Kerr

Master egn separates into ODEs
it
wslmw —=e 67/mquslmw (T)Sslmw (9)
Apply appropriate boundary conditions: discrete eigensolutions Wjimn

Operator picture
S5 Eap[h] = Os[)s]

Metric can be reconstructed

hao Ve, V] ———  hap[ths, 1]
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Black holes beyond GR

e Focus on theories which perturb off GR in decoupling limit

S = SEH + / d433‘\/ _g[ﬁﬁ + €£int + £matter]

lussain, AZ arXiv: 2206.10653
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Black holes beyond GR

e Focus on theories which perturb off GR in decoupling limit

S = SEH + / d433‘\/ _g[ﬁﬁ + €£int + £matter]

WA(ﬁa g) — 6/014(197 g)
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Black holes beyond GR
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Black holes beyond GR

e Focus on theories which perturb off GR in decoupling limit

S = SEH + / d433‘\/ _g[ﬁﬁ + €£int + £matter]

WA(ﬁa g) — 6/014(197 g)

(?9 ) L aﬁint | v aﬁint G&b(g) — /{O [be(ﬁ7 g) _l_ J _|_ EV;II;t (19, g)]
pA 79 T 81914 | aavaﬁA #

e Solve order by order for equilibrium solution

0
Upa=0 — Gab(g((:?i)) =0 — Yab = gc(zb)
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Black holes beyond Kerr

e Solve order by order for equilibrium solution

0
Jab = gC(Lb) va =0
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e Solve order by order for equilibrium solution

0
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Black holes beyond Kerr

e Solve order by order for equilibrium solution

Jab = QC(L%) va=0 + 6291(41)

TEXAS Hussain, AZ arXiv: 2206.10653
The University of Texas at Austin
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Black holes beyond Kerr

e Solve order by order for equilibrium solution

be(Qvo) [19(1)7 79(1)] i V;lr;t(lao) [19(1)]

T~

Jab = QC(L%) va=0 + 6291(41)
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Black holes beyond Kerr

e Solve order by order for equilibrium solution

be(Qvo) [19(1)7 79(1)] i V;lr;t(lao) [19(1)]

— T

Gab = Guy + €295 0a=0 +ed)y
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Quadratic gravity example: dCS

0 (a=0.85)

e Dynamical Chern-Simons: couple total derivative to
scalar field, new length scale € ~ ¢%/M?

Lint = VRqcs

The University of Texas at Austin

1
Racs = ~3

1
*RR = — g*RadeRabcd

— 0.1

-0.1

_ - R |
00 05 1.0 1.5 20 25 3.0

7 sin @

Stein arXiv:1407.2350



&

Quadratic gravity example: dCS

0 (a=0.85)

e Dynamical Chern-Simons: couple total derivative to
scalar field, new length scale € ~ ¢%/M?

— 0.1

1 1
»Cint — ﬁRdCS RdCS — _g*RR = _g*RadeRabcd

1
091 — Z(*RR)O)
(CRR)

-0.1

Vill;lt — 2gc(agb)deedfgvh (*RChfgveﬁ(l))
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Quadratic gravity example: dCS

0 (a=0.85)

e Stationary BH solutions

 Post-Newtonian predictions (Yagi+ 2012,
Shiralilou+ 2021)

— 0.1

e Binary black hole simulations (Okounkova+ 2019,
Richards, Dima & Witek 2023)

e Strong constraints from NICER (Silva+ 2021)
¢ < 8.5km

—-0.1

e Slow-spin expansion for deform and ringdown
(Cano+ 2020; Wagle+ 2021; Srivastava+ 2021)

e But parameter inference requires results at high
SpinS 00 05 10 15 20 25 30

 siné
;[:]Ety)g%St Stein arXiv:1407.2350




Perturbed black holes beyond Kerr

e To study ringdown add additional dynamical perturbations to all fields

?91426291(41)—|—7790A + ... gab:gc(b(l)?)—l—ézgéi)—l—??hab—l—...

