
Sebastian Pögel, University of Mainz 
Joint Theory Seminar Niels-Bohr Institute, Copenhagen  
16th November 2023

Geometry in Feynman Integrals
Of Calabi—Yaus, Curves, and more…

Based on work in collaboration with Xing Wang and Stefan Weinzierl

2207.12893 (JHEP 09 (2022) 062)

2211.04292 (PRL 130 (2023) 10, 101601)

2212.08908 (JHEP 04 (2023) 117)

<latexit sha1_base64="7EdnGnaLDySNdUgAMf55xCexAv8="></latexit>...



Feynman Integrals
GravityQCD

Boil em,  
mash em, 
stick em in an amplitude

Theory independent building blocks capturing most loop-level information
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Integrals associated to geometries  
Determines suitable function space

Sphere 

MPLs

↓
Elliptic Integrals, modular forms, EMPLs

Elliptic curve 

↓ ⋯ What is there 
 beyond elliptics?



Feynman Integral Evaluation 
A How To

1 List all integrals appearing in your problem

2 Use identities (integration-by-parts, symmetries, etc.)  
to obtain basis integrals  (“Master Integrals”)

<latexit sha1_base64="zvzSL33iDWSoqv9b75qi9yaSx6k="></latexit>

~I

3 Write down a differential equation 
<latexit sha1_base64="NW748UtxqKbsUbIU3gV58RhiEjs="></latexit>

d~I = A~I

4 Solve differential equation (???)

5 Obtain expressions for Laurent series in  of <latexit sha1_base64="6EcUqK5dTTLfLgbp5iPmVwRB+no="></latexit>"
<latexit sha1_base64="zvzSL33iDWSoqv9b75qi9yaSx6k="></latexit>

~I
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Find basis and variables, such that


•  independent of  


•  consisting of functions we “understand well” 

A <latexit sha1_base64="KhT6fucxAgcRwwa7G5pio3hJFvA="></latexit>"

A
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Analytic understanding  
and/or  

fast numerical evaluation 

| {z }

<latexit sha1_base64="pehGLlk8VY9IGu54YA72e+4tg90="></latexit>

Can then trivially evaluated at any order in :"

<latexit sha1_base64="+pQDwwG759wD2W7Q46rhzlF4slQ=">AAAB/XicdVDLSgNBEJyNrxhfUY9eBoPgKeyGvI4BLzlGMA9IQuiddOKQ2dllpjcQQvArvOrJm3j1Wzz4L25iBBWtU1HVTVeXHylpyXXfnNTG5tb2Tno3s7d/cHiUPT5p2TA2ApsiVKHp+GBRSY1NkqSwExmEwFfY9idXS789RWNlqG9oFmE/gLGWIymAEqnbm4LByEoV6kE25+bL1XKx5HI3766QEK/glise99ZKjq3RGGTfe8NQxAFqEgqs7XpuRP05GJJC4SLTiy1GICYwxm5CNQRo+/NV5AW/iC1QyCM0XCq+EvH7xhwCa2eBn0wGQLf2t7cU//K6MY2q/bnUUUyoxfIQSYWrQ1YYmXSBfCgNEsEyOXKpuQADRGgkByESMU7KySR9fD3N/yetQt4r5kvXxVytvm4mzc7YObtkHquwGquzBmsywUJ2zx7Yo3PnPDnPzsvnaMpZ75yyH3BePwDRo5ZI</latexit>

I = P exp

✓
"

Z
A

◆
I0

<latexit sha1_base64="8UAxPEUJ8tGwgORWTuI0MqQdQO8="></latexit>

Given boundary value I0

[Henn ’13]

<latexit sha1_base64="KH8+zFhEnJVAtrcBBQ46YvWT0gY="></latexit>

dI = "AI
Trick: Choose Master Integrals such that 

Geometry associated to integral determines space of forms in A



Fantastic Geometries  
and where to find them

How do we identify geometry of integrals?