S

TE}<AS lussain, AZ arXiv: 2206.10653
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Perturbed black holes beyond Kerr

e Add dynamical perturbations to all fields

ﬁA:eﬁ$)+ng&A + ... gab:g§%)+€29£)‘|‘77hab‘|‘---
WA(ﬁvg) — 6:014(7979) Gab(g) — R0 [be(ﬁvg) T Evailralt (7979)]

» lussain, AZ arXiv: 2206.10653



Perturbed black holes beyond Kerr

e Add dynamical perturbations to all fields

?91426791(41)—|—7790A + ... gab:gc(b([)))_I_GQQC(l%)_l_nhab_l_-“
Wal(d,g) = epa(v, g) Gab(9) = ko [T (9, 9) + eV R0, g)]
e Coupled equations for perts
Eap + 62(58019 — 5be) eCab R N
e Fa Wa+e(OWa —0pa)) \©B

» lussain, AZ arXiv: 2206.10653



Modified Teukolsky equation

e Expand around preferred basis: partial decoupling

hap = h'o) + €201 o =0+ eply
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Modified Teukolsky equation

e Expand around preferred basis: partial decoupling

hap = h'o) + €201 o =0+ eply
e First solve for gofj)[h(o)] = W, R\
* Direct derivation of Teukolsky equation in general situation tricky

* Track modifications to null tetrad, spin coefficients, curvature quantities
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Modified Teukolsky equation

e Expand around preferred basis: partial decoupling

4 (0) | 2,(2) _ (1)
hab = hab T € hab p =0+ €Pa See Li+ arXiv: 2206.10652

(1) Cano+ arXiv:2023.02663
e First solve for ¢ [A9] = W [hY)]

* Direct derivation of Teukolsky equation in general situation tricky

* Track modifications to null tetrad, spin coefficients, curvature quantities
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Modified Teukolsky equation

Expand around preferred basis: partial decoupling

4 (0) | 2,(2) _ (1)
hab = hab T € hab p =0+ €Pa See Li+ arXiv: 2206.10652

(1) Cano+ arXiv:2023.02663
First solve for ¢ [A9] = W3 [hY)]

Direct derivation of Teukolsky equation in general situation tricky
* Track modifications to null tetrad, spin coefficients, curvature quantities

Operator approach provides shortcut:

S [Eap[h] + €*(0Eap[h] — 6Ty [h] + Cap[h])] = O] + €*V[h] + *C[R]
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Modified Teukolsky equation

Expand around preferred basis: partial decoupling

s = K+ HE

First solve for gog)[h(m] =W [hY)]

Direct derivation of Teukolsky equation in general situation tricky

p=0+e€p

(1)
A

See Li+ arXiv: 2206.10652
Cano+ arXiv:2023.02663

* Track modifications to null tetrad, spin coefficients, curvature quantities

Operator approach provides shortcut:

S [Eap[h] + €*(0Eap[h] — 6Ty [h] + Cap[h])] = O] + €*V[h] + *C[R]

12
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Eigenvalue perturbations

e Now we have an eigenvalue perturbation problem

HO ) = EQ|n) — (HO + HO)n) = (ED + ED)|n)



Eigenvalue perturbations

e Now we have an eigenvalue perturbation problem
HOn) = B n) = (HO + HD)jn) = (B + BY)|n)

e To compute perturbed energy states, just need inner product so Hamiltonian is
self-adjoint

<n(0)|H(O)\n(1)> — ET(LO) <n(0)‘n(1)>
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Eigenvalue perturbations

e Now we have an eigenvalue perturbation problem
HOn) = B n) = (HO + HD)jn) = (B + BY)|n)

e To compute perturbed energy states, just need inner product so Hamiltonian is
self-adjoint

H(0) 7 (1), (0)
(n'V[H Y [n'™))
(0}

(O HO |pMy = O (p0)pM)y  ——s Eﬁbl) —
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Eigenvalue perturbations

e Need finite product where Teukolsky operator is self-adjoint

(Wwlw) = c (V| O0L]) = (O] |€w)

Mark, Yang, AZ, Chen, arXiv:1409.5800
AZ +, arXiv:1406.4206
14 Hussain, AZ arXiv: 2206.10653



Eigenvalue perturbations

e Need finite product where Teukolsky operator is self-adjoint

(Wwlw) = c (V| O0L]) = (O] |€w)

A, Y

Im|r]|

I Relr
Iy 7] Mark, Yang, AZ, Chen, arXiv:1409.5800
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Eigenvalue perturbations

e Need finite product where Teukolsky operator is self-adjoint

(Wwlw) = c (V| O0L]) = (O] |€w)

A, Y

Im|r| 2 (1) (O)|(V—|—C)|w(0)>
(s 10.01”)

I Relr
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Eigenvalue perturbations

e Need finite product where Teukolsky operator is self-adjoint

(Wwlw) = c (V| O0L]) = (O] |€w)

A Y
0 0
i 2, WV + O)lv)
(2
0 0
(10,0l
Except CP symetry requires
degenerate pert theory, Li+ in prep
L Relr
Iy 7] Mark, Yang, AZ, Chen, arXiv:1409.5800

AZ +, arXiv:1406.4206
14 Hussain, AZ arXiv: 2206.10653



Breaking isospectrality

One conceptual issue: metric reconstruction couples ZDS and @DS

Couples two families of modes: Wiy, and —wy,.,,

 Equality of modes: even and odd parity modes have same spectrum
(e.g. Nichols+ 2012)

Im w

Really degenerate perturbation
theory

w2 7 wc(fi)d

ecvell

Ongoing work on parity breaking:
Li et al.

Hussain, AZ arXiv: 2206.10653
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Degenerate EVP

 Formally write metric reconstruction as

B0 = Kaplt)] + Kap 9] VIh] = VK[¢] + VK[

 Consider superposition of states that don’t mix

Y =Py +op

 Apply EVP approach

(W |(V+CO)K|y) + i |(V + C)K|p-)
(V410,04 )

o)

Hussain, AZ arXiv: 2206.10653
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Roadmap

»Cﬁ + €£int 19(1) (2)
g A Gab
Choose theory \
Stationary deformation , ,
oA O[1)s] + €2V[h] + €2C[h]
w(o) Coup|ed dynamica| Modified TeUkC)lSky eqgn
) . 0 fields
stmn ( )hbs’wS] / l
Choose mode
Reconstruct metric (2)
Cimn

/ EVP

Ringdown inference

New physics?
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Roadmap

»Cﬁ + G»Cint 19(1) (2)
Choose theory ’ A Jab \
Stationary deformation '2 ----------- 2 ------
ol k O[] + €“V[h] + €°Clh] :
no e : Coupled dynamical . Modified Teukolsky eqn
I o 0 _ : fields
SHT : hgb) [¢37 %] / l
Choose mode : :
‘Reconstruct metric: (2)
LR, wlmn

Ringdown inference

New physics?
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Choose theory » A Jab \
‘Stationary deformation: ™S ___ ) '2 """""" 2 """
e RRRRLEEE ' ol O] + € VIR + eCh]
o R . Coupled dynamical . Modified Teukolsky eqn ____:
z (0 _ . fields ;
st B R e |
Choose mode : :
‘Reconstruct metric: (2)
el Cimn

Ringdown inference

New physics?