Maximal CutsGraph Polynomial

/  define projective variety <latexit sha1_base64="1iUv17IWyWR/Gu0xCFd1jEyGuMs="></latexit>

U
<latexit sha1_base64="dAC8P1erS16xP/Hy4wsViFlMiiM="></latexit>

F

Extracting geometry is hard!
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<latexit sha1_base64="pOjU6jXrts5unC76+ySVbnRtTfk="></latexit>

I ⇠
Z Y

d↵i↵
⌫i�1
i

U⌫�(l+1)D/2

F ⌫�lD/2

<latexit sha1_base64="0EaSCuvFdr153q+Ij1CzszZPeik="></latexit>

MaxCut(I) ⇠
Z Q

d`DjQ
i Di

/.{Di ! �(Di)}

Skeletonized version of integral 
Much simpler to extract geometry

Homogeneous solution to 
 differential equation of full integral



How do we generalize from the elliptic 
integrals?

Genus  
1

Dimension  
1

Elliptic Curve

Curves of 
higher genus

e.g. Hyperelliptic curves

<latexit sha1_base64="7EdnGnaLDySNdUgAMf55xCexAv8="></latexit>...Higher dimensional  
varieties

e.g. Calabi—Yaus
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Elliptic Feynman integrals are phenomenological state of the art

What else is there?



Calabi—Yaus

7
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Hypersurface in weighted projective space 

[1 : ↵1 : . . . : ↵n : y] 2 WP1,1,...,1,(n+1)

<latexit sha1_base64="Vdcmy5RXtjw2CX2izl2+KuV+Yg4="></latexit>

<latexit sha1_base64="Q/QgTAJUNJtErLctHOXCkHPHaUM="></latexit>

y2 = P (↵1, . . . ,↵n) degP = 2(n+ 1)

<latexit sha1_base64="oP5RDuRC8FNlALNYEVL2eCM7PcY="></latexit>

with

[Bourjaily, McLeod, Vergu, Volk, von Hippel, Wilhelm, ‘20]

Codimension 1 = Dimension n

Calabi—Yaus in Feynman Integrals

MaxCut I ⇠
Z

d↵1 . . . d↵np
P (↵1, . . . ,↵n)

<latexit sha1_base64="VEdEQMa08EytNEmkOguZReixXDg="></latexit>

Compute maximal cut  
and takes as many residues 

as possible

Calabi—Yau n-fold

is a so-called period of the Calabi—Yau 
<latexit sha1_base64="c8m7sb2MaPC8DWuHDdx1DO6p5IM="></latexit>

MaxCut(I)



Calabi–Yaus: “A (bounded) bestiary”
[Bourjaily, McLeod, von Hippel, Wilhelm, ’19]

and more…

C

[Duhr, Klemm, Loebbert, Nega, Porkert, Tancredi, ’22, ’23]

...

<latexit sha1_base64="Hv9tizPWjmv6HHCsYLj9U/KL7vk="></latexit>

Banana Integrals
Simplest Example:

in <latexit sha1_base64="H8biMg5iNQDdyl8B7aYO/6UplKw="></latexit>

D = 2� 2"
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Bananas: A Calabi–Yau Prototype

y = �m2

p2

<latexit sha1_base64="Qp6cDWKdRfsBtUirJcb/jE7HXOg="></latexit>

x =
p2

m2

<latexit sha1_base64="ZIGooBPXhH9g0pJeMf8ejNQkEjA="></latexit>

Kinematic variable

Simplification: Equal-mass  single scale→

<latexit sha1_base64="uiTN8w+wrTFwRi/d2t5bjPm8Tjc="></latexit>

0-fold

<latexit sha1_base64="tQ+HUdTKbKcYR1ZoxUgCzdDDReg="></latexit>

1-fold = elliptic curve

Calabi–Yau…

<latexit sha1_base64="4ccDePJu9u66EIXHdmtnkYJ3Mjc="></latexit>

2-fold = K3 surface
<latexit sha1_base64="jT6ucvbNQVI3GJXJnrB02JYYEbw="></latexit>

3-fold

⋮

...

<latexit sha1_base64="Hv9tizPWjmv6HHCsYLj9U/KL7vk="></latexit>

-loop Banana integral `

<latexit sha1_base64="LdPzYUzaz8yg+lbcCCDBuiCFL/g="></latexit>

-fold Calabi–Yau manifold(`� 1)

<latexit sha1_base64="SzxA1pHTHbv2Lu4ZoqYN+Xn9HrE="></latexit>

=̂

-loop banana program [Bönisch, Duhr, Klemm, Nega, Safari; Kreimer; Forum, von Hippel]`

<latexit sha1_base64="BJNlRSKmfDSdvOxWdn2FXBLw8Vs="></latexit>

“Sunrise”
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<latexit sha1_base64="LEnmsZUp2oWdQr8t+PAfJKx/tks="></latexit>

Three-loop Banana

“Trivial” Calabi–Yaus

( Four)-loop Banana≥

...

<latexit sha1_base64="Hv9tizPWjmv6HHCsYLj9U/KL7vk="></latexit>

2207.12893 2211.04292
2212.08908

Essentially elliptic
“Non-trivial” Calabi–Yaus

Non-elliptic



The Three-Loop Banana Integral
Simplest example of Feynman integral beyond elliptic: 

Equal-mass case: closely connected to sunrise integral

Leading term in  [Bloch, Kerr, Vanhove, 14’]
<latexit sha1_base64="4qCNmFR7AwmIH9gLjcppr6vh7eM="></latexit>"

-factorized form [Primo, Tancredi,17’] <latexit sha1_base64="4qCNmFR7AwmIH9gLjcppr6vh7eM="></latexit>"

DEQ with meromorphic modular forms [Broedel, Duhr, Matthes, 21’]

-loop banana program [Bönisch, Duhr, Klemm, Nega, Safari; Kreimer; Forum, von Hippel]`

<latexit sha1_base64="BJNlRSKmfDSdvOxWdn2FXBLw8Vs="></latexit>

Extensively studied in the past:

Master integrals in  in terms of eMPLs  [Broedel, Duhr, Dulat, Marzucca, Penante, 19’]d = 2 Γ̃

12

Calabi–Yau 2-fold

<latexit sha1_base64="4ccDePJu9u66EIXHdmtnkYJ3Mjc="></latexit>

Singularities: 

x = p2

m2 = 0,4,16,∞



Picard-Fuchs Differential Operator  
Annihilates                 (periods of Calabi–Yau)

L(0)
2 =

d2

dx2
+


1

x
+

1

2 (x� 4)
+

1

2 (x� 16)

�
d

dx
+

(x� 8)

4x (x� 4) (x� 16)

<latexit sha1_base64="A8iKphVSMWapeT1FV20/xAcEIBs="></latexit>

There exists an operator

with solutions , ,  
<latexit sha1_base64="p2ZIbLVkp8sirqKgQ8DDVFkJarI="></latexit>

 1
<latexit sha1_base64="J4/vRxaKJhuXtLQcTQp+KO3tVDo="></latexit>

 2 such that L(0)
2  i = 0

<latexit sha1_base64="f30gN91XZ5UcGPQ332KzTTFMFeg="></latexit>

<latexit sha1_base64="bpQ38JuXk1inI6zZOISTAJIqaf8="></latexit>

!i 2 h 2
1 ,  1 2,  

2
2i

13

Sunrise in disguise

is a symmetric squareL(0)
3

<latexit sha1_base64="EuJ3WXcySMcEUAr5zIFLDVtwdNM="></latexit>

[Verrill, 96’; Joyce, 72’]

Defines geometry

L(0)
3 =

d3

dx3
+


3

x
+

3

2 (x� 4)
+

3

2 (x� 16)

�
d2

dx2
+

7x2 � 68x+ 64

x2 (x� 4) (x� 16)

d

dx
+

1

x2 (x� 16)
.

<latexit sha1_base64="qmOMRvW12Js38iVhEmguD/c+6NM="></latexit>

<latexit sha1_base64="3cGcmvzRR3PaRkYuFxzi48ic1IE="></latexit>�iwith solutions 
<latexit sha1_base64="8r5+msBBuq7XQ4fuUEmhk6sFOEA="></latexit>

!i = MaxCut(I1111)|�iwhere on three independent contoursL(0)
3 !i = 0

<latexit sha1_base64="kKjoLmf4HzqP0VHQZxyeJh7nae0="></latexit>

3-loop banana in :
<latexit sha1_base64="TTPLUdumhN6cjrgsT8xcP3eXUrU="></latexit>

D = 2

<latexit sha1_base64="c8m7sb2MaPC8DWuHDdx1DO6p5IM="></latexit>

MaxCut(I)



I1 = "2I110,

I2 = "2
⇡

 1
I111,

I3 =
1

"

d
d⌧

I2 + F32I2,

<latexit sha1_base64="DMNOMitL00WDFV9xtdbogi5PUGA="></latexit>

dI = "

0

@
0 0 0
0 ⌘2 1
⌘3 ⌘4 ⌘2

1

A I

<latexit sha1_base64="neegSfFx3bfwfn4o1/QPjmWuCf8="></latexit>

-Factorization: Sunrise

Make the ansatz

Modular forms of  of weight , independent of Γ1(6) k <latexit sha1_base64="s2iNAHu+eztgl+I4B5fF+Wym2ok="></latexit>"<latexit sha1_base64="WRETinIdLYHxxMvJpEY3J0rm+sU="></latexit>⌘k :
✓  independent of  

✓  consists of modular forms

A <latexit sha1_base64="KhT6fucxAgcRwwa7G5pio3hJFvA="></latexit>"
A

 organised by modular weightA
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“well understood”

<latexit sha1_base64="yK1HFyVP7EEhq0v0mYj0PuNvqZE="></latexit>| {z }

<latexit sha1_base64="y3P2HOL9q6mlTowqkH1yteNsNUk="></latexit>

⌧ =
 2

 1
Periods of elliptic curve



-Factorization: Three-loop Ansatz

Requiring     constraints on , , , , 
<latexit sha1_base64="2d7fzmccm2mq5Hvk32OUxuglVKU="></latexit>

Ã = "A → <latexit sha1_base64="89dHptbHvcwesvUip2G7My2aOvI="></latexit>!
<latexit sha1_base64="Hr8NtimNnQT9efs5BcUsv2PwuQ4="></latexit>

J F32 F42 F43
<latexit sha1_base64="DMKv2Ofmyx5DdiQOlvUdVNSSnjk="></latexit>

dx
d⌧

No assumptions for  and  required<latexit sha1_base64="yG6MIvAGQl4wyv9u04fva/OVLkE="></latexit>! <latexit sha1_base64="Z3LJobA37cdtIemOemRmQhp08Yk="></latexit>⌧

<latexit sha1_base64="rTGeWpI/oZBhHBOOE0PtIDrCV1o="></latexit>

I1 = "3I1110,

I2 = "3
1

!
I1111,

I3 =
1

"

d
d⌧

I2 + F32I2,

I4 =
1

"

d
d⌧

I3 + F42I2 + F43I3.

<latexit sha1_base64="UODJB1GlrwAcT/M3PshTaedRj3g="></latexit>

dI = ÃI
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Make the ansatz



Eliminate Non- -Factorized Pieces"

<latexit sha1_base64="+PlAv94qlGUfGxWPWbeq5Fb02F4="></latexit>
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Already -factorized"

<latexit sha1_base64="GzMRA67JggdM4x/7wIwEm8RxoGI="></latexit>

 contains term  through "�4+k

<latexit sha1_base64="+8kpu9Z+EGaUVkrSVvF31xc6Hw8="></latexit>

"

<latexit sha1_base64="S423ddNdf6X87rNiL559bpVvlZo="></latexit>

Ã4,k

<latexit sha1_base64="Oa+OXoGVYDvvaqFmlrJtei4Rf28="></latexit>

dI =

0

BB@

0 0 0 0
0 Ã2,2 1 0
0 Ã3,2 Ã3,3 1

Ã4,1 Ã4,2 Ã4,3 Ã4,4

1

CCA I

<latexit sha1_base64="xUylMuGGUB7G5pihZYVrG+blLCM="></latexit>

Five variables, six constraints 
, , , , !

<latexit sha1_base64="WId5O1v4BSsPvAHvs3lmH5x2jhA="></latexit>

J F32 F42 F43

 One non-trivial constraint!→
τ =

ψsun
2

ψsun
1

ω = (xψsun
1 )2Satisfied for 

Periods of elliptic curve



<latexit sha1_base64="Q1FZOX+cRyIgT/JxBcTOanA+a4w="></latexit>

A = {1, f2,a, f2,b, f4,a, f4,b, f6} .Alphabet:

17

dI
d⌧

= (2⇡i)"

0

BB@

0 0 0 0
0 �f2,a � f2,b 1 0
0 f4,b �f2,a + 2f2,b 1

f4,a f6 f4,b �f2,a � f2,b

1

CCA I

<latexit sha1_base64="kaPaaEb5gX30HRge0xNziytZZZI="></latexit>

Meromorphic modular forms Special function F2+
Function space of Alphabet

Iterated integral of meromorphic 

modular form of weight 6

F2 = I(1, g6; ⌧)

<latexit sha1_base64="ipzxAGin5JM5qiTw3ERymbMHRXk="></latexit>

g6 =
x (x� 8) (x+ 8)3

864 (4� x)
3
2 (16� x)

3
2

✓
 1

⇡

◆6

<latexit sha1_base64="LPnGnmTVkxyOP5Jz+c+LknKtMVk="></latexit>

I2 = ε3 ( 4
3

ζ3 + I(1,1,f4,a; τ)) + 𝒪(ϵ4)

Obtained expressions for all masters up to ε6

Numerics via q-expansion

Constraints allow 
symmetry 
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“Trivial” Calabi–Yau Summary

Symmetric square: Three-loop banana integral related to elliptic curve

-factorized form: Ansatz, then solve constraints algorithmically"

<latexit sha1_base64="q/ndO/QerbYuveYUntTF95bOlKE="></latexit>

Function space: Meromorphic modular forms, plus iterated integrals thereof ( )F2

Expectation: This generalizes beyond the banana!

→Single scale + 
2-fold Calabi–Yau integral + 

degree 3 Picard–Fuchs operator 

-factorised DEQ from Ansatz 
Function space 

essentially elliptic

ε“trivial” Calabi–Yau 
i.e. symmetric power 

of elliptic curve 
→



19

<latexit sha1_base64="LEnmsZUp2oWdQr8t+PAfJKx/tks="></latexit>

Three-loop Banana

“Trivial” Calabi–Yaus

( Four)-loop Banana≥

...

<latexit sha1_base64="Hv9tizPWjmv6HHCsYLj9U/KL7vk="></latexit>

2207.12893 2211.04292
2212.08908

Essentially elliptic
“Non-trivial” Calabi–Yaus

Non-elliptic



The Four-Loop Banana Integral
First banana integral with “non-trivial” Calabi–Yau: 

20

<latexit sha1_base64="jT6ucvbNQVI3GJXJnrB02JYYEbw="></latexit>

Calabi–Yau very well known

Studied in [Hulek, Verrill, 05’; …] 
Known as AESZ34 [Almkvist, van Enckevort, van Straten, Zudilin]

Algebraic Variety from graph polynomial

Hypersurface in  withCP4

<latexit sha1_base64="Nu3DCK+hKlVMcECohXXnU5QQpZ4=">AAAB/3icbVC7TsNAEDyHVzCvACXNiQiJKrJREDSIiDSUQSIPKTHR+bIJp5wf3K2RIisFX0ELoqBDtHwBn4Ao+BdskwISphrN7Gpnxw2l0GhZn0Zubn5hcSm/bK6srq1vFDa3GjqIFIc6D2SgWi7TIIUPdRQooRUqYJ4roekOq6nfvAWlReBf4igEx2MDX/QFZ5hITsdjeO26cbU2vip3C0WrZGWgs8SekOLpu3kSPn2YtW7hq9MLeOSBj1wyrdu2FaITM4WCSxibnUhDyPiQDaCdUJ95oJ04Cz2me5FmGNAQFBWSZiL83oiZp/XIc5PJNKSe9lLxP68dYf/YiYUfRgg+Tw+hkJAd0lyJpA2gPaEAkaXJgQqfcqYYIihBGeeJGCX1mEkf9vT3s6RxULLLpcMLq1g5Iz/Ikx2yS/aJTY5IhZyTGqkTTm7IPXkgj8ad8Wy8GK8/ozljsrNN/sB4+wbQhZmt</latexit>

Singularities: 

Integral already studied in the past

-loop banana program [Bönisch, Duhr, Klemm, Nega, Safari; Kreimer; Forum, von Hippel]`

<latexit sha1_base64="BJNlRSKmfDSdvOxWdn2FXBLw8Vs="></latexit>

Not related to elliptic curves

1/y = (α1 + α2 + α3 + α4 + α5)( 1
α1

+
1
α2

+
1
α3

+
1
α4

+
1
α5 )

y = − m2

p2 = 0, − 1,− 1
9 ,− 1

25 , ∞



<latexit sha1_base64="h6NLO2mWd6hEnOI3eeupR/P8q/w="></latexit>

I1 = "4I11110,

I2 = "4
1

!
I11111,

I3 =
1

"

d
d⌧

I2 + F32I2,

I4 =
1

"

d
d⌧

I3 + F42I2 + F43I3

I5 =
1

"

d
d⌧

I4 + F52I2 + F53I3 + F54I4.

-Factorization: Four-loop Ansatz

21

<latexit sha1_base64="iko6Oa5BKW95t5C1tmUsaUZDogQ="></latexit>

?
Guess the pattern?

 No solution!→
  leads to inconsistent constraints!

<latexit sha1_base64="KH8+zFhEnJVAtrcBBQ46YvWT0gY="></latexit>

dI = "AI



    is a Y-invariant of  
Calabi–Yau operator
K1

<latexit sha1_base64="IlJVqKWcmGy/ufF0FmidgU4zFsk="></latexit>

<latexit sha1_base64="QEY6KU2+JGQW91ik4nEDwiMgoUQ="></latexit>

I1 = "4I11110,

I2 = "4
1

!
I11111,

I3 =
1

"

d
d⌧

I2 + F32I2,

I4 =
1

"

1

K1

d
d⌧

I3 + F42I2 + F43I3

I5 =
1

"

d
d⌧

I4 + F52I2 + F53I3 + F54I4.

-Factorization: Four-loop Ansatz (fixed)

22

  leads to consistent constraints!
<latexit sha1_base64="KH8+zFhEnJVAtrcBBQ46YvWT0gY="></latexit>

dI = "AI
No prior knowledge of      required! 

Fixed by constraints (up to rescaling)

<latexit sha1_base64="ztIZJoi+PKHYHS4Zamp3B5Cq0VU="></latexit>

K1

Modify ansatz! -loop Banana Integrals define  
special Calabi–Yau manifolds

<latexit sha1_base64="BPAFkVP8taWIWs/lZ6AEMtUvCU8="></latexit>

`

Picard–Fuchs operators are 
Calabi–Yau operators 

Start appearing at 3-fold

[Almkvist, van Enckevort, van Straten, Zudilin, 05’]

[M. Bogner, 13’]



What is the function space of “non-trivial” Calabi–Yaus to solve constraints?

Currently unknown
But for fast numerics, imitate elliptics:  

q-expansion

Expansion point 
 (MUM-point)y = − m2/p2 = 0

Generalization of  
 (ratio of periods) 
 (nome)


from elliptic case  

<latexit sha1_base64="SJrFT12mducJEy9ecof/GbEi83Q="></latexit>⌧
<latexit sha1_base64="KZCFNkB5ombzYnUdB/bzULj8C/0="></latexit>q

<latexit sha1_base64="O6GQeF6DJI3KiHm+FXW7kJAP2DI="></latexit>

` = 2

Canonical variables 
for Calabi–Yau operators

Expansion coordinate: 
, 

<latexit sha1_base64="TxTHvqKl05AdBx1I5dZFl4+dEpE="></latexit>

q = exp (2⇡i⌧) ⌧ = !2/!1

<latexit sha1_base64="2gxh0YT065lLYZbDOw5BC4XMraA="></latexit>

Frobenius basis:  
, , , !1

<latexit sha1_base64="9s42m3tWSV4N2HHyVmloFEoSGuU="></latexit>

!2

<latexit sha1_base64="VvaLRcd/RO+tEmKxbPOIosSAFxo="></latexit>

!3

<latexit sha1_base64="qDjQYk3Xq2oyrbbIOgrjCroeYJY="></latexit>

!4

<latexit sha1_base64="1wFNhpPtLqOsA6VCDWb3AxKJfJ0="></latexit>
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Predictable from just

Picard–Fuchs operator
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Need to solve

constraints

q(y) = exp (2πiω2/ω1)
ω = ω1

K1 = d2/dτ2(ω3/ω1)

J

y − 8y2 + 92y3 − 1288y4 + 20398y5 + 𝒪(y6)

q + 3q2 + q3 + 23q4 − 101q5 + 𝒪(q6)

1 − q + 17q2 − 253q3 + 3345q4 − 43751q5 + 𝒪(q6)

q + 16q2 + 108q3 + 672q4 + 2570q5 + 𝒪(q6)

c32 + 8q − 32q2 + 512q3 − 5872q4 + 70008q5 + 𝒪(q6)

c42+8q − 240q2 + 4816q3 − 90448q4 + 1444008q5

+c32(−9q + 176q2 − 2956q3 + 44568q4 − 611106q5)
+c2

32(q − 16q2 + 220q3 − 2600q4 + 30018q5)

+𝒪(q6)

F32

F42

⋮

Four-Loop solutions
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Remaining freedom , , etc. 

 can impose symmetry on 

c32 c42
→ A Fast numerical evaluation 

(Within convergence radius)



Five-, Six-, All-Loop Ansatz

24

<latexit sha1_base64="CUjr/4i6vQWJraEjnJasGctGqn4="></latexit>

I1 = "`I1...10,

I2 = "`
1

!
I1...1,

I3 =
1

"

d
d⌧

I2 + F32I2,

I4 =
1

"

1

K1

d
d⌧

I3 + F42I2 + F43I3

I5 =
1

"

1

K2

d
d⌧

I4 + F52I2 + F53I3 + F54I4

...

I`�1 =
1

"

1

K2

d
d⌧

I`�2 +
`�2X

i=2

F`�1,iIi

I` =
1

"

1

K1

d
d⌧

I`�1 +
`�1X

i=2

F`,iIi

I`+1 =
1

"

d
d⌧

I` +
X̀

i=2

F`+1,iIi

Checked up to seven loops
 Ansatz with  being Y-invariants leads to consistent constraintsKi

Checked up to six loops
Analytic expressions for Masters in terms of iterated integrals 

Numeric evaluation using q-expansion: agrees with SecDec
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I2 = [I(1,K1, K2, K1,1,A71; τ) + boundary] ε7 + 𝒪(ε8) etc.



“Non-Trivial” Calabi–Yau Summary
-factorized form:"
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Expectation: Generalizes to other Calabi–Yau integrals

→Single scale + 
n-fold Calabi–Yau integral + 

degree (n+1) Picard–Fuchs operator 
-factorised DEQ from Ansatz 
Solve via series expansion

εCalabi–Yau operator 
“non-trivial” Calabi–Yau→

Ansatz with information from Calabi–Yau operators 
 Solve constraints algorithmically→

Function space: currently unknown

Numerics: can obtain fast converging q-expansion
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Banana integrals: Simplest example of Calabi–Yau integrals
Simplification: Equal-mass  single scale=

...
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Ansatzing allows to find -factorised form algorithmicallyε

Calabi-Yau 2-fold

Use information from theory of Calabi–Yau operators

Single scale integral 
 n-fold Calabi–Yau,  

degree (n+1) Picard–Fuchs operator
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Calabi-Yau ( 3)-fold≥
Picard–Fuchs is symmetric square 

of elliptic curve

Modular forms

Not relatable to elliptics 
Function space unknown

q-expansion

Conclusions



Conclusions

Beyond polylogs, control of geometry is crucial for evaluation of Feynman Integrals

Integrals beyond elliptic ones are relevant to collider phenomenology today!

There exists a wealth of mathematical knowledge for geometries associated  
that can be applied to Feynman integrals (algebraic curves studied since 19th century)

Identification of “simplest” geometry not trivial