The University of Texas at Austin
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Looking ahead

Predicting QNMs allow for multi-mode
ringdown tests of Kerr

e Derived modified Teukolsky egn
e EVP method: allows for high spins

e Several challenges ahead in
Implementation

e Many other methods to compare with
Many detections in the coming years
e Combine constraints

3rd gen and LISA: precision predictions
needed

18

Cumulative detections

O1 02 O3a O3b

100 -

| | |
0.002 0.003 0.004

|
0.001
Effective BNS time-volume [Gpc® yr]

0.000

LVK arXiv:2111.03606
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Eigenvalue perturbations

I N

»o
C L

Transient “turbulence” of scalar perts Weakly charged Kerr-Newman

TEXAS Yang, AZ, Lehner, arXiv:1402.4859 . Mark, Yang, AZ, Chen, arXiv:1409.5800
The University of Texas at Austin



Example: weakly charged black holes

N N
* Chandrasekhar: NP derivation 7/4 ;\(
(@2 + Q?ééz ~ QQ g~2 ) ) (¢2w> .
Q° G O+ Q%501 ) \ V1w
N 7
)\K 7/g

21 Mark, Yang, AZ, Chen, arXiv:1409.5800



Example: weakly charged black holes

 Chandrasekhar: NP derivation 7//4 Q\%
R TR D
Q" G O+ Q%001 ) \Y1w
* We know the eigenmodes for Q =0
v = 0l + QY X [ A4

Y1 = 0+ Q2

21 Mark, Yang, AZ, Chen, arXiv:1409.5800



Example: weakly charged black holes

w7 N
e Chandrasekhar: NP derivation 7/4 ;\(

(@2 + Q?(;@z ) Q" QNQ ) ) (¢2w> _ 0
QQ gl O + Q2501 wlw

e \We know the eigenmodes for Q =0

N\ 7
Yoo = V5, + Q2 YL 2\( 7/g

Y1 = 0+ Q2

* This decouples everything

21 Mark, Yang, AZ, Chen, arXiv:1409.5800



Example: weakly charged black holes

35 ...............................

e Chandrasekhar: NP derivation 3.02—

(@2 + Q?(;@z ) Q" QNQ ) ) (¢2w> _ 0
QQ gl O + Q2501 ”»chu

e \We know the eigenmodes for Q =0

wa — wé()) _|_Q2 ¢§2) 0064 0'5 06 07 08 0.9 110
W W a/M

V1o =0+ Q) (0) (0)

2 (13,)]100s]y))

e This decouples everything T (Y (O)\ﬁ Oa|1h5))

21 Mark, Yang, AZ, Chen, arXiv:1409.5800
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Example: weakly charged black holes

exact approx

Fractional Error in 7=

T approx

1.0 r 1.0
e Chandrasekhar: NP derivation 0.9
N N N 0.8 0.8
(02 +Q%00;  Q*Gy ) (wzw) 0 07
Q%G  O+0Q%0,) \y1. |
e We know the eigenmodes for Q = 0 i N
04 < 5% error -04

0 2 i
Yo = ) + Q2 Y57 [
5 (2) 0.2 —0.2
wlw — O _I_ Q wlw -0.1

e This decouples everything %0 o0z 04 o0s  os 0

q

TEXAS Dias, Godazgar, Santos, arXiv:1501.04625
The University of Texas at Austin 21 CarUIIO'I' arXIV:2109.13961



GW150914

Combining events

e Beyond-GR parameter common to all events: stack
likelihoods directly

0.8

0.6

e Beyond-GR parameter varies

o

0.4 A

e Need population modeling (hierarchical

modeling) to combine events
e Modeling needs to account for degeneracies
p(@) — p(@‘A)p(A) N GW190521

e Example: charged black holes
e Use ringdown package (Isi, Farr)
e Use multiple tones, infer M, v, Q)
e Start from peak of full IMR waveform

=[] 0 -
TEXAS Hussain, |Si,AZ N prep 01 02 03 04 05 06 07 08 09
The University of Texas at Austi

" cf Carullo+ arXiv:2109.13961 = X
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TEXAS

The University of Texas at Austin

Example: Charged BHs

Population Prior Lo Population Posterior

23

Hussain, Isi, AZ in prep
c.f. Carullo+ arXiv:



